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Preface 


The International Mathematical Olympiad (IMO) exists for more than 50 years and 
has already created a very rich legacy and firmly established itself as the most presti- 
gious mathematical competition in which a high-school student could aspire to par- 
ticipate. Apart from the opportunity to tackle interesting and very challenging math- 
ematical problems, the IMO represents a great opportunity for high-school students 
to see how they measure up against students from the rest of the world. Perhaps even 
more importantly, it is an opportunity to make friends and socialize with students 
who have similar interests, possibly even to become acquainted with their future col- 
leagues on this first leg of their journey into the world of professional and scientific 
mathematics. Above all, however pleasing or disappointing the final score may be, 
preparing for an IMO and participating in one is an adventure that will undoubtedly 
linger in one’s memory for the rest of one’s life. It is to the high-school-aged aspiring 
mathematician and IMO participant that we devote this entire book. 

The goal of this book is to include all problems ever shortlisted for the IMOs in 
a single volume. Up to this point, only scattered manuscripts traded among different 
teams have been available, and a number of manuscripts were lost for many years or 
unavailable to many. 

In this book, all manuscripts have been collected into a single compendium of 
mathematics problems of the kind that usually appear on the IMOs. Therefore, we 
believe that this book will be the definitive and authoritative source for high-school 
students preparing for the IMO, and we suspect that it will be of particular benefit in 
countries lacking adequate preparation literature. A high-school student could spend 
an enjoyable year going through the numerous problems and novel ideas presented 
in the solutions and emerge ready to tackle even the most difficult problems on an 
IMO. In addition, the skill acquired in the process of successfully attacking difficult 
mathematics problems will prove to be invaluable in a serious and prosperous career 
in mathematics. 

However, we must caution our aspiring IMO participant on the use of this book. 
Any book of problems, no matter how large, quickly depletes itself if the reader 
merely glances at a problem and then five minutes later, having determined that the 
problem seems unsolvable, glances at the solution. 
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The authors therefore propose the following plan for working through the book. 
Each problem is to be attempted at least half an hour before the reader looks at 
the solution. The reader is strongly encouraged to keep trying to solve the problem 
without looking at the solution as long as he or she is coming up with fresh ideas 
and possibilities for solving the problem. Only after all venues seem to have been 
exhausted is the reader to look at the solution, and then only in order to study it 
in close detail, carefully noting any previously unseen ideas or methods used. To 
condense the subject matter of this already very large book, most solutions have 
been streamlined, omitting obvious derivations and algebraic manipulations. Thus, 
reading the solutions requires a certain mathematical maturity, and in any case, the 
solutions, especially in geometry, are intended to be followed through with pencil 
and paper, the reader filling in all the omitted details. We highly recommend that 
the reader mark such unsolved problems and return to them in a few months to see 
whether they can be solved this time without looking at the solutions. We believe this 
to be the most efficient and systematic way (as with any book of problems) to raise 
one’s level of skill and mathematical maturity. 

We now leave our reader with final words of encouragement to persist in this 
journey even when the difficulties seem insurmountable and a sincere wish to the 
reader for all mathematical success one can hope to aspire to. 


Belgrade, Dusan Djukic 

November 2010 Vladimir Jankovic 

Ivan Made 
Nikola Petrovic 


Over the previous years we have created the website: www. imomath.com. 
There you can find the most current information regarding the book, the list of de- 
tected errors with corrections, and the results from the previous olympiads. This site 
also contains problems from other competitions and olympiads, and a collection of 
training materials for students preparing for competitions. 

We are aware that this book may still contain errors. If you find any, please notify 
us at imomath@gmail . com. If you have any questions, comments, or sugges- 
tions regarding both our book and our website, please do not hesitate to write to us 
at the above email address. We would be more than happy to hear from you. 
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1 


Introduction 


1.1 The International Mathematical Olympiad 

The International Mathematical Olympiad (IMO) is the most important and presti- 
gious mathematical competition for high-school students. It has played a significant 
role in generating wide interest in mathematics among high school students, as well 
as identifying talent. 

In the beginning, the IMO was a much smaller competition than it is today. In 
1959, the following seven countries gathered to compete in the first IMO: Bulgaria, 
Czechoslovakia, German Democratic Republic, Hungary, Poland, Romania, and the 
Soviet Union. Since then, the competition has been held annually. Gradually, other 
Eastern-block countries, countries from Western Europe, and ultimately numerous 
countries from around the world and every continent joined in. (The only year in 
which the IMO was not held was 1980, when for financial reasons no one stepped 
in to host it. Today this is hardly a problem, and hosts are lined up several years in 
advance.) In the 50th IMO, held in Bremen, no fewer than 104 countries took part. 

The format of the competition quickly became stable and unchanging. Each 
country may send up to six contestants and each contestant competes individually 
(without any help or collaboration). The country also sends a team leader, who par- 
ticipates in problem selection and is thus isolated from the rest of the team until the 
end of the competition, and a deputy leader, who looks after the contestants. 

The IMO competition lasts two days. On each day students are given four and a 
half hours to solve three problems, for a total of six problems. The first problem is 
usually the easiest on each day and the last problem the hardest, though there have 
been many notable exceptions. ((IM096-5) is one of the most difficult problems 
from all the Olympiads, having been fully solved by only six students out of several 
hundred!) Each problem is worth 7 points, making 42 points the maximum possible 
score. The number of points obtained by a contestant on each problem is the result of 
intense negotiations and, ultimately, agreement among the problem coordinators, as- 
signed by the host country, and the team leader and deputy, who defend the interests 
of their contestants. This system ensures a relatively objective grade that is seldom 
off by more than two or three points. 
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1 Introduction 


Though countries naturally compare each other’s scores, only individual prizes, 
namely medals and honorable mentions, are awarded on the IMO. Fewer than one 
twelfth of participants are awarded the gold medal, fewer than one fourth are awarded 
the gold or silver medal, and fewer than one half are awarded the gold, silver or 
bronze medal. Among the students not awarded a medal, those who score 7 points on 
at least one problem are awarded an honorable mention. This system of determining 
awards works rather well. It ensures, on the one hand, strict criteria and appropriate 
recognition for each level of performance, giving every contestant something to strive 
for. On the other hand, it also ensures a good degree of generosity that does not 
greatly depend on the variable difficulty of the problems proposed. 

According to the statistics, the hardest Olympiad was that in 1971, followed by 
those in 1996, 1993, and 1999. The Olympiad in which the winning team received 
the lowest score was that in 1977, followed by those in 1960 and 1999. 

The selection of the problems consists of several steps. Participant countries send 
their proposals, which are supposed to be novel, to the IMO organizers. The organiz- 
ing country does not propose problems. From the received proposals (the longlisted 
problems), the problem committee selects a shorter list (the shortlisted problems), 
which is presented to the IMO jury, consisting of all the team leaders. From the 
short-listed problems the jury chooses six problems for the IMO. 

Apart from its mathematical and competitive side, the IMO is also a very large 
social event. After their work is done, the students have three days to enjoy events 
and excursions organized by the host country, as well as to interact and socialize 
with IMO participants from around the world. All this makes for a truly memorable 
experience. 


1.2 The IMO Compendium 

Olympiad problems have been published in many books [97], However, the remain- 
ing shortlisted and longlisted problems have not been systematically collected and 
published, and therefore many of them are unknown to mathematicians interested in 
this subject. Some partial collections of shortlisted and longlisted problems can be 
found in the references, though usually only for one year. References [1], [39], [57], 
[88] contain problems from multiple years. In total, these books cover roughly 50% 
of the problems found in this book. 

The goal of this book is to present, in a single volume, our comprehensive col- 
lection of problems proposed for the IMO. It consists of all problems selected for 
the IMO competitions, shortlisted problems from the 10th IMO and from the 12th 
through 50th IMOs, and longlisted problems from twenty IMOs. We do not have 
shortlisted problems from the 9th and the 11th IMOs, and we could not discover 
whether competition problems at those two IMOs were selected from the longlisted 
problems or whether there existed shortlisted problems that have not been preserved. 
Since IMO organizers usually do not distribute longlisted problems to the representa- 
tives of participant countries, our collection is incomplete. The practice of distribut- 
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ing these longlists effectively ended in 1989. A selection of problems from the first 
eight IMOs has been taken from [88], 

The book is organized as follows. For each year, the problems that were given on 
the IMO contest are presented, along with the longlisted and/or shortlisted problems, 
if applicable. We present solutions to all shortlisted problems. The problems appear- 
ing on the IMOs are solved among the other shortlisted problems. The longlisted 
problems have not been provided with solutions, except for the two IMOs held in 
Yugoslavia (for patriotic reasons), since that would have made the book unreason- 
ably long. This book has thus the added benefit for professors and team coaches of 
being a suitable book from which to assign problems. For each problem, we indi- 
cate the country that proposed it with a three-letter code. A complete list of country 
codes and the corresponding countries is given in the appendix. In all shortlists, we 
also indicate which problems were selected for the contest. We occasionally make 
references in our solutions to other problems in a straightforward way. After indicat- 
ing with LL, SL, or IMO whether the problem is from a longlist, shortlist, or contest, 
we indicate the year of the IMO and then the number of the problem. For example, 
(SL89-15) refers to the fifteenth problem of the shortlist of 1989. 

We also present a rough list of all formulas and theorems not obviously derivable 
that were called upon in our proofs. Since we were largely concerned with only the 
theorems used in proving the problems of this book, we believe that the list is a good 
compilation of the most useful theorems for IMO problem solving. 

The gathering of such a large collection of problems into a book required a mas- 
sive amount of editing. We reformulated the problems whose original formulations 
were not precise or clear. We translated the problems that were not in English. Some 
of the solutions are taken from the author of the problem or other sources, while oth- 
ers are original solutions of the authors of this book. Many of the non-original solu- 
tions were significantly edited before being included. We do not make any guarantee 
that the problems in this book fully correspond to the actual shortlisted or longlisted 
problems. However, we believe this book to be the closest possible approximation to 
such a list. 
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Basic Concepts and Facts 


The following is a list of the most basic concepts and theorems frequently used in 
this book. We encourage the reader to become familiar with them and perhaps read 
up on them further in other literature. 


2.1 Algebra 


2.1.1 Polynomials 

Theorem 2.1. The quadratic equation ax 2 +bx + c= 0 (a,b,c £ R, a f 0) has solu- 
tions 

—b±s/b 2 — 4ac 
Xl ’ 2 = 2a • 

The discriminant D of a quadratic equation is defined as D = b 2 — 4 ac. ForD < 0 the 
solutions are complex and conjugate to each other, for D = 0 the solutions degenerate 
to one real solution, and for D > 0 the equation has two distinct real solutions. 

Definition 2.2. Binomial coefficients (£), n,k £ No, k < n, are defined as 


n\ 

i\(n — i)\ 


They satisfy (") + = ("j 1 ) for i > 0 and also Q + (") H f (”) = 2", Q - 

0 +-+(-1)"© =°> CT) = oO(£). (T) =X5M)C^T 1 ). 

Theorem 2.3 ((Newton’s) binomial formula). For x,y £ C and n £ N, 


{x+yr= u n y v ' 

Theorem 2.4 (Bezout’s theorem). A polynomial P(x) is divisible by the binomial 
x— a (a £ C) if and only ifP(a) = 0. 
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Theorem 2.5 (The rational root theorem). Ifx = p/q is a rational zero of a poly- 
nomial P(x) = a n x n H |-flo with integer coefficients and ( p,q ) = 1, ffien p | ay and 

q I On- 

Theorem 2.6 (The fundamental theorem of algebra). Every nonconstant polyno- 
mial with coefficients in C has a complex root. 

Theorem 2.7 (Eisenstein’s criterion (extended)). Let P(x) = a n x n H F a\x + ao 

be a polynomial with integer coefficients. If there exist a prime p and an integer 

k G ( 0 , 1 .a — 1} such that p \ ao,a\, . . . ,ak, p\ak+ i, and p 2 \ao, then there exists 

an irreducible factor Q(x') ofP(x ) whose degree is greater than k. In particular, if p 
can be chosen such that k = n— 1, then P(x) is irreducible. 

Definition 2.8. Symmetric polynomials in xi,...,x„ are polynomials that do not 
change on permuting the variables X\,...,x n . Elementary symmetric polynomials 
are ofc(xi, . . . ,x n ) = 'fxy ■ ■ -Xi k (the sum is over all /c-element subsets {i’i, . . . , r*} of 
{ 1 , 2 ,. 

Theorem 2.9. Every symmetric polynomial in x \ .... ,x n can be expressed as a poly- 
nomial in the elementary symmetric polynomials cti , . . . , <J n . 

Theorem 2.10 (Viete’s formulas). Let o.\,. . . ,a n and c\ , . . . ,c n be complex numbers 
such that 


(x— oq)(x- a 2 )--- (x- a„) =x n + c 1 x n ~ 1 + c 2 x"~ 2 -\ |-c n . 

Then c* = (— l)*<T*(oei , . . . , a n )for k = 1,2, ... , n. 

Theorem 2.11 (Newton’s formulas on symmetric polynomials). Let cr* = <7*(x i, 
..., x n ) and (ef ^ = Xj + Xj H F x%, where xi,...,x n are arbitrary complex num- 

bers. Then 


kOk — S{Ok—l —5201-2 H F (— l)*s*-i Oi + (—1)* l Sk ■ 


2.1.2 Recurrence Relations 

Definition 2.12. A recurrence relation is a relation that determines the elements of a 
sequence x n , n £ No, as a function of previous elements. A recurrence relation of the 
form 

(V« > k) x n +aix n -i-\ F a k x n - k = 0 

for constants a i ..... a*, is called a linear homogeneous recurrence relation of order 
k. We define the characteristic polynomial of the relation as P(x) =x k + a\x k ~ ] + 
— F «*- 

Theorem 2.13. Using the notation introduced in the above definition, let P(x) factor- 
ize as P(x) = (x — a,i) kx {x— af)* 1 ■ ■ ■ (x—a r ) kr , where a.\,. . . ,a r are distinct complex 
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numbers and k \ , . . . , k r are positive integers. The general solution of this recurrence 
relation is in this case given by 

x„ = Pi(n)oCi + P 2 (n)a% -\ b p r (n)a?, 

where p< is a polynomial of degree less than k;. In particular, if P(x) has k distinct 
roots, then all pi are constant. 

Ifx o, . . . .Xk i are set, then the coefficients of the polynomials are uniquely deter- 
mined. 


2.1.3 Inequalities 

Theorem 2.14. The squaring function is always positive; i.e., (\/x e R) x 2 > 0. By 
substituting different expressions for x, many of the inequalities below are obtained. 


Theorem 2.15 (Bernoulli’s inequalities). 

7. If n> 1 is an integer and x > — 1 a real number, then (1 +x)" > 1 + nx. 

2. If a > 1 or a < 0, then for x > — 1, the following inequality holds: (1 + x)“ > 
1 + OCX. 

3. If a e (0, 1) then for x > — 1 the following inequality holds: (1 +x) a < 1 + ax. 

Theorem 2.16 (The mean inequalities). For positive real numbers x\, xi. ...,x n it 
is always the case that QM > AM > GM > HM, where 


QM = 



GM = ffX\ •••Xn, 


AM = 


HM = 


x\-\ Yx t , 

n 

n 


Each of these inequalities becomes an equality if and only if x i = X 2 = ■ ■ ■ = x n . 
The numbers QM, AM, GM, and HM are respectively called the quadratic mean, the 
arithmetic mean, the geometric mean, and the harmonic mean of x \,X 2 , ...,x n . 

Theorem 2.17 (The general mean inequality). Let x\ ,...,x n be positive real num- 
bers. For each pel we define the mean of order p of x \ , . . . ,x n by 




for pfiO, and M q = lim p ^ q M p for q € {±°°, 0}. Then 


Mp < M q whenever p<q- 


Remark. In particular, maxx,, QM, AM, GM, HM, and minx,- are M«,, M 2 , M\, Mo, 
M_ 1 , and respectively. 


2 Basic Concepts and Facts 


Theorem 2.18 (Cauchy-Schwarz inequality). Let a t , bi, i = 1,2, ...,n, be realnum- 
bers. Then 

Equality occurs if and only if there exists c6t such thatbi = cat for i = 1, . . . ,n. 

Theorem 2.19 (Holder’s inequality). Let at,bi, i = 1,2 be nonnegative real 
numbers, and let p. q be positive real numbers such that l/p+l/q= 1. Then 


L < 






Equality occurs if and only if there exists cel such that bi = cat for i= The 

Cauchy-Schwarz inequality is a special case of Holder’s inequality for p = q = 2. 


Theorem 2.20 (Minkowski’s inequality). Let ai,bi (i= 1,2, . . . ,n) be nonnegative 
real numbers and p any real number not smaller than 1. Then 


i /P 


'Z(a i + b i y\ < + 


1/p 



1/p 


For p > 1 equality occurs if and only if there exists c € M such that bi = cat for 
i = 1 For p = 1 equality occurs in all cases. 


Theorem 2.21 (Chebyshev’s inequality). Let ai > a 2 > ■ ■ ■ > a n and b\>bi> 
■ ■ ■ > b„ be real numbers. Then 


n ^ aibi > 

i=i 




>n'£ i a i b n+ i-i. 


The two inequalities become equalities at the same time when a\ = «2 = • • • = a n or 
b\=b2 = ■■■ = b n . 


Definition 2.22. A real function / defined on an interval / is convex if f(ax + fly) < 
af{x) + flf(y) for all x,y e I and all a,/3 > 0 such that a + fl = l.A function / is 
said to be concave if the opposite inequality holds, i.e., if — / is convex. 

Theorem 2.23. If f is continuous on an interval I, then f is convex on that interval 
if and only if 

/ ( f +Z) £ /W+M fo ra,l x .ye,. 

Theorem 2.24. If f is differentiable, then it is convex if and only if the derivative f 
is nondecreasing. Similarly, differentiable function f is concave if and only if f is 
nonincreasing. 
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Theorem 2.25 (Jensen’s inequality). convex function, then the 

inequality 

/(oqxi H b cinXn) < aif{x\) -\ 1 - a„/(x„) 

holds for all a, > 0, a\ H b o:,, = 1 , ara/x,- G I. For a concave function the opposite 

inequality holds. 

Theorem 2.26 (Muirhead’s inequality). Given xi,X 2 , ■ ■ ■ ,x n £ K + and an n-tuple 
a = (a \ , . . . ,a n ) of positive real numbers, we define 

T a (xi,...,x n ) = Y,yT 

the sum being taken over all permutations y \ .... ,y n of x\ , . . . ,x n . We say that an n- 

tuple a majorizes an n-tuple b if a\-\ + a n = b\ H \-b n and a\-\ + a^ > 

b\ H b bkfor each k = 1, . . . , n — 1. If a nonincreasing n-tuple a majorizes a non- 

increasing n-tuple b, then the following inequality holds: 

T a (x > T b (xi,...,x„). 

Equality occurs if and only if x\ = X 2 = ■ • • = x n . 

Theorem 2.27 (Schur’s inequality). Using the notation introduced for Muirhead’s 
inequality, 

Tx+ 2 h,o,o(xi,X 2 ,x 3 ) + T x ^(xi,X 2 ,x 3 ) > 2T x+ ^ fl (xi,x 2 ,x 3 ), 

where X € M, p > 0. Equality occurs if and only if x \ = x 3 = ^3 or x\ = x 3 , x 3 = 0 
(and in analogous cases). An equivalent form of the Schur’s inequality is 

+/(/ -x^W -z^ 1 ) +z A (z^ -x^)(z^-y^) > 0. 

2.1.4 Groups and Fields 

Definition 2.28. A group is a nonempty set G equipped with a binary operation * 
satisfying the following conditions: 

(i ) a* (b*c) = (a*b)*c for all a,b,c£ G. 

(ii) There exists a (unique) identity e G G such that e * a = a * e = a for all a £ G. 

(iii) For each a £ G there exists a (unique) inverse a~ x = b £ G such that a* b = 
b*a = e. 

If n £ Z, we define a n as a * a * • • • * a (n times) if n > 0, and as (a~ 1 ) otherwise. 

Definition 2.29. A group Sf = (G.* ) is commutative or abelian if a * b = b * a for all 
a,b£ G. 

Definition 2.30. A set A generates a group (G, *) if every element of G can be ob- 
tained using powers of the elements of A and the operation *. In other words, if A is 
the generator of a group G, then every element g£G can be written as a‘( * • • • * a 1 ”, 
where aj £ A and ij £ Z for every j = 1,2 


10 


2 Basic Concepts and Facts 


Definition 2.31. The order of an element a £ G is the smallest n e N, if it exists such 
that a n = e. If no such n exists then the element a is said to be of infinite order. The 
order of a group is the number of its elements, if it is finite. Each element of a finite 
group has finite order. 

Theorem 2.32 (Lagrange’s theorem). In a finite group, the order of an element 
divides the order of the group. 

Definition 2.33. A ring is a nonempty set R equipped with two operations + and • 
such that (R, +) is an abelian group and for any a. h. c G R, 

(i) (a ■ b) ■ c = a ■ (b ■ c); 

(ii) ( a + b)-c = a-c + b-c and c ■ (a + b) = c ■ a + c ■ b. 

A ring is commutative if a ■ b = b • a for any a.b G R and with identity if there exists 
a multiplicative identity i € R such that i ■ a = a ■ i = a for all a G R. 

Definition 2.34. Afield is a commutative ring with identity in which every element 
a other than the additive identity has a multiplicative inverse a~ 1 such that a-a ~ 1 = 
a~ l a = i. 

Theorem 2.35. The following are common examples of groups, rings, and fields: 
Groups: (Z n ,+), (Z p \{0},-), (Q,+), (R,+), (M\{0},-)- 
Rings: {Z n ,+,-), {Z,+,-), (Z&*,-), (R[*],+,-). 

Fields: {Z p ,+,-), (Q,+,-), (Q(^2),+,-), (R,+,-), (C,+,-). 


2.2 Analysis 

Definition 2.36. A sequence {a„}“ =1 of real numbers has a limit a = a n 

(also denoted by a„ —> a) if 

(Ve > 0)(3n e € N)(Vn > n e ) \a n — a\ < e. 

A function / : (a.b) K has a limit y = lim X ~^ c f(x) if 

(Ve > 0)(35 > 0)(Vx € ( a,b )) 0 < \x— c| < 8 => \f(x)—y\ < e. 

Definition 2.37. A sequence {x n } converges to x e M if lim n -»~x„ = x. A series 
Zr=i x n converges to s £ R if and only if X«=i x n = s. A sequence or series 

that does not converge is said to diverge. 

Theorem 2.38. A sequence {a n } of real numbers is convergent if it is monotonic and 
bounded. 
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Definition 2.39. A function / is continuous on [a,b\ if the following three relations 
hold: 


lim f(x) =/(x o), for every xo G (a.b), 

x-^>xo 

J'™ f(x) =f(a), 
and lim f(x) =f(b). 


Definition 2.40. A function f : (a.b) — > R is differentiable at a point xq G (a.b) if 
the following limit exists: 


f'(x 0 ) = lim 

x->xo 


f(x)-f(x 0 ) 

x-x 0 


A function is differentiable on (a, b) if it is differentiable at every xq G (a.b). The 
function f is called the derivative of /. We similarly define the second derivative f" 
as the derivative of f, and so on. 


Theorem 2.41. A differentiable function is also continuous. If f and g are differen- 
tiable, then fg, af + [lg (a, J3 G E), fog, 1// (if f / 0), / -1 (if well defined) are 
also differentiable. It holds that (af+[ig)' = af + /3 g', (fg)' = fg+fg', ( fog )' = 

(fo 8 )-g', (I//)' = -r/f 2 , t f/ 8 y = (fg-m/g 2 , (r 1 )' = Wo/- 1 ). 


Theorem 2.42. The following are derivatives of some elementary functions (a de- 
notes a real constant): ( x a )’ = axf~ l , (lnx)' = 1 /x, (a*)’ = a x \na, (sinx)' = cosx, 
(cosx)' = — sinx. 

Theorem 2.43 (Fermat’s theorem). Let / : [a, b] — ► R be a continuous function that 
is differentiable at every point of (a, b). The function f attains its maximum and 
minimum in [a,b\. If xp G ( a,b ) is a number at which the extremum is attained (i.e., 
/(xo) is the maximum or minimum), then f(xp) = 0. 

Theorem 2.44 (Rolle’s theorem). Let f(x) be a continuous function defined on 
[a,b\, where a^GR, a < b, and f(a ) = f(b). If f is differentiable in ( a,b ), then 
there exists c G (a, b) such that f '(c) = 0. 

Definition 2.45. Differentiable functions fufz, ■ ■ ■ , fk defined on an open subset D 
of E" are independent if there is no nonzero differentiable function F : E^ — > E such 
that F(f\ is identically zero on some open subset of D. 

Theorem 2.46. Functions fi, - ■ ■ ,fk : D — * E are independent if and only if the kxn 
matrix [dfi/dxj\ij isofrankk, i.e., when its k rows are linearly independent at some 
point. 
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2 Basic Concepts and Facts 


Theorem 2.47 (Lagrange multipliers). Let D be an open subset ofM" and f, f\, fi, 
. . fk : D — > M independent differentiable functions. Assume that a point a in D is 
an extremum of the function f within the set of points in Dfor which f\ = fi = • • • = 
fk = 0. Then there exist real numbers A| . . . . ( so-called Lagrange multipliers) 

such that a is a stationary point of the function F = f + fif\ H V^-kfb he., such 

that all partial derivatives ofF at a are zero. 

Definition 2.48. Let / be a real function defined on [a, b] and let a = x$ < x\ < ■ ■ ■ < 
x„ = b and ^ 6 [x*_ i ,xf\. The sum S = Y!k= i ( x k ~ x k - 1 )f(^k) is called a Darboux 
sum. If / = limg^o $ exists (where 5 = max^x* — Xk- 1 )), we say that / is integrable 
and that I is its integral. Every continuous function is integrable on a finite interval. 


2.3 Geometry 

2.3.1 Triangle Geometry 

Definition 2.49. The orthocenter of a triangle is the common point of its three alti- 
tudes. 

Definition 2.50. The circumcenter of a triangle is the center of its circumscribed 
circle (i.e., circumcircle). It is the common point of the perpendicular bisectors of 
the sides of the triangle. 

Definition 2.51. The incenter of a triangle is the center of its inscribed circle (i.e., 
incircle). It is the common point of the internal bisectors of its angles. 

Definition 2.52. The centroid of a triangle ( median point) is the common point of 
its medians. 

Theorem 2.53. The orthocenter, circumcenter, incenter, and centroid are well de- 
fined (and unique) for every nondegenerate triangle. 

Theorem 2.54 (Euler’s line). The orthocenter H, centroid G, and circumcenter O 
of an arbitrary triangle lie on a line and satisfy HG = 2 GO. 

Theorem 2.55 (The nine-point circle). The feet of the altitudes from A, B, C and the 
midpoints ofAB, BC, CA, AH, BH, CH lie on a circle. 

Theorem 2.56 (Feuerbach’s theorem). The nine-point circle of a triangle is tangent 
to the incircle and all three excircles of the triangle. 

Theorem 2.57 (Torricelli’s point). Given a triangle AABC, let AABC', AAB'C, 
and AA'BC be equilateral triangles constructed outward. Then AA' , BB', CC' inter- 
sect in one point. 

Definition 2.58. Let ABC be a triangle, P a point, and X, Y, Z respectively the feet of 
the perpendiculars from P to BC, AC, AB. Triangle XYZ is called the pedal triangle 
of A ABC corresponding to point P. 
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Theorem 2.59 (Simson’s line). The pedal triangle XYZ is degenerate, i.e., X, Y, Z 
are collinear, if and only if P lies on the circumcircle of ABC. Points X, Y, Z are in 
this case said to lie on Simson’s line. 

Theorem 2.60. If M is a point on the circumcircle of AABC with orthocenter H, 
then the Simson ’s line corresponding to M bisects the segment MH. 

Theorem 2.61 (Carnot’s theorem). The perpendiculars from X,Y,Z to BC.CA.AB 
respectively are concurrent if and only if 

BX 2 - XC 2 + CY 2 - YA 2 +AZ 2 — ZB 2 = 0. 

Theorem 2.62 (Desargues’s theorem). Let A\B\C\ and A 2 B 2 C 2 be two triangles. 
The lines A\A 2 , B\B 2 , C\C 2 are concurrent or mutually parallel if and only if the 
points A = B\C\ C\B 2 C 2 , B = C\A \ fl C 2 A 2 , and C = Aff C\A 2 B 2 are collinear. 

Definition 2.63. Given a point C in the plane and a real number r, a homothety with 
center C and coefficient r is a mapping of the plane that sends each point A to the 
point A' such that CA' = kCA. 

Theorem 2.64. Let k \ , k 2 , and k 2 be three circles. Then the three external similitude 
centers of these three circles are collinear ( the external similitude center is the center 
of the homothety with positive coefficient that maps one circle to the other). Similarly, 
two internal similitude centers are collinear with the third external similitude center. 

All variants of the previous theorem can be directly obtained from the Desar- 
gues’s theorem applied to the following two triangles: the first triangle is determined 
by the centers of ki,k 2 ,k 2 , while the second triangle is determined by the points of 
tangency of an appropriately chosen circle that is tangent to all three of k\, k 2 , k 2 . 

2.3.2 Vectors in Geometry 

Definition 2.65. For any two vectors ~a , b in space, we define the scalar product 
(also known as dot product) of ~a and b as ~a ■ b = |"a]| b | cos <p, and the vector 
product (also known as cross product ) as a x b = p , where <p = Z(a. b ) and 
~p is the vector with \~p\ = \~a\\ b \ | sin tp | perpendicular to the plane determined by 
~a and b such that the triple of vectors ~a , b . ~p is positively oriented (note that 
if ~a and b are collinear, then ~a x b = 0 ). Both these products are linear with 
respect to both factors. The scalar product is commutative, while the vector product is 
anticommutative, i.e., a x b = — b x a . We also define the mixed vector product 
of three vectors ~a , b ,~c as [~a, b ,~c) = (fa x b)-~c . 

Remark. The scalar product of vectors ~a and b is often denoted by (fa , b }. 

Theorem 2.66 (Thales’ theorem). Let lines AA! and BB' intersect in a point O, A' f 
O f B'. Then AB II A'B' St, = Off ( Here 4- denotes the ratio of two nonzero 

" OA' OB' b J 

collinear vectors). 
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2 Basic Concepts and Facts 


Theorem 2.67 (Ceva’s theorem). Let ABC be a triangle andX, Y, Z points on lines 
BC, CA, AB respectively, distinct from A.B.C. Then the lines AX, BY, CZ are con- 
current if and only if 

EX CY AZ , , smZBAX smZCBY smlACZ , 

— - ■ — r • =r = 1 , or equivalently, = 1 

XC YA ZB Sln £XAC sin ZYBA sin ZZCB 

( the last expression being called the trigonometric form of Ceva’s theorem). 

Theorem 2.68 (Menelaus’s theorem). Using the notation introduced for Ceva’s 
theorem, points X,Y,Z are collinear if and only if 

BX CY AZ _ 

XC YA ZB 

Theorem 2.69 (Stewart’s theorem). IfD is an arbitrary point on the line BC, then 

AD 2 = ™BD 2 + ^rCD 2 -BDDC. 

BC BC 

Specifically, ifD is the midpoint ofBC, then 4 AD 2 = 2 AB 2 + 2 AC 2 — BC 2 . 


2.3.3 Barycenters 

Definition 2.70. A mass point ( A,m ) is a point A that is assigned a mass m > 0. 

Definition 2.71. The center of mass ( barycenter ) of the set of mass points (A*, /«,-), 
i 1, 2, . . . ,n, is the point T such that £; miTAi = 0 . 

Theorem 2.72 (Leibniz’s theorem). Let T be the mass center of the set of mass 

points {(A,-,m,) | i = 1,2, ... ,n} of total mass m = mi H |-m„, and let X be an 

arbitrary point. Then 


]T mi XA 2 = £ m{TA 2 + mXT 2 . 

i=t i=i 

Specifically, ifT is the centroid ofAABC and X an arbitrary point, then 
AX 2 + BX 2 + CX 2 = AT 2 + BT 2 + CT 2 + ZX T 2 . 

2.3.4 Quadrilaterals 

Theorem 2.73. A quadrilateral ABCD is cyclic ( i. e. , there exists a circumcircle of 
ABCD) if and only ifZACB = ZADB and if and only ifZADC + ZABC = 180°. 
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Theorem 2.74 (Ptolemy’s theorem). A convex quadrilateral ABCD is cyclic if and 
only if 

AC ■ BD = AB ■ CD + AD ■ BC. 

For an arbitrary quadrilateral ABCD we have Ptolemy’s inequality (see 2.3.7, Geo- 
metric Inequalities). 

Theorem 2.75 (Casey’s theorem). Let k\, k.2, Ay, and A4 be four circles that all touch 
a given circle k. Let Uj be the length of a segment determined by an external common 
tangent of circles ki and kj (i,j £ {1,2, 3 , 4 }) if both ki and kj touch k internally, or 
both touch k externally. Otherwise, t,j is set to be the internal common tangent. Then 
one of the products 1 12134, ? 1 3 124 , and 114123 is the sum of the other two. 

Some of the circles k\ , Ay, A3, A4 may be degenerate, i. e. , of 0 radius, and thus 
reduced to being points. In particular, for three points A, B, C on a circle A and a 
circle Id touching k at a point on the arc of AC not containing B, we have AC ■ b = 
AB ■ c + a ■ BC, where a, b, and c are the lengths of the tangent segments from points 
A, B, and C to k! . Ptolemy’s theorem is a special case of Casey’s theorem when all 
four circles are degenerate. 

Theorem 2.76. A convex quadrilateral ABCD is tangent ( i.e., there exists an incircle 
of ABCD) if and only if 

AB + CD = BC + DA. 


Theorem 2.77. For arbitrary points A, B,C,D in space, AC _L BD if and only if 
AB 2 + CD 2 = BC 2 + DA 2 . 

Theorem 2.78 (Newton’s theorem). Let ABCD be a quadrilateral, AD HBC = E, 
and ABHDC = F (such points A.B.C.D.E. F form a complete quadrilateral). Then 
the midpoints of AC, BD, and EF are collinear. If ABCD is tangent, then the incenter 
also lies on this line. 

Theorem 2.79 (Brocard’s theorem). Let ABCD be a quadrilateral inscribed in a 
circle with center O, and let P = AB fl CD, Q = AD fl BC, R = AC fl BD. Then O is 
the orthocenter of APQR. 

2.3.5 Circle Geometry 

Theorem 2.80 (Pascal’s theorem). 7fAi,A2,A3,fii,B2,®3 are distinct points on a 
conic y (e.g., circle), then points X\ = A2B3 fl A3B2, -X2 = - 4 1 If fl A3B1, and A3 = 
A 1 62 HA 2 Bi are collinear. The special result when y consists of two lines is called 
Pappus’s theorem. 

Theorem 2.81 (Brianchon’s theorem). Let ABCDEF be a convex hexagon. If a 
conic (e.g., circle) can be inscribed in ABCDEF, then AD, BE, and CF meet in a 
point. 
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Theorem 2.82 (The butterfly theorem). Let AB be a chord of a circle k and C its 
midpoint. Let p and q be two different lines through C that, respectively, intersect k 
on one side ofAB in P and Q and on the other in P' and (f . Let E and F respectively 
be the intersections ofPQ' and P'Q with AB. Then it follows that CE = CF. 

Definition 2.83. The power of a point X with respect to a circle k(0, r) is defined 
by 2/{X) = OX 2 — r 2 . For an arbitrary line l through X that intersects k at A and B 
(A=B when l is a tangent), it follows that f/(X) = XA ■ XB. 

Definition 2.84. The radical axis of two circles is the locus of points that have 
equal powers with respect to both circles. The radical axis of circles k\ (0 \ , r\ ) and 
ki{02,r2) is a line perpendicular to O 1 O 2 . The radical axes of three distinct circles 
are concurrent or mutually parallel. If concurrent, the intersection of the three axes 
is called the radical center. 

Definition 2.85. The pole of a line l O with respect to a circle k(0, r) is a point A 
on the other side of l from O such that OA _L l and d(0, l) ■ OA = r 2 . In particular, if Z 
intersects k in two points, its pole will be the intersection of the tangents to k at these 
two points. 

Definition 2.86. The polar of the point A from the previous definition is the line l. 
In particular, if A is a point outside k and AM, AN are tangents to k ( M,N £ k ), then 
MN is the polar of A. 

Poles and polars are generally defined in a similar way with respect to arbitrary 
nondegenerate conics. 

Theorem 2.87. If A belongs to the polar ofB, then B belongs to the polar of A. 


2.3.6 Inversion 

Definition 2.88. An inversion of the plane n about the circle k(0, r) (which belongs 
to n) is a transformation of the set 7r\{0} onto itself such that every point P is 
transformed into a point P on the ray (OP such that OP ■ OP’ = r 2 . In the following 
statements we implicitly assume exclusion of O. 

Theorem 2.89. The fixed points of an inversion about a circle k are on the circle k. 
The inside ofk is transformed into the outside and vice versa. 

Theorem 2.90. If A, B transform into A', B' after an inversion about a circle k, then 
XOAB = /.OB' A', and also ABB' A' is cyclic and perpendicular to k. A circle perpen- 
dicular to k transforms into itself. Inversion preserves angles between continuous 
curves ( which includes lines and circles). 

Theorem 2.91. An inversion transforms lines not containing O into circles contain- 
ing O, lines containing O into themselves, circles not containing O into circles not 
containing O, circles containing O into lines not containing O. 
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2.3.7 Geometric Inequalities 

Theorem 2.92 (The triangle inequality). For any three points A, B, C, AB + BC > 

AC. Equality occurs when A, B, C are collinear and B is between A and C. In the 
sequel we will use ,3d(A.B,C) to emphasize that B is between A and C. 

Theorem 2.93 (Ptolemy’s inequality). For any four points A, B, C, D, 

AC ■ BD < AB ■ CD+ADBC. 

Theorem 2.94 (The parallelogram inequality). For any four points A, B, C, D, 

AB 1 + BC 2 + CD 2 + DA 2 > AC 2 + BD 2 . 

Equality occurs if and only if ABCD is a parallelogram. 

Theorem 2.95. For a given triangle AABC the point X for which AX + BX + CX is 
minimal is Toricelli’s point when all angles of AABC are less than or equal to 120°, 
and is the vertex of the obtuse angle otherwise. The point Xi for which AX 2 +BX 2 + 
CX% is minimal is the centroid (see Leibniz’s theorem). 

Theorem 2.96 (The Erdos-Mordell inequality). Let P be a point in the interior of 
A ABC andX,Y,Z projections ofP onto BC .AC .AB, respectively. Then 

PA+PB+PC>2(PX+PY+PZ). 

Equality holds if and only if AABC is equilateral and P is its center. 

2.3.8 Trigonometry 

Definition 2.97. The trigonometric circle is the unit circle centered at the origin O of 
a coordinate plane. Let A be the point (1,0) and P(x,y) a point on the trigonometric 
circle such that ZAOP = a. We define sin a =y, cos a = x, tan a = y/x, and cot a = 

x/y- 

Theorem 2.98. The functions sin and cos are periodic with period 2 k. The func- 
tions tan and cot are periodic with period K. The following simple identities hold: 
sin 2 x + cos 2 * = 1, sinO = sin7T = 0, sin(— *) = — sin*, cos(— *) = cos*, sin(7r/2) 

1 , sin(7t/4) = l/s/2, sin(7t/6) = 1/2, cos* = sin(7r/2 — *). From these identities 
other identities can be easily derived. 

Theorem 2.99. Additive formulas for trigonometric functions: 
sin(a ± j3) = sin a cos J3 ±cosasinj3, cos(a ±J3) = cos a cos j3 =f sin a sin j3, 
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Theorem 2.100. Formulas for trigonometric functions of lx and 3x: 


sin2x = 2sinxcosx, 
cos2x = 2cos 2 x — 1, 
tan2x = 


sin 3x = 3 sinx — 4 sin 3 x, 
cos 3x = 4 cos 3 x — 3 cosx, 
tan3x = 

1— 3tan 2 x 


Theorem 2.101. For any x G M, sinx = and cosx = j — where t = tan |. 
Theorem 2.102. Transformations from product to sum: 


2cosacos/3 = cos(a + /3) + cos(a — /3), 
2sinacos/3 = sin(a + j3) + sin(a — J3), 
2sinasin/3 = cos(a — j3) — cos(a + /3). 


Theorem 2.103. 77ze angles a, j3, y of a triangle satisfy 

cos 2 a + cos 2 j3 + cos 2 y+2cosacos/3 cosy = 1, 

tana + tanj3 + tany = tan a tan /3 tan y. 

Theorem 2.104 (De Moivre’s formula). Ifi 2 = — 1, f/ten 


(cosx + t'sinx)" = cosnx+ isinnx. 


2.3.9 Formulas in Geometry 

Theorem 2.105 (Heron’s formula). The area of a triangle ABC with sides a,b,c 
and semiperimeter s is given by 

S = yj s(s — a) (s — b) (s — e) = — y/ 2 a 2 b 2 + 2 a 2 c 2 + 2 b 2 c 2 — a 4 — b 4 — c 4 . 

Theorem 2.106 (The law of sines). The sides a,b,c and angles a,j3 .y of a triangle 
ABC satisfy 

a b c 

= -r-ff — = 2R. 

sin a sin p stny 

where R is the circumradius of AABC. 

Theorem 2.107 (The law of cosines). The sides and angles of AABC satisfy 
c 2 = a 2 + b 2 — lab cos y. 

Theorem 2.108. The circumradius R and inradius r of a triangle ABC satisfy R = 
and r = a 2 ^ +c =!?(cosa + cos/3 +cosy— 1). If x,y,z denote the distances of the 
circumcenter in an acute triangle to the sides, then x + y+z = R + r. 

Theorem 2.109 (Euler’s formula). IfO and I are the circumcenter and incenter of 
A ABC, then OI 2 = R(R — 2 r), where R and r are respectively the circumradius and 
the inradius of AABC. Consequently, R > 2 r. 


2.4 Number Theory 
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Theorem 2.110. If a, b, c, d are lengths of the sides of a convex quadrilateral, p its 
semiperimeter, and a and y two non-adjacent angles of the quadrilateral, then its 
area S is given by 

S = \J {P ~ «) (P ~ b) 0 - c) (p - d) - abed cos 2 . 

If the quadrilateral is cyclic, the above formula reduces to 
S=y/{p-a){p-b)(p-c)(p-d). 

Theorem 2.111 (Euler’s theorem for pedal triangles). Let X,Y,Z be the feet of 
the perpendiculars from a point P to the sides of a triangle ABC. Let O denote the 
circumcenter and R the circumradius of l\ ABC. Then 

o 1 1 4 OP 2 I 

Sxyz = 4 1 - -jp- Sabc . 

Moreover, Sxyz = 0 if and only ifP lies on the circumcircle ofAABC (see Simson’s 
line). 

Theorem 2.112. If~a = ( 01 , 02 , 03 ), b = (b\,b 2 ,bf), ~c =(c\, 02 , 03 ) are three vec- 
tors in coordinate space, then 

~a ■ b = aib\ -\-a 2 b 2 -\-a 3 b 3 , ~a X b = ( 01^2 — « 2 ^i,« 2^3 — 03 ^ 2 , 03^1 — 01 ^ 3 ), 

o\ a 2 a 3 ' 
b\ b 2 b 3 . 

Cl c 2 c 3 

Here det M denotes the determinant of the square matrix M. 

Theorem 2.113. The area of a triangle ABC and the volume of a tetrahedron ABCD 
are equal to \ \AB x AC\ and g | \AB, AC, Aoj |, respectively. 

Theorem 2.114 (Cavalieri’s principle). If the sections of two solids by the same 
plane always have equal area, then the volumes of the two solids are equal. 


[7?, b , c ] = det 


2.4 Number Theory 

2.4.1 Divisibility and Congruences 

Dehnition 2.115. The greatest common divisor ( a,b ) = ged (a,b) of a,b £ N is the 
largest positive integer that divides both a and b. Positive integers a and b are coprime 
or relatively prime if (a,b) = 1. The least common multiple [ a,b\ = \cm(a,b) of 
a, b G N is the smallest positive integer that is divisible by both a and b. It holds 
that [ a,b\(a,b ) = ab. The above concepts are easily generalized to more than two 
numbers; i.e., we also define (a\,a 2 ,. ■ -,a n ) and [ai,a 2 , . . . ,a n }. 
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Theorem 2.116 (Euclidean algorithm). Since ( a,b ) = (| a — b\,a) = (\a — b\,b), it 
follows that starting from positive integers a and b one eventually obtains ( a,b ) by 
repeatedly replacing a and b with \ a — b\ and min{a,fe} until the two numbers are 
equal. The algorithm can be generalized to more than two numbers. 

Theorem 2.117 (Corollary to Euclidean algorithm). For each a,b eN there exist 
x,y £Z such that ax+by = ( a,b ). The number ( a,b ) is the smallest positive number 
for which such x and y can be found. 

Theorem 2.118 (Second corollary to Euclid’s algorithm). Fora,m,n £ N and a > 

1 it follows that ( a m — l,a n — 1) = — 1. 

Theorem 2.119 (Fundamental theorem of arithmetic). Every positive integer can 
be uniquely represented as a product of primes, up to their order. 

Theorem 2.120. The fundamental theorem of arithmetic also holds in some other 
rings, such as Z[i\ = {a+bi \a,b£ Z}, Z[s/2], Z\\[^f\, Z[(o\ ( where co is a complex 
third root of 1 ). In these cases, the factorization into primes is unique up to the order 
and divisors of 1. 

Definition 2.121. Integers a, b are congruent modulo n £ N if n \ a — b. We then write 
a = b (mod n). 

Theorem 2.122 (Chinese remainder theorem). If m\,m 2 , ... ,mk are positive in- 
tegers pairwise relatively prime and a\,. . . ,a^, ci,...,c* are integers such that 
( ) = 1 (i = 1, . . . ,k), then the system of congruences 


aiX = Ci (mod m,), i= 1,2, 


has a unique solution modulo m\m 2 ■ ■ ■ m^. 

2.4.2 Exponential Congruences 

Theorem 2.123 (Wilson’s theorem). If p is a prime, then p | (p — 1 ) ! + 1 . 

Theorem 2.124 (Fermat’s (little) theorem). Let p be a prime number and a an 
integer with ( a,p ) = 1. Then aP~ x = 1 (mod p). This theorem is a special case of 
Euler’s theorem. 

Definition 2.125. Euler’s function (p (n) is defined for n £ N as the number of positive 
integers less than or equal to n and coprime to n. It holds that 



where n = p°{' ■ ■ ■ p° k k is the factorization of n into primes. 

Theorem 2.126 (Euler’s theorem). Let n be a natural number and a an integer with 


{a,n) = 1. Then a v ^ = 1 (mod n). 
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Theorem 2.127 (Existence of primitive roots). Let p be a prime number. There 
exists gg {l,2,...,p - 1} (called a primitive root modulo p) such that the set 
{l,g,g 2 , . . . ,g p ~ 2 } is equal to { 1, 2, .... p— 1} modulo p. 

Definition 2.128. Let p be a prime and a a nonnegative integer. We say that p a is 
the exact power of p that divides an integer a (and a the exact exponent ) if p a \ a 
and p a+l f a. 

Theorem 2.129. Let a and n be positive integers and p an odd prime. If p a (a GN) 
is the exact power of p that divides a — 1, then for any integer J3 > 0, p a+ P \ a n — 1 
if and only if pP \ n. (See (SL97-14).) 

A similar statement holds for p = 2. If 2 a (oc G N) is the exact power of 2 that 
divides a 2 — 1, then for any integer j3 > 0, 2“+^ | a n — 1 if and only if 2^ +1 | n. (See 
(SL89-27).) 

2.4.3 Quadratic Diophantine Equations 

Theorem 2.130. The solutions of a 2 +b 2 = c 2 in integers are given bya = t(m 2 — n 2 ), 
b = 2 tmn, c = t(m 2 + n 2 ) ( provided that b is even), where t,m,n G Z. The triples 
(. a,b,c ) are called Pythagorean (or primitive Pythagorean if gcd(a,b,c) = 1). 

Definition 2.131. Given DgN that is not a perfect square, a Pell’s equation is an 
equation of the form x 2 — Dy 2 = 1, where x.y G Z. 

Theorem 2.132. If(xo,yo) is the least (nontrivial) solution in N of the Pell’s equation 
x 2 — Dy 2 = 1, then all the nontrivial integer solutions (x, y) are given by x+ ys/D = 
±(xo + yoVD) n , where n G Z. 

Definition 2.133. An integer a is a quadratic residue modulo a prime p if there exists 
x G Z such that x 2 = a (mod p). Otherwise, a is a quadratic nonresidue modulo p. 

Definition 2.134. The Legendre symbol for an integer a and a prime p is defined by 



1 if a is a quadratic residue mod p and p\ a; 
0 if p | a\ 


— 1 otherwise. 


Clearly an d (y) = 1 if p\a. The Legendre symbol is multiplicative, 



Theorem 2.135 (Euler’s criterion). For each odd prime p and integer a not divisible 



(mod p). 


Theorem 2.136. For a prime p > 3- \p)’ and \p) are equal 

only if p=\ (mod 4), p = ±1 (mod 8) and p I (mod 6), respectively. 


i, (f)’ an d (-fj are equal to 1 if and 
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Theorem 2.137 (Gauss’s reciprocity law). For any two distinct odd primes p and 
q, we have that 



Definition 2.138. Jacobi symbol for an integer a and an odd positive integer b is 
defined as 



where b = p a f • • • p® k is the factorization of b into primes. 


Theorem 2.139. If (|) = — 1, then a is a quadratic nonresidue modulo b, but the 
converse is false. All the above identities for Legendre symbols except Euler’s crite- 
rion remain true for Jacobi symbols. 


2.4.4 Farey Sequences 


Definition 2.140. For any positive integer n, the Farey sequence F n is the sequence 
of rational numbers a/b with 0 < a < b < n and ( a,b ) = 1 arranged in increasing 
order. For instance, Fj = { y j y > 2 > | , {}. 


Theorem 2.141. If p\ jq\, pi/ qi, and pi/qi are three successive terms in a Farey 
sequence, then 


Piqi ~P\qi = 1 


and 


Pi+p-h 

41+43 


P2 
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2.5 Combinatorics 

2.5.1 Counting of Objects 

Many combinatorial problems involving the counting of objects satisfying a given 
set of properties can be properly reduced to an application of one of the following 
concepts. 

Definition 2.142. A variation of order n over k is a 1-to-l mapping of {1,2,...,/:} 
into {1,2,..., zi}. For a given n and k, where n>k, the number of different variations 
1 sV n=Wky.- 

Definition 2.143. A variation with repetition of order n over k is an arbitrary map- 
ping of {1,2, . . . ,k] into {1,2, . . . ,«}. For a given n and k the number of different 



variations with repetition is V n =k n . 

Definition 2.144. A permutation of order n is a bijection of { 1 , 2, . . . , n} into itself (a 
special case of variation for k = n). For a given n the number of different permutations 
is P„ = n\. 
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Definition 2.145. A combination of order n over k is a ^-element subset of { 1 , 2, . . . , 
n}. For a given n and k the number of different combinations is C* = (£) . 


Definition 2.146. A permutation with repetition of order n is a bijection of { 1, 2, . . . , 
n} into a multiset of n elements. A multiset is defined to be a set in which certain 
elements are deemed mutually indistinguishable (for example, as in { 1 , 1 , 2, 3}). 

If {fci,& 2 > . . . ,k s } denotes the set of distinct elements in a multiset and the ele- 
ment ki appears a, times in the multiset, then number of different permutations with 


repetition is P n ,ai,...,a s = \ 


j . A combination is a special case of permutation 


with repetition for a multiset with two different elements. 


Theorem 2.147 (The pigeonhole principle). If a set ofnk+l different elements is 
partitioned into n mutually disjoint subsets, then at least one subset will contain at 
least k + 1 elements. 


Theorem 2.148 (The inclusion-exclusion principle). Let S\,S 2 , ■ ■ ■ ,S n be a family 
of subsets of the set S. The number of elements ofS contained in none of the subsets 
is given by the formula 


|5\(S! u — USW)| = |s| - X I 

k= 1 l<i'i<- -<ifc<« 


2.5.2 Graph Theory 

Definition 2.149. A graph G = (V. E) is a set of objects, i.e., vertices, V paired with 
the multiset E of some pairs of elements of V, i.e., edges. When (x,y) G E, for x,y G 
V, the vertices x and y are said to be connected by an edge; i.e., the vertices are the 
endpoints of the edge. 

A graph for which the multiset E reduces to a proper set (i.e., each pair of vertices 
are connected by at most one edge) and for which no vertex is connected to itself is 
called a simple graph. 

A finite graph is one in which \E\ and |Vj are finite. 

Definition 2.150. An oriented graph is one in which the pairs in E are ordered. 

Definition 2.151. The simple graph K n consisting of n vertices and in which each 
pair of vertices is connected is called a complete graph. 

Definition 2.152. A k-partite graph ( bipartite for k = 2) K t] is a graph whose 
set of vertices V can be partitioned into k nonempty disjoint subsets of cardinalities 
i\ , t' 2 , ... fk such that each vertex x in a subset W of V is connected only with the 
vertices not in W. 

Definition 2.153. Given a bipartite graph ( V,E ), let W and M be a partition of its 
set of vertices (you can think ofW as a set of women and M a set of men). Assume 
that \W\ < \M\. A marriage is an injective map f : W — > M for which ( w,f(w )) G E 
for every w G W. 
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Theorem 2.154 (Hall’s marriage theorem). Let W, M be a partition of the set of 

vertices of a bipartite graph. There exists a marriage f : W — * M if and only if for 
every U GW the number \U\ is not greater than the total number of neighbors ofU 
inside M. 

Definition 2.155. The degree d{x) of a vertex x is the number of times x is the end- 
point of an edge (thus, self-connecting edges are counted twice for corresponding 
vertices). An isolated vertex is one with degree 0. 

Theorem 2.156. For a graph G = (V,E) the following identity holds: 

J J d{x) = 2\E\. 
xev 

As a consequence, the number of vertices of odd degree is even. 

Definition 2.157. A trajectory (path ) of a graph is a finite sequence of vertices, each 
connected to the previous one. The length of a trajectory is the number of edges 
through which it passes. A circuit is a path that ends in the starting vertex. A cycle is 
a circuit in which no vertex appears more than once (except the initial/final vertex). 
A graph is connected if there exists a trajectory between any two vertices. 

Definition 2.158. A subgraph G' = ( V',E ') of a graph G= (V,E) is a graph such that 
V' CV and E' contains exactly the edges of E connecting points in V' . A connected 
component of a graph is a connected subgraph such that no vertex of the subgraph is 
connected with any vertex outside of the subgraph. 

Definition 2.159. A tree is a connected graph that contains no cycles. 

Theorem 2.160. A tree with n vertices has exactly n — 1 edges and at least two ver- 
tices of degree 1. 

Definition 2.161. An Euler path is a path in which each edge appears exactly once. 
Likewise, an Euler circuit is an Euler path that is also a circuit. 

Theorem 2.162. The following conditions are necessary and sufficient for a finite 
connected graph G to have an Euler path: 

• The graph contains an Euler circuit if and only if each vertex has even degree. 

• The graph contains an Euler path if and only if the number of vertices of odd 
degree is either 0 or 2 ( in the latter case the path starts and ends in the two odd 
vertices). 

Definition 2.163. A Hamiltonian circuit is a circuit that contains each vertex of G 
exactly once (trivially, it is also a cycle). 

A simple rule to determine whether a graph contains a Hamiltonian circuit has 
not yet been discovered. 
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Theorem 2.164 (Ore’s theorem). Let Gbea graph with n vertices. If the sum of the 
degrees of any two nonadjacent vertices in G is greater than or equal to n, then G 
has a Hamiltonian circuit. 

Theorem 2.165 (Ramsey’s theorem). Let r > 1 and qi,q 2 , ■ ■ ■ ,q s > r. There exists 
a minimal positive integer N(q\,q 2 , ■ ■ ■ ,q s > r ) such that for n> N, if all subgraphs 
K r of K n are partitioned into s different sets, labeled A\.Aj. ■ ■ ,A S , then for some i 
there exists a complete subgraph K q . whose subgraphs K r all belong to A t . For r = 2 
this corresponds to coloring the edges ofK n with s different colors and looking for a 
monochromatic subgraph K qj in color i. 

Theorem 2.166. N(p,q;r ) < N(N(p l,q-,r),N(p,q— l;r);r — 1) + 1, and in par- 
ticular, N(p,q; 2) < N(p - l,g;2) +N(p,q— 1 ; 2). 

The following values of N are known: N{p,q\\) = p + q— l, N{2.p\2) = p, 
N(3,3;2) = 6, N( 3,4;2) = 9, N( 3,5;2) = 14, N{3,6;2) = 18, JV(3,7;2) = 23, 
A(3,8;2) =28, N{ 3,9;2) = 36, 1V(4,4;2) = 18, iV(4,5;2) = 25. 

Theorem 2.167 (Turan’s theorem). If a simple graph on n = t(p— 1) + r vertices 
(0 <r< p—1) has more than f(n,p) = ^ p 2 ^ 2 ( p _f) 1 ^ edges, then it contains K p 
as a subgraph. The graph containing f(n,p) edges that does not contain K p is the 
complete multipartite graph with r parts with t + 1 vertices, and p— 1 — r parts with 
t vertices. 

Definition 2.168. A planar graph is one that can be embedded in a plane such that 
its vertices are represented by points and its edges by lines (not necessarily straight) 
connecting the vertices such that no two edges intersect each other. 

Theorem 2.169. A planar graph with n vertices has at most 3n — 6 edges. 

Theorem 2.170 (Kuratowski’s theorem). Graphs K$ and ^33 are not planar. Every 
nonplanar graph contains a subgraph that can be obtained from one of these two 
graphs by a subdivison of its edges. 

Theorem 2.171 (Euler’s formula). For a given convex polyhedron let E be the 
number of its edges, F the number of faces, and V the number of vertices. Then 
E + 2 = F + V. The same formula holds for a connected planar graph (F is in this 
case equal to the number of planar regions). 
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Problems 


3.1 The First IMO 

Bucharest-Brasov, Romania, July 23-31, 1959 

3.1.1 Contest Problems 

First Day 

1. (POL) For every integer n prove that the fraction cannot be reduced any 
further. 

2. (ROU) For which real numbers x do the following equations hold: 

(a) \/x+y/2x— 1 + \J x — \/2x — 1 = \fl , 

(b) \/x+y/2x— 1 + sjx— yjlx— 1 = 1 , 

(c) + y/x- s/2x^T = 2 ? 

3. (HUN) Let x be an angle and let the real numbers a, b, c, cosx satisfy the 
following equation: 

acos 2 x + bcosx + c = 0 . 

Write the analogous quadratic equation for a, b, c, cos 2x. Compare the given 
and the obtained equality for a = 4, b = 2, c = — 1 . 

Second Day 

4. (HUN) Construct a right-angled triangle whose hypotenuse c is given if it is 
known that the median from the right angle equals the geometric mean of the 
remaining two sides of the triangle. 

5. (ROU) A segment AB is given and on it a point M. On the same side of 
AB squares AMKD and BMFE are constructed. The circumcircles of the two 
squares, whose centers are P and Q, intersect in M and another point N. 

(a) Prove that lines FA and BC intersect at N. 
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(b) Prove that all such constructed lines MN pass through the same point S, 
regardless of the selection of M. 

(c) Find the locus of the midpoints of all segments PQ, as M varies along the 
segment AB. 

6. (CZS) Let a and /3 be two planes intersecting at a line p. In a a point A is given 
and in J3 a point C is given, neither of which lies on p. Construct B in a and D 
in /3 such that A SCO is an equilateral trapezoid, AB || CD, in which a circle can 
be inscribed. 


3.2 The Second IMO 

Bucharest-Sinaia, Romania, July 18-25, 1960 

3.2.1 Contest Problems 


3.2 IMO 1960 


29 


First Day 


1. (BGR) Find all the three-digit numbers for which one obtains, when dividing 
the number by 1 1, the sum of the squares of the digits of the initial number. 

2. (HUN) For which real numbers x does the following inequality hold: 


4x 2 

(i-yr+2^) 2 


<2* + 9? 


3. 


(ROU) A right-angled triangle ABC is given for which the hypotenuse BC has 
length a and is divided into n equal segments, where n is odd. Let a be the angle 
with which the point A sees the segment containing the middle of the hypotenuse. 
Prove that 


tanoc = 


4 nh 

(n 2 — l)a ’ 


where h is the height of the triangle. 


Second Day 


4. (HUN) Construct a triangle ABC whose lengths of heights h a and (from A 
and B, respectively) and length of median m a (from A) are given. 

5. (CZS) A cube ABCDA'B'C'D 1 is given. 

(a) Find the locus of all midpoints of segments XY, where X is any point on 
segment AC and Y any point on segment B'D' . 

(b) Find the locus of all points Z on segments XY such that ZY = 2XZ. 

6. (BGR) An isosceles trapezoid with bases a and b and height h is given. 

(a) On the line of symmetry construct the point P such that both (nonbase) 
sides are seen from P with an angle of 90°. 

(b) Find the distance of P from one of the bases of the trapezoid. 

(c) Under what conditions for a, b, and h can the point P be constructed (ana- 
lyze all possible cases)? 

7. (GDR) A sphere is inscribed in a regular cone. Around the sphere a cylinder is 
circumscribed so that its base is in the same plane as the base of the cone. Let V\ 
be the volume of the cone and V% the volume of the cylinder. 

(a) Prove that Vi = V 2 is impossible. 

(b) Find the smallest k for which V\ = kVi, and in this case construct the angle 
at the vertex of the cone. 


30 


3 Problems 


3.3 The Third IMO 

Budapest- Veszprem, Hungary, July 6-16, 1961 

3.3.1 Contest Problems 

First Day 

1. (HUN) Solve the following system of equations: 

x+y+z = a, 


where a and b are given real numbers. What conditions must hold on a and b for 
the solutions to be positive and distinct? 

2. (POL) Let a, b, and c be the lengths of a triangle whose area is S. Prove that 

a 2 + b 2 + c 2 >4SV3 . 

In what case does equality hold? 

3 . (BGR) Solve the equation cos" x — sin" x = 1 , where n is a given positive integer. 
Second Day 

4. (GDR) In the interior of A P\P 2 P^ a point P is given. Let Q \ , Q 2 , and Q 2 re- 
spectively be the intersections of PP \ , PP 2 , and PP 2 with the opposing edges of 
AP\P 2 Pj. Prove that among the ratios PP 1 /PQ 1 , PP 2 /PQ 2 , and PP 1 /PQ 3 there 
exists at least one not larger than 2 and at least one not smaller than 2. 

5. (CZS) Construct a triangle ABC if the following elements are given: AC = b, 
AB = c, and IAMB = co (ra < 90°), where M is the midpoint of BC. Prove that 
the construction has a solution if and only if 

b tan — < c < b . 

2 ~ 

In what case does equality hold? 

6. (ROU) A plane e is given and on one side of the plane three noncollinear points 
A, B, and C such that the plane determined by them is not parallel to e. Three 
arbitrary points A', B', and C' in e are selected. Let L, M, and N be the midpoints 
of AA ! , BB 1 , and CC' , and G the centroid of A LMN. Find the locus of all points 
obtained for G as A', B', C' are varied (independently of each other) across e. 
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3.4 The Fourth IMO 

Prague-Hluboka, Czechoslovakia, July 7-15, 1962 

3.4.1 Contest Problems 

First Day 

1. (POL) Find the smallest natural number n with the following properties: 

(a) In decimal representation it ends with 6. 

(b) If we move this digit to the front of the number, we get a number 4 times 
larger. 

2. (HUN) Find all real numbers x for which 



3. (CZS) A cube ABCDA'B'C'D' is given. The point X is moving at a constant 
speed along the square ABCD in the direction from A to B. The point Y is moving 
with the same constant speed along the square BCC'B' in the direction from B' 
to C' . Initially, X and Y start out from A and B' respectively. Find the locus of all 
the midpoints of XY. 

Second Day 

4. (ROU) Solve the equation 


cos 2 x + cos 2 2x + cos 2 3x = 1 . 


5. (BGR) On the circle k three points A, B, and C are given. Construct the fourth 
point on the circle D such that one can inscribe a circle in ABCD. 

6. (GDR) Let ABC be an isosceles triangle with circumradius r and inradius p. 
Prove that the distance d between the circumcenter and incenter is given by 


d = y/r{r~2p) . 


7. (USS) Prove that a tetrahedron SABC has five different spheres that touch all six 
lines determined by its edges if and only if it is regular. 
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3.5 The Fifth IMO 

Wroclaw, Poland, July 5-13, 1963 

3.5.1 Contest Problems 

First Day 

1. (CZS) Determine all real solutions of the equation yfx 1 — p + 2\/x 2 — 1 = x, 
where p is a real number. 

2. (USS) Find the locus of points in space that are vertices of right angles of which 
one ray passes through a given point and the other intersects a given segment. 

3. (HUN) Prove that if all the angles of a convex n-gon are equal and the lengths of 

consecutive edges satisfy a\ > aj > ■ ■ ■ > a„, then a\ =ai = ■ ■ ■ = a n . 

Second Day 

4. (USS) Find all solutions x \ , . . . , X5 to the system of equations 

' X5+X2 =yx 1, 
xi +X3 =yX2, 

< X2+X4 =yx 3, 

X3+X5 =yx 4 , 

X4+X1 =yx 5 , 

where y is a real parameter. 

5. (GDR) Prove that cos j — cos ^ + cos = 

6. (HUN) Five students A, B, C, D, and E have taken part in a certain competition. 
Before the competition, two persons X and Y tried to guess the rankings. X 
thought that the ranking would be A,B,C,D,E\ and Y thought that the ranking 
would be D,A,E,C,B. At the end, it was revealed that X didn’t guess correctly 
any rankings of the participants, and moreover, didn’t guess any of the orderings 
of pairs of consecutive participants. On the other hand, Y guessed the correct 
rankings of two participants and the correct ordering of two pairs of consecutive 
participants. Determine the rankings of the competition. 


3.6 The Sixth IMO 

Moscow, Soviet Union, June 30-July 10, 1964 

3.6.1 Contest Problems 


3.6 IMO 1964 
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First Day 

1. (CZS) (a) Find all natural numbers n such that the number 2" — 1 is divisible 

by 7. 

(b) Prove that for all natural numbers n the number 2" + 1 is not divisible by 7. 

2. (HUN) Denote by a, b, c the lengths of the sides of a triangle. Prove that 

a 2 (b + c— a) + b 2 (c + a — b) + c 2 (a + b — c)< 3 abc. 

3. (YUG) The incircle is inscribed in a triangle ABC with sides a , b , c. Three tan- 
gents to the incircle are drawn, each of which is parallel to one side of the triangle 
ABC. These tangents form three smaller triangles (internal to AABC) with the 
sides of A ABC. In each of these triangles an incircle is inscribed. Determine the 
sum of areas of all four incircles. 

Second Day 

4. (HUN) Each of 17 students talked with every other student. They all talked 
about three different topics. Each pair of students talked about one topic. Prove 
that there are three students that talked about the same topic among themselves. 

5. (ROU) Five points are given in the plane. Among the lines that connect these 
five points, no two coincide and no two are parallel or perpendicular. Through 
each point we construct an altitude to each of the other lines. What is the max- 
imal number of intersection points of these altitudes (excluding the initial five 
points)? 

6. (POL) Given a tetrahedron ABCD, let D\ be the centroid ofthe triangle ABC and 
let Ai, Si, Ci be the intersection points of the lines parallel to DD\ and passing 
through the points A, B, C with the opposite faces of the tetrahedron. Prove that 
the volume of the tetrahedron ABCD is one-third the volume of the tetrahedron 
A\B\C\Di . Does the result remain true if the point D\ is replaced with any point 
inside the triangle ABC ? 
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3.7 The Seventh IMO 

Berlin, DR Germany, July 3-13, 1965 

3.7.1 Contest Problems 

First Day 

1 . (YUG) Find all real numbers x € [0, In] such that 

2 cos x < | vT+sinZx — Vl — sin2x| < \/2. 

2. (POL) Consider the system of equations 

{ < 211*1 + < Z12*2 + < 213*3 = 0 , 

<221*1 + <222*2 + <223*3 = 0, 

< 231 X 1 + 032*2 + 033*3 = 0 , 

whose coefficients satisfy the following conditions: 

(a) <2 1 1 .< 222 , <233 are positive real numbers; 

(b) all other coefficients are negative; 

(c) in each of the equations the sum of the coefficients is positive. 

Prove that x\ = X 2 = *3 = 0 is the only solution to the system. 

3. (CZS) A tetrahedron ABCD is given. The lengths of the edges AB and CD are 
a and b, respectively, the distance between the lines AB and CD is d, and the 
angle between them is equal to a> . The tetrahedron is divided into two parts by 
the plane n parallel to the lines AB and CD. Calculate the ratio of the volumes 
of the parts if the ratio between the distances of the plane n from AB and CD is 
equal to k. 

Second Day 

4. (USS) Find all sets of four real numbers x \ , X 2 , * 3 , X 4 such that the sum of any of 
the numbers and the product of the other three is equal to 2 . 

5. (ROU) Given a triangle OAB such that ZAOB = a < 90°, let M be an arbitrary 
point of the triangle different from O. Denote by P and Q the feet of the per- 
pendiculars from M to OA and OB, respectively. Let H be the orthocenter of the 
triangle OPQ. Find the locus of points H when: 

(a) M belongs to the segment AB; 

(b) M belongs to the interior of A OAB. 

6. (POL) We are given n > 3 points in the plane. Let d be the maximal distance 
between two of the given points. Prove that the number of pairs of points whose 
distance is equal to d is less than or equal to n. 


3.8 The Eighth IMO 

Sofia, Bulgaria, July 3-13, 1966 

3.8.1 Contest Problems 


3.8 IMO 1966 
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First Day 

1 . (USS) Three problems A, B, and C were given on a mathematics olympiad. All 
25 students solved at least one of these problems. The number of students who 
solved B and not A is twice the number of students who solved C and not A. The 
number of students who solved only A is greater by 1 than the number of students 
who along with A solved at least one other problem. Among the students who 
solved only one problem, half solved A. How many students solved only B1 

2. (HUN) If a, b, and c are the sides and a, j3 , and y the respective angles of 
the triangle for which a + b = tan ^ (a tan a + &tan/3), prove that the triangle is 
isosceles. 

3. (BGR) Prove that the sum of distances from the center of the circumsphere of 
the regular tetrahedron to its four vertices is less than the sum of distances from 
any other point to the four vertices. 

Second Day 

4. (YUG) Prove the following equality: 

111 1 

— : — — + — — — + . n H 1- -r-z — = cotx — COt2 X, 

sin2x sin4x sin8x sm2"x 

where n £ N and x ^ for every leN. 

5. (CZS) Solve the following system of equations: 

|«i ~a 2 \x 2 + |«i -a 3 |x 3 + |ai -a 4 ]*4 = 1, 

\a 2 ~a\\x\ + |tl 2 — <Z 3 |X3 + |<X 2 — «4|jC4 = 1, 

\a-i-ai \xi + |a 3 - a 2 |x 2 + |a 3 - a 4 \x 4 = 1 , 

|a 4 — ai|xi + 1«4 — a 2 |x 2 + |a4 — «3|*3 = 1, 

where a\, a 2 , a 3 , and a 4 are mutually distinct real numbers. 

6. (POL) Let M, K, and L be points on (AB), (BC), and (CA), respectively. Prove 
that the area of at least one of the three triangles AMAL, A KBM, and A LCK is 
less than or equal to one-fourth the area of A ABC. 

3.8.2 Some Longlisted Problems 1959-1966 

1 . (CZS) We are given n > 3 points in the plane, no three of which he on a line. 
Does there necessarily exist a circle that passes through at least three of the given 
points and contains none of the other given points in its interior? 
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2. (GDR) Given n positive real numbers a\,a 2 , ■ ■ ■ ,a n such that a\ci 2 - ■ -a n = 1, 
prove that 

(l+a 1 )(l+a 2 )---(l+a„)>2”. 

3. (BGR) A regular triangular prism has height h and a base of side length a. Both 
bases have small holes in the centers, and the inside of the three vertical walls 
has a mirror surface. Light enters through the small hole in the top base, strikes 
each vertical wall once and leaves through the hole in the bottom. Find the angle 
at which the light enters and the length of its path inside the prism. 

4. (POL) Five points in the plane are given, no three of which are collinear. Show 
that some four of them form a convex quadrilateral. 

5. (USS) Prove the inequality 


4sina 4cosa 

for any x, a with 0 <x < n / 2 and Jt/6 < a < n/3. 

6. (USS) A convex planar polygon ..•# with perimeter l and area S is given. Let 
M{R) be the set of all points in space that lie a distance at most R from a point 
of . Show that the volume V (R) of this set equals 


V(R) = -ttR 3 + -IR 2 + 2 SR. 

7. (USS) For which arrangements of two infinite circular cylinders does their in- 
tersection lie in a plane? 

8. (USS) We are given a bag of sugar, a two-pan balance, and a weight of 1 gram. 
Flow do we obtain 1 kilogram of sugar in the smallest possible number of weigh- 
ings? 

9. (ROU) Find x such that 


sin 3x cos (60° — Ax) + 1 


- =0, 


sin(60° — lx) — cos(30° +x)+m 
where m is a fixed real number. 

10. (GDR) How many real solutions are there to the equationx = 1964 sinx — 189? 

11. (CZS) Does there exist an integer z that can be written in two different ways as 
z = x! +yU where x.y are natural numbers with x < y? 

12. (BGR) Find digits x,y,z such that the equality 


holds for at least two values of n £ N, and in that case find all n for which this 
equality is true. 
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1 3 . (YUG) Let a \ , <22 , . . . , a n be positive real numbers. Prove the inequality 



and find the conditions on the numbers a, for equality to hold. 

14. (POL) Compute the largest number of regions into which one can divide a disk 
by joining n points on its circumference. 

1 5 . (POL) Points A , B , C, D lie on a circle such that AB is a diameter and CD is not. 
If the tangents at C and D meet at P while AC and BD meet at Q, show that PQ 
is perpendicular to AB. 

16. (CZS) We are given a circle K with center S and radius 1 and a square Q with 
center M and side 2. Let XY be the hypotenuse of an isosceles right triangle 
XYZ. Describe the locus of points Z as X varies along K and Y varies along the 
boundary of Q. 

17. (ROU) Suppose ABCD and A'B'C'D' are two parallelograms arbitrarily ar- 
ranged in space, and let points M,N,P,Q divide the segments AA' , BB ' , CC ' , DD' 
respectively in equal ratios. 

(a) Show that MNPQ is a parallelogram; 

(b) Find the locus of MNPQ as M varies along the segment AA! . 

18. (HUN) Solve the equation = i, where p is a real parameter. Discuss 

for which values of p the equation has at least one real solution and determine 
the number of solutions in [0, 2 n) for a given p. 

19. (HUN) Construct a triangle given the three exradii. 

20. (HUN) We are given three equal rectangles with the same center in three mutu- 
ally perpendicular planes, with the long sides also mutually perpendicular. Con- 
sider the polyhedron with vertices at the vertices of these rectangles. 

(a) Find the volume of this polyhedron; 

(b) can this polyhedron be regular, and under what conditions? 

21. (BGR) Prove that the volume V and the lateral area S of a right circular cone 
satisfy the inequality (^-)~ < (^3) • When does equality occur? 

22. (BGR) Assume that two parallelograms P, P' of equal areas have sides a, b and 
a',b' respectively such that a' <a<b < b' and a segment of length b' can be 
placed inside P. Prove that P and P' can be partitioned into four pairwise con- 
gruent parts. 

23. (BGR) Three faces of a tetrahedron are right triangles, while the fourth is not 
an obtuse triangle. 

(a) Prove that a necessary and sufficient condition for the fourth face to be a 
right triangle is that at some vertex exactly two angles are right. 
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(b) Prove that if all the faces are right triangles, then the volume of the tetrahe- 
dron equals one -sixth the product of the three smallest edges not belonging 
to the same face. 

24. (POL) There are n > 2 people in a room. Prove that there exist two among them 
having equal numbers of friends in that room. (Friendship is always mutual.) 

25. (GDR) Show that tan 7 ° 30 ' = sfl+s/l- s/l-2. 

26. (CZS) (a) Prove that (a\ + <22 H b a*) 2 < k(a\ -| Ha 2 ), where k > 1 is a 

natural number and a\ , . . . , are arbitrary real numbers. 

(b) If real numbers a \ , . . . ,a n satisfy 



show that they are all nonnegative. 

27. (GDR) We are given a circle K and a point P lying on a line g. Construct a circle 
that passes through P and touches K and g. 

28. (CZS) Let there be given a circle with center S and radius 1 in the plane, and let 
ABC be an arbitrary triangle circumscribed about the circle such that SA<SB< 
SC. Find the loci of the vertices A, B,C. 

29. (ROU) (a) Find the number of ways 500 can be represented as a sum of con- 

secutive integers. 

(b) Find the number of such representations for IV = 2“3^5 r , a./3.y e N. 
Which of these representations consist only of natural numbers? 

(c) Determine the number of such representations for an arbitrary natural num- 
ber N. 

30. (ROU) If n is a natural number, prove that 


(a) log 10 (»+l) > T^+log 10 n; 

I'M lrxr „ I ^ 3« (I _l_ 1 J 1_I_ 


(b) log«!> 2 g(i + i+... + i-l). 


31. (ROU) Solve the equation |x 2 - 1| + 1^ — 41 = rax as a function of the parameter 
ra. Which pairs (x.m) of integers satisfy this equation? 

32. (BGR) The sides a,b,c of a triangle ABC form an arithmetic progression; the 
sides of another triangle A \B\C\ also form an arithmetic progression. Suppose 
that ZA = ZA\. Prove that the triangles ABC and A\B\C\ are similar. 

33. (BGR) Two circles touch each other from inside, and an equilateral triangle 
is inscribed in the larger circle. From the vertices of the triangle one draws seg- 
ments tangent to the smaller circle. Prove that the length of one of these segments 
equals the sum of the lengths of the other two. 

34. (BGR) Determine all pairs of positive integers (x,y) satisfying the equation 
2 X = 3 y + 5. 

35. (POL) If a,b,c,d are integers such that ad is odd and be is even, prove that at 
least one root of the polynomial ox 3 + bx 2 + cx+d is irrational. 
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36. (POL) Let ABCD be a cyclic quadrilateral. Show that the centroids of the trian- 
gles ABC , CDA, BCD, DAB lie on a circle. 

37. (POL) Prove that the perpendiculars drawn from the midpoints of the sides of 
a cyclic quadrilateral to the opposite sides meet at one point. 

38. (ROU) Two concentric circles have radii R and r respectively. Determine the 

greatest possible number of circles that are tangent to both these circles and 
mutually nonintersecting. Prove that this number lies between | — 1 and 

63 R+r 
20 ' R—r' 

39. (ROU) In a plane, a circle with center O and radius R and two points A,B are 
given. 

(a) Draw a chord CD parallel to AB so that AC and BD intersect at a point P on 
the circle. 

(b) Prove that there are two possible positions of point P, say P \ , Po, and find 
the distance between them if OA = a, OB = b, AB = d. 

40. (CZS) For a positive real number p, find all real solutions to the equation 

sjx 2 +2px- p 2 - ^/x 2 -2px- p 2 = 1. 

41. (CZS) If A\An_ ■ ■ .A n is a regular n-gon (n > 3), how many different obtuse 
triangles AiAjA k exist? 

42. (CZS) Let a\,a 2 , . . . ,a„ (n > 2) be a sequence of integers. Show that there is 

a subsequence a kl ,a k2 ,. . -,a km , where 1 < k\ < kj < ■ ■ ■ < k m < n, such that 
a \ + a k 2 “I 1" a k m ’ s divisible by n. 

43. (CZS) Five points in a plane are given, no three of which are collinear. Every 
two of them are joined by a segment, colored either red or gray, so that no three 
segments form a triangle colored in one color. 

(a) Prove that (1) every point is a vertex of exactly two red and two gray seg- 
ments, and (2) the red segments form a closed path that passes through each 
point. 

(b) Give an example of such a coloring. 

44. (YUG) What is the greatest number of balls of radius 1/2 that can be placed 
within a rectangular box of size lOx lOx 1? 

45. (YUG) An alphabet consists of n letters. What is the maximal length of a word, 
if 

(i) two neighboring letters in a word are always different, and 

(ii) no word abab (a / b) can be obtained by omitting letters from the given 
word? 

46. (YUG) Let 


f(a,b,c) 


\\b — a\ b + a 2| \b — a\ b + a 2 

| \ab\ ab c \ \ab\ ab c 
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Prove that f(a,b,c) = 4max{l/a, \/b, 1/c}. 

47. (ROU) Find the number of lines dividing a given triangle into two parts of equal 
area which determine the segment of minimum possible length inside the trian- 
gle. Compute this minimum length in terms of the sides a, b, c of the triangle. 

48. (USS) Find all positive numbers p for which the equation x 2 + px + 3p = 0 has 
integral roots. 

49. (USS) Two mirror walls are placed to form an angle of measure a. There is a 
candle inside the angle. How many reflections of the candle can an observer see? 

50. (USS) Given a quadrangle of sides a , b, c, d and area S, show that S < . 

51. (USS) In a school, n children numbered 1 to n are initially arranged in the order 
1 , 2, . . . , n. At a command, every child can either exchange its position with any 
other child or not move. Can they rearrange into the order n, 1 , 2, . . . , n — 1 after 
two commands? 

52. (USS) A figure of area 1 is cut out from a sheet of paper and divided into 10 
parts, each of which is colored in one of 10 colors. Then the figure is turned to 
the other side and again divided into 10 parts (not necessarily in the same way). 
Show that it is possible to color these parts in the 10 colors so that the total area 
of the portions of the figure both of whose sides are of the same color is at least 
0.1. 

53. (USS, 1966) Prove that in every convex hexagon of area S one can draw a 
diagonal that cuts off a triangle of area not exceeding g S . 

54. (USS, 1966) Find the last two digits of a sum of eighth powers of 100 consecu- 
tive integers. 

55. (USS, 1966) Given the vertex A and the centroid M of a triangle ABC , find 
the locus of vertices B such that all the angles of the triangle lie in the interval 
[40°, 70°]. 

56. (USS, 1966) Let ABCD be a tetrahedron such that AB _L CD, AC _L BD, and 
AD _L BC. Prove that the midpoints of the edges of the tetrahedron lie on a sphere. 

57. (USS, 1966) Is it possible to choose a set of 100 (or 200) points on the boundary 
of a cube such that this set is fixed under each isometry of the cube into itself? 
Justify your answer. 
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3.9 The Ninth IMO 

Cetinje, Yugoslavia, July 2-13, 1967 

3.9.1 Contest Problems 

First Day (July 5) 

1. ABCD is a parallelogram; AB = a , AD =1, a is the size of /.DAB, and the 
three angles of the triangle ABD are acute. Prove that the four circles Ka, Kb, 
Kc, Kd, each of radius 1, whose centers are the vertices A, B, C, D, cover the 
parallelogram if and only if a < cos a + v^3 sin a. 

2. Exactly one side of a tetrahedron is of length greater than 1 . Show that its volume 
is less than or equal to 1/8. 

3. Let k, m, and n be positive integers such that m + k+ 1 is a prime number greater 
than n + 1. Write c s for 5(5 + 1). Prove that the product (c m+ 1 — Ck)(Cm +2 — 
c k)'" ( c m +n — Ck) is divisible by the product c\c%- ■ ■ c n . 

Second Day (July 6) 

4. The triangles AqBqCo and A'B'C' have all their angles acute. Describe how to 
construct one of the triangles ABC, similar to A'B'C' and circumscribing AqBqCq 
(so that A, B, C correspond to A', B' , C ' , and AB passes through Co, BC through 
Aq, and CA through Bq ) . Among these triangles ABC describe, and prove, how 
to construct the triangle with the maximum area. 

5. Consider the sequence ( c„ ) : 


ci = a\ +a 2 -\ has, 

C 2 = a\ + a 2 + -'* , + «t> 


c n =a1+a% 


+ a 8> 


where ai , 02 , . . . ,«8 are real numbers, not all equal to zero. Given that among the 
numbers of the sequence (c„) there are infinitely many equal to zero, determine 
all the values of n for which c n = 0. 

6. In a sports competition lasting n days there are m medals to be won. On the first 
day, one medal and 1/7 of the remaining m — 1 medals are won. On the second 
day, 2 medals and 1/7 of the remainder are won. And so on. On the nth day 
exactly n medals are won. How many days did the competition last and what 
was the total number of medals? 


3.9.2 Longlisted Problems 
1 . (BGR 1) Prove that all numbers in the sequence 
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107811 110778111 111077781111 

3 ’ 3 ’ 3 ’ ■“ 

are perfect cubes. 

2. (BGR 2) Prove that \n 2 + \n + | > (n!) 2 /" (n is a positive integer) and that 
equality is possible only in the case n = 1. 

3. (BGR 3) Prove the trigonometric inequality cosx < 1 ~ y + fg- where x € 
(0,tt/2). 

4. (BGR 4) Suppose medians m a and m/ ; of a triangle are orthogonal. Prove that: 

(a) The medians of that triangle correspond to the sides of a right-angled trian- 
gle. 

(b) The inequality 

5 (a 2 + b 2 — c 2 ) > 8 ab 

is valid, where a, b, and c are side lengths of the given triangle. 

5. (BGR 5) Solve the system 

x 2 + x — 1 = y, 
y 2 + y-l=Z, 
z 2 +z- 1 =x. 

6. (BGR 6) Solve the system 

l*+y| + |i-*l = 6 > 

\x+y+ 1| + |l —y\ = 4. 

7. (CZS 1) Find all real solutions of the system of equations 

x i +X 2 ~\ hx n = a, 

xj + x% + ---+xl = a 2 , 


rf+x% + ---+x% = a n . 

8. (CZS 2) mo1 ABCD is a parallelogram; AB = a, AD = 1, a is the size of ZDAB, 
and the three angles of the triangle ABD are acute. Prove that the four circles Ka, 
Kb, Kc, Kd, each of radius 1, whose centers are the vertices A, B, C, D, cover the 
parallelogram if and only if a < cos a + V3 sin a. 

9. (CZS 3) The circle k and its diameter AB are given. Find the locus of the cen- 
ters of circles inscribed in the triangles having one vertex on AB and two other 
vertices on k. 

10. (CZS 4) The square ABCD is to be decomposed into n triangles (nonoverlap- 
ping) all of whose angles are acute. Find the smallest integer n for which there 
exists a solution to this problem and construct at least one decomposition for this 
n. Answer whether it is possible to ask additionally that (at least) one of these 
triangles has a perimeter less than an arbitrarily given positive number. 
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1 1 . (CZS 5) Let n be a positive integer. Find the maximal number of noncongruent 
triangles whose side lengths are integers less than or equal to n. 

12. (CZS 6) Given a segment AB of the length 1, define the set M of points in the 
following way: it contains the two points A, B, and also all points obtained from 
A, B by iterating the following rule: for every pair of points X, Y in M, the set M 
also contains the point Z of the segment XY for which YZ = 3 XZ. 

(a) Prove that the set M consists of points X from the segment AB for which 
the distance from the point A is either 



or 


AX = 


3k- 2 
4 n 


where n, k are nonnegative integers. 

(b) Prove that the point Xq for which AXq =1/2 = XqB does not belong to the 
set M. 


13. (GDR 1) Find whether among all quadrilaterals whose interiors lie inside a 
semicircle of radius r there exists one (or more) with maximal area. If so, deter- 
mine their shape and area. 

14. (GDR 2) Which fraction p/q, where p, q are positive integers less than 100, is 
closest to V21 Find all digits after the decimal point in the decimal representa- 
tion of this fraction that coincide with digits in the decimal representation of \/l 
(without using any tables). 

15. (GDR 3) Suppose tana = p/q , where p and q are integers and q 7^ 0. Prove that 
the number tan/3 for which tan 2/3 = tan 3 a is rational only when p 2 + q 2 is the 
square of an integer. 

16. (GDR 4) Prove the following statement: If r\ and ri are real numbers whose 
quotient is irrational, then any real number x can be approximated arbitrarily 
well by numbers of the form Zk lt k 2 = r \ + ^2^2, ki, k> integers; i.e., for every 
real number x and every positive real number p two integers k\ and kj can be 
found such that \x — (km + £2^2) | < p. 

17. (UNK 1) IM03 Let k, m, and n be positive integers such that m + k+ \ is a prime 
number greater than n + L Write c s for s(s + 1). Prove that the product (c m+ i — 
c k)( c m+ 2 —%)••• (c m+n — Ck) is divisible by the product C1C2 • • • c n . 


18. 


(UNK 5) If x is a positive rational number, show that x can be uniquely expressed 
in the form 

07 07 , 


*~ fll+ 2! + 3! + ' 


where a\, 02 , ■■■ are integers, 0 < a n < n — 1 for n > 1, and the series terminates. 
Show also that* can be expressed as the sum of reciprocals of different integers, 
each of which is greater than 10 6 . 


19. (UNK 6) The n points P\,l\,. . . , P n are placed inside or on the boundary of a 
disk of radius 1 in such a way that the minimum distance d n between any two 
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of these points has its largest possible value D n . Calculate D n for n = 2 to 7 and 
justify your answer. 

20. (HUN 1) In space, n points (n > 3) are given. Every pair of points determines 
some distance. Suppose all distances are different. Connect every point with the 
nearest point. Prove that it is impossible to obtain a polygonal line in such a way. 
l 

21 . (HUN 2) Without using any tables, find the exact value of the product 

n 2 n 3 n 4 n 5 n 6 n In 
P = COS — COS — COS — cos — COS — cos — cos — . 

22. (HUN 3) The distance between the centers of the circles k\ and &2 with radii r is 
equal to r. Points A and B are on the circle k\ , symmetric with respect to the line 
connecting the centers of the circles. Point P is an arbitrary point on kj. Prove 
that 

PA 2 + PB 2 > 2r 2 . 

When does equality hold? 

23. (HUN 4 ) Prove that for an arbitrary pair of vectors / and g in the plane, the 
inequality 

af + bfg + cg 2 > 0 

holds if and only if the following conditions are fulfilled: a > 0, c > 0, 4 ac > b 2 . 

24. (HUN 5) im06 Father has left to his children several identical gold coins. Ac- 
cording to his will, the oldest child receives one coin and one-seventh of the 
remaining coins, the next child receives two coins and one-seventh of the re- 
maining coins, the third child receives three coins and one-seventh of the re- 
maining coins, and so on through the youngest child. If every child inherits an 
integer number of coins, find the number of children and the number of coins. 

25. (HUN 6) Three disks of diameter d are touching a sphere at their centers. More- 
over, each disk touches the other two disks. How do we choose the radius R of 
the sphere so that the axis of the whole figure makes an angle of 60° with the 
line connecting the center of the sphere with the point on the disks that is at 
the largest distance from the axis? (The axis of the figure is the line having the 
property that rotation of the figure through 120° about that line brings the figure 
to its initial position. The disks are all on one side of the plane, pass through the 
center of the sphere, and are orthogonal to the axes.) 

26. (ITA 1) Let ABCD be a regular tetrahedron. To an arbitrary point M on one 
edge, say CD , corresponds the point P = P(M), which is the intersection of two 
lines AH and BK, drawn from A orthogonally to BM and from B orthogonally to 
AM. What is the locus of P as M varies? 


The statement so formulated is false. It would be trivially true under the additional assump- 
tion that the polygonal line is closed. However, from the offered solution, which is not clear, 
it does not seem that the proposer had this in mind. 
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27. (ITA 2) Which regular polygons can be obtained (and how) by cutting a cube 
with a plane? 

28. (ITA 3) Find values of the parameter u for which the expression 


tan(x — u) + tanx + tan(x + u ) 


tan(x — u ) tan x tan (x' + u) 


does not depend on x. 

29. (ITA 4) mo4 The triangles A 0 B 0 C 0 and A'B'C' have all their angles acute. De- 
scribe how to construct one of the triangles ABC, similar to A'B'C' and circum- 
scribing AqBq' Co (so that A, B, C correspond to A', B' , C', and AB passes through 
Co, BC through Aq, and CA through Bq). Among these triangles ABC, describe, 
and prove, how to construct the triangle with the maximum area. 

30. (MNG 1) Given m+n numbers 0 = 1,2,... ,m), bj (j = 1,2, . . . ,n), determine 
the number of pairs («,■ , bj) for which \i — j\ >k, where £ is a nonnegative integer. 

31. (MNG 2) An urn contains balls of k different colors; there are n, balls of the ith 
color. Balls are drawn at random from the urn, one by one, without replacement. 
Find the smallest number of draws necessary for getting m balls of the same 
color. 

32. (MNG 3) Determine the volume of the body obtained by cutting the ball of 
radius R by the trihedron with vertex in the center of that ball if its dihedral 
angles are a,j3,y. 

33. (MNG 4) In what case does the system 


x+y + mz = a, 
x+my + z = b , 
mx+y + z = c, 


have a solution? Find the conditions under which the unique solution of the 
above system is an arithmetic progression. 

34. (MNG 5) The faces of a convex polyhedron are six squares and eight equilateral 
triangles, and each edge is a common side for one triangle and one square. All 
dihedral angles obtained from the triangle and square with a common edge are 
equal. Prove that it is possible to circumscribe a sphere around this polyhedron 
and compute the ratio of the squares of the volumes of the polyhedron and of the 
ball whose boundary is the circumscribed sphere. 


35. (MNG 6) Prove the identity 



36. (POL 1) Prove that the center of the sphere circumscribed around a tetrahedron 
ABCD coincides with the center of a sphere inscribed in that tetrahedron if and 
only if AB = CD, AC = BD, and AD = BC. 
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37. (POL 2) Prove that for arbitrary positive numbers the following inequality 
holds: 

111 q 8 + fc 8 + c 8 
q b + c ~ cfiftc 3 

38. (POL 3) Does there exist an integer such that its cube is equal to 3 n 2 + 3n + 7, 
where n is integer? 

39. (POL 4) Show that the triangle whose angles satisfy the equality 

sin 2 A + sin 2 B + sin 2 C ^ 
cos 2 A + cos 2 B + cos 2 C 

is a right-angled triangle. 

40. (POL 5) imo2 Exactly one side of a tetrahedron is of length greater than 1. Show 
that its volume is less than or equal to 1 /8. 

4 1 . (POL 6) A line l is drawn through the intersection point H of the altitudes of an 
acute-angled triangle. Prove that the symmetric images l a , lb, l c of l with respect 
to sides BC, CA, AB have one point in common, which lies on the circumcircle 
of ABC. 

42. (ROU 1) Decompose into real factors the expression 1 — sin 5 x — cos 5 x. 

43. (ROU 2) The equation 

x 5 +5Ax 4 — x 3 + (Aa — 4)x 2 — (8A + 3)x + /la — 2 = 0 

is given. 

(a) Determine a such that the given equation has exactly one root independent 
of A. 

(b) Determine a such that the given equation has exactly two roots indepen- 
dent of A. 

44. (ROU 3) Suppose p and q are two different positive integers and x is a real 
number. Form the product (x + p) (x + q) . 

(a) Find the sum S(x,n ) = X(x + p)(x + q), where p and q take values from 1 
to n. 

(b) Do there exist integer values of x for which S(x, n ) = 0? 

45. (ROU 4) (a) Solve the equation 

■ 3 . 3 (In \ . , /4tt \ 3 „ n 

sin X+ sin I — +x J +sm I — +x J + -cos2x = 0. 

(b) Suppose the solutions are in the form of arcs AB of the trigonometric circle 
(where A is the beginning of arcs of the trigonometric circle), and P is a 
regular n-gon inscribed in the circle with one vertex at A. 

(1) Find the subset of arcs with the endpoint B at a vertex of the regular 
dodecagon. 
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(2) Prove that the endpoint B cannot be at a vertex of P if 2,3 \ n or n is 
prime. 

46. (ROU 5) If x, y, z are real numbers satisfying the relations x+y + z = 1 and 
arctanx + arc tan y + arctanz = n/ 4, prove that 

^2«+l j y2wH~ 1 j „2w+l ^ 


for all positive integers n. 

47. (ROU 6) Prove the inequality 

* 1 * 2 •••** (*T l +*2 1 + • • • +4~ l ) < 4 +k ~ l +4' k ' + • • • +*T* _1 , 

where Xi>0(i=\,2,...,k),k£N,n£N. 

48. (SWE 1) Determine all positive roots of the equation x T = l/y/2. 

49. (SWE 2) Let n and k be positive integers such that 1 <n<N+\, 1 <k<N+\. 
Show that 

2 

min I sin n — sin k I < — . 
n^k N 

50. (SWE 3) The function (p(x,y,z), defined for all triples (x,y,z) of real numbers, 
is such that there are two functions / and g defined for all pairs of real numbers 
such that 

<p(x,y,z) = f(x+y,z) = g(x,y + z) 

for all real x, y, and z. Show that there is a function h of one real variable such 
that 

( p(x,y,z ) = h(x+y+z ) 

for all real x, y, and z. 

5 1 . (SWE 4) A subset S of the set of integers 0, . . . , 99 is said to have property A if it 
is impossible to fill a crossword puzzle with 2 rows and 2 columns with numbers 
in S (0 is written as 00, 1 as 01, and so on). Determine the maximal number of 
elements in sets S with property A. 

52. (SWE 5) In the plane a point O and a sequence of points P \ , A , P? ■ ■ ■ ■ are given. 
The distances OP\ . OP^.OP^,. ... are ri,r 2 ) r 3 j- ■ ■, where D < r% < r-$ < ■ ■ ■ . Let 
a satisfy 0 < a < 1. Suppose that for every n the distance from the point P n 
to any other point of the sequence is greater than or equal to r“. Determine the 
exponent j3 , as large as possible, such that for some C independent of n, 2 


r„ > Cn P , n= 1,2,... . 

2 This problem is not elementary. The solution offered by the proposer, which is not quite 
clear and complete, only shows that if such a j3 exists, then /3 > . 
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53. (SWE 6) In making Euclidean constructions in geometry it is permitted to use 
a straightedge and compass. In the constructions considered in this question, no 
compasses are permitted, but the straightedge is assumed to have two parallel 
edges, which can be used for constructing two parallel lines through two given 
points whose distance is at least equal to the breadth of the ruler. Then the dis- 
tance between the parallel lines is equal to the breadth of the straightedge. Carry 
through the following constructions with such a straightedge. Construct: 

(a) The bisector of a given angle. 

(b) The midpoint of a given rectilinear segment. 

(c) The center of a circle through three given noncollinear points. 

(d) A line through a given point parallel to a given line. 

54. (USS 1) Is it possible to put 100 (or 200) points on a wooden cube such that by 
all rotations of the cube the points map into themselves? Justify your answer. 

55. (USS 2) Find all x for which for all n, 

sinx + sin2jc + sin3x-| bsinru< 

56. (USS 3) In a group of interpreters each one speaks one or several foreign lan- 
guages; 24 of them speak Japanese, 24 Malay, 24 Farsi. Prove that it is possible 
to select a subgroup in which exactly 12 interpreters speak Japanese, exactly 12 
speak Malay, and exactly 12 speak Farsi. 

57. (USS 4) IM ° 5 Consider the sequence (c„): 


Cl 

C2 

C„ 


= 01+02 + ’ 
= o? + a? + • 


+ di, 


where 01,02, . . . ,ag are real numbers, not all equal to zero. Given that among the 
numbers of the sequence (c„) there are infinitely many equal to zero, determine 
all the values of n for which c„ = 0. 

58. (USS 5) A linear binomial l(z) =Az + B with complex coefficients A and B is 
given. It is known that the maximal value of |/(z)| on the segment — 1 < x < 1 
(y = 0) of the real line in the complex plane (z = x + iy) is equal to M. Prove that 
for every z 

\m<M P , 

where p is the sum of distances from the point P = z to the points Q \ : z = 1 and 
Q 3 :z= 1. 

59. (USS 6) On the circle with center O and radius 1 the point Aq is fixed and 
points Ai,A 2, . . . , A999, A1000 are distributed in such a way that ZAqOA/, = k (in 
radians). Cut the circle at points Aq,A \ , . . . , Aiooo- How many arcs with different 
lengths are obtained? 
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3.10 The Tenth IMO 

Moscow-Leningrad, Soviet Union, July 5-18, 1968 

3.10.1 Contest Problems 

First Day 

1 . Prove that there exists a unique triangle whose side lengths are consecutive nat- 
ural numbers and one of whose angles is twice the measure of one of the others. 

2. Find all positive integers x for which p(x) =x 2 — lOx — 22, where p(x) denotes 
the product of the digits of x. 

3. Let a, ft, c be real numbers. Prove that the system of equations 

ax\ + bx\ + c = X 2 , 
ax 2 + bx 2 + c = x 3 , 

ax 2 _ x + bx „- 1 + c = x„, 
ax 2 + bx n + c = x i , 

(a) has no real solutions if (ft — l) 2 — 4 ac < 0; 

(b) has a unique real solution if (ft — l) 2 — 4 ac = 0; 

(c) has more than one real solution if (ft — l) 2 — 4ac > 0. 

Second Day 


4. Prove that in any tetrahedron there is a vertex such that the lengths of its sides 
through that vertex are sides of a triangle. 

5. Let a > 0 be a real number and /(x) a real function defined on all of R, satisfying 
for all x e R, 

/(x + a) = i + y'/(x)-/(*) 2 . 

(a) Prove that the function / is periodic; i.e., there exists ft > 0 such that for all 
x,/(x+ft) = /(x). 

(b) Give an example of such a nonconstant function for a = 1 . 

6. Let [x] denote the integer part of x, i.e., the greatest integer not exceeding x. If n 
is a positive integer, express as a simple function of n the sum 




+ ••• . 


3.10.2 Shortlisted Problems 

1. (SWE 2) Two ships sail on the sea with constant speeds and fixed directions. It 
is known that at 9:00 the distance between them was 20 miles; at 9:35, 15 miles; 
and at 9:55, 13 miles. At what moment were the ships the smallest distance from 
each other, and what was that distance? 
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2. (ROU 5) imo1 Prove that there exists a unique triangle whose side lengths are 
consecutive natural numbers and one of whose angles is twice the measure of 
one of the others. 

3. (POL 4) im04 Prove that in any tetrahedron there is a vertex such that the lengths 
of its sides through that vertex are sides of a triangle. 

4. (BGR 2) im03 Let a.b.c be real numbers. Prove that the system of equations 

ax\ + bxi + c = X 2 , 

OX2 + bX2 + C = X3, 

ax^_ l + bx n —i +c = x n , 
ax^ + bx n + c = x i , 

has a unique real solution if and only if (£> — 1 ) 2 — 4ac = 0. 

Remark. It is assumed that a^O. 

5. (BGR 5) Let h n be the apothem (distance from the center to one of the sides) of 
a regular ra-gon (n > 3) inscribed in a circle of radius r. Prove the inequality 

(. n + l)h n+ i — nh„ > r. 

Also prove that if r on the right side is replaced with a greater number, the 
inequality will not remain true for all n > 3. 

6. (HUN 1) If a, (i = 1 , 2, . . . , n) are distinct non-zero real numbers, prove that the 
equation 

a 1 «2 «n 

a\— x a 2 ~x a n —x 

has at least n — 1 real roots. 

7. (HUN 5) Prove that the product of the radii of three circles exscribed to a given 
triangle does not exceed pp times the product of the side lengths of the triangle. 
When does equality hold? 

8. (ROU 2) Given an oriented line A and a fixed point A on it, consider all trape- 
zoids ABCD one of whose bases AB lies on A , in the positive direction. Let E,F 
be the midpoints of AB and CD respectively. 

Find the loci of vertices B,C,D of trapezoids that satisfy the following: 

(i) \AB\ < a ( a fixed); 

(ii) \EF\ = l (l fixed); 

(iii) the sum of squares of the nonparallel sides of the trapezoid is constant. 
Remark. The constants are chosen so that such trapezoids exist. 

9. (ROU 3) Let ABC be an arbitrary triangle and M a point inside it. Let d a ,db,d c 
be the distances from M to sides BC, CA,AB; a.b. c the lengths of the sides re- 
spectively, and S the area of the triangle ABC. Prove the inequality 
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4S 2 

abd a db + bcdi,d c + cad c d a < — — . 


Prove that the left-hand side attains its maximum when M is the centroid of the 
triangle. 

10. (ROU 4) Consider two segments of length a,b (a >b) and a segment of length 
c = \fab. 

(a) For what values of a/b can these segments be sides of a triangle? 

(b) For what values of a/b is this triangle right-angled, obtuse-angled, or acute- 
angled? 

11. (ROU 6) Find all solutions (x\ ,x 2 , . . . ,x„) of the equation 

: | 1 | *1 + 1 | (*1 + 1)(*2 + 1 ) | | 0 l + !)••• fa -1 + 1 ) _ Q 

XI XlX2 X1X2X3 X\X 2 ---X n 

12. (POL 1) If a and b are arbitrary positive real numbers and in an integer, prove 
that 



13. (POL 5) Given two congruent triangles A 1 A 2 A 3 and B\B 2 B^ (A,A^ = 
prove that there exists a plane such that the orthogonal projections of these tri- 
angles onto it are congruent and equally oriented. 

14. (BGR 5) A line in the plane of a triangle ABC intersects the sides AB and AC 
respectively at points X and Y such that BX = CY. Find the locus of the center 
of the circumcircle of triangle XAY. 

15. (UNK l ) IM ° 6 Let [x\ denote the integer part of x, i.e., the greatest integer not 
exceeding x. If n is a positive integer, express as a simple function of n the sum 




+ ••• . 


16. (UNK3) A polynomial p{x) = a^ + ai^ 1 -| l-fl* with integer coefficients 

is said to be divisible by an integer m if p(x) is divisible by m for all integers x. 
Prove that if p(x) is divisible by m, then klao is also divisible by m. Also prove 
that if ao, kpn are nonnegative integers for which k'.ciQ is divisible by m, there 
exists a polynomial p{x) = aox k H |-a* divisible by m. 

1 7 . (UNK 4) Given a point O and lengths x,y,z, prove that there exists an equilateral 
triangle ABC for which OA =x, OB = y, OC = z, if and only if x + y > z, y + Z > x, 
z+x > y (the points O.A.B.C are coplanar). 

18. (ITA 2) If an acute-angled triangle ABC is given, construct an equilateral trian- 
gle A' B’C’ in space such that lines AA' , BB ' , CC' pass through a given point. 

19. (ITA 5) We are given a fixed point on the circle of radius 1, and going from 
this point along the circumference in the positive direction on curved distances 


52 3 Problems 

0, 1,2, . . . from it we obtain points with abscissas n = 0, 1,2, . . . respectively. 
How many points among them should we take to ensure that some two of them 
are less than the distance 1/5 apart? 

20. (CZS 1) Given n (n > 3) points in space such that every three of them form a 
triangle with one angle greater than or equal to 120°, prove that these points can 
be denoted by A i,A 2 ,. . . ,A„ in such a way that for each i,j,k, 1 < i < j <k<n, 
angle AjA^A^ is greater than or equal to 120°. 

21. (CZS 2 ) Let ao;«i, ■ ■ • (£> 1) be positive integers. Find all positive integers 

y such that 

ao\r, (flo+at) I (y+ai); •••; (a 0 +a„) I (?+«*)• 

22. (CZS 3) mo2 Find all positive integers x for which p(x) =x 2 -l0x- 22, where 
p(x) denotes the product of the digits of x. 

23. (CZS 4 ) Find all complex numbers m such that polynomial 

x 3 + y 3 + z 3 + mxyz 

can be represented as the product of three linear trinomials. 

24. (MNG 1) Find the number of all n-digit numbers for which some fixed digit 
stands only in the ith (1 < i < n) place and the last j digits are distinct. 3 

25. (MNG 2 ) Given k parallel lines and a few points on each of them, find the 
number of all possible triangles with vertices at these given points. 4 

26. (GDR) imo5 Let a > 0 be a real number and f(x) a real function defined on all of 
M, satisfying for all ret, 

f(x + a) = ^f{x)-f(x) 2. 

(a) Prove that the function / is periodic; i.e., there exists b > 0 such that for all 
x,f(x + b) = f(x). 

(b) Give an example of such a nonconstant function for a = 1 . 


3 The problem is unclear. Presumably n, i, j, and the ith digit are fixed. 

4 The problem is unclear. The correct formulation could be the following: 

Given k parallel lines l \ , . . . , 1^ and n ,■ points on the line i= 1,2,..., k, find the maxi- 
mum possible number of triangles with vertices at these points. 


3.11 The Eleventh IMO 
Bucharest, Romania, July 5-20, 1969 

3.11.1 Contest Problems 
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First Day (July 10) 

1 . Prove that there exist infinitely many natural numbers a with the following prop- 
erty: the number z = n A + a is not prime for any natural number n. 

2. Let ai,a 2 ,--.,a n be real constants and 


y(x) =cos(«i — x) + 


cos(a 2 +x) 
2 


cos(a 3 +Jc) cos(a n -|-x) 

+ ^ - + ••• + — — - 

2 2 2" -1 


If x\ , X 2 are real and y(x\ ) = y(x 2 ) = 0, prove that x\ — X 2 = mn for some integer 

m. 

3. Find conditions on the positive real number a such that there exists a tetrahedron 
k of whose edges (k = 1 , 2, 3 , 4, 5) have length a, and the other 6 — k edges have 
length 1. 


Second Day ( July 11) 


4. Let AB be a diameter of a circle y. A point C different from A and B is on the 
circle y. Let D be the projection of the point C onto the line AB. Consider three 
other circles yi, y 2 , and y? with the common tangent AB: yi inscribed in the 
triangle ABC, and y> and y? tangent to both (the segment) CD and y. Prove that 
yi , > and y? have two common tangents. 

5. Given n points in the plane such that no three of them are collinear, prove that one 
can find at least ("j 3 ) convex quadrilaterals with their vertices at these points. 

6. Under the conditions x\ ,X 2 > 0, x\y\ > zj, and X 2 y 2 > z?’ prove the inequality 

8 ■ 1 1 

(x\ + x 2 ) (y i + y 2 ) - (zi + zi) 2 ~ xyy \ - zj x 2 yi - z\ ' 


3.11.2 Longlisted Problems 

1 . (BEL 1) A parabola Pi with equation x 2 — 2 py = 0 and parabola P 2 with equation 
x 2 + 2py = 0, p > 0, are given. A line t is tangent to /V Find the locus of pole 
M of the line t with respect to P\ . 

2. (BEL 2) (a) Find the equations of regular hyperbolas passing through the points 

A(a,0), 5(j3,0), and C(0,y). 

(b) Prove that all such hyperbolas pass through the orthocenter H of the trian- 
gle ABC. 

(c) Find the locus of the centers of these hyperbolas. 
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3. 

4. 

5. 

6. 


7. 


9. 


10 . 


11 . 


12 . 

13. 

14. 


3 Problems 


(d) Check whether this locus coincides with the nine-point circle of the triangle 
ABC. 


(BEL 3) Construct the circle that is tangent to three given circles. 

(BEL 4) Let O be a point on a nondegenerate conic. A right angle with vertex 
O intersects the conic at points A and B. Prove that the line AB passes through a 
fixed point located on the normal to the conic through the point O. 


(BEL 5) Let G be the centroid of the triangle OAB. 

(a) Prove that all conics passing through the points 0,A,B, G are hyperbolas. 

(b) Find the locus of the centers of these hyperbolas. 

(BEL 6) Evaluate (cos(7t/4) -H'sin(7r/4)) 10 in two different ways and prove 
that 



1 (\ 0 ' 
+ - 


2 V 5 


= 2 4 


(BGR 1) Prove that the equation y 7 * 3 +y 3 +z 3 = 1969 has no integral solutions. 


(BGR 2) Find all functions / defined for all x that satisfy the condition 


xf(y) + yf(x) = (x + y)f(x)f(y), 


for all x and y. Prove that exactly two of them are continuous. 

(BGR 3) One hundred convex polygons are placed on a square with edge of 
length 38 cm. The area of each of the polygons is smaller than n cm 2 , and the 
perimeter of each of the polygons is smaller than 2n cm. Prove that there exists 
a disk with radius 1 in the square that does not intersect any of the polygons. 

(BGR 4) Let M be the point inside the right-angled triangle ABC (ZC = 90°) 
such that 

ZMAB = ZMBC = ZMCA = <p. 

Let i f/ be the acute angle between the medians of AC and BC. Prove that 

sin(<p+y) = 5 

sin(fl>-vO 

(BGR 5) Let Z be a set of points in the plane. Suppose that there exists a pair 
of points that cannot be joined by a polygonal line not passing through any point 
of Z. Let us call such a pair of points unjoinable. Prove that for each real r > 0 
there exists an unjoinable pair of points in plane separated by distance r. 

(CZS 1) Given a unit cube, find the locus of the centroids of all tetrahedra whose 
vertices lie on the sides of the cube. 

(CZS 2) Let p be a prime odd number. Is it possible to find p — 1 natural numbers 
n+ \ ,n + 2, . . . . n + p — 1 such that the sum of the squares of these numbers is 
divisible by the sum of these numbers? 

(CZS 3) Let a and b be two positive real numbers. If x is a real solution of the 
equation xr + px+q = 0 with real coefficients p and q such that \p\<a,\q\<b, 
prove that 
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|x| < ^ (a + y/ a 2 + 4 bj . (1) 

Conversely, if x satisfies (1), prove that there exist real numbers p and q with 
\p\ < a , ]#] < b such that x is one of the roots of the equation x 2 +px + q = 0. 

15. (CZS 4) Let K \, ... ,K n be nonnegative integers. Prove that 

KilK 2 \ -K n \> [K/n]\ n , 

where K = K\ +--- + K n . 

16. (CZS 5) A convex quadrilateral ABCD with sides AB = a, BC = b, CD = c, 
DA = d and angles a = /.DAB, /3 = /ABC, y = /BCD, and 5 = /CDA is given. 
Let s = (a + b + c + d) /2 and P be the area of the quadrilateral. Prove that 

P 2 = (s — a)(s — b)(s — c)(s — d) — abed cos 2 

17. (CZS 6) Let d and p be two real numbers. Find the first term of an arithmetic 
progression 01 , 02 , 03 ,... with difference d such that ai« 2 « 3«4 = P- Find the 
number of solutions in terms of d and p. 

18. (FRA 1) Let a and b be two nonnegative integers. Denote by H(a,b) the set 
of numbers n of the form n = pa + qb, where p and q are positive integers. 
Determine H{a) = H{a,a). Prove that if a^b, it is enough to know all the sets 
H(a,b) for coprime numbers a, bin order to know all the sets H(a,b). Prove that 
in the case of coprime numbers a and b,H{a, b) contains all numbers greater than 
or equal to to = (a — 1) (b — 1) and also m/2 numbers smaller than m. 

19. (FRA 2) Let n be an integer that is not divisible by any square greater than 1. 
Denote by x m the last digit of the number x™ in the number system with base 
n. For which integers x is it possible for x m to be 0? Prove that the sequence 
x m is periodic with period t independent of x. For which x do we have x t - I . 
Prove that if m and x are relatively prime, then 0 m , l m , . . . , (n— l) m are different 
numbers. Find the minimal period t in terms of n. If n does not meet the given 
condition, prove that it is possible to have x m = 0 ^ x\ and that the sequence is 
periodic starting only from some number k > 1 . 

20. (FRA 3) A polygon (not necessarily convex) with vertices in the lattice points 
of a rectangular grid is given. The area of the polygon is S. If I is the number of 
lattice points that are strictly in the interior of the polygon and B the number of 
lattice points on the border of the polygon, find the number T = 2S — S — 21+2. 

21. (FRA 4) A right-angled triangle OAB has its right angle at the point B. An 
arbitrary circle with center on the line OB is tangent to the fine OA. Let AT be 
the tangent to the circle different from OA (T is the point of tangency). Prove 
that the median from B of the triangle OAB intersects AT at a point M such that 
MB = MT. 

22. (FRA 5) Let a(n) be the number of pairs (x.y) of integers such that x+y = n, 
0 < y < x, and let j3 (n) be the number of triples ( x,y , z) such that x + y + z=n 
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and 0 < z < y < x. Find a simple relation between a(n ) and the integer part of 
the number ar >d the relation among /3 (n), /3 (n — 3) and a(n). Then evaluate 
J3 («) as a function of the residue of n modulo 6. What can be said about /3 (n) 
and 1 + And what about 

Find the number of triples ( x,y,z ) with the property x + y + z < n,0<z<y<x 
as a function of the residue of n modulo 6. \Vhat can be said about the relation 
between this number and the number ( n + 6 )( 2 » + 9 »+ 12 ) ,? 

23. (FRA 6) Consider the integer d = ^-p, where a, b, and c are positive integers 
and c < a. Prove that the set G of integers that are between 1 and cl and relatively 
prime to d (the number of such integers is denoted by <p(d)) can be partitioned 
into n subsets, each of which consists of b elements. What can be said about the 
rational number ^1? 

24. (UNK 1) The polynomial P{x) = a 0 x* + 1 + • • • + a*, where ao, . . . Mk are 

integers, is said to be divisible by an integer m if P(x) is a multiple of m for every 
integral value of x. Show that if P{x) is divisible by m, then ao ■ k\ is a multiple 
of m. Also prove that if a,k,m are positive integers such that akl is a multiple of 
m, then a polynomial P(x) with leading term ax k can be found that is divisible 
by m. 

25. (UNK 2) Let a,b,x,y be positive integers such that a and b have no common 
divisor greater than 1 . Prove that the largest number not expressible in the form 
ax + by is ab — a — b. If N(k) is the largest number not expressible in the form 
ax + by in only k ways, find N (k) . 

26. (UNK 3 ) A smooth solid consists of a right circular cylinder of height h and 
base-radius r, surmounted by a hemisphere of radius r and center O. The solid 
stands on a horizontal table. One end of a string is attached to a point on the base. 
The string is stretched (initially being kept in the vertical plane) over the highest 
point of the solid and held down at the point P on the hemisphere such that OP 
makes an angle a with the horizontal. Show that if a is small enough, the string 
will slacken if slightly displaced and no longer remain in a vertical plane. If then 
pulled tight through P, show that it will cross the common circular section of 
the hemisphere and cylinder at a point Q such that Z.SOQ = <j>, S being where it 
initially crossed this section, and sin (j) = rta " a . 

27. (UNK 4 ) The segment AB perpendicularly bisects CD at X. Show that, subject 
to restrictions, there is a right circular cone whose axis passes through X and on 
whose surface lie the points A, B,C,D. What are the restrictions? 

28. (UNK 5 ) Let us define wo = 0 , u\ = 1 and for n > 0 , u n+ 2 = au n+ \ + bu n , a and 
b being positive integers. Express u n as a polynomial in a and b. Prove the result. 
Given that b is prime, prove that b divides a{uf, — 1). 

29. (GDR 1) Find all real numbers A such that the equation 

sin 4 x — cos 4 x = A (tan 4 x — cot 4 x) 
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(a) has no solution, 

(b) has exactly one solution, 

(c) has exactly two solutions, 

(d) has more than two solutions (in the interval (0, 7 t/4)). 

30. (GDR 2) IM01 Prove that there exist infinitely many natural numbers a with the 
following property: The number z = n 4 + a is not prime for any natural number 
n. 


31. 

32. 

33. 

34. 

35. 

36. 

37. 


38. 


39. 


40. 


41. 


(GDR 3) Find the number of permutations of the set {1,2, ... ,n} 

such that | a; — a i+ 1 1 ^ 1 for all / = 1 , 2 , . . . , n — 1 . Find a recurrence formula and 
evaluate the number of such permutations for n < 6. 

(GDR 4) Find the maximal number of regions into which a sphere can be parti- 
tioned by n circles. 

(GDR 5) Given a ring G in the plane bounded by two concentric circles with 
radii R and R/2, prove that we can cover this region with 8 disks of radius 2R/5. 
(A region is covered if each of its points is inside or on the border of some disk.) 


(HUN 1) Let a and b be arbitrary integers. Prove that if k is an integer not 
divisible by 3, then ( a + b) 2k + a 2k + b 2k is divisible by a 2 + ab + b 2 . 


(HUN 2) Prove that 


1 1 

1 + 23 + 33 +- 


1 5 

‘ + n 3 < 4' 


(HUN 3) In the plane 4000 points are given such that each line passes through 
at most 2 of these points. Prove that there exist 1000 disjoint quadrilaterals in 
the plane with vertices at these points. 

(HUN 4) mo2 If fli,a 2 , . . . ,a„ are real constants, and if 


y = cos(ai +x) + 2cos(a 2 +*) H \-ncos(a n +x) 

has two zeros x\ and x 2 whose difference is not a multiple of n, prove that y = 0. 
(HUN 5) Let r and m(r<m) be natural numbers and A* = =^-7t. Evaluate 

ill sin(rAjt) sin(rA;) cos(rAj. — rA{). 
m k=\ l=\ 

(HUN 6) Find the positions of three points A, B, C on the boundary of a unit 
cube such that min {AB,AC,BC} is the greatest possible. 

(MNG 1) Find the number of five-digit numbers with the following properties: 
there are two pairs of digits such that digits from each pair are equal and are next 
to each other, digits from different pairs are different, and the remaining digit 
(which does not belong to any of the pairs) is different from the other digits. 

(MNG 2) Given four real numbers xq, x\ , a, /3, find an expression for the solu- 
tion of the system 


x n+ 2 — cex n+ i — J3xn = 0, n = 0,1,2,.... 
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42. (MNG 3) Let (1 < k < h) be n-element sets such that each two of them have 
a nonempty intersection. Let A be the union of all the sets A k, and let B be a 
subset of A such that for each k ( 1 < k < h) the intersection of A* and B consists 
of exactly two different elements a k and b^. Find all subsets X of the set A with 
r elements satisfying the condition that for at least one index k, both elements 
and bk belong to X. 

43. (MNG 4) Let p and q be two prime numbers greater than 3. Prove that if their 
difference is 2”, then for any two integers m and n, the number S = p 2m+] + 
q 2m+l is divisible by 3. 

44. (MNG 5) Find the radius of the circle circumscribed about the isosceles triangle 
whose sides are the solutions of the equation x 2 — ax + b = 0 . 

45 . (MNG 6) im05 Given n points in the plane such that no three of them are collinear, 
prove that one can find at least (", ) convex quadrilaterals with their vertices at 
these points. 

46. (NLD 1) The vertices of an (n+ l)-gon are placed on the edges of a regular 
n-gon so that the perimeter of the n-gon is divided into equal parts. Flow does 
one choose these n + 1 points in order to obtain the (n + l)gon with 

(a) maximal area; 

(b) minimal area? 

47. (NLD 2 ) imo4 Let A and B be points on the circle y. A point C, different from 
A and B, is on the circle y. Let D be the projection of the point C onto the line 
AB. Consider three other circles yi,y>, and y? with the common tangent AB: y 
inscribed in the triangle ABC, and y> and y tangent to both (the segment) CD 
and y. Prove that y , y 2 , and y have two common tangents. 

48. (NLD 3) Let x\ , xi, X3 , X4, and X 5 be positive integers satisfying 


Xi 

+X2 

+X3 

+X4 

+X 5 

= 

1000, 

Xi 

— X2 

+X 3 

x 4 

+*5 

> 

0, 

Xi 

+X2 

X3 

+X4 

-*5 

> 

0, 

-X] 

+X 2 

+*3 

-X 4 

+*5 

> 

0, 

XI 

-X 2 

+*3 

+X4 

X 5 

> 

0, 

-X\ 

+X 2 

-X 3 

+X4 

+x 5 

> 

0 . 


(a) Find the maximum of (x\ +x^) X2+X4 . 

(b) In how many different ways can we choose xi,...,xs to obtain the desired 
maximum? 

49. (NLD 4) A boy has a set of trains and pieces of railroad track. Each piece is a 
quarter of circle, and by concatenating these pieces, the boy obtained a closed 
railway. The railway does not intersect itself. In passing through this railway, the 
train sometimes goes in the clockwise direction, and sometimes in the opposite 
direction. Prove that the train passes an even number of times through the pieces 
in the clockwise direction and an even number of times in the counterclockwise 
direction. Also, prove that the number of pieces is divisible by 4. 
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50. (NLD 5) The bisectors of the exterior angles of a pentagon B 1 B 2 B 3 B 4 B 5 form 
another pentagon A 1A2A3A4A5. Construct B 1 B 2 B 3 B 4 B 5 from the given pentagon 

A 1 A2A3A4A5 . 

51. (NLD 6) A curve determined by 

y = \Jx 2 10x + 52, 0 < x < 100, 

is constructed in a rectangular grid. Determine the number of squares cut by the 
curve. 

52. (POL 1) Prove that a regular polygon with an odd number of edges cannot be 
partitioned into four pieces with equal areas by two lines that pass through the 
center of polygon. 

53. (POL 2) Given two segments AB and CD not in the same plane, find the locus 
of points M such that 

MA 2 + MB 1 = MC 2 + MD 2 . 

54. (POL 3) Given a polynomial f(x) with integer coefficients whose value is di- 
visible by 3 for three integers k,k+ 1 , and k + 2, prove that f(m) is divisible by 
3 for all integers m. 

55. (POL 4) im03 Find the conditions on the positive real number a such that there 
exists a tetrahedron k of whose edges ( k = 1,2, 3, 4, 5) have length a, and the 
other 6 — k edges have length 1 . 

56. (POL 5) Let a and b be two natural numbers that have an equal number n of 
digits in their decimal expansions. The first m digits (from left to right) of the 
numbers a and b are equal. Prove that if m > n/2, then 

n 

57. (POL 6) On the sides AB and AC of triangle ABC two points K and L are given 

such that = 1 . Prove that KL passes through the centroid of ABC. 

58. (SWE 1) Six points Pi,...,Pe are given in 3-dimensional space such that no 
four of them lie in the same plane. Each of the line segments PjP\ \ is colored 
black or white. Prove that there exists one triangle PjPkPi whose edges are of the 
same color. 

59. (SWE 2) For each A (0 < A < 1 and A ^ \/n for all n = 1 , 2, 3, . . . ) construct a 
continuous function / such that there do not exist x, y with 0 <A<y=x+A<l 
for which f(x) = f(y). 

60. (SWE 3) Find the natural number n with the following properties: 

(i) Let S = {pi,pi, ■■■} be an arbitrary finite set of points in the plane, and 
rj the distance from Pj to the origin O. We assign to each Pj the closed 
disk Dj with center Pj and radius ry. Then some n of these disks contain all 
points of S. 
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(ii) n is the smallest integer with the above property. 

61 . (SWE 4) Let ao,ai, a 2 be determined with ao = 0, a n+ \ = 2a„ + 2”. Prove that 
if n is power of 2, then so is a n . 

62. (SWE 5) Which natural numbers can be expressed as the difference of squares 
of two integers? 

63. (SWE 6) Prove that there are infinitely many positive integers that cannot be 
expressed as the sum of squares of three positive integers. 

64. (USS 1) Prove that for a natural number n> 2, 

(»!)! > n[(«— 1)!]" ! . 

65. (USS 2) Prove that for a > b 2 , 



66. (USS 3) (a) Prove that if 0 < a 0 < at < ci 2 , then 

(a 0 + aix-a 2 x 2 ) 2 < ( a 0 + ai+a 2 ) 2 ^1 + ^x+ ^x 3 +x 4 ^ . 

(b) Formulate and prove the analogous result for polynomials of third degree. 

67. (USS 4) imo6 Under the conditions x l: x 2 > 0, x t y\ > z 2 , and x 2 y 2 > z 2 , prove the 
inequality 

8 1 | 1 

(xi +x 2 )(yi +y 2 ) - (zi +Z 2) 2 ~ xiyi - z\ x 2 y 2 - zj ' 

68. (USS 5) Given 5 points in the plane, no three of which are collinear, prove that 
we can choose 4 points among them that form a convex quadrilateral. 

69. (YUG 1) Suppose that positive real numbers xi,X2,X3 satisfy 

, 1 1 1 

X1X2X3 > 1, Xi+X2+X3< 1 1 . 

Xi X 2 X 3 

Prove that: 

(a) None of xi,X2,X3 equals 1. 

(b) Exactly one of these numbers is less than 1. 

70. (YUG 2) A park has the shape of a convex pentagon of area 5\/3 ha (= 
50000 1/3 m 2 ). A man standing at an interior point O of the park notices that 
he stands at a distance of at most 200 m from each vertex of the pentagon. Prove 
that he stands at a distance of at least 100 m from each side of the pentagon. 

7 1 . (YUG 3) Let four points A, (i = 1 , 2, 3 , 4) in the plane determine four triangles. 
In each of these triangles we choose the smallest angle. The sum of these angles 
is denoted by S. What is the exact placement of the points A, if S = 180°? 
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3.12 The Twelfth IMO 

Budapest-Keszthely, Hungary, July 8-22, 1970 

3.12.1 Contest Problems 

First Day ( July 13) 

1 . Given a point M on the side AB of the triangle ABC, let r\ and r 2 be the radii of 
the inscribed circles of the triangles ACM and BCM respectively while pi and p 2 
are the radii of the excircles of the triangles ACM and BCM at the sides AM and 
BM respectively. Let r and p denote the respective radii of the inscribed circle 
and the excircle at the side AB of the triangle ABC. Prove that 


r\ r 2 r 


Pi P2 P ‘ 

2. Let a and b be the bases of two number systems and let 


A n = X\X2 ■ ■ ■ x n , A „ + 1 = X0X1X2 ■ ■ -xj‘ 


Bn = XlX 2 . . . X„ W , B n+ 1 = X 0 XlX 2 . . .X„ W 


be numbers in the number systems with respective bases a and b, so that 
xo,xi,x 2 , . . . ,x n denote digits in the number system with base a as well as in 
the number system with base b. Suppose that neither xq norxi is zero. Prove that 
a > b if and only if 



3. Let 1 = ao < a\ < ai< ■ ■ ■ <a n < ■ ■ ■ be a sequence of real numbers. Consider 
the sequence bi,b 2 ,--. defined by 



Prove that: 

(a) For all natural numbers n,0<b„<2. 

(b) Given an arbitrary 0 < b < 2, there is a sequence «o ■ « i ■ ■ ■ ■ ■ «n • ■ ■ ■ of the 
above type such that b n > b is true for an infinity of natural numbers n. 

Second Day (July 14) 

4. For what natural numbers n can the product of some of the numbers n.n+\.n + 
2,n + 3,n + 4,n + 5be equal to the product of the remaining ones ? 

5. In the tetrahedron ABCD, the edges BD and CD are mutually perpendicular, and 
the projection of the vertex D to the plane ABC is the intersection of the altitudes 
of the triangle ABC. Prove that 


(AB +BC + CA) 2 < 6(DA 2 + DB 2 + DC 2 ) 


For which tetrahedra does equality hold? 
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6. Given 100 points in the plane, no three of which are on the same line, consider 
all triangles that have all their vertices chosen from the 100 given points. Prove 
that at most 70% of these triangles are acute-angled. 


3.12.2 Longlisted Problems 


1. (AUT 1) Prove that 


be ca 
b+c c+a 


ab l, 


(i a,b,c> 0). 


2. (AUT 2) Prove that the two last digits of 9 9? and 9 99 in decimal representation 
are equal. 

3. (AUT 3) Prove that for a,b GN, a\b\ divides ( a + b)\. 

4. (AUT 4) Solve the system of equations 


x 2 ^ -xy = a 2 + ab 
y 2 + xy = a 2 — ab, 


a, b real, a / 0. 


5. (AUT 5) Prove that ^ ^ H h ^ > 1 for n>2. 

6. (BEL 1) Prove that the equation in x 


X 

i= 1 


bj 

x — ai 


= c, 


bi> 0, a\ < «2 < «3 < • • • < a„, 


has n— 1 roots x\,X 2 ,x?,, . . . ,x n -\ such that a\ < x\ < a 2 < *2 < «3 < *3 < ■ ■ ■ < 


7. (BEL 2) Let ABC D be any quadrilateral. A square is constructed on each side 
of the quadrilateral, all in the same manner (i.e., outward or inward). Denote the 
centers of the squares by M\ , M2, M3, and M4. Prove: 

(a) M,M 3 = M 2 M 4 ; 

(b) Mi M3 is perpendicular to M2M4. 

8. (BEL 3) (SL70-1). 

9. (BEL 4) If n is even, prove that 

111 1/1 1 1 1 \ 

1_ 2 + 3 _ 4 + "' - u-H^ + ^ + ^+6 + '‘' + ^J' 

10. (BEL 5) Let A, B,C be angles of a triangle. Prove that 

1 < cosA + cosB + cosC < -. 

“ 2 
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1 1 . (BEL 6) Let ABCD and A'B'C'D' be two squares in the same plane and oriented 
in the same direction. Let A",B",C", and D" be the midpoints of AA' ,BB' ,CC ' , 
and DD' . Prove that A"B"C"D" is also a square. 

12. (BGR 1) Let xi, *2, *3, *4, *5, *6 be given integers, not divisible by 7. Prove that 
at least one of the expressions of the form 

±Xi ±X2 ±*3 ±X4 ±X5 ±Xg 

is divisible by 7, where the signs are selected in all possible ways. (Generalize 
the statement to every prime number!) 

13. (BGR 2) A triangle ABC is given. Each side of ABC is divided into equal parts, 
and through each of the division points are drawn lines parallel to AB, BC, and 
CA, thus cutting ABC into small triangles. A number 1, 2, or 3 is assign to each 
of the vertices of these triangles in such a way that the following conditions are 
satisfied: 

(i) to A,B,C are assigned 1, 2 and 3 respectively; 

(ii) points on AB are marked by 1 or 2; 

(iii) points on BC are marked by 2 or 3; 

(iv) points on CA are marked by 3 or 1 . 

Prove that there must exist a small triangle whose vertices are marked by 1,2, 
and 3. 

14. (BGR 3) Let a + j3 + y = n. Prove that 

sin 2a + sin 2/3 +sin2y = 2(sina + sinj3 +siny)(cosa + cosj3 +cosy) 

— 2(sina + sinj3 + siny). 

15 . (BGR 4) Given a triangle ABC, let R be the radius of its circumcircle, 0 \ , O 2 , 03 
the centers of its exscribed circles, and q the perimeter of AO\ O2O3. Prove that 
q<6V3R. 

16. (BGR 5) Show that the equation 



has no real roots. 

17. (BGR 6) (SL70-3). 

Original formulation. In a triangular pyramid SABC one of the angles at S is 
right and the projection of S onto the base ABC is the orthocenter of ABC. Let r 
be the radius of the circle inscribed in the base, SA = m,SB = n, SC = p, H the 
height of the pyramid (through S ), and r\ ,r 2 ,r^ the radii of the circles inscribed 
in the intersections of the pyramid with the planes determined by the altitude of 
the pyramid and the lines SA, SB, SC respectively. Prove that: 

(a) m 2 + n 2 +p 2 > 1 Sr 2 -, 

(b) the ratios r\/H, r 2 /H, r^/H lie in the interval [0.4, 0.5], 
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18. (CZS 1) (SL70-4). 

19. (CZS 2) Let n > 1 be a natural number, a > la real number, and x\,X2, ■ ■ ■ ,x n 

numbers such that x\ = 1 , =a + at for k — 1,2,. . . ,n— 1 , where are real 

numbers with a* < ^^-j- . Prove that 

O H r- 

n— 1 

20. (CZS 3) (SL70-5). 

21 . (CZS 4) Find necessary and sufficient conditions on given positive numbers u, v 
for the following claim to be valid: there exists a right-angled triangle AABC 
with CD = u, CE = v, where D. E are points of the segments AB such that AD = 
DE = EB= \AB. 

22. (FRA 1) (SL70-6). 

23. (FRA 2) Let £ be a finite set, &e the family of its subsets, and / a mapping 
from to the set of nonnegative real numbers such that for any two disjoint 
subsets A, B of E, 

f(AUB)=f(A) + f(B). 

Prove that there exists a subset £ of £ such that if with each Ac E we associate 
a subset A' consisting of elements of A that are not in £, then /(A) = /(A'), and 
/(A) is zero if and only if A is a subset of £. 

24. (FRA 3) Let n and p be two integers such that 2 p < n. Prove the inequality 

(n~p)\ < (n+\J- 2p 

For which values does equality hold? 

25. (FRA 4) Suppose that / is a real function defined for 0 < x < 1 having the first 
derivative f for 0 < x < 1 and the second derivative f" for 0 < x < 1 . Prove that 
if 

/(0)=/(0)=/(l)=/(l)-l=0, 
there exists a number 0 < y < 1 such that | f"{y) \ > 4. 

26. (FRA 5) Consider a finite set of vectors in space {ai,a 2 , ■ ■ ■ ,a„j and the set £ 

of all vectors of the form x = X\a\ + A 2«2 H h where A,- are nonnegative 

numbers. Let £ be the set consisting of all the vectors in £ and vectors parallel 
to a given plane P. Prove that there exists a set of vectors {b\,b 2 , ■ ■ ■ ,b p } such 
that £ is the set of all vectors y of the form 


y = jMi + p 2 b 2 + • • • + Bpbp, 


where the fij are nonnegative. 
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27. (FRA 6) Find a natural number n such that for all prime numbers p, n is divisible 
by p if and only if n is divisible by p — 1. 

28. (GDR 1) A set G with elements u, v, w, . . . is a group if the following conditions 
are fulfilled: 

(i) There is a binary algebraic operation o defined on G such that for all u, v € 
G there is a w £ G with uov = w. 

(ii) This operation is associative; i.e., for all u, v, w £ G, (u o v) o w = u o (v o w) . 

(iii) For any two elements u,vGG there exists an element x £ G such that uox = 
v, and an element y gG such that you = v. 


Let A be a set of all real numbers greater than 1. On A is defined an operation 

by 



Prove that AT is a group. 

29. (GDR 2) Prove that the equation 4 X + 6 X = 9* has no rational solutions. 

30. (GDR 3) (SL70-9). 

31. (GDR 4) Prove that for any triangle with sides a,b,c and area P the following 
inequality holds: 



Find all triangles for which equality holds. 

32. (NLD 1) Let there be given an acute angle ZAOB = 3 a, where OA = OB. The 
point A is the center of a circle with radius OA. A line s parallel to OA passes 
through B. Inside the given angle a variable line t is drawn through O. It meets 
the circle in O and C and the given line s in D, where ZAOC = x. Starting from an 
arbitrarily chosen position to of t , the series to , ft , ?2 , - - • is determined by defining 
BD i+ 1 = OCi for each i (in which C; and D, denote the positions of C and D, 
corresponding to f,). Making use of the graphical representations of BD and OC 
as functions of x, determine the behavior of U for i — *• °o. 

33. (NLD 2) The vertices of a given square are clockwise lettered A, B, C,D. On the 
side AB is situated a point E such that A £ = AB/3. 

Starting from an arbitrarily chosen point Po on segment AE and going clockwise 
around the perimeter of the square, a series of points Po,Pi,P 2 , - is marked on 
the perimeter such that PiPi+i = AB/3 for each i. It will be clear that when Po is 
chosen in A or in E, then some Pi will coincide with Po- Does this possibly also 
happen if Po is chosen otherwise? 

34. (NLD 3) In connection with a convex pentagon ABODE we consider the set of 
ten circles, each of which contains three of the vertices of the pentagon on its 
circumference. Is it possible that none of these circles contains the pentagon? 
Prove your answer. 
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35. (NLD 4) Find for every value of n a set of numbers p for which the following 
statement is true: Any convex n - gon can be divided into p isosceles triangles. 
Alternative version. The same about division into p polygons with axis of sym- 
metry. 

36. (NLD 5) Let x,y,z be nonnegative real numbers satisfying 

x 2 +y 2 + z 2 =5 and yz + zx+xy = 2. 

Which values can the greatest of the numbers x 2 — yz, y 2 — xz, z 2 — xy have? 

37. (NLD 6) Solve the set of simultaneous equations 

v 2 + w 2 + x?+ y 2 =6- 2m, 
m 2 + w 2 + 0 ?+ y 2 = 6 — 2v, 

u 2 + v 2 + x?+ y 2 =6- 2w, 

u 2 + v 2 + w 2 ^ y 2 = 6 -2x, 
u 2 + v 2 + w 2 + x 2 =6-2y. 

38. (POL 1) Find the greatest integer A for which in any permutation of the numbers 
1, . . . , 100 there exist ten consecutive numbers whose sum is at least A. 

39. (POL 2) (SL70-8). 

40. (POL 5) Let ABC be a triangle with angles a,/3,y commensurable with n. 
Starting from a point P interior to the triangle, a ball reflects on the sides of 
ABC, respecting the law of reflection that the angle of incidence is equal to the 
angle of reflection. 

Prove that, supposing that the ball never reaches any of the vertices A,B,C, the 
set of all directions in which the ball will move through time is finite. In other 
words, its path from the moment 0 to infinity consists of segments parallel to a 
finite set of fines. 

41. (POL 6) Let a cube of side 1 be given. Prove that there exists a point A on the 
surface S of the cube such that every point of S can be joined to A by a path on 
S of length not exceeding 2. Also prove that there is a point of S that cannot be 
joined with A by a path on S of length less than 2. 

42. (ROU 1) (SL70-2). 

43. (ROU 2) Prove that the equation 

x 3 — 3 tan ^x 2 — 3x + tan ^ = 0 

has one root xi = tan and find the other roots. 

44. (ROU 3) If a, b, c are side lengths of a triangle, prove that 

(a + b)(b+c)(c + a) > 8 (a + b — c)(b + c — a)(c + a — b). 
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45. (ROU 4) Let M be an interior point of tetrahedron VABC. Denote by 4 1 ,B\,C\ 
the points of intersection of lines MA , MB , MC with the planes VBC, V CA , VAB, 
and byA 2 ,B 2 ,C 2 the points of intersection of lines VA\,VB\,VC\ with the sides 
BC,CA,AB. 

(a) Prove that the volume of the tetrahedron VA 2 B 2 C 2 does not exceed one- 
fourth of the volume of VABC. 

(b) Calculate the volume of the tetrahedron ViA\B\C\ as a function of the vol- 
ume of VABC, where Vi is the point of intersection of the line VM with the 
plane ABC, and M is the barycenter of VABC. 

46. (ROU 5) Given a triangle ABC and a plane n having no common points with 
the triangle, find a point M such that the triangle determined by the points of 
intersection of the lines MA,MB,MC with n is congruent to the triangle ABC. 

47. (ROU 6 ) Given a polynomial 

P(x) = ab(a — cjx 3 + ( a 3 - a 2 c + lab 2 - b 2 c + abc)x 2 
+ (2a 2 b + b 2 c + a 2 c + b 3 — abc)x + ab(b + c), 

where a,b,c 7 ^ 0, prove that P(x) is divisible by 

Q(x) = abx 2 + (a 2 + b 2 )x + ab 

and conclude that P(x 0 ) is divisible by (a + b) 3 for xq = (a + b + 1)", n G N. 

48. (ROU 7) Let a polynomial p(x) with integer coefficients take the value 5 for 
five different integer values of x. Prove that p(x) does not take the value 8 for 
any integer x. 

49. (SWE 1) For n e N, let f(n) be the number of positive integers k<n that do not 
contain the digit 9. Does there exist a positive real number p such that > p 
for all positive integers nt 

50. (SWE 2) The area of a triangle is S and the sum of the lengths of its sides is L. 
Prove that 36 S < L 2 y/ 3 and give a necessary and sufficient condition for equality. 

51. (SWE 3) Let p be a prime number. A rational number x, with 0 < x < 1, is 
written in lowest terms. The rational number obtained from x by adding p to 
both the numerator and the denominator differs from x by 1/ p 2 . Determine all 
rational numbers x with this property. 

52. (SWE 4) (SL70-10). 

53. (SWE 5) A square ABCD is divided into (n — l ) 2 congruent squares, with sides 
parallel to the sides of the given square. Consider the grid of all n 2 corners ob- 
tained in this manner. Determine all integers n for which it is possible to con- 
struct a nondegenerate parabola with its axis parallel to one side of the square 
and that passes through exactly n points of the grid. 

54. (SWE 6 ) (SL70-11). 


3 Problems 


55. (USS 1) A turtle runs away from an UFO with a speed of 0.2 m/s. The UFO 
flies 5 meters above the ground, with a speed of 20 m/s. The UFO’s path is a 
broken line, where after flying in a straight path of length l (in meters) it may 
turn through for any acute angle a such that tana < y^. When the UFO’s 
center approaches within 13 meters of the turtle, it catches the turtle. Prove that 
for any initial position the UFO can catch the turtle. 

56. (USS 2) A square hole of depth h whose base is of length a is given. A dog 
is tied to the center of the square at the bottom of the hole by a rope of length 
L > V2a 2 + h 2 , and walks on the ground around the hole. The edges of the hole 
are smooth, so that the rope can freely slide along it. Find the shape and area of 
the territory accessible to the dog (whose size is neglected). 

57. (USS 3) Let the numbers 1,2, ... ,n 2 be written in the cells of an n X n square 
board so that the entries in each column are arranged increasingly. What are the 
smallest and greatest possible sums of the numbers in the kth row? (k a positive 
integer, 1 <k<n.) 

58. (USS 4) (SL70-12). 

59. (USS 5) (SL70-7). 


3.12.3 Shortlisted Problems 


1 . (BEL 3) Consider a regular 2n-gon and the n diagonals of it that pass through its 
center. Let P be a point of the inscribed circle and let a \ , a 2 , ■ ■ ■ , a n be the angles 
in which the diagonals mentioned are visible from the point P. Prove that 


^ tan' a,- 
i=t 


2. (ROU 1) IM ° 2 Let a and b be the bases of two number systems and let 

A n = X\X2 ...xj a \ A n+ 1 = X0XlX2---xJ a \ 

B„ = xix 2 ...x„( b \ B n+ 1 = x 0 xi x 2 ...x„ < ' b \ 

be numbers in the number systems with respective bases a and b, so that 

xq,x \ ,X 2 : ■ ■ ■ ,x n denote digits in the number system with base a as well as in 

the number system with base b. Suppose that neither xq norxi is zero. Prove that 

a > b if and only if -A*- < 

J Ai+1 Bn + 1 

3. (BGR 6) imo5 In the tetrahedron SABC the angle BSC is a right angle, and the 
projection of the vertex S to the plane ABC is the intersection of the altitudes of 
the triangle ABC. Let z be the radius of the inscribed circle of the triangle ABC. 
Prove that SA 2 + SB 2 + SC 2 > 1 8z 2 . 

4. (CZS 1) IM04 For what natural numbers n can the product of some of the numbers 
n,«+l,n + 2,n + 3,« + 4,n + 5be equal to the product of the remaining ones? 
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5. (CZS 3) Let M be an interior point of the tetrahedron ABCD. Prove that 
MA vol (MBCD) + MB vol {MACD) 

+MCvo\(MABD) + MDvo\(MABC) = 0 


(yo\(PQRS) denotes the volume of the tetrahedron PQRS). 

6. (FRA 1) In the triangle ABC let Bl and C' be the midpoints of the sides AC 
and AB respectively and H the foot of the altitude passing through the vertex 
A. Prove that the circumcircles of the triangles AB'C' ,BC'H, and B'CH have a 
common point I and that the line HI passes through the midpoint of the segment 
B'C'. 

7. (USS 5) For which digits a do exist integers n > 4 such that each digit of 
equals a ? 

8. (POL 2) IM01 Given a point M on the side AB of the triangle ABC, let r\ and r 2 
be the radii of the inscribed circles of the triangles ACM and BCM respectively 
and let p\ and pi be the radii of the excircles of the triangles ACM and BCM at 
the sides AM and BM respectively. Let r and p denote the radii of the inscribed 
circle and the excircle at the side AB of the triangle ABC respectively. Prove that 

HH = L 

Pi P2 P ' 

9. (GDR 3) Let ui , U 2 vi , V 2 , . . . , v„ be real numbers. Prove that 

In what case does equality hold? 

10. (SWE 4) mo3 Let 1 = ao < a\ < a 2 < • • • < a n < ■ ■ ■ be a sequence of real num- 
bers. Consider the sequence b\,bz,... defined by: 




a k-j\ 1 

dk J \fdk 


Prove that: 

(a) For all natural numbers n, 0 < b n < 2. 

(b) Given an arbitrary 0 < b < 2, there is a sequence ctQ,a\ , . . . ,a n , . . . of the 
above type such that b n > b is true for infinitely many natural numbers n. 

11. (SWE 6) Let P, Q,R be polynomials and let S(x) = P{x 3 ) +xQ(x 3 ) +x 2 R(x 3 ) 
be a polynomial of degree n whose roots x\.. . . ,x n are distinct. Construct with 
the aid of the polynomials P,Q,R a polynomial T of degree n that has the roots 

• • • ,X 3 . 

12. (USS 4) im06 We are given 100 points in the plane, no three of which are on the 
same line. Consider all triangles that have all vertices chosen from the 100 given 
points. Prove that at most 70% of these triangles are acute angled. 
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3 Problems 


3.13 The Thirteenth IMO 

Bratislava-Zilina, Czechoslovakia, July 10-21, 1971 

3.13.1 Contest Problems 

First Day (July 13) 

1. Prove that the following statement is true for n = 3 and for n = 5, and false for 
all other n > 2 : 

For any real numbers ax,a 2 ,...,a n , 

(a x - a 2 )(ax - a 3 ) • • • (ax - a n ) + (a 2 - ax)(a 2 -a 3 )---(a 2 -a n ) + ... 

+(a n - ax)(a n -a 2 )--- (a n - a n -\) > 0. 

2. Given a convex polyhedron Px with 9 vertices A\, . . . .Ag, let us denote by 
P 2 ,P 3 , . . . ,Pg the images of Px under the translations mapping the vertex Ax to 
A 2 ,A 3 ,...,Ag, respectively. Prove that among the polyhedra P\,. ■ ■ ■ P 9 at least 
two have a common interior point. 

3. Prove that the sequence 2" — 3 (n > 1) contains a subsequence of numbers rela- 
tively prime in pairs. 

Second Day (July 14) 

4. Given a tetrahedron ABCD all of whose faces are acute-angled triangles, set 

a = Idas + zbcd - iabc- icda. 

Consider all closed broken lines XYZTX whose vertices X,Y,Z,T lie in the 
interior of segments AB, BC, CD, DA respectively. Prove that: 

(a) if a 7 ^ 0, then there is no broken line XYZT of minimal length; 

(b) if C 7 = 0 , then there are infinitely many such broken lines of minimal length. 
That length equals 2AC sin(a /2), where 

a = IBAC + ICAD + IDAB. 

5. Prove that for every natural number m > 1 there exists a finite set S m of points in 
the plane satisfying the following condition: If A is any point in S m , then there 
are exactly m points in S m whose distance to A equals 1. 

6 . Consider the nxn array of nonnegative integers 

< axx ai 2 «i«\ 
a 2 i a 22 ■■■ a 2n 

\a n 1 a n 2 ... a nn ) 

with the following property: If an element a (/ - is zero, then the sum of the ele- 
ments of the ith row and the yth column is greater than or equal to n. Prove that 
the sum of all the elements is greater than or equal to jn 2 . 
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3.13.2 Longlisted Problems 

1. (AUT 1) The points S(i,j) with integer Cartesian coordinates 0 < i < n, 0 < j < 
m,m<n, form a lattice. Find the number of: 

(a) rectangles with vertices on the lattice and sides parallel to the coordinate 


axes; 


(b) squares with vertices on the lattice and sides parallel to the coordinate axes; 

(c) squares in total, with vertices on the lattice. 

2. (AUT 2) Let us denote by s(n) = Y,d\n d the sum of divisors of a natural number 
n (1 and n included). If n has at most 5 distinct prime divisors, prove that s(n) < 
j^n. Also prove that there exists a natural number n for which s(n) > n holds. 

3. (AUT 3) Let a , b, c be positive real numbers, 0 < a < b < c. Prove that for any 
positive real numbers x,y,z the following inequality holds: 



4. (BGR 1) Let x n = 2 2 " + 1 and let m be the least common multiple of X 2 , * 3 , . . . , 
* 1971 . Find the last digit of m. 

5. (BGR 2) (SL71-1). 

Original formulation. Consider a sequence of polynomials Xq(x), X\ (*), ^(x), 
. . . , Xn (*),... , where A"o(x) = 2, X\ (x) = x, and for every n> 1 the following 
equality holds: 


X n {x) = -{X n+1 (x)+X n _ l (x)). 
x 


Prove that (x 2 — 4) [X 2 (x) — 4] is a square of a polynomial for all n > 0. 

6. (BGR 3) Let squares be constructed on the sides BC,CA,AB of a triangle ABC, 
all to the outside of the triangle, and let Ai,Bi ,Ci be their centers. Starting from 
the triangle A iBj Ci one analogously obtains a triangle A 2 B 2 C 2 . If S,Si, S 2 denote 
the areas of triangles ABC, A \B\C\ : A 2 B 2 C 2 , respectively, prove that S = 851 — 
45 2 . 

7. (BGR 4) In a triangle ABC, let H be its orthocenter, O its circumcenter, and R 
its circumradius. Prove that: 

(a) | OH | = Ry / 1 — 8 cos a cos j3 cos y, where a,j3,y are angles of the triangle 
ABC; 

(b) 0 = H if and only if ABC is equilateral. 

8. (BGR 5) (SL71-2). 

Original formulation. Prove that for every natural number n > 1 there exists an 
infinite sequence M\ ,Af 2 , . . . , M*, . . . of distinct points in the plane such that for 
all i, exactly n among these points are at distance 1 fromM, . 

9. (BGR 6) The base of an inclined prism is a triangle ABC. The perpendicular 
projection of Bi, one of the top vertices, is the midpoint of BC. The dihedral 
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angle between the lateral faces through BC and AB is a , and the lateral edges 
of the prism make an angle J3 with the base. If r\,V 2 - are exradii of a perpen- 
dicular section of the prism, assuming that in ABC, cos 2 A + cos 2 B + cos 2 C -\, 
AA < AB < AC, and BC = a, calculate r\r^ + r\rj, + ^3. 

10. (CUB 1) In how many different ways can three knights be placed on a chess- 
board so that the number of squares attacked would be maximal? 

11. (CUB 2) Prove that n\ cannot be the square of any natural number. 

12. (CUB 3) A system of n numbers xi,X2,. .. is given such that 

*1 = log 1 x 2 = l °S Xn x i> • • • , x n= log x „ 2 x n - 1 . 

Prove that n*=i x k= 1 ■ 

13. (CUB 4 ) One Martian, one Venusian, and one Human reside on Pluto. One day 
they make the following conversation: 

Martian : I have spent 1 / 12 of my life on Pluto. 

Human : I also have. 

Venusian : Me too. 

Martian : But Venusian and I have spend much more time here than 
you, Human. 

Human : That is true. However, Venusian and I are of the same age. 

Venusian : Yes, I have lived 300 Earth years. 

Martian : Venusian and I have been on Pluto for the past 13 years. 

It is known that Human and Martian together have lived 104 Earth years. Find 
the ages of Martian, Venusian, and Human. 5 

14. (UNK 1) Note that 8 3 - 7 3 = 169 = 13 2 and 13 = 2 2 + 3 2 . Prove that if the 
difference between two consecutive cubes is a square, then it is the square of the 
sum of two consecutive squares. 

15. (UNK 2) Let ABCD be a convex quadrilateral whose diagonals intersect at O at 
an angle 0. Let us set OA = a, OB = b, OC = c, and OD = d, c > a > 0, and 
d > b > 0. 

Show that if there exists a right circular cone with vertex V, with the properties: 

(1) its axis passes through O, and 

(2) its curved surface passes through A, B, C and D, then 

2 d 2 b 2 (c + a) 2 -c 2 a 2 (d + b) 2 
ca(d — b) 2 — db{c — a) 2 

Show also that if lies between and and = §§ > then for a suitable 
choice of 0, a right circular cone exists with properties (1) and (2). 

16. (UNK 3) (SL71-4). 

Original formulation. Two (intersecting) circles are given and a point P through 


5 The numbers in the problem are not necessarily in base 10. 
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which it is possible to draw a straight line on which the circles intercept two 
equal chords. Describe a construction by straightedge and compass for the 
straight line and prove the validity of your construction. 

17. (GDR 1) (SL71-3). 

Original formulation. Find all solutions of the system 

x + y+z=3, 
x 3 +y 3 + z 3 = 15, 

= 83. 

18. (GDR 2) Let ai,a2, • • • ,a n be positive numbers, m g = (a\ 02 - ■ their geo- 
metric mean, and m a = (aq + H b a n )/n their arithmetic mean. Prove that 

(1 +m g ) n < (1 +a\) ■ ■ ■ (1 +a n ) < (1 + m a ) n . 

19. (GDR 3) In a triangle P\ P 2 P 3 let P,(2, be the altitude from P, for i = 1,2,3 
(Qi being the foot of the altitude). The circle with diameter 7)<2, meets the two 
corresponding sides at two points different from P t . Denote the length of the 
segment whose endpoints are these two points by It. Prove that l\ =h=h- 

20. (GDR 4) Let M be the circumcenter of a triangle ABC. The line through M 

perpendicular to CM meets the lines CA and CB at Q and P respectively. Prove 
that 

CP CQ AB 2 

21. (HUN 1) (SL71-5). 

22. (HUN 2) We are given an nxn board, where n is an odd number. In each cell 

of the board either +1 or —1 is written. Let a k and bk denote the products of 
numbers in the Ath row and in the Ath column respectively. Prove that the sum 
«i + «2 H b a n + b\ + b 2 -I b b n cannot be equal to zero. 

23. (HUN 3) Find all integer solutions of the equation 

x?+y 2 = (x-y) 3 . 

24. (HUN 4) Let A, B, and C denote the angles of a triangle. If sin 2 A + sin 2 # + 
sin 2 C = 2, prove that the triangle is right-angled. 

25. (HUN 5) Let ABC ,AA\A 2 ,BB\B 2 ,CCiC 2 be four equilateral triangles in the 
plane satisfying only that they are all positively oriented (i.e., in the counter- 
clockwise direction). Denote the midpoints of the segments A26 ] jTLCi , C 2A 1 
by P. Q,R in this order. Prove that the triangle PQR is equilateral. 

26. (HUN 6) An infinite set of rectangles in the Cartesian coordinate plane is given. 
The vertices of each of these rectangles have coordinates (0,0), (p,0), (p,q), 
(0 ,q) for some positive integers p.q. Show that there must exist two among 
them one of which is entirely contained in the other. 
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27. (HUN 7) (SL71-6). 

28. (NLD 1) (SL71-7). 

Original formulation. A tetrahedron ABCD is given. The sum of angles of the 
tetrahedron at the vertex A (namely /BAC, /.CAD, /DAB) is denoted by a, and 
/3 , y, 8 are defined analogously. Let P. Q,R,S be variable points on edges of the 
tetrahedron: P on AD, Q on BD, R on BC, and S on AC, none of them at some 
vertex of ABCD. Prove that: 

(a) if a + P ^ 2n, then PQ + QR + RS + SP attains no minimal value; 

(b) if a + [i = 2 it, then 

ABsin^ = CDsin^ and PQ + QR + RS + SP> 2ABsin^. 

29. (NLD 2) A rhombus with its incircle is given. At each vertex of the rhombus 
a circle is constructed that touches the incircle and two edges of the rhombus. 
These circles have radii r \ , rj, while the incircle has radius r. Given that r\ and 
ri are natural numbers and that r\ri = r, find r\ , r 2 , and r. 

30. (NLD 3) Prove that the system of equations 

2 yz + x — y — z= a, 

2 xz — x+y — z = a, 

2 xy — x — y + z= a, 

a being a parameter, cannot have five distinct solutions. For what values of a 
does this system have four distinct integer solutions? 

31. (NLD 4) (SL71-8). 

32. (NLD 5) Two half-lines a and b, with the common endpoint O, make an acute 
angle a. Let A on a and B on b be points such that OA = OB, and let b' be the 
line through A parallel to b. Let J3 be the circle with center B and radius BO. We 
construct a sequence of half-lines ci,C 2 ,C 3 , . . . , all lying inside the angle a, in 
the following manner: 

(i) ci is given arbitrarily; 

(ii) for every natural number k, the circle j3 intercepts on q a segment that is 
of the same length as the segment cut on b' by a and c& + 1 . 

Prove that the angle determined by the lines q and b has a limit as k tends to 
infinity and find that limit. 

33. (NLD 6) A square 2 n x 2 n grid is given. Let us consider all possible paths along 
grid lines, going from the center of the grid to the border, such that (1) no point 
of the grid is reached more than once, and (2) each of the squares homothetic to 
the grid having its center at the grid center is passed through only once. 

(a) Prove that the number of all such paths is equal to 4 Y\ n i=1 ( 1 6z — 9). 

(b) Find the number of pairs of such paths that divide the grid into two congru- 
ent figures. 

(c) How many quadruples of such paths are there that divide the grid into four 
congruent parts? 
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34. 

35. 

36. 

37. 


38. 

39. 

40. 


41. 


42. 


43. 


44. 

45. 


(POL 1) (SL71-9). 

(POL 2) (SL71-10). 

(POL 3) (SL71-11). 

(POL 4) Let S be a circle, and a = {Ai , . . . , A n } a family of open arcs in S. Let 
N(a) = n denote the number of elements in a. We say that a is a covering of S 
ifUSU^DS. 

Let a = {Aj , . . . ,A n } and /3 = {Bi, . . . ,B m } be two coverings of S. Show that we 
can choose from the family of all sets AiDBj, i = 1,2 j = 1,2,. ..,m, a 
covering y of S such that N(y) < N(a) +N(fi). 

(POL 5) Leti4,B, C be three points with integer coordinates in the plane and K 
a circle with radius R passing through A, B, C. Show that AB ■ BC ■ CA > 2R, and 
if the center of K is in the origin of the coordinates, show that AB ■ BC ■ CA > 4R. 

(POL 6) (SL71-12). 

(SWE 1) Prove that 



(SWE 2) Consider the set of grid points ( m , n ) in the plane, m, n integers. Let C7 
be a finite subset and define 

S(a)= X (100- H-H). 

(m,n)ea 

Find the maximum of S, taken over the set of all such subsets c\ 

(SWE 3) Let Li, i = 1,2,3, be line segments on the sides of an equilateral 
triangle, one segment on each side, with lengths i = 1 ,2,3. By L* we denote 
the segment of length /, with its midpoint on the midpoint of the corresponding 
side of the triangle. Let M(L ) be the set of points in the plane whose orthogonal 
projections on the sides of the triangle are in L\,Li, and Lj, respectively; M{L*) 
is defined correspondingly. Prove that if l\ > h + h, we have that the area of 
M{L) is less than or equal to the area of M{L*). 

(SWE 4) Show that for nonnegative real numbers a , b and integers n> 2, 
a n + b n / a + b\ n 


When does equality hold? 

(SWE 5) (SL71-13). 

(SWE 6) Let m and n denote integers greater than 1, and let v(n) be the number 
of primes less than or equal to n. Show that if the equation = m has a solution 

(in n ), then so does the equation =m 1 . 
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46. (USS 1) (SL71-14). 

47. (USS 2) (SL71-15). 

48. (USS 3) A sequence of real numbers xi,X 2 , ■ ■ ■ ,x n is given such that x,- + i = 
xi + 30 q 00 yf 1 — xf, i = 1,2,..., and x\ = 0. Can n be equal to 50000 if x n < 1 ? 

49. (USS 4) Diagonals of a convex quadrilateral ABCD intersect at a point O. Find 
all angles of this quadrilateral if A OBA = 30°, AOCB = 45°, AO DC = 45°, and 
IOAD = 30°. 

50. (USS 5) (SL71-16). 

51. (USS 6) Suppose that the sides AB and DC of a convex quadrilateral ABCD 
are not parallel. On the sides BC and AD, pairs of points ( M,N ) and (K. L) are 
chosen such that BM = MN = NC and AK = KL = LD. Prove that the areas of 
triangles OKM and OLN are different, where O is the intersection point of AB 
and CD. 

52. (YUG 1) (SL71-17). 

53. (YUG 2) Denote by x n (p) the multiplicity of the prime p in the canonical rep- 
resentation of the number n\ as a product of primes. Prove that < _J_ an( j 

54. (YUG 3) A set M is formed of ( 2 n ") men, n = 1,2, Prove that we can choose 

a subset P of the set M consisting of n + 1 men such that one of the following 
conditions is satisfied: 

( 1 ) every member of the set P knows every other member of the set P; 

(2) no member of the set P knows any other member of the set P. 

55. (YUG 4) Prove that the polynomial x 4 + Ax 3 + px 2 + vx+ 1 has no real roots if 
X.p.v are real numbers satisfying | A | + 1 p \ + \ v | <V2. 


3.13.3 Shortlisted Problems 

1 . (BGR 2) Consider a sequence of polynomials Pq (x) ,P\ (x) ,P 2 (x) , . . . , P n (x), . . . , 
where Pq{x) = 2, P\ (x) = x and for every n > 1 the following equality holds: 
P n+l ( X )+Pn- i(x) = xP n (x). Prove that there exist three real numbers a.b.c such 
that for all n > 1, 

(x 2 - 4)[P 2 (x) - 4] = [aP n + \ (x) + bP n (x) + cP n - i(x)] 2 . (1) 

2. (BGR 5r 05 Prove that for every natural number m > 1 there exists a finite set 
S m of points in the plane satisfying the following condition: If A is any point in 
S m , then there are exactly m points in S,„ whose distance to A equals 1 . 

3. (GDR 1) Knowing that the system 


x+y + z = 3, 
-\-y^ -\~z? = 15, 
/+/+z 4 = 35, 
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has a real solution x, y, z for which x 2 +y 2 +z 2 < 10 , find the value of x 5 + y 5 + z 5 
for that solution. 

4. (UNK 3) We are given two mutually tangent circles in the plane, with radii 
r| , r2. A line intersects these circles in four points, determining three segments 
of equal length. Find this length as a function of r\ and r 2 and the condition for 
the solvability of the problem. 

5. (HUN 1) IM01 Let a, b, c, d, e be real numbers. Prove that the expression 

(a — b){a — c) ( a — d)(a — e) + (b — a) ( b — c)(b — d) ( b — e) 

+(c — a)(c — b)(c — d)(c — e) + (d— a)(d — b) (d — c){d— e) 
+(e-a)(e-b)(e-c)(e-d). 

is nonnegative. 

6. (HUN 7) Let n> 2 be a natural number. Find a way to assign natural numbers to 
the vertices of a regular 2"-gon such that the following conditions are satisfied: 

(i) only digits 1 and 2 are used; 

(ii) each number consists of exactly n digits; 

(iii) different numbers are assigned to different vertices; 

(iv) the numbers assigned to two neighboring vertices differ at exactly one digit. 

7. (NLD I)® 404 Given a tetrahedron ABCD all of whose faces are acute-angled 
triangles, set 

a = ADAB + ABCD - 1 ABC- AC DA. 

Consider all closed broken lines XYZTX whose vertices X,Y,Z,T lie in the 
interior of segments AB,BC,CD,DA respectively. Prove that: 

(a) if (7 ^ 0, then there is no broken line XYZT of minimal length; 

(b) if (7 = 0, then there are infinitely many such broken lines of minimal length. 
That length equals 2AC sin(a /2), where 

a = ABAC + ACAD + ADAH. 

8. (NLD 4) Determine whether there exist distinct real numbers a,b,c,t for which: 

(i) the equation ax 2 + btx + c = 0 has two distinct real roots x \ , X 2 , 

(ii) the equation bx 2 + ctx + a = 0 has two distinct real roots *2 , *3 , 

(iii) the equation cx 2 + atx + b = 0 has two distinct real roots X 3 , x\ . 

9. (POL 1) Let T k = k— 1 for k = 1,2, 3,4 and 

Tik - 1 = Tat- 2 + 2*“ 2 , T 2k = T lk _ 5 + 2 k (k> 3). 


Show that for all k, 
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1 + Jaa-I = [y : 2"- 1 ] and 1 + T ln = [y : 2"- 1 ] , 

where [jc] denotes the greatest integer not exceeding x. 

10. (POL 2) imo3 Prove that the sequence 2" — 3 (« > 1) contains a subsequence of 
numbers relatively prime in pairs. 

11. (POL 3) The matrix 



satisfies the inequality £" =1 \aj\x\ H K a.j n x n \ < M for each choice of numbers 

Xi equal to ±1. Show that 

|«1 1 + dl2 H V 0« n | 1 M. 

12. (POL 6) Two congruent equilateral triangles ABC and A'B'C' in the plane are 
given. Show that the midpoints of the segments AA' ,BB' ,CC' either are collinear 
or form an equilateral triangle. 

13. (SWE 5) im06 Consider the n x n array of nonnegative integers 

/ an an ... ai n \ 

021 022 ’ 02„ 

\ a„i a„ 2 • • • a„„ J 

with the following property: If an element o,y is zero, then the sum of the ele- 
ments of the ith row and the y'th column is greater than or equal to n. Prove that 
the sum of all the elements is greater than or equal to \n 2 . 

14. (USS 1) A broken line A 1 A 2 ■■■A n is drawn in a 50 x 50 square, so that the 
distance from any point of the square to the broken line is less than 1. Prove that 
its total length is greater than 1248. 

15. (USS 2) Natural numbers from 1 to 99 (not necessarily distinct) are written on 
99 cards. It is given that the sum of the numbers on any subset of cards (including 
the set of all cards) is not divisible by 100. Show that all the cards contain the 
same number. 

16. (USS 5) imo2 Given a convex polyhedron P\ with 9 vertices A\,...,Ag, let us de- 
note by P 2 ,Pj, ■ ■ ■ ,^9 the images of Pi under the translations mapping the vertex 
A 1 to 4 2 , y , ■ . . -Ai) respectively. Prove that among the polyhedra Pi , P9 at 
least two have a common interior point. 

17. (YUG 1) Prove the inequality 

01+03 | 02 + 04 | 03+01 | 04 + 02 >4 
Oj+fl 2 02 + 03 03+04 a 4 + ai - 

where a,- > 0, i = 1,2, 3, 4. 


3.14 The Fourteenth IMO 
Warsaw-Toruri, Poland, July 5-17, 1972 

3.14.1 Contest Problems 
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First Day (July 10) 

1. A set of 10 positive integers is given such that the decimal expansion of each 
of them has two digits. Prove that there are two disjoint subsets of the set with 
equal sums of their elements. 

2. Prove that for each n > 4 every cyclic quadrilateral can be decomposed into n 
cyclic quadrilaterals. 

3. Let m and n be nonnegative integers. Prove that is an integer (0! = 1). 

Second Day (July 11) 

4. Find all solutions in positive real numbers x; (i = 1,2, 3, 4, 5) of the following 
system of inequalities: 


(xf - X3X5) (xl - X3X5) < 0 

(i) 

(x|-X4Xl)(x|-X 4 Xl) < 0 
[X3 X5X2) (X4 X5X2) < 0 

(xj— xix 3 )(*§— X1X3) < 0 

(ii) 

(iii) 

(iv) 

(x% - X2X4) (x\ - X2X4) < 0 . 

(v) 


5. Let / and (p be real functions defined in the interval (— °°, °°) satisfying the func- 
tional equation 

f( X +y)+f(x-y) = 2<p(y)f(x), 

for arbitrary real x,y (give examples of such functions). Prove that if f(x) is not 
identically 0 and /(x) < 1 for all x, then <p(x) < 1 for all x. 

6. Given four distinct parallel planes, show that a regular tetrahedron exists with a 
vertex on each plane. 

3.14.2 Longlisted Problems 

1 . (BGR 1) Find all integer solutions of the equation 

l+x+x?+x? +x 4 = y 4 . 

2. (BGR 2) Find all real values of the parameter a for which the system of equa- 
tions 

x 4 = yz — x 2 +a, 

/ = zx-f + a, 
z 4 =xy-z Z + a, 


has at most one real solution. 
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3. (BGR 3) On a line a set of segments is given of total length less than 1. Prove 
that every set of n points of the line can be translated in some direction along 
the line for a distance smaller than n/2 so that none of the points remain on the 
segments. 

4. (BGR 4) Given a triangle, prove that the points of intersection of three pairs of 
trisectors of the inner angles at the sides lying closest to those sides are vertices 
of an equilateral triangle. 

5. (BGR 5) Given a pyramid whose base is an n-gon inscribable in a circle, let 
H be the projection of the top vertex of the pyramid to its base. Prove that the 
projections of H to the lateral edges of the pyramid lie on a circle. 

6. (BGR 6) Prove the inequality 

, n n 

v ' n+1 n 

for all natural numbers n>2. 

7. (BGR 7) (SL72-1). 

8. (CZS 1) (SL72-2). 

9. (CZS 2) Given natural numbers k and n, k < n, n > 3, find the set of all values 
in the interval (0, n) that the fcth-largest among the interior angles of a convex 
ngon can take. 

10. (CZS 3) Given five points in the plane, no three of which are collinear, prove 
that there can be found at least two obtuse-angled triangles with vertices at the 
given points. Construct an example in which there are exactly two such triangles. 

11. (CZS 4) (SL72-3). 

12. (CZS 5) A circle k = ( S,r ) is given and a hexagon AA'BB'CC' inscribed in it. 
The lengths of sides of the hexagon satisfy AA' = A'B, BB' = B'C, CC' = C'A. 
Prove that the area P of triangle ABC is not greater than the area P' of triangle 
A' B'C'. When does P = P' hold? 

13. (CZS 6) Given a sphere K, determine the set of all points A that are vertices of 
some parallelograms ABCD that satisfy AC < BD and whose entire diagonal BD 
is contained in K. 

14. (UNK 1) (SL72-7). 

15. (UNK 2) (SL72-8). 

16. (UNK 3) Consider the set S of all the different odd positive integers that are not 
multiples of 5 and that are less than 30m, m being a positive integer. What is the 
smallest integer k such that in any subset of k integers from S there must be two 
integers one of which divides the other? Prove your result. 

17. (UNK 4) A solid right circular cylinder with height h and base-radius r has a 
solid hemisphere of radius r resting upon it. The center of the hemisphere O is on 
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the axis of the cylinder. Let P be any point on the surface of the hemisphere and 
Q the point on the base circle of the cylinder that is furthest from P (measuring 
along the surface of the combined solid). A string is stretched over the surface 
from P to Q so as to be as short as possible. Show that if the string is not in a 
plane, the straight line PO when produced cuts the curved surface of the cylinder. 

18. (UNK 5) We have p players participating in a tournament, each player playing 
against every other player exactly once. A point is scored for each victory, and 
there are no draws. A sequence of nonnegative integers si < S 2 < S 3 < • • • < s p 
is given. Show that it is possible for this sequence to be a set of final scores of 
the players in the tournament if and only if 

P 1 k 1 

(i) ^ Si = - p(p — 1 ) and (ii) for all k < p, ^ > -&(& — 1 ). 

i—i 2 i= 1 2 

19. (UNK 6) Let S be a subset of the real numbers with the following properties: 

(i) If x G S and y €S, then x — y € 5; 

(ii) If x G S and y € S, then xy G .S'; 

(iii) S contains an exceptional number x' such that there is no number y in S 
satisfying x!y+x!+y = 0 ; 

(iv) If x G S and x 7 ^ x', there is a number y in S such thatxy + x+y = 0. 

Show that 

(a) S has more than one number in it; 

(b) x? — 1 leads to a contradiction; 

(c) x G S and x 7 ^ 0 implies 1 /x€ S. 

20. (GDR 1) (SL72-4). 

21. (GDR 2) (SL72-5). 

22. (GDR 3) (SL72-6). 

23. (MNG 1) Does there exist a 2«-digit number a^ain-i ■ a i (f° r an arbitrary n) 
for which the following equality holds: 

a2n---a\ = [a n • ■ -fli) 2 ? 

24. (MNG 2) The diagonals of a convex 18-gon are colored in 5 different colors, 
each color appearing on an equal number of diagonals. The diagonals of one 

color are numbered 1,2, One randomly chooses one-fifth of all the diagonals. 

Find the number of possibilities for which among the chosen diagonals there 
exist exactly n pairs of diagonals of the same color and with fixed indices i, j. 

25. (NLD 1) We consider n real variables x, (1 < i < ri), where n is an integer and 
n > 2. The product of these variables will be denoted by p, their sum by s, and 
the sum of their squares by S. Furthermore, let a be a positive constant. We now 
study the inequality ps<S a . Prove that it holds for every n-tuple (x, ) if and only 

if a = 2 $l. 

26. (NLD 2) (SL72-9). 
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27. 

28. 

29. 


30. 

31. 

32. 


33. 


34. 


35. 


36. 


37. 


(NLD 3) (SL72-10). 

(NLD 4) The lengths of the sides of a rectangle are given to be odd integers. 
Prove that there does not exist a point within that rectangle that has integer dis- 
tances to each of its four vertices. 

(NLD 5) LetA,B,Cbe points on the sides5iCi,CiAi,AiBi of a triangle A\B\C\ 
such that A\A,B\B,C\C are the bisectors of angles of the triangle. We have that 
AC = BC andAiCi 

(a) Prove that C\ lies on the circumcircle of the triangle ABC. 

(b) Suppose that ZBACi = tc/6; find the form of triangle ABC. 

(NLD 6) (SL72-11). 

(ROU 1) Find values of n £ N for which the fraction is reducible. 

(ROU 2) If n\ , ri 2 , ■ ■ . , are natural numbers and ti\ + «2 H b n k = n, show 

that 

max n\m ■ ■ -nk = (f+ lYt k ~ r , 
ni+-+n k =n 

where t = [n/k] and r is the remainder of n upon division by k\ i.e., n = tk + r, 
0<r<k-l. 

(ROU 3) A rectangle ABCD is given whose sides have lengths 3 and 2 n, where 
n is a natural number. Denote by U (n) the number of ways in which one can cut 
the rectangle into rectangles of side lengths 1 and 2. 

(a) Prove that U(n + 1) + U{n — 1) = 4t/ (n); 

(b) Prove that U (n) = ^[(\/3+ l)(2 + \/3)" + (a/3 - 1)(2 - \/3)"]. 

(ROU 4) If p is a prime number greater than 2 and a,b,c integers not divisible 
by p, prove that the equation 


ax 2 + by 2 = pz + c 


has an integer solution. 

(ROU 5) (a) Prove that for a,b,c,d [1, +°°) with am+b = —cm+d = 

m, 

(i) Va 2 + b 2 + Vc 2 + d 2 + \/{a — c) 2 + {b — d ) 2 > , and 

(U)2<^<4. 

(b) Express a,b,c,d as functions of m so that there is equality in (1). 

(ROU 6) A finite number of parallel segments in the plane are given with the 
property that for any three of the segments there is a line intersecting each of 
them. Prove that there exists a line that intersects all the given segments. 

(SWE 1) On a chessboard (8x8 squares with sides of length 1) two diagonally 
opposite corner squares are taken away. Can the board now be covered with 
nonoverlapping rectangles with sides of lengths 1 and 2? 
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38. (SWE 2) Congruent rectangles with sides m (cm) and n (cm) are given (m,n 
positive integers). Characterize the rectangles that can be constructed from these 
rectangles (in the fashion of a jigsaw puzzle). (The number of rectangles is un- 
bounded.) 

39. (SWE 3) How many tangents to the curve y = x 3 — 3x (y = x 3 + px) can be 
drawn from different points in the plane? 

40. (SWE 4) Prove the inequalities 


u < sinu < n u 
v ~ sinv — 2 v ’ 


for 0 < u < v < — . 


41. (SWE 5) The ternary expansion x = 0.10101010 ... is given. Give the binary 
expansion of x. 

Alternatively, transform the binary expansion y = 0. 110110110... into a ternary 
expansion. 

42. (SWE 6) The decimal number 13 101 is given. It is instead written as a ternary 
number. What are the two last digits of this ternary number? 

43. (USS 1) A fixed point A inside a circle is given. Consider all chords XY of the 
circle such that ZXAY is a right angle, and for all such chords construct the point 
M symmetric to A with respect to XY. Find the locus of points M. 

44. (USS 2) (SL72-12). 

45. (USS 3) Let ABCD be a convex quadrilateral whose diagonals AC and BD inter- 
sect at point O. Let a line through O intersect segment AB at M and segment CD 
at N. Prove that the segment MN is not longer than at least one of the segments 
AC and BD. 


46. (USS 4) Numbers 1,2, . . . , 16 are written in a 4 x 4 square matrix so that the 
sum of the numbers in every row, every column, and every diagonal is the same 
and furthermore that the numbers 1 and 16 lie in opposite comers. Prove that 
the sum of any two numbers symmetric with respect to the center of the square 
equals 17. 


3.14.3 Shortlisted Problems 

1 . (BGR T)™ 05 Let / and cp be real functions defined on the set R satisfying the 
functional equation 

f(x+y)+f(x-y)=2(p(y)f(x), (1) 

for arbitrary real x,y (give examples of such functions). Prove that if f(x) is not 
identically 0 and \f(x)\ < 1 for all x, then \<p(x)\ < 1 for all x. 

2. (CZS 1) We are given 3 n points A \ .An, . . . ,A^ n in the plane, no three of them 
collinear. Prove that one can construct n disjoint triangles with vertices at the 
points A, . 
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3. (CZS 4) Let X\,X2, ■ ■ ■ ,x n be real numbers satisfying x\ +X2 \-x n = 0. Let 

m be the least and M the greatest among them. Prove that 


x? +X2-t hx% < —nmM. 


4. (GDR 1 ) Let «i,n 2 be positive integers. Consider in a plane E two disjoint 
sets of points M\ and M2 consisting of 2n\ and 2 ri2 points, respectively, and 
such that no three points of the union M\ U M2 are collinear. Prove that there 
exists a straight line g with the following property: Each of the two half -planes 
determined by g on E (g not being included in either) contains exactly half of 
the points of M\ and exactly half of the points of M 2 . 

5. (GDR 2) Prove the following assertion: The four altitudes of a tetrahedron 
ABCD intersect in a point if and only if 

AB 2 + CD 2 = BC 2 + AD 2 = CA 2 + BD 2 . 

6. (GDR 3) Show that for any n ^ 0 (mod 10) there exists a multiple of n not 
containing the digit 0 in its decimal expansion. 

7. (UNK 1) IM06 (a) A plane n passes through the vertex O of the regular tetrahe- 

dron OPQR. We define p, q , r to be the signed distances of P, Q, R from n 
measured along a directed normal to n. Prove that 

p 2 + q 2 + r 2 + {q-r) 2 +(r-p) 2 +(p-q) 2 = 2a 2 , 


where a is the length of an edge of a tetrahedron. 

(b) Given four parallel planes not all of which are coincident, show that a reg- 
ular tetrahedron exists with a vertex on each plane. 

8. (UNK 2) imo3 Let m and n be nonnegative integers. Prove that m\n\{m + n ) ! 
divides (2m)l(2n)l. 

9. (NLD 2) imo4 Find all solutions in positive real numbers x; (i = 1,2, 3,4, 5) of 
the following system of inequalities: 


(xf - X3X5) (xj - X3X5) < 0, (i) 

(x% - X4X1 ) (xf - X4X1 ) < 0, (ii) 

(xf - x 5 x 2 ) {xj - x 5 x 2 ) < 0, (hi) 

(x| -xix 3 )(x| -X1X3) < 0, (iv) 

(x| - x 2 x 4 ) (xf - x 2 x 4 ) <0. (v) 


10. (NLD 3) imo2 Prove that for each n > 4 every cyclic quadrilateral can be decom- 
posed into n cyclic quadrilaterals. 

11. (NLD 6) Consider a sequence of circles K\, K4 , ... of radii r \ , r2, r^, r^, 

respectively, situated inside a triangle ABC. The circle K\ is tangent to AB 
and AC; K 2 is tangent to K \ , BA, and BC; Kj is tangent to K 2 , CA, and CB; K 4 is 
tangent to K$, AB, and AC; etc. 
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(a) Prove the relation 

n cot ^ A + 2y/r\ri + ri cot = r ^cot ^ A + cot ^ B 

where r is the radius of the incircle of the triangle ABC. Deduce the exis- 
tence of a t\ such that 

1 > a 

r\ = r cot -.Scot -Csin t\. 

(b) Prove that the sequence of circles K\,K 2 ,... is periodic. 

12. (USS 2) mo1 A set of 10 positive integers is given such that the decimal expan- 
sion of each of them has two digits. Prove that there are two disjoint subsets of 
the set with equal sums of their elements. 
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3.15 The Fifteenth IMO 

Moscow, Soviet Union, July 5-16, 1973 

3.15.1 Contest Problems 

First Day ( July 9) 

1 . Let O be a point on the line l and OP \ , OP 2 , . . . , OP n unit vectors such that points 
Pi,P 2 ,... 1 P„ and line l lie in the same plane and all points Pi lie in the same 
half -plane determined by l. Prove that if n is odd, then 

\\oPi+OP 2 + --- + OPn\\ > L 


( 1 1 OM | is the length of vector OM). 

Does there exist a finite set M of points in space, not all in the same plane, such 
that for each two points A,B£M there exist two other points C,D£M such that 
lines AB and CD are parallel but not equal? 

Determine the minimum of a 2 + b 2 if a and b are real numbers for which the 
equation 

x 4 + 03? + bx 2 + ax + 1 = 0 
has at least one real solution. 

Second Day (July 10) 

4. A soldier has to investigate whether there are mines in an area that has the form 
of equilateral triangle. The radius of his detector’s range is equal to one-half 
the altitude of the triangle. The soldier starts from one vertex of the triangle. 
Determine the shortest path through which the soldier has to pass in order to 
check the entire region. 

5. Let G be a set of functions / : M — > M of the form f(x) = ax + b, where a and b 
are real numbers and a ^ 0. Suppose that G satisfies the following conditions: 

(1) If /, g £ G, then gofeG, where (g o f) (x) = g[f(x)). 

(2) If / £ G and fix) = ax + b, then the inverse / -1 of / belongs to G 
(f~\x) = ( x-b)/a ). 

(3) For each f £ G there exists a number xy e R such that fix/) = Xf. 

Prove that there exists a number Isl such that f(k) = k for all / £ G. 

6. Let a \ , 02 , ■ ■ ■ , a n be positive numbers and q a given real number, 0 < q < 1 . Find 
n real numbers b\ ,b 2 , ■ ■ ■ -b n that satisfy: 

(1) ak < bk for all k= 1,2, . . . ,n; 

(2) q < < 1 for all k= 1,2, — 1; 

(3) bi+b 2 -\ \-b n < 1^2 (a\ +a 2 -F**-+ a„). 


2. 


3. 
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3.15.2 Shortlisted Problems 

1. (BGR 6) Let a tetrahedron ABCD be inscribed in a sphere S. Find the locus of 
points P inside the sphere S for which the equality 

AP BP CP DP _ 

pm + Tb[ + Tc[ + fd[~ 

holds, where and D\ are the intersection points of S with the lines 

AP.BP.CP, and DP, respectively. 

2. (CZS 1) Given a circle K, find the locus of vertices A of parallelograms ABCD 
with diagonals AC < BD, such that BD is inside K. 

3. (CZS 6)™°' Prove that the sum of an odd number of unit vectors passing 
through the same point O and lying in the same half-plane whose border passes 
through O has length greater than or equal to 1 . 

4. (UNK 1) Let P be a set of 7 different prime numbers and C a set of 28 different 
composite numbers each of which is a product of two (not necessarily different) 
numbers from P. The set C is divided into 7 disjoint four-element subsets such 
that each of the numbers in one set has a common prime divisor with at least two 
other numbers in that set. How many such partitions of C are there? 

5. (FRA 2) A circle of radius 1 is located in a right-angled trihedron and touches 
all its faces. Find the locus of centers of such circles. 

6. (POL 2) im02 Does there exist a finite set M of points in space, not all in the 
same plane, such that for each two points A,B GM there exist two other points 
C,DeM such that lines AB and CD are parallel? 

7. (POL 3) Given a tetrahedron ABCD, let x = AB ■ CD, y = AC ■ BD, and z = 
AD ■ BC. Prove that there exists a triangle with edges x,y,z. 

8. (ROU 1) Prove that there are exactly (^j) arrays a\,a 2 ,.. -,dk + 1 of nonnega- 
tive integers such that «i = 0 and | a,- — a i+ i | = 1 for i = 1, 2, . . . , k. 

9. (ROU 2) Let Ox, Oy, Oz be three rays, and G a point inside the trihedron Oxyz. 
Consider all planes passing through G and cutting Ox, Oy, Oz at points A,B,C, 
respectively. How is the plane to be placed in order to yield a tetrahedron OABC 
with minimal perimeter? 

10. (SWE S)™ 06 Let a\,a 2 , ■ ■ ■ ,a„ be positive numbers and q a given real number, 
0 < q < 1. Find n real numbers b\,b 2 , ■ ■ ■ ,b n that satisfy: 

(1) < bk for all k = 1,2, . . . ,n\ 

(2) q < ^±4 < i for all A: = l,2,...,w- 1; 

(3) bi+b 2 -\ \-b„ < y^{a\ +a 2 -\ \-a n ). 

1 1 . (SWE 4) im03 Determine the minimum of a 2 + b 2 if a and b are real numbers for 
which the equation 


x 4 + ax i + bx 2 + ax+ 1 = 0 
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has at least one real solution. 

12. (SWE 6) Consider the two square matrices 



'1111 

111-1 

f 


'11111' 
1 1 1-1-1 

A = 

1-1-1 1 

1 -1 -1 -1 

11-11 

1 

1 

and B = 

1 1-1 1-1 
1-1-1 1 1 




1-1 1-1 1 


with entries 1 and — 1 . The following operations will be called elementary : 

(1) Changing signs of all numbers in one row; 

(2) Changing signs of all numbers in one column; 

(3) Interchanging two rows (two rows exchange their positions); 

(4) Interchanging two columns. 

Prove that the matrix B cannot be obtained from the matrix A using these opera- 
tions. 

13. (YUG 4) Find the sphere of maximal radius that can be placed inside every 
tetrahedron that has all altitudes of length greater than or equal to 1. 

14. (YUG 5) im04 A soldier has to investigate whether there are mines in an area 
that has the form of an equilateral triangle. The radius of his detector is equal to 
one-half of an altitude of the triangle. The soldier starts from one vertex of the 
triangle. Determine the shortest path that the soldier has to traverse in order to 
check the whole region. 

15. (CUB 1) Prove that for all n e N the following is true: 

16. (CUB 2) Givena,0 e M, m e N, and P(x) = x 2m — 2|a|' n x m cos0+a 2m , factorize 
P(x) as a product of m real quadratic polynomials. 

17. (POU l)™ 05 Let & be a nonempty set of functions / : R — > M of the form 
f(x) = ax + b, where a and b are real numbers and a / 0. Suppose that & 
satisfies the following conditions: 

(1) If /, g e then g ° f G where (g o /) {x) = g[f(x)] . 

(2) If / e & and fix) = ax + b, then the inverse / -1 of / belongs to & 
(f~ l (x) = (x-b)/a). 

(3) None of the functions f(x) = x + c, for c f 0, belong to 
Prove that there exists xq € R such that f(xf) = xq for all / £ f? . 


3.16 IMO 1974 89 


3.16 The Sixteenth IMO 

Erfurt-Berlin, DR Germany, July 4-17, 1974 

3.16.1 Contest Problems 

First Day ( July 8) 

1. Alice, Betty, and Carol took the same series of examinations. There was one 
grade of A, one grade of B, and one grade of C for each examination, where 
A,B,C are different positive integers. The final test scores were 


Alice 

20 


Betty 

10 


Carol 

9 


If Betty placed first in the arithmetic examination, who placed second in the 
spelling examination? 

2. Let A ABC be a triangle. Prove that there exists a point D on the side AB such 
that CD is the geometric mean of AD and BD if and only if 


V sin A sin B < sin—. 


3. Prove that there does not exist a natural number n for which the number 



is divisible by 5. 

Second Day (July 9) 

4. Consider a partition of an 8 x 8 chessboard into p rectangles whose interiors are 
disjoint such that each rectangle contains an equal number of white and black 
cells. Assume that a\ < a 2 < • • • < a p , where a; denotes the number of white cells 
in the ith rectangle. Find the maximal p for which such a partition is possible and 
for that p determine all possible corresponding sequences a \ , aj, . . . , a p . 

5. If a, b, c, d are arbitrary positive real numbers, find all possible values of 


abed 



6. Let P(x) be a polynomial with integer coefficients. If n(P) is the number of 
(distinct) integers k such that P 2 (k) = 1, prove that n(P) — deg(P) < 2, where 
deg(P) denotes the degree of the polynomial P. 
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3.16.2 Longlisted Problems 

1. (BGR 1) (SL74-11). 

2. (BGR 2) Let {«„} be the Fibonacci sequence, i.e., uo = 0, u\ = 1, u n = u n -\ + 
u n _2 for n > 1 . Prove that there exist infinitely many prime numbers p that divide 


3. (BGR 3) Let ABCD be an arbitrary quadrilateral. Let squares ABB1A2, BCC\ B2, 
CDD1C2, DAA 1 D2 be constructed in the exterior of the quadrilateral. Further- 
more, let AA1PA2 and CC1QC2 be parallelograms. For any arbitrary point P in 
the interior of ABCD, parallelograms RASC and RPT Q are constructed. Prove 
that these two parallelograms have two vertices in common. 

4. (BGR 4) Let K a ,Kb,K c with centers O a ,Ob,O c be the excircles of a triangle 
ABC, touching the interiors of the sides BC.CA.AB at points T a ,Tf,, T c respec- 
tively. 

Prove that the lines O a T a ,ObTb,O c T c are concurrent in a point P for which PO a = 
POb = PO c = 2 R holds, where R denotes the circumradius of ABC. Also prove 
that the circumcenter O of ABC is the midpoint of the segment PJ, where J is 
the incenter of ABC. 

5. (BGR 5) A straight cone is given inside a rectangular parallelepiped B, with the 
apex at one of the vertices, say T, of the parallelepiped, and the base touching 
the three faces opposite to T. Its axis lies at the long diagonal through T. If V\ 
and V 2 are the volumes of the cone and the parallelepiped respectively, prove 


that 



6. (CUB 1) Prove that the product of two natural numbers with their sum cannot 
be the third power of a natural number. 

7. (CUB 2) Let p be a prime number and n a natural number. Prove that the product 



is a natural number that is not divisible by p. 

8. (CUB 3) (SL74-9). 

9. (CZS 1) Solve the following system of linear equations with unknown x \ , . . . ,x„ 
( n > 2) and parameters ci, . . . , c n : 


7.X \ —X2 

—X\ +2X2 -X 3 


c 1 ; 
C2\ 
C3; 


— X2 +2X3 


-X n -2 +2x n -l — X n = c n - 1 ; 
— x„-i +2x„ = c n . 
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10. (CZS 2) A regular octagon P is given whose incircle k has diameter 1. About k 
is circumscribed a regular 16-gon, which is also inscribed in P, cutting from P 
eight isosceles triangles. To the octagon P, three of these triangles are added so 
that exactly two of them are adjacent and no two of them are opposite to each 
other. Every 1 1-gon so obtained is said to be P' . 

Prove the following statement: Given a finite set M of points lying in P such that 
every two points of this set have a distance not exceeding 1 , one of the 1 l-gons 
P' contains all of M . 

1 1 . (CZS 3) Given a line p and a triangle A in the plane, construct an equilateral 
triangle one of whose vertices lies on the line p, while the other two halve the 
perimeter of A. 

12. (CZS 4) A circle K with radius r, a point D on K, and a convex angle with vertex 
S and rays a and b are given in the plane. Construct a parallelogram ABCD such 
that A and B lie on a and b respectively, SA + SB = r, and C lies on K. 

13. (FIN 1) Prove that 2 147 — 1 is divisible by 343. 

14. (FIN 2) Let n and k be natural numbers and a\ , 02 , • • • , a n positive real numbers 

satisfying a\ + <22 H 1- a„ = 1 . Prove that 

a[ k + cq k + ---+a- k >n k+l . 

15. (FIN 3) (SL74-10). 

16. (UNK 1) A pack of 2 n cards contains n different pairs of cards. Each pair con- 
sists of two identical cards, either of which is called the twin of the other. A 
game is played between two players A and B. A third person called the dealer 
shuffles the pack and deals the cards one by one face upward onto the table. One 
of the players, called the receiver, takes the card dealt, provided he does not have 
already its twin. If he does already have the twin, his opponent takes the dealt 
card and becomes the receiver. A is initially the receiver and takes the first card 
dealt. The player who first obtains a complete set of n different cards wins the 
game. What fraction of all possible arrangements of the pack lead to A winning? 
Prove the correctness of your answer. 

17. (UNK 2) Show that there exists a set S of 15 distinct circles on the surface of a 
sphere, all having the same radius and such that 5 touch exactly 5 others, 5 touch 
exactly 4 others, and 5 touch exactly 3 others. 

18. (UNK 3) (SL74-5). 

19. (UNK 4) (Alternative to UNK 2) Prove that there exists, for n > 4, a set S of 
3 n equal circles in space that can be partitioned into three subsets s$ , 54 , and S 3 , 
each containing n circles, such that each circle in s r touches exactly r circles in 
S. 

20. (NLD 1) For which natural numbers n do there exist n natural numbers a, (1 < 
i < n) such that X”=i a 7 2 = 1 ? 
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21 . (NLD 2) Let M be a nonempty subset of Z+ such that for every element x in M, 
the numbers Ax and [y/x\ also belong to M. Prove that M = Z + . 

22. (NLD 3) (SL74-8). 

23. (POL 1) (SL74-2). 

24. (POL 2) (SL74-7). 

25. (POL 3) Let / : R — > R be of the form f(x) = x + esinx, where 0 < |e| < 1. 
Define for any rgK, 

x„=fo..-of(x). 
n times 

Show that for every ieB there exists an integer k such that lim„^ooX„ = kn. 

26. (POL 4) Let g{k) be the number of partitions of a ^-element set M, i.e., the 
number of families {A \ .A 2 , . . . , As} of nonempty subsets of M such that A,- n 
Aj = 0 for i j and UjLi A,- = M. Prove that 

n n < g(2n) < (2 n) 2n for every n. 

27. (ROU 1) Let C\ and C2 be circles in the same plane, P\ and A arbitrary points 
on Ci and C2 respectively, and Q the midpoint of segment P\ P 2 . Find the locus 
of points Q as P\ and A go through all possible positions. 

Alternative version. Let Ci,C2,C3 be three circles in the same plane. Find the 
locus of the centroid of triangle P1P2F3 as P \ . A . and P3 go through all possible 
positions on Ci, C2, and C3 respectively. 

28. (ROU 2) Let M be a finite set and P = {Mi, M 2 , ■ ■ ■ ,M k } a partition of M (i.e., 
Uf =1 M ; = M, M t jk 0, Mi n Mj = 0 for all i,j G {1,2, . . ,,k}, i ± j). We define 
the following elementary operation on P: 

Choose i,j G {1,2, ... ,k}, such that i 7^ j and M,- has a elements and Mj 
has b elements such that a >b. Then take b elements from M, and place 
them into Mj , i.e., Mj becomes the union of itself unifies and a ^-element 
subset of Mi, while the same subset is subtracted from M,- (if a = b. Mi is 
thus removed from the partition). 

Let a finite set M be given. Prove that the property “for every partition P of M 
there exists a sequence P = Pi , A , • • • , P r such that A+ 1 is obtained from P, by an 
elementary operation and P r = {M}” is equivalent to “the number of elements 
of M is a power of 2.” 

29. (ROU 3) Let A, B,C,D be points in space. If for every point M on the segment 
AB the sum 

area(AMC)+area(CMD)+area(I)MB) 
is constant show that the points A,B,C,D lie in the same plane. 

30. (ROU 4) (SL74-6). 
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31. (ROU 5) Let y a = X" =1 xf, where a ^ 0, y > 0, x t > 0 are real numbers, and 
let A 7^ a be a real number. Prove that y K > Xf i xf if a(X — a) > 0, and y x < 
Xf =1 4 if a(X -a) < 0. 

32. (SWE 1) Let a\,a 2 ,...,a n be n real numbers such that 0 < a < a k < b for 
k= 1,2, ... ,n. If 


1 1 2 2 ’ 

mi=-(ai+a 2 -\ 1- a n ) and m 2 = -{cq + a 2 -\ ha; 


prove that m 2 < and find a necessary and sufficient condition for equal- 

ity. 

33. (SWE 2) Let a be a real number such that 0 < a < 1, and let n be a positive 
integer. Define the sequence ao,ai,a 2 ,...,a n recursively by 


a 0 = a; 


1 

atr+i =a k + -a 


2 

k 


for jfc = 0, 1 , . . . , n — 1. 


Prove that there exists a real number A, depending on a but independent of n, 
such that 

0 < n(A — a n ) < A 3 . 

34. (SWE 3) (SL74-3). 

35. (SWE 4) If p and q are distinct prime numbers, then there are integers xq and yo 
such that 1 = px{) + qy\). Determine the maximum value of b — a, where a and b 
are positive integers with the following property: If a < t < b, and t is an integer, 
then there are integers x and y with 0 < x < q — 1 and 0 < y < p — 1 such that 
t = px + qy. 

36. (SWE 5) Consider infinite diagrams 


D = 


n 20 «2i n 22 ... 
«10 «11 «12 ••• 


MQO «Q1 «02 ■ ■ ■ 


where all but a finite number of the integers rijj , i = 0, 1 , 2, . . . , j = 0, 1 , 2, . . . , are 
equal to 0. Three elements of a diagram are called adjacent if there are integers 
i and j with i > 0 and j > 0 such that the three elements are 

(i) nij, n L j + ] , Mj-j+ 2, or 

(ii) nij, «;+2j, or 

(iii) n i+2 j, n i+ ij+i, mj +2 . 

An elementary operation on a diagram is an operation by which three adjacent 
elements are changed into n- ; - in such a way that |«y — | = 1 . Two diagrams 

are called equivalent if one of them can be changed into the other by a finite 
sequence of elementary operations. How many inequivalent diagrams exist? 
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37. (USA 1) Let a, b, and c denote the three sides of a billiard table in the shape 
of an equilateral triangle. A ball is placed at the midpoint of side a and then 
propelled toward side b with direction defined by the angle 0. For what values 
of 0 will the ball strike the sides b,c,a in that order? 

38. (USA 2) Consider the binomial coefficients (£) = k ,("L k y (k 1, 2 — 
1). Determine all positive integers n for which (") , ( 2) ; ■ • • > („" 1) are all even 
numbers. 

39. (USA 3) Let n be a positive integer, n> 2, and consider the polynomial equation 

x" — x" -2 — x + 2 = 0. 

For each n, determine all complex numbers x that satisfy the equation and have 
modulus |x| = 1. 

40. (USA 4) (SL74-1). 

41. (USA 5) Through the circumcenter O of an arbitrary acute-angled triangle, 
chords A\A 2 ,B\B 2 , C1C2 are drawn parallel to the sides BC,CA,AB of the tri- 
angle respectively. If R is the radius of the circumcircle, prove that 

A 1 0 • OA 2 + B\0- OB 2 + Ci O • OC 2 — R~ ■ 

42. (USS1) (SL74-12). 

43. (USS 2) An (n 2 + n + 1) X (n 2 + n + 1) matrix of zeros and ones is given. If 
no four ones are vertices of a rectangle, prove that the number of ones does not 
exceed (« + l)(n 2 + n-|- 1). 

44. (USS 3) We are given n mass points of equal mass in space. We define a se- 
quence of points 0 \ , O 2 , 03 , . . . as follows: 0 \ is an arbitrary point (within the 
unit distance of at least one of the n points); O 2 is the center of gravity of all the 
n given points that are inside the unit sphere centered at 0 \ ; O3 is the center of 
gravity of all of the n given points that are inside the unit sphere centered at O2; 
etc. Prove that starting from some m, all points O m , O m+ \ . O m+ 2, . . . coincide. 

45. (USS 4) (SL74-4). 

46. (USS 5) Outside an arbitrary triangle ABC, triangles ADB and BCE are con- 
structed such that ZADB = ZBEC = 90° and Z DAB = ZEBC = 30°. On the 
segment AC the point F with AF = 3 FC is chosen. Prove that 

ZDFE = 90° and ZFDE = 30°. 

47. (YNM 1) Given two points A,B outside of a given plane P, find the positions of 
points M in the plane P for which the ratio ^ takes a minimum or maximum. 

48. (YNM 2) Let a be a number different from zero. For all integers n define S„ = 
a n + a~ n . Prove that if for some integer k both .S'/, and .S'/. + 1 are integers, then for 
each integer n the number S„ is an integer. 
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49. (YNM 3) Determine an equation of third degree with integral coefficients hav- 
ing roots sin , sin j|, and sin . 

50. (YUG 1) Let m and n be natural numbers with m>n. Prove that 

2(m - n) 2 (m 2 - n 2 + 1) > 2w 2 - + 1. 

5 1 . (YUG 2) There are n points on a flat piece of paper, any two of them at a distance 
of at least 2 from each other. An inattentive pupil spills ink on a part of the paper 
such that the total area of the damaged part equals 3/2. Prove that there exist two 
vectors of equal length less than 1 and with their sum having a given direction, 
such that after a translation by either of these two vectors no points of the given 
set remain in the damaged area. 

52. (YUG 3) A fox stands in the center of the field which has the form of an equilat- 
eral triangle, and a rabbit stands at one of its vertices. The fox can move through 
the whole field, while the rabbit can move only along the border of the field. The 
maximal speeds of the fox and rabbit are equal to u and v, respectively. Prove 
that: 

(a) If 2 u > v, the fox can catch the rabbit, no matter how the rabbit moves. 

(b) If 2 m < v, the rabbit can always run away from the fox. 

3.16.3 Shortlisted Problems 

1 . 1 1 (USA 4)™°! Alice, Betty, and Carol took the same series of examinations. 
There was one grade of A, one grade of B, and one grade of C for each examina- 
tion, where A,B,C are different positive integers. The final test scores were 

Alice Betty Carol 

20 10 9 

If Betty placed first in the arithmetic examination, who placed second in the 
spelling examination? 

2. I2(POLl) Prove that the squares with sides 1/1, 1/2, 1/3, .. . may be put into 
the square with side 3/2 in such a way that no two of them have any interior 
point in common. 

3.13 (SWE 3) IM06 Let P(x) be a polynomial with integer coefficients. If n{P) is 
the number of (distinct) integers k such that P 2 (k) = 1, prove that 

«(P)-deg(P)<2, 

where deg(P) denotes the degree of the polynomial P. 

4. 1 4 (USS 4) The sum of the squares of five real numbers ai,a2-«3,«4-«5 equals 
1. Prove that the least of the numbers (a, — a/) 2 , where i,j = 1,2, 3, 4, 5 and i 7^ j, 
does not exceed 1/10. 
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5. I 5 (UNK 3) Let A r ,B r ,C r be points on the circumference of a given circle S. 
From the triangle A r B r C r , called A r , the triangle A r+ | is obtained by construct- 
ing the points A r+ \ , B r+ \ , C r+ 1 on S such that A r+ \A r is parallel to B r C r , B r \ B r 
is parallel to C r A r , and C r+ iC r is parallel to A r B r . Each angle of Ai is an integer 
number of degrees and those integers are not multiples of 45. Prove that at least 
two of the triangles Ai , A 2 , . . . , A 15 are congruent. 

6.16 (ROU 4 ) im03 Does there exist a natural number n for which the number 



is divisible by 5? 

7. II 1 (POL 2) Let a,-, b t be coprime positive integers for i = 1 .2, ... A, and m the 
least common multiple ofbi,...,bk- Prove that the greatest common divisor of 

equals the greatest common divisor of a \ , . . . , a*. 

8 . II 2 (NLD 3) imo5 If a, b, c, d are arbitrary positive real numbers, find all possible 
values of 

a b c d 

S= 1 1 1 . 

a+b+d a+b+c b+c+d a+c+d 

9. II 3 (CUB 3) Letx,y,z be real numbers each of whose absolute value is different 
from 1 / 73 such that x + y + z = xyz. Prove that 

3x-x 3 3y — y 3 3z-7 3x-7 3y-y 3 3z-7 
1 - 3x 2 + 1 - 3y 2 + 1 - 3z 2 “ 1 - 3x 2 ' 1 - 3y 2 ' 1 - 3z 2 ' 

10. II 4 (FIN 3) mo2 Let AABC be a triangle. Prove that there exists a point D on 
the side AB such that CD is the geometric mean of AD and BD if and only if 
V sin A sin B < sin j . 

11. II 5 (BGR 1 ) IM ° 4 Consider a partition of an 8 x 8 chessboard into p rectangles 
whose interiors are disjoint such that each of them has an equal number of white 
and black cells. Assume that a\ < <22 < • • • < a p , where a; denotes the number 
of white cells in the ith rectangle. Find the maximal p for which such a parti- 
tion is possible and for that p determine all possible corresponding sequences 

a\ ,«2) • ■ ■ , Up. 

12. II 6 (USS 1) In a certain language words are formed using an alphabet of three 
letters. Some words of two or more letters are not allowed, and any two such dis- 
tinct words are of different lengths. Prove that one can form a word of arbitrary 
length that does not contain any nonallowed word. 


3.17 The Seventeenth IMO 
Burgas-Sofia, Bulgaria, 1975 

3.17.1 Contest Problems 
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First Day (July 7) 

1 . Let x\ > X2 > • • • > x n and y i > 72 > • • • > y n be two n-tuples of numbers. Prove 
that 

< 'L(xi-zi) 2 

i=\ i= 1 

is true when zi,Z2,---,z n denote yi,y2, ■■ ■ ,y n taken in another order. 

2. Let 01,02,03 , ... be any infinite increasing sequence of positive integers. (For 
every integer i > 0, a l+ \ > a,-.) Prove that there are infinitely many m for which 
positive integers x,y, h,k can be found such that 0 < h < k < m and a m = xat, + 
yak- 
's. On the sides of an arbitrary triangle ABC , triangles BPC, CQA, and ARB are 

externally erected such that 
/PBC=/CAQ = 45°, 

IBCP = IQCA = 30°, 

IABR = /.BAR =15°. 

Prove that /QRP = 90° and QR = RP. 

Second Day ( July 8) 

4. Let A be the sum of the digits of the number 4444 4444 and B the sum of the digits 
of the number A. Find the sum of the digits of the number B. 

5. Is it possible to plot 1975 points on a circle with radius 1 so that the distance 
between any two of them is a rational number (distances have to be measured by 
chords)? 

6. The function f(x,y ) is a homogeneous polynomial of the nth degree in x and y. 
If/(1,0) = 1 and for all a, b, c, 

f(a + b,c) + f(b + c,a) + f(c + a,b) = 0, 

prove that f(x,y) = (x— 2y)(x+y) n ~ l . 


3.17.2 Shortlisted Problems 

1. (FRA) There are six ports on a lake. Is it possible to organize a series of routes 
satisfying the following conditions: 

(i) Every route includes exactly three ports; 

(ii) No two routes contain the same three ports; 
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(iii) The series offers exactly two routes to each tourist who desires to visit two 
different arbitrary ports? 

2. (CZS) IM01 Let xi > X 2 > • • • > x„ and yi > yi > • • • > y„ be two n-tuples of 
numbers. Prove that 

lixi-yd 2 < 'L(xi-Zi) 2 

i=i i=t 

is true when zi,Z 2 ,---,Zn denote yi,y 2 ,...,y n taken in another order. 

3. (USA) Find the integer represented by [x^i n -2 / 3 j . Here [x] denotes the great- 
est integer less than or equal to x (e.g. [V5] = 1). 

4. (SWE) Let a\ , « 2 , • • • , a n , • • • be a sequence of real numbers such that 0 < a n < 1 

and a n — 2a n+ i + a n+ 2 > 0 for n = 1,2,3, Prove that 

0< (n+l)(a„ — a n+ {) <2 forn= 1,2,3, 

5. (SWE) Let M be the set of all positive integers that do not contain the digit 9 
(base 10). If x \ , . . . ,x n are arbitrary but distinct elements in M, prove that 



6. (USS) IM04 Let A be the sum of the digits of the number 16 16 and B the sum of 
the digits of the number A. Find the sum of the digits of the number B without 
calculating 16 16 . 

7. (GDR) Prove that from x + y = 1 (x,y 6 R) it follows that 

x m+1 f ( m + ^ yj + y n+x £ ( W | ^ = 1 (m,n = 0,1,2,...). 

8. (NLD ) imo3 On the sides of an arbitrary triangle ABC, triangles BPC, CQA, and 
ARB are externally erected such that 

ZPfiC = ICAQ = 45°, 

IBCP = IQCA = 30°, 

IABR = IBAR =15°. 

Prove that X.QRP = 90° and QR = RP. 

9. (NLD) Let f(x ) be a continuous function defined on the closed interval 0 < x < 
1 . Let G(f ) denote the graph of f(x) : G(f ) = {(x,y) G M 2 | 0 < x < 1 , y = f(x)}. 
Let G a (f ) denote the graph of the translated function f(x — a) (translated over 
a distance a), defined by G a (f ) = {(x.y) 6l 2 \a<x<a+\,y = f(x — a)}. 
Is it possible to find for every a, 0 <a< 1, a continuous function f(x), defined 
on 0 < x < 1, such that /( 0) = /(l) = 0 and G(f) and G a (/) are disjoint point 
sets? 
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10. (UNK) IM ° 6 The function f(x,y) is a homogeneous polynomial of the nth degree 
in x and y. If /(1 , 0) = 1 and for all a, b, c, 

f(a + b,c) + f(b + c,a) +f(c + a,b ) = 0, 
prove that f(x,y) = (x—2y)(x+y) n ~ 1 . 

11. (UNK) IM ° 2 Let 01,02,03, .. . be any infinite increasing sequence of positive in- 
tegers. (For every integer i > 0, o, + i > a,-.) Prove that there are infinitely many 
m for which positive integers x,y, h,k can be found such that 0 < h <k <m and 
a m =xa h +ya k . 

12. (HEL) Consider on the first quadrant of the trigonometric circle the arcs AM\ = 
xi,AM 2 = x 2 ,AM 3 = *3, . . . ,AM V =x v , such that jci <x 2 <x 2 < ■■■ <x v . Prove 
that 

v— 1 v— 1 n V— 1 

X sin2x < X sin(x,-x i+ i) < -+ X sin(*i+jtj + i). 

i=0 i=0 z i=0 

13. (ROU) Let Aq,A i, ... ,A„ be points in a plane such that 

(i) A 0 A 1 < \A\A 2 < < A n -iA n and 

(ii) 0 < IA 0 AiA 2 < IA\A 2 A 2 < < ZA„_ 2 A n _iA„ < 180°, 

where all these angles have the same orientation. Prove that the segments 
A k A k+ \,A rn A m+ \ do not intersect for each k and m such that 0 < k < m — 2 < 
n — 2. 

14. (YUG) Let xo = 5 and x n+ \ =x n + j- (n = 0, 1 , 2, . . . ). Prove that 45 < xiooo < 
45.1. 

15. (USS) IM05 Is it possible to plot 1975 points on a circle with radius 1 so that the 
distance between any two of them is a rational number (distances have to be 
measured by chords)? 


100 3 Problems 


3.18 The Eighteenth IMO 
Vienna-Lienz, Austria, 1976 

3.18.1 Contest Problems 

First Day (July 12) 

1 . In a convex quadrangle with area 32 cm 2 , the sum of the lengths of two nonadja- 
cent edges and of the length of one diagonal is equal to 16 cm. What is the length 
of the other diagonal? 

2. Let Pi (x) = x 2 — 2, Pj(x) = Pi (Pj-i(x)), j = 2,3,... . Show that for arbitrary n, 
the roots of the equation P n (x) = x are real and different from one another. 

3. A rectangular box can be filled completely with unit cubes. If one places the 
maximal number of cubes with volume 2 in the box such that their edges are 
parallel to the edges of the box, one can fill exactly 40% of the box. Determine 
all possible (interior) sizes of the box. 

Second Day (July 13) 

4. Find the largest number obtainable as the product of positive integers whose sum 
is 1976. 

5. Let a set of p equations be given, 

aii*i H \-aiqX q = 0, 

021*1 H \-Cl2qXq = 0, 

CLplX H \-a pq Xq = 0, 

with coefficients ay satisfying ay = —1, 0, or +1 for all i = I ,p and j = 

\ . . . . ,q. Prove that if q = 2 p, there exists a solution x\, . . . ,x q of this system 
such that all xj (j = 1, . . . ,q) are integers satisfying |jcy | < q and xj ^ 0 for at 
least one value of j. 

6. For all positive integral n, u n+ \ = m„(m 2 _ 1 — 2) — ui, wo = 2, and ui = 2\. Prove 
that 

31og 2 [u n ] = 2 n — (—1)", 
where [x] is the integral part of x. 

3.18.2 Longlisted Problems 

1. (BGR1) (SL76-1). 

2. (BGR 2) Let P be a set of n points and S a set of l segments. It is known that: 

(i) No four points of P are coplanar. 

(ii) Any segment from S has its endpoints at P. 
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(iii) There is a point, say g, in P that is the endpoint of a maximal number of 
segments from S and that is not a vertex of a tetrahedron having all its edges 
in S. 

Prove that l <\- 

3. (BGR 3) (SL76-2). 

4. (BGR 4) Find all pairs of natural numbers ( m,n ) for which 2 m • 3” + 1 is the 
square of some integer. 

5. (BGR 5) Let ABCDS be a pyramid with four faces and with ABCD as a base, 
and let a plane a through the vertex A meet its edges SB and SD at points M and 
N, respectively. Prove that if the intersection of the plane a with the pyramid 
ABCDS is a parallelogram, then 

SM ■ SN > BM ■ DN. 

6. (CZS 1) For each point X of a given polytope, denote by f(X) the sum of the 
distances of the point X from all the planes of the faces of the polytope. 

Prove that if / attains its maximum at an interior point of the polytope, then / is 
constant. 

7. (CZS 2) Let P be a fixed point and T a given triangle that contains the point P. 
Translate the triangle T by a given vector v and denote by T' this new triangle. 
Let r, R, respectively, be the radii of the smallest disks centered at P that contain 
the triangles T,T', respectively. 

Prove that 

r+ |v| < 3 R 

and find an example to show that equality can occur. 

8. (CZS 3) (SL76-3). 

9. (CZS 4) Find all (real) solutions of the system 


3 xi — X2 — X3 

-X 5 

= 0, 

— XI + 3 X 2 — M 

-x 6 

= 0. 

— X\ + 3 X 3 - M 

— X 7 

= 0. 

— X2 — X3 + 3X4 


- X g = 0. 

-Xl 

+ 3X5 - X6 - X7 

= 0. 

~*2 

- X5 + 3 x 6 

- x 8 = 0. 


— *3 X5 + 3X7 — *8 = 0, 

—M ~ X6 ~ *7 + 3X8 = 0. 

10. (FIN 1) Show that the reciprocal of any number of the form 2 (m 2 +m + 1), 
where m is a positive integer, can be represented as a sum of consecutive terms 
in the sequence (a/)J =1 , 

1 

aj ~jU+W+2Y 
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11. (FIN 2) (SL76-9). 

12. (FIN 3) Five points lie on the surface of a ball of unit radius. Find the maximum 
of the smallest distance between any two of them. 

13. (UNKla) (SL76-4). 

14. (UNK lb) A sequence {m„} of integers is defined by 

Ml =2, M2 = M3 = 7, 
u n+ 1 = m„m„_i — M„_ 2, for n> 3. 

Prove that for each n > 1 ,u„ differs by 2 from an integral square. 

15. (UNK 2) Let ABC and A'B'C' be any two coplanar triangles. Let L be a point 
such that AL\\BC, A'L\\B'C', and M.N s imil arly defined. The line BC meets B'C' 
at P, and similarly defined are Q and R. Prove that PL, QM, RN are concurrent. 

16. (UNK 3) Prove that there is a positive integer n such that the decimal repre- 
sentation of 7” contains a block of at least m consecutive zeros, where m is any 
given positive integer. 

17. (UNK 4) Show that there exists a convex polyhedron with all its vertices on 
the surface of a sphere and with all its faces congruent isosceles triangles whose 
ratio of sides are y/3 : %/3 : 2. 

18. (GDR 1) Prove that the number 19 1976 + 76 1976 : 

(a) is divisible by the (Fermat) prime number F 4 = 2 2 +1; 

(b) is divisible by at least four distinct primes other than F 4 . 

19. (GDR 2) For a positive integer n, let 6 l - n> be the natural number whose decimal 
representation consists of n digits 6. Let us define, for all natural numbers m,k 
with 1 < k < m, 

[ml 

[k\~ 60 ). 6 ( 2 )--- 6 (*) 

Prove that for all m,k, ^”J is a natural number whose decimal representation 
consists of exactly k(m + k — 1 ) — 1 digits. 

20. (GDR 3) Let ( a n ), n = 0, 1 , . . ., be a sequence of real numbers such that ciq = 0 
and 

a n+i = 2 °« — lj » = 0,1,.... 

Prove that there exists a positive number q,q< 1, such that for all n = 1,2,..., 
K+i-«n| < q\a n -a n -i\, 
and give one such q explicitly. 

21. (GDR 4) Find the largest positive real number p (if it exists) such that the 
inequality 


3.18 IMO 1976 


103 


xf + X 2 ~\ \~X% > p(X[X 2 +X 2 X3 H \-X n -iX n ) 


(1) 


is satisfied for all real numbers Xj, and (a) n = 2; (b) n = 5. 

Find the largest positive real number p (if it exists) such that the inequality (1) 
holds for all real numbers x,- and all natural numbers n,n> 2. 

22. (GDR 5) A regular pentagon A 1A2A3A4A5 with side length s is given. At each 
point A,- a sphere K t of radius s/2 is constructed. There are two spheres K\ and 
K 2 eah of radius s/2 touching all the five spheres A). Decide whether K\ and 
K 2 intersect each other, touch each other, or have no common points. 

23. (NLD 1) Prove that in a Euclidean plane there are infinitely many concentric 
circles C such that all triangles inscribed in C have at least one irrational side. 

24. (NLD 2) Let 0 < xi < x 2 < • • • < x„ < 1 . Prove that for all A > 1 there exists an 
interval I of length 2 \[A such that for all xGl, 


\(x-xi)(x-x 2 )---(x-x„)\<A. 


25. (NLD 3) (SL76-5). 

26. (NLD 4) (SL76-6). 

27. (NLD 5) In a plane three points P,Q,R, not on a line, are given. Let k. l,m be 
positive numbers. Construct a triangle ABC whose sides pass through P, Q, and 
R such that 

P divides the segment AB in the ratio 1 : k, 

Q divides the segment BC in the ratio 1 : l, and 
R divides the segment CA in the ratio 1 : m. 

28. (POL la) Let Q be a unit square in the plane: Q = [0, 1] x [0, 1], Let T : > Q 

be defined as follows: 



Show that for every disk D c Q there exists an integer n > 0 such that T n (D) n 
D^0. 

29. (POL lb) (SL76-7). 

30. (POL 2) Prove that if P(x) = (x — a) k Q(x), where k is a positive integer, a is a 
nonzero real number, Q(x ) is a nonzero polynomial, then P(x) has at least k + 1 
nonzero coefficients. 

3 1 . (POL 3) Into every lateral face of a quadrangular pyramid a circle is inscribed. 
The circles inscribed into adjacent faces are tangent (have one point in common). 
Prove that the points of contact of the circles with the base of the pyramid lie on 
a circle. 

32. (POL 4) We consider the infinite chessboard covering the whole plane. In every 
field of the chessboard there is a nonnegative real number. Every number is the 
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arithmetic mean of the numbers in the four adjacent fields of the chessboard. 
Prove that the numbers occurring in the fields of the chessboard are all equal. 

33. (SWE 1) A finite set of points P in the plane has the following property: Every 
line through two points in P contains at least one more point belonging to P. 
Prove that all points in P lie on a straight line. 

34. (SWE 2) Let {a n } q and {b n } q be two sequences determined by the recursion 
formulas 

a n + 1 =a n + b n , 

b n+ i =3a n + b n , n — 0,1,2,..., 

and the initial values ao = bo = 1 . Prove that there exists a uniquely determined 
constant c such that n\ca„ — b n \ < 2 for all nonnegative integers n. 

35. (SWE 3) (SL76-8). 

36. (USA 1) Three concentric circles with common center O are cut by a common 
chord in successive points A,B,C. Tangents drawn to the circles at the points 
A,B,C enclose a triangular region. If the distance from point O to the common 
chord is equal to p, prove that the area of the region enclosed by the tangents is 
equal to 

ABBCCA 
2 P 

37. (USA 2) From a square board 1 1 squares long and 1 1 squares wide, the central 
square is removed. Prove that the remaining 120 squares cannot be covered by 
15 strips each 8 units long and one unit wide. 

38. (USA 3) Let x = %/a + Vb, where a and b are natural numbers, x is not an 
integer, and x < 1976. Prove that the fractional part of x exceeds 10 -19 76 . 

39. (USA 4) In A ABC, the inscribed circle is tangent to side BC at X. Segment AX 
is drawn. Prove that the line joining the midpoint of segment AX to the midpoint 
of side BC passes through the center I of the inscribed circle. 

40. (USA 5) Let g(x) be a fixed polynomial and define f(x) by f(x) = x 2 + xg(x ?> ). 
Show that f(x) is not divisible by x 2 — x + 1. 

41. (USA 6) (SL76-10). 

42. (USS 1) For a point O inside a triangle ABC, denote by A\ , B\ , C\ the respective 
intersection points of AO, BO, CO with the corresponding sides. Let n\ = 

«2 = ” 3 = TAq- What possible values of «i ,« 2 - A 3 can all be positive inte- 

gers? 

43 . (USS 2) Prove that if for a polynomial P(x, y) we have P{x — 1 ,y — 2x + 1) = 
P{x,y), then there exists apolynomial with P(x.y) - 0(y — x 2 ). 

44. (USS 3) A circle of radius 1 rolls around a circle of radius y/2. Initially, the 
tangent point is colored red. Afterwards, the red points map from one circle to 
another by contact. How many red points will be on the bigger circle when the 
center of the smaller one has made n circuits around the bigger one? 
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45. (USS 4) We are given n{n> 5) circles in a plane. Suppose that every three of 
them have a common point. Prove that all n circles have a common point. 

46. (USS 5) For a > 0, b > 0, c > 0, d > 0, prove the inequality 

a 4 + b 4 + c 4 + d 4 + 2 abed, >a 2 b 2 + a 2 c 2 + a 2 d 2 + b 2 c 2 + b 2 d 2 + c 2 d 2 . 


47. (YNM 1) (SL76-11). 

48. (YNM 2) (SL76-12). 

49. (VNM 3) Determine whether there exist 1976 nonsimilar triangles with angles 
a, /3 , y, each of them satisfying the relations 


sina + sinj3 + siny 12 
cos a + cos /3 + cosy 7 


sin a sin /3 sin y = 


12 

25' 


50. (VNM 4) Find a function f(x) defined for all real values of x such that for all x, 
f{x + 2) - f(x) = x 2 + 2x + 4, and if x G [0, 2), then f(x) = x 2 . 

51. (YUG 1) Four swallows are catching a fly. At first, the swallows are at the four 
vertices of a tetrahedron, and the fly is in its interior. Their maximal speeds are 
equal. Prove that the swallows can catch the fly. 


3.18.3 Shortlisted Problems 

1. (BGR 1) Let ABC be a triangle with bisectors AA | .BB\,CC\ (Ai e BC, etc.) 
and M their common point. Consider the triangles MB\A , MC\A, MC\B, MA\B, 
MA\C , MB\C. and their inscribed circles. Prove that if four of these six inscribed 
circles have equal radii, then AB = BC = CA. 

2. (BGR 3) Let ao,a\, . . . ,a n M n +\ be a sequence of real numbers satisfying the 
following conditions: 


ao = a n + i = 0 , 

\a k -\ -2a k + a k+ i\ < 1 (k= 

Prove that \a k \ < k ^ n+ ^~ k \ (& = 0, 1, . . . ,n+ 1). 

3. (CZS 3) imo1 in a convex quadrangle with area 32 cm 2 , the sum of the lengths of 
two nonadjacent edges and of the length of one diagonal is equal to 16 cm. 

(a) What is the length of the other diagonal? 

(b) What are the lengths of the edges of the quadrangle if the perimeter is a 
minimum? 

(c) Is it possible to choose the edges in such a way that the perimeter is a 
maximum? 

4. (UNK la) IM06 For all positive integral n, u n+ \ = u n (u 2 _ l — 2) — u\, uq = 2, and 

mi = 5/2. Prove that 3 log 2 [M„] = 2" — where [x] is the integral part of x. 
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5. (NLD 3) mo5 Let a set of p equations be given, 


an*H \-a lq x q =0, 

a 2 iXi+ -+a 2q x q = 0, 


a p \X\-\ \-a pq x q =0 , 


with coefficients ay satisfying ay = — 1, 0, or +1 for all i = 1, . . . ,p and j = 
1 , . . . ,< 7 - Prove that if q = 2p, there exists a solution x\. . . . ,x q of this system 
such that all xj (j ,q) are integers satisfying \xj\ <q and xj / 0 for at 

least one value of j. 

6. (NLD 4) im03 a rectangular box can be filled completely with unit cubes. If one 
places the maximal number of cubes with volume 2 in the box such that their 
edges are parallel to the edges of the box, one can fill exactly 40% of the box. 
Determine all possible (interior) sizes of the box. 

7. (POL lb) Let / = (0, 1] be the unit interval of the real line. For a given number 
a £ (0, 1) we define a map T : / — + / by the formula 



Show that for every interval J Cl there exists an integer n > 0 such that T n (J)Pi 
7 ^ 0 . 

8. (SWE 3) Let P be a polynomial with real coefficients such that P{x) > 0 if 
x > 0. Prove that there exist polynomials Q and R with nonnegative coefficients 



9. (FIN 2) [M02 Let Pi (x) = x 2 - 2, Pj (x) = P\ (Pj- { (x)), j = 2.3.. . . . Show that for 
arbitrary n the roots of the equation P„(x) = x are real and different from one 
another. 

10. (USA 6) imo4 Find the largest number obtainable as the product of positive inte- 
gers whose sum is 1976. 

1 1 . (YNM 1 ) Prove that there exist infinitely many positive integers n such that the 
decimal representation of 5” contains a block of 1976 consecutive zeros. 

12. (YNM 2) The polynomial 1976(x + ar 2 H Vx n ) is decomposed into a sum 

of polynomials of the form aix + a 2 x? J + . . . +a„xP, where 01 , 02 , •• • ,«« are dis- 
tinct positive integers not greater than n. Find all values of n for which such a 
decomposition is possible. 
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Belgrade-Arandjelovac, Yugoslavia, July 1-13, 1977 

3.19.1 Contest Problems 
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First Day (July 6) 

1. Equilateral triangles ABK, BCL, CDM, DAN are constructed inside the square 
ABCD. Prove that the midpoints of the four segments KL, LM, MN, NK and 
the midpoints of the eight segments AK, BK, BL, CL, CM, DM, DN, AN are the 
twelve vertices of a regular dodecagon. 

2. In a finite sequence of real numbers the sum of any seven successive terms is 
negative, and the sum of any eleven successive terms is positive. Determine the 
maximum number of terms in the sequence. 

3. Let n be a given integer greater than 2, and let V n be the set of integers 1 + kn, 
where k = 1,2, — A number m £ V n is called indecomposable in V n if there do 
not exist numbers p,q&V n such that pq = m. Prove that there exists a number 
rgV n that can be expressed as the product of elements indecomposable in V n in 
more than one way. (Expressions that differ only in order of the elements of V n 
will be considered the same.) 

Second Day (July 7) 

4. Let a, b,A,B be given constant real numbers and 

f(x) = 1 — acosx— fcsinx — Acos2x — Rsin2x. 

Prove that if f(x) > 0 for all real x, then 

a 2 + b 2 < 2 and A 2 +B 2 < 1. 

5. Let a and b be natural numbers and let q and r be the quotient and remainder 
respectively when a 2 + b 2 is divided by a + b. Determine the numbers a and b if 
q 2 + r= 1977. 

6. Let / : N — > N be a function that satisfies the inequality f(n + 1) > /(/(«)) for 
all n e N. Prove that f(n) = n for all natural numbers n. 


3.19.2 Longlisted Problems 

1. (BGR 1) A pentagon ABCDE inscribed in a circle for which BC < CD and 
AB < DE is the base of a pyramid with vertex S. If AS is the longest edge starting 
from S, prove that BS > CS. 

2. (BGR 2) (SL77-1). 
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3. (BGR 3) In a company of n persons, each person has no more than d acquain- 
tances, and in that company there exists a group of k persons, k> d, who are 
not acquainted with each other. Prove that the number of acquainted pairs is not 
greater than [n 2 / 4], 

4. (BGR 4) We are given n points in space. Some pairs of these points are con- 
nected by line segments so that the number of segments equals [n 1 / 4], and a 
connected triangle exists. Prove that any point from which the maximal number 
of segments starts is a vertex of a connected triangle. 

5. (CZS 1) (SL77-2). 

6. (CZS 2) Let x\,X 2 , ■ ■ ■ ,x n (n > 1) be real numbers such that 0 < Xj < n, j = 
1,2, ... ,n. Prove that if Y!)=\ (cosxj + 1 ) is an odd integer, then £" =1 sin xj > 1. 

7. (CZS 3) Prove the following assertion: If a , C 2 , . . . , c n (n > 2) are real numbers 
such that 

(n- 1)(c 2 + c3H be 2 ) = (ci + c 2 4 bc„) 2 , 

then either all these numbers are nonnegative or all these numbers are nonposi- 
tive. 

8. (CZS 4) A hexahedron ABCDE is made of two regular congruent tetrahedra 
ABCD and ABCE. Prove that there exists only one isometry S' that maps points 
A, B, C, D, E onto B, C, A, E, D, respectively. Find all points X on the surface of 
hexahedron whose distance from S' (X ) is minimal. 

9. (CZS 5) Let ABCD be a regular tetrahedron and S' an isometry mapping A, B, 
C, D into B, C, D, A, respectively. Find the set ./M of all points X of the face 
ABC whose distance from S(X) is equal to a given number t. Find necessary 
and sufficient conditions for the set ./M to be nonempty. 

10. (FRG 1) (SL77-3). 

11. (FRG 2) Let n and z be integers greater than 1 and (n,z) = 1. Prove: 

(a) At least one of the numbers Zi = 1 + z + z 2 -i b z‘, i — 0 , 1,.. . ,n — 1, is 

divisible by n. 

(b) If (z— l,n) = 1, then at least one of the numbers Zi, i — 0, 1,.. . ,n — 2, is 
divisible by n. 

12. (FRG 3) Let z be an integer > 1 and let M be the set of all numbers of the form 

zie = 1 +z~\ \-z k , k = 0, 1, • • • ■ Determine the set T of divisors of at least one 

of the numbers Zk from M. 

13. (FRG 4) (SL77-4). 

14. (FRG 5) (SL77-5). 

15. (GDR 1) Let n be an integer greater than 1. In the Cartesian coordinate system 
we consider all squares with integer vertices ( x,y ) such that 1 < x.y < n. Denote 
by p k (k = 0,l,2,... )the number of pairs of points that are vertices of exactly k 
such squares. Prove that ^k(k — 1 )Pk — 0. 
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16. (GDR 2) (SL77-6). 

17. (GDR 3) A ball K of radius r is touched from the outside by mutually equal 
balls of radius R. Two of these balls are tangent to each other. Moreover, for two 
balls K\ and Ki_ tangent to K and tangent to each other there exist two other balls 
tangent to K\ , K 2 and also to K. How many balls are tangent to K1 For a given r 
determine R. 

18. (GDR 4) Given an isosceles triangle ABC with a right angle at C, construct the 
center M and radius r of a circle cutting on segments AB, BC, CA the segments 
DE, FG, and HK, respectively, such that ZDME + ZFMG + ZHMK = 180° 
and DE : FG : HK = AB : BC : CA. 

19. (UNK 1) Given any integer m> 1 prove that there exist infinitely many positive 
integers n such that the last m digits of 5” are a sequence a m ,a m ~ 1 , . ..,a 1 =5 
(0 < dj < 10) in which each digit except the last is of opposite parity to its 
successor (i.e., if a,- is even, then a*_ 1 is odd, and if a,- is odd, then a,_i is even). 

20. (UNK 2) (SL77-7). 

21. (UNK3) Given thatxi +X2+X3 =yi +y2+y3 =^iyi +JC2y2+^3y3 = 0, prove 
that 

A , yj _ 2 

xj+xj+xj yj+yj+yi 3' 

22. (UNK 4) (SL77-8). 

23. (HUN 1) (SL77-9). 

24. (HUN 2) Determine all real functions f(x) that are defined and continuous on 
the interval (—1,1) and that satisfy the functional equation 


f(x+y) 


f(x)+f(y) 

1 -mm 


(x,y,x+y€ (-1,1)). 


25. (HUN 3) Prove the identity 


( z + a )»= z " + fl ^ 
k= 1 


("\a-kb) k -\z + kb) n - k . 


26. (NLD 1) Let p be a prime number greater than 5. Let V be the collection of 
all positive integers n that can be written in the form n = kp + 1 or n = kp — 1 
(k = 1 , 2, . . . ). A number n £ V is called indecomposable in V if it is impossible 
to find k,l e V such that n = kl. Prove that there exists a number A € V that can 
be factorized into indecomposable factors in V in more than one way. 


27. (NLD 2) (SL77-10). 

28. (NLD 3) (SL77-11). 

29. (NLD 4) (SL77-12). 
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30. (NLD 5) A triangle ABC with ZA = 30° and ZC = 54° is given. On BC a 
point D is chosen such that Z CAD = 12°. On AB a point E is chosen such that 
Z ACE = 6° . Let S be the point of intersection of AD and CE . Prove that BS = BC. 

31. (POL 1) Let / be a function defined on the set of pairs of nonzero rational 
numbers whose values are positive real numbers. Suppose that / satisfies the 
following conditions: 

(1) f(ab,c)=f(a,c)f(b,c),f{c,ab)=f(c,a)f(c,b); 

(2) f(a, 1 — a) = 1. 

Prove that /(a, a) = /(a,— a) = 1, f(a,b)f(b,a) = 1. 

32. (POL 2) In a room there are nine men. Among every three of them there are 
two mutually acquainted. Prove that some four of them are mutually acquainted. 

33. (POL 3) A circle K centered at (0,0) is given. Prove that for every vector 
(a 1 , 02 ) there is a positive integer n such that the circle K translated by the vec- 
tor n{a\,ai) contains a lattice point (i.e., a point both of whose coordinates are 
integers). 

34. (POL 4) (SL77-13). 

35. (ROU 1) Find all numbers N = a\a 2 -..a n for which 9 x «i «2 ■ ■ = «„ . . . aoai 

such that at most one of the digits a \ , 02 , • • • , a n is zero. 

36. (ROU 2) Consider a sequence of numbers (cq , a 2 , ■ ■ ■ , « 2 " ) • Define the operation 

S((ai,Cl 2 ,- ■ ■ ,0-2")) = {cHd2,a2d3, ■ ■ . ,a2 n -l«2 n ,02"«l)- 

Prove that whatever the sequence (ai,« 2 ,- ■ ■ ,a 2 ") is, with a, G { — 1 , 1} for i = 
1 , 2, . . . , 2", after finitely many applications of the operation we get the sequence 
(1,1,. ..,1). 

37. (ROU 3) Let Ai,A 2 , . . . ,A n+ i be positive integers such that (A,,A n+ i) = 1 for 
every i = 1,2, . . . ,n. Show that the equation 

4'+x^+--+^=4;Y 

has an infinite set of solutions {x\ ,X 2 , ■ ■ ■ , x n+ 1 ) in positive integers. 

38. (ROU 4) Let ntj > 0 for / = 1, 2 , . . . , n and a\ <■■■ < a n < b\ < ■ ■ ■ < b n < c\ < 
■ ■ ■ < c„ be real numbers. Prove: 



2 ( » \ 

- n 

Y,mj(a j +bj+c j ) 

> 3 

X m j(ajbj + bjCj + Cjaj) 

Sm ' J 

V=i J 



39. (ROU 5) Consider 37 distinct points in space, all with integer coordinates. Prove 
that we may find among them three distinct points such that their barycenter has 
integer coordinates. 

40. (SWE 1) The numbers 1,2,3, ... ,64 are placed on a chessboard, one number 
in each square. Consider all squares on the chessboard of size 2x2. Prove that 
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there are at least three such squares for which the sum of the 4 numbers contained 
exceeds 100. 


41. (SWE 2) A wheel consists of a fixed 
On the disk the numbers 1,2,3, ... ,N 
a \ , ci 2 , . . . , on of sum 1 are marked (see 
the figure). The ring can be turned 
into N different positions in which the 
numbers on the disk and on the ring 
match each other. Multiply every num- 
ber on the ring with the corresponding 
number on the disk and form the sum 
of N products. In this way a sum is ob- 
tained for every position of the ring. 
Prove that the N sums are different. 

42. (SWE 3) The sequence a nk , k= 1,2,: 
following recurrence formula: 


circular disk and a mobile circular ring, 
are marked, and on the ring N integers 



', . . . ,2”, n = 0,1,2, . . ., is defined by the 


«i = 2, a nk = 2 a 3 n _ lk , a nk+2 „- 1 

for k= l,2,3,...,2 n -\ n = 0,l,2,... ■ 



Prove that the numbers a n ^ are all different. 

43. (FIN 1 ) Evaluate 

S=f j k(k+l)---(k + p), 

fc=l 

where n and p are positive integers. 

44. (FIN 2) Let £ be a finite set of points in space such that E is not contained in a 
plane and no three points of E are collinear. Show that E contains the vertices of 
a tetrahedron T = ABCD such that Tf)E = {A,B,C.D} (including interior points 
of T) and such that the projection of A onto the plane BCD is inside a triangle 
that is similar to the triangle BCD and whose sides have midpoints B,C.D. 

45. (FIN 2') (SL77-14). 

46. (FIN 3) Let / be a strictly increasing function defined on the set of real numbers. 
For x real and t positive, set 




f(x + t)-f(x) 
f(x)-f( x - t y 


Assume that the inequalities 


2~ 1 <g(x,t)<2 


hold for all positive t if x = 0, and for all t < \x\ otherwise. 
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Show that 

14 _1 < g(x,t) < 14 

for all real x and positive t. 

47. (USS 1) A square ABCD is given. A line passing through A intersects CD at Q. 
Draw a line parallel to AQ that intersects the boundary of the square at points M 
and N such that the area of the quadrilateral AMNQ is maximal. 

48. (USS 2) The intersection of a plane with a regular tetrahedron with edge a is a 
quadrilateral with perimeter P. Prove that 2a < P < 3 a. 

49. (USS 3) Find all pairs of integers (p,q) for which all roots of the trinomials 
x 2 + px + q and x 1 + qx + p are integers. 

50. (USS 4) Determine all positive integers n for which there exists a polynomial 
P n (x) of degree n with integer coefficients that is equal to n at n different integer 
points and that equals zero at zero. 

51. (USS 5) Several segments, which we shall call white, are given, and the sum of 
their lengths is 1. Several other segments, which we shall call black, are given, 
and the sum of their lengths is 1. Prove that every such system of segments can 
be distributed on the segment that is 1 .5 1 long in the following way: Segments of 
the same color are disjoint, and segments of different colors are either disjoint or 
one is inside the other. Prove that there exists a system that cannot be distributed 
in that way on the segment that is 1 .49 long. 

52. (USA 1) Two perpendicular chords are drawn through a given interior point P 
of a circle with radius R. Determine, with proof, the maximum and the minimum 
of the sum of the lengths of these two chords if the distance from P to the center 
of the circle is kR. 

53. (USA 2) Find all pairs of integers a and b for which 

la+l4b = 5a 2 + 5ab + 5b 2 . 

54. (USA 3) If 0 < a < b < c < d, prove that 

a b b c c d d a > b a c b d c o d . 

55. (USA 4) Through a point O on the diagonal BD of a parallelogram ABCD, 
segments MN parallel to AB, and PQ parallel to AD, are drawn, with M on AD, 
and Q on AB. Prove that diagonals AO, BP, DN (extended if necessary) will be 
concurrent. 

56. (USA 5) The four circumcircles of the four faces of a tetrahedron have equal 
radii. Prove that the four faces of the tetrahedron are congruent triangles. 

57. (YNM 1) (SL77-15). 

58. (YNM 2) Prove that for every triangle the following inequality holds: 

ab + bc + ca n 
> cot — , 

6 


45 
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where a, b, c are lengths of the sides and S is the area of the triangle. 

59. (VNM 3) (SL77-16). 

60. (YNM 4) Suppose xq.x\ . . . . ,x n are integers and xq > x\ > • • • > x„. Prove that 
at least one of the numbers |F(xo)|, |F(xi)|, \F(x 2 )\, . ■ . , \F(x„)\, where 

F(x) =x n + aix n ~ l +»**+a n , a,-eR, i 


is greater than 


3.19.3 Shortlisted Problems 

1 . (BGR 2) mo6 Let / : N — *• N be a function that satisfies the inequality f(n + 1 ) > 
/(/(«)) for all n £ N. Prove that /(n) = n for all natural numbers n. 

2. (CZS 1) A lattice point in the plane is a point both of whose coordinates are 
integers. Each lattice point has four neighboring points: upper, lower, left, and 
right. Let A: be a circle with radius r > 2, that does not pass through any lattice 
point. An interior boundary point is a lattice point lying inside the circle k that 
has a neighboring point lying outside k. Similarly, an exterior boundary point is 
a lattice point lying outside the circle k that has a neighboring point lying inside 
k. Prove that there are four more exterior boundary points than interior boundary 
points. 

3. (FRG 1) IM05 Let a and b be natural numbers and let q and r be the quotient and 
remainder respectively when a 2 + b 2 is divided by a + b. Determine the numbers 
a and b if q 2 + r = 1977. 

4. (FRG 4) Describe all closed bounded figures <t> in the plane any two points of 
which are connectable by a semicircle lying in O. 

5. (FRG 5) There are 2" words of length n over the alphabet {0, 1}. Prove that the 
following algorithm generates the sequence wo , wi , . . . , W 2»- 1 of all these words 
such that any two consecutive words differ in exactly one digit. 

(1) wo = 00 ... 0 (n zeros). 

(2) Suppose w m _ i = ci i ci 2 . . a,- e {0, 1}. Let e(m) be the exponent of 2 in 

the representation of n as a product of primes, and let j = 1 + e ( m ) . Replace 
the digit cij in the word w m _i by I aj. The obtained word is w m . 

6. (GDR 2) Let n be a positive integer. How many integer solutions ( i,j,k,l ), 
1 < Uj>k,l < n, does the following system of inequalities have: 

1 < -j + k + l < n 
1< i—k+l < n 
1< i — j + l <n 
1< t+j—k< ni 

7. (UNK 2) moA Let a,b,A,B be given constant real numbers and 
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f(x) = 1 — acos;t— fcsinx — Acos2x — 5sin2x. 

Prove that if /( x) > 0 for all real x, then 

a 2 + b 2 <2 and A 2 +B 2 < 1. 

8. (UNK 4) Let S be a convex quadrilateral ABCD and O a point inside it. The 
feet of the perpendiculars from O to AS, BC, CD, DA are A\, B\, C\, D\ respec- 
tively. The feet of the perpendiculars from O to the sides of Si, the quadrilateral 
AiBiQDi, are A l+ \Bi + \Ci + \D i+ \, where i = 1 .2.3. Prove that S 4 is similar to S. 

9. (HUN 1) For which positive integers n do there exist two polynomials / and 
g with integer coefficients of n variables x\ ,xi, ■■■ ,x n such that the following 
equality is satisfied: 


j /(•* 1,*2, • • • ,Xn) = g(xf,4, . . . ,4)1 

10. (NLD I )™ 03 Let n be an integer greater than 2. Define V = {l +kn \ k = 
1,2, ... }. A number p £ V is called indecomposable in V if it is not possible 
to find numbers <?i,</ 2 € V such that q\q 2 = p. Prove that there exists a number 
N € V that can be factorized into indecomposable factors in V in more than one 
way. 

11. (NLD 3 ) Let n be an integer greater than 1. Define 


, X i+yi ] 

n 1 

for i = 1,2. 

xi=n,yi = l, x i+ i= — — 

i ;1W= 

L 2 J 




where [z] denotes the largest integer less than or equal to z. Prove that 
min{xi,x 2 , . . .x n j = [s/n\. 

12. (NLD 4) m01 On the sides of a square ABCD one constructs inwardly equilateral 
triangles ABK, BCL, CDM, DAN. Prove that the midpoints of the four segments 
KL, LM, MN, NK, together with the midpoints of the eight segments AK, BK, 
BL, CL, CM, DM, DN, AN, are the 12 vertices of a regular dodecagon. 

13. (POL 4) Let B be a set of k sequences each having n terms equal to 1 or — 1. 
The product of two such sequences (< 21 , 02 , - - - ,a«) and (b 1 , &2 ■ . . . ,b n ) is defined 
as (aibi,a 2 b 2 , ■ ■ ■ ,a„b„). Prove that there exists a sequence (ci,c 2 , . . . ,c n ) such 
that the intersection of B and the set containing all sequences from B multiplied 
by (ci,c 2 , . . . ,c„) contains at most k 2 /2 n sequences. 

14. (FIN 2 ’) Let £ be a finite set of points such that E is not contained in a plane 
and no three points of E are collinear. Show that at least one of the following 
alternatives holds: 

(i) E contains five points that are vertices of a convex pyramid having no other 
points in common with E\ 
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(ii) some plane contains exactly three points from E. 

15. (YNM 1) IM02 The length of a finite sequence is defined as the number of terms 
of this sequence. Determine the maximal possible length of a finite sequence 
that satisfies the following condition: The sum of each seven successive terms is 
negative, and the sum of each eleven successive terms is positive. 

16. (YNM 3) Let E be a set of n points in the plane ( n > 3) whose coordinates 
are integers such that any three points from E are vertices of a nondegenerate 
triangle whose centroid doesn’t have both coordinates integers. Determine the 
maximal n. 
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3.20 The Twentieth IMO 
Bucharest, Romania, 1978 

3.20.1 Contest Problems 


First Day (July 6) 

1. Let n > m > 1 be natural numbers such that the groups of the last three digits 
in the decimal representation of 1978 m , 1978" coincide. Find the ordered pair 
(m, n) of such m, n for which m + n is minimal. 

2. Given any point P in the interior of a sphere with radius R, three mutually per- 
pendicular segments PA,PB,PC are drawn terminating on the sphere and hav- 
ing one common vertex in P. Consider the rectangular parallelepiped of which 
PA . PE, PC are coterminal edges. Find the locus of the point Q that is diagonally 
opposite P in the parallelepiped when P and the sphere are fixed. 

3. Let {/(«)} be a strictly increasing sequence of positive integers: 0 < /(l) < 

/( 2) < /( 3) < Of the positive integers not belonging to the sequence, the 

nth in order of magnitude is /(/(«)) + 1. Determine /(240). 

Second day (July 7) 


4. In a triangle ABC we have AB = AC. A circle is tangent internally to the circum- 
circle of ABC and also to the sides AB,AC, at P. Q respectively. Prove that the 
midpoint of PQ is the center of the incircle of ABC. 

5. Let <p : {1,2,3,...} — >• {1,2, 3, ... } be injective. Prove that for all n, 


X 


k 2 



6. An international society has its members in 6 different countries. The list of 
members contains 1978 names, numbered 1,2, ..., 1978. Prove that there is at 
least one member whose number is the sum of the numbers of two, not neces- 
sarily distinct, of his compatriots. 


3.20.2 Longlisted Problems 

1. (BGR 1) (SL78-1). 

2. (BGR 2) If 

f(x) = (x+2x 2 -i b nx") 2 = a 2 X 2 + a^x 3 H b a 2 n x ln , 

prove that 

/« + l\ 5n 2 + 5n + 2 

On+l +<*n+2-\ \-d2n— I „ I 77 ; • 
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3. (BGR 3) Find all numbers a for which the equation 

x 2 — 2x[x\ + x — a= 0 

has two nonnegative roots, ([x] denotes the largest integer less than or equal to 
x.) 

4. (BGR 4 ) (SL78-2). 

5. (CUB 1) Prove that for any triangle ABC there exists a point Fin the plane of the 
triangle and three points A' ,B' , and C' on the lines BC, AC, and AB respectively 
such that 

AB ■ PC' = AC ■ PB' = BC ■ PA' = 0.3M 2 , 
where M = max{AB,AC,BC}. 

6. (CUB 2) Prove that for all X > 1 there exists a triangle whose sides have lengths 
P l (X)=X 4 +X 3 + 2X 2 +X+l,P 2 {X)=2X 3 +X 2 + 2X+l,mdP 3 (X)=X 4 - 
1. Prove that all these triangles have the same greatest angle and calculate it. 

7. (CUB 3) (SL78-3). 

8. (CZS 1) For two given triangles A1A2A3 and B1B2B3 with areas A4 and A B , 
respectively, A;A^ >B,Byt, i, k = 1,2,3. Prove that A a >A b if the triangle A1A2A3 
is not obtuse-angled. 

9. (CZS 2) (SL78-4). 

10. (CZS 3) Show that for any natural number n there exist two prime numbers p 
and q, p^q, such that n divides their difference. 

11. (CZS 4 ) Find all natural numbers n < 1978 with the following property: 

If m is a natural number, 1 < m < n, and (m,n) = 1 (i.e., m and n are 
relatively prime), then m is a prime number. 

12. (FIN 1) The equation x 3 + ax 2 +bx + c= 0 has three (not necessarily distinct) 
real roots t,u,v. For which a,b,c do the numbers t 3 ,u 3 ,v 3 satisfy the equation 
x 3 +a 3 x 2 + fo 3 x + c 3 =0? 

13. (FIN 2) The satellites A and B circle the Earth in the equatorial plane at altitude 
h. They are separated by distance 2 r, where r is the radius of the Earth. For which 
h can they be seen in mutually perpendicular directions from some point on the 
equator? 

14. (FIN 3) Let p(x,y) and q(x,y) be polynomials in two variables such that for 
x > 0, y > 0 the following conditions hold: 

(i) p(x,y) and q(x,y) are increasing functions of x for every fixed y. 

(ii) p(x,y) is an increasing and q(x) is a decreasing function of y for every fixed 
x. 

(iii) p(x, 0) = q(x. 0) for every x and p( 0, 0) = 0. 

Show that the simultaneous equations p(x,y) = a, q(x,y) = b have a unique 
solution in the set x > 0, y > 0 for all a,b satisfying 0 <b< a but lack a solution 
in the same set if a < b. 
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15. (FRA 1) Prove that for every positive integer n coprime to 10 there exists a 
multiple of n that does not contain the digit 1 in its decimal representation. 


16. (FRA 2) (SL78-6). 

17. (FRA 3) (SL78-17). 

18. (FRA 4) Given a natural number n, prove that the number M(n) of points with 
integer coordinates inside the circle (0(0,0), y/n) satisfies 


nn— 5y/n + 1 < M(ri) < nn + Ay/n + 1. 


19. (FRA 5) (SL78-7). 

20. (UNK 1) Let O be the center of a circle. Let OU, OV be perpendicular radii of 
the circle. The chord PQ passes through the midpoint M of UV. Let IF be a point 
such that PM = PW, where U,V,M,W are collinear. Let R be a point such that 
PR = MQ, where R lies on the line PW. Prove that MR = UV. 

Alternative version: A circle S is given with center O and radius r. Let M be a 
point whose distance from O is Let PMQ be a chord of S. The point N is 

defined by PN = MQ. Let R be the reflection of N by the line through P that is 
parallel to OM. Prove that MR = \/2r. 

21. (UNK 2) A circle touches the sides AB,BC,CD,DA of a square at points 
K,L,M,N respectively, and BU,KV are parallel lines such that U is on DM and 
V on DN. Prove that UV touches the circle. 

22. (UNK 3) Two nonzero integers x,y (not necessarily positive) are such that x+y 
is a divisor of x 2 +y 2 , and the quotient is a divisor of 1978. Prove that 
x = y. 

23. (UNK 4) (SL78-8). 

24. (UNK 5) (SL78-9). 

25. (GDR1) Consider a polynomial P(x) =ox 2 + fc<c+cwitha>0thathastworeal 
roots X] ,X 2 - Prove that the absolute values of both roots are less than or equal to 
1 if and only ifa + b + c>0,a — b + c>0, and a — c > 0. 

26. (GDR 2) (SL78-5). 

27. (GDR 3) Determine the sixth number after the decimal point in the number 



28. (GDR 4) Let c. s be real functions defined on R\ {0} that are nonconstant on 
any interval and satisfy 



Prove that: 
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(a) c( \/x) = c(x), s( \/x) = — s{x) for any x^O, and also c(l) = 1, i(l) = 
J(-1) = 0; 

(b) c and s are either both even or both odd functions (a function / is even if 
f(x) = f(—x) for all x, and odd if f(x) = —f(—x) for all x). 

Find functions c,s that also satisfy c(x) +i(x) = x n for all x, where n is a given 
positive integer. 

29. (GDR 5) (’ Variant of GDR 4) Given a nonconstant function / : M + — » K. such 
that f(xy) = f(x)f(y) for any x,y > 0, find functions c,s : IR + — > M that satisfy 
c(x/y) = c(x)c(y) — s(x)s(y) for all x,y > 0 and c(x) + s(x) = f(x) for all x > 0. 

30. (NLD 1) (SL78-10). 

31. (NLD 2) Let the polynomials 


P(x) =x n +a n -ix n H haix + ao, 

Q(x) =x m + b m -ix m ~ x +---+b lX + b 0 , 


be given satisfying the identity P(x) 2 = (x 2 — 1 )Q(x) 2 + 1- Prove the identity 


P'(x)=nQ(x). 


32. (NLD 3) Let be the circumcircle of the square with vertices (0,0), (0, 1978), 
(1978,0), (1978, 1978) in the Cartesian plane. Prove that r (f contains no other 
point for which both coordinates are integers. 

33. (SWE 1) A sequence (a n )o °f rea l numbers is called convex if 2 a n < a „- 1 +a n+ \ 
for all positive integers n. Let (b n ) q be a sequence of positive numbers and 
assume that the sequence (a n b n ) q is convex for any choice of a > 0. Prove that 
the sequence (log7>„)Q is convex. 

34. (SWE 2) (SL78-11). 

35. (SWE 3) A sequence (a n ) q of real numbers is called concave if 2a„ > a n - \ + 
a n+ 1 for all integers n, 1 < n < N — \ . 

(a) Prove that there exists a constant C > 0 such that 



(1) 


for all concave positive sequences (a n )g • 

(b) Prove that (1) holds with C = 3/4 and that this constant is best possible. 

36. (TUR 1) The integers 1 through 1000 are located on the circumference of a 
circle in natural order. Starting with 1, every fifteenth number (i.e., 1, 16,31,. . .) 
is marked. The marking is continued until an already marked number is reached. 
How many of the numbers will be left unmarked? 


37. (TUR 2) Simplify 
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log a {abc) + log b {abc) + log C {abc) ’ 
where a. b. c are positive real numbers. 

38. (TUR 3 ) Given a circle, construct a chord that is trisected by two given non- 
collinear radii. 

39. (TUR 4 ) A is a 2m-digit positive integer each of whose digits is 1. B is an m- 
digit positive integer each of whose digits is 4. Prove that A + B + 1 is a perfect 
square. 

40. (TUR 5) If Cn = p [^- p )\ (P — 1)’ P rove the identity 

C p = c p n z\ + c p n z\ + Cf l + c p z\ 

and then evaluate the sum 

S= 1 • 2 ■ 3 + 2 • 3 • 4 # • + 97-98-99. 

41. (USA 1) (SL78-12). 

42. (USA 2 ) A,B,C,D,E are points on a circle O with radius equal to r. Chords 
AB and DE are parallel to each other and have length equal to x. Diagonals 
AC, AD, BE, CE are drawn. If segment XY on O meets AC at X and EC at Y, 
prove that lines BX and DY meet at Z on the circle. 

43. (USA 3 ) If p is a prime greater than 3, show that at least one of the numbers 

is expressible in the form ~ + where x and y are positive inte- 
gers. 

44. (USA 4 ) In AABC with ZC = 60°, prove that f + § > 2. 

45. (USA 5) If r > s > 0 and a> b> c, prove that 


a r b s + b r c s + c r a s > a s b r + b s c r + c s a r . 


46. (USA 6) (SL78-13). 

47. (YNM 1) Given the expression 

Pn(x) = ^ [(*+ + (x- \A 2 -l)"] , 

prove: 

(a) P n {x) satisfies the identity P n (x) —xP n - \{x) + \P n - i(x) = 0. 

(b) P n (x) is a polynomial in x of degree n. 

48. (YNM 2) (SL78-14). 

49. (VNM 3 ) Let A,B,C,D be four arbitrary distinct points in space. 

(a) Prove that using the segments AB + CD, AC + BD and AD + BC it is always 
possible to construct a triangle T that is nondegenerate and has no obtuse 
angle. 
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(b) What should these four points satisfy in order for the triangle T to be right- 
angled? 

50. (YNM 4) A variable tetrahedron ABCD has the following properties: Its edge 
lengths can change as well as its vertices, but the opposite edges remain equal 
(BC = DA, CA = DB, AB = DC); and the vertices A, B, C lie respectively on three 
fixed spheres with the same center P and radii 3,4, 12. What is the maximal 
length of PD ? 

5 1 . (YNM 5) Find the relations among the angles of the triangle ABC whose altitude 
AH and median AM satisfy Z BAH = /.CAM. 

52. (YUG 1) (SL78-15). 

53. (YUG 2) (SL78-16). 

54. (YUG 3) Let p, q and r be three lines in space such that there is no plane that 
is parallel to all three of them. Prove that there exist three planes a, J3 , and y, 
containing p, q, and r respectively, that are perpendicular to each other (al/1, 

j3_Ly, y_La). 

3.20.3 Shortlisted Problems 

1. (BGR 1) The set M = {1,2, . . . ,2 n} is partitioned into k nonintersecting sub- 
sets Mi,M 2 ,...,M k , where n> k 3 + k. Prove that there exist even numbers 
2 j | , 2 j2 , . . . , 2 j k+ ] in M that are in one and the same subset M; (1 < i < k) such 
that the numbers 2j\ — \ . 2 j 2 — 1 , . . .,2j k+ i — 1 are also in one and the same 
subset Mj (1 < j <k). 

2. (BGR 4) Two identically oriented equilateral triangles, ABC with center S and 
A'B'C, are given in the plane. We also have A' ^ S and B' ^ S. If M is the mid- 
point of A!B and N the midpoint of AB' , prove that the triangles SB' M and SA'N 
are similar. 

3. (CUB 3) imo1 Let n > m > 1 be natural numbers such that the groups of the 
last three digits in the decimal representation of 1978 m , 1978" coincide. Find the 
ordered pair (m, n) of such m. n for which m + n is minimal. 

4. (CZS 2) Let 7) be a triangle having a, b. c as lengths of its sides and let 7) be 
another triangle having u,v, w as lengths of its sides. If P, Q are the areas of the 
two triangles, prove that 

16PQ < a 2 (—u 2 + v 2 + w 2 )+b 2 (u 2 — v 2 + w 2 )+c 2 (u 2 + v 2 — w 2 ). 

When does equality hold? 

5. (GDR 2) For every integer d> 1, let Mj be the set of all positive integers that 
cannot be written as a sum of an arithmetic progression with difference d, having 
at least two terms and consisting of positive integers. Let A =M\,B = M 2 \ {2}, 
C = M3. Prove that every c £ C may be written in a unique way as c = ab with 
a £A,b £ B. 
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6. (FRA 2) mo5 Let <p : {1,2,3,...} — {1,2,3,...} be injective. Prove that for all 

* 2 ~h k ' 

7. (FRA 5) We consider three distinct half-lines Ox, Oy, Oz in a plane. Prove the 
existence and uniqueness of three points A £ Ox, B £ Oy, C £ Oz such that the 
perimeters of the triangles OAB, OBC, OCA are all equal to a given number 2 p > 
0. 

8. (UNK 4) Let S be the set of all the odd positive integers that are not multiples 
of 5 and that are less than 30m, m being an arbitrary positive integer. What is the 
smallest integer k such that in any subset of k integers from S there must be two 
different integers, one of which divides the other? 

9. (UNK 5) imo3 Let {/(«)} be a strictly increasing sequence of positive integers: 
0 < /(l) < /( 2) < /( 3) < • • • . Of the positive integers not belonging to the 
sequence, the nth in order of magnitude is /(/(n)) + 1. Determine /(240). 

10. (NLD 1) IM06 An international society has its members in 6 different countries. 
The list of members contains 1978 names, numbered 1,2, ... , 1978. Prove that 
there is at least one member whose number is the sum of the numbers of two, 
not necessarily distinct, of his compatriots. 

11. (SWE 2) A function /:/—*• R, defined on an interval I, is called concave if 
f{0x+ (1 — 6)y) > 6f(x) + (1 - 0)f(y) for all x,y £ I and 0 < 6 < 1. Assume 
that the functions /j , . . . ,f n , having all nonnegative values, are concave. Prove 
that the function (/ 1 / 2 . . . f „ ) 1 //n is concave. 

12. (USA 1) ,M04 In a triangle ABC we have AB = AC. A circle is tangent internally 
to the circumcircle of ABC and also to the sides AB,AC, at P. Q respectively. 
Prove that the midpoint of PQ is the center of the incircle of ABC. 

13. (USA 6) IM02 Given any point P in the interior of a sphere with radius R, 
three mutually perpendicular segments PA,PB,PC are drawn terminating on the 
sphere and having one common vertex in P. Consider the rectangular paral- 
lelepiped of which PA,PB,PC are coterminal edges. Find the locus of the point 
Q that is diagonally opposite P in the parallelepiped when P and the sphere are 
fixed. 

14. (YNM 2) Prove that it is possible to place 2n(2n + 1) parallelepipedic (rect- 
angular) pieces of soap of dimensions lx2x(n+l)ina cubic box with edge 
2n + 1 if and only if n is even or n = 1 . 

Remark. It is assumed that the edges of the pieces of soap are parallel to the 
edges of the box. 

15. (YUG 1) Let p be a prime and A = {a 1 , . . . , a p - 1 } an arbitrary subset of the set 
of natural numbers such that none of its elements is divisible by p. Let us define a 
mapping / from S? (A) (the set of all subsets of A) to the set P = {0, 1 1 } 
in the following way: 
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(i) if B = {a (1 , . . . ,a ik } C A and a ij — n ( m od p), then f(B) = n, 

(ii) /(0) = 0, 0 being the empty set. 

Prove that for each n£P there exists B cA such that f(B) = n. 

16. (YUG 2) Determine all the triples (a, b, c) of positive real numbers such that the 
system 

ax + by — cz = 0 , 
a\/ 1 — x 2 + b\/l —y 2 — c\J 1 —z 2 = 0 , 

is compatible in the set of real numbers, and then find all its real solutions. 

17. (FRA 3) Prove that for any positive integers x,y,z with xy — z 2 = 1 one can find 
nonnegative integers a,b,c,d such that x = a 2 + b 2 ,y = c 2 + d 2 , z = ac + bd. 
Set z = (2 q ) ! to deduce that for any prime number p = 4q + 1, p can be repre- 
sented as the sum of squares of two integers. 
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3.21 The Twenty-First IMO 
London, United Kingdom, 1979 

3.21.1 Contest Problems 


First Day (July 2) 

1. Let p and q be natural numbers such that 

1 1_1 1_ 1 _ p 

2 + 3 4 + '“ 1318 **" 1319 _ q 

Prove that p is divisible by 1979. 

2. A pentagonal prism A1A2 . . .A 5 B 1 B 2 . . . #5 is given. The edges, the diagonals of 
the lateral walls, and the internal diagonals of the prism are each colored either 
red or green in such a way that no triangle whose vertices are vertices of the 
prism has its three edges of the same color. Prove that all edges of the bases are 
of the same color. 

3. Two circles in a plane intersect. Let A be one of the points of intersection. Start- 
ing simultaneously from A two points move with constant speeds, each point 
traveling along its own circle in the same sense. The two points return simulta- 
neously after one revolution. Prove that there is a fixed point P in the plane such 
that, at any time, the distances from P to the moving points are equal. 

Second Day (July 3) 


4. Given a point P in a given plane n and a point Q not in n, determine all points R 
in k such that ® P qr R is a maximum. 

5 . The nonnegative real numbers x \ , X 2 , *3 , *4 , *5 , a satisfy the following relations : 


YjiXi = a , X ^Xi = a 2 -, 

<=i <=i 



What are the possible values of a? 

6. Let S and F be opposite vertices of a regular octagon. A frog starts jumping at 
vertex S. From any vertex of the octagon except F, it may jump to either of the 
two adjacent vertices. When it reaches vertex F, the frog stops and stays there. 
Let a n be the number of distinct paths of exactly n jumps ending at F. Prove that 
for n = 1,2,3,..., 


fl2n- 1 = 0, 


“ 2n = ' ~ yn 


where x = 2 + \fl, y = 2— sfl. 
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3.21.2 Longlisted Problems 

1. (BEL 1) (SL79-1). 

2. (BEL 2) For a finite set E of cardinality n > 3, let f(n) denote the maximum 
number of 3-element subsets of E, any two of them having exactly one common 
element. Calculate f(n). 

3. (BEL 3) Is it possible to partition 3-dimensional Euclidean space into 1979 
mutually isometric subsets? 

4. (BEL 4 ) (SL79-2). 

5. (BEL 5) Describe which natural numbers do not belong to the set 

E = {[« + Vn+ 1/2] | n G N}. 

6 . (BEL 6 ) Prove that j \/ A sin 2 36° - 1 = cos 12°. 

7. (BRA 1) M = ( dij ), i, j = 1 , 2, 3, 4, is a square matrix of order four. Given that: 

(i) for each i = 1,2, 3, 4 and for each k = 5,6,7, 

#i,i = #i,&- 4i 

Pi = <2 1,1 + d2j+l + #3,1+2 + #4,i+3; 

Si = «4,i + #3,i+l +#2,i+2 + #l,i+3; 

Li = #i,l + #1,2 + #1,3 + #i,4; 

Q = #!,,• + a2,i + #3,i + #4,i, 

(ii) for each i, j = 1,2,3,4, Pi = Pj, Si = Sj, Li =Lj,Ci=Cj, and 

(iii) #11 = 0, a \ : 2 = 7, # 2,1 = 11, # 2,3 = 2, and # 3,3 = 15; 
find the matrix M. 

8 . (BRA 2) The sequence (a„) of real numbers is defined as follows: 

a\ = 1 , d2=2 and a n = 3#„_i — #„_ 2 , n> 3. 

Prove that for n > 3, a n = ^ where [x] denotes the integer p such that 

p<x< p+ 1 . 

9. (BRA 3) The real numbers oq , (X 2 , 0 C 3 , . . . , a n are positive. Let us denote by h = 
i/ai+i/ct 2 +-+i/a„ the harmonic mean, g = y a\ 0 C 2 ■ ■ ■ a n the geometric mean, 
a = ai+0t2 ^ +a " the arithmetic mean. Prove that h<g<a, and that each of the 
equalities implies the other one. 

10. (BGR 1) (SL79-3). 

11. (BGR 2) Prove that a pyramid A 1 A 2 . . .^ 2 t+i S with equal lateral edges and 
equal space angles between adjacent lateral walls is regular. 

Variant. Prove that a pyramid Ai . . -A 2 k+\S with equal space angles between 
adjacent lateral walls is regular if there exists a sphere tangent to all its edges. 
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12. (BGR 3) (SL79-4). 

13. (BGR 4) The plane is divided into equal squares by parallel lines; i.e., a square 
net is given. Let M be an arbitrary set of n squares of this net. Prove that it is 
possible to choose no fewer than n/A squares of M in such a way that no two of 
them have a common point. 

14. (CZS 1) Let S be a set of n 2 + 1 closed intervals (n is a positive integer). Prove 
that at least one of the following assertions holds: 

(i) There exists a subset S' of n + 1 intervals from S such that the intersection 
of the intervals in S' is nonempty. 

(ii) There exists a subset S" of n + 1 intervals from S such that any two of the 
intervals in S" are disjoint. 

15. (CZS 2) (SL79-5). 

16. (CZS 3) Let Q be a square with side length 6. Find the smallest integer n such 
that in Q there exists a set S of n points with the property that any square with 
side 1 completely contained in Q contains in its interior at least one point from 
S. 

17. (CZS 4) (SL79-6). 

18. (FIN 1) Show that for no integers a > 1 ,n> 1 is the sum 

1 1 1 
1 +a 1+ 2a 1 +na 

an integer. 

19. (FIN 2) For k = 1, 2, . . . consider the ^-tuples (ai , d 2 , . . . , a ;*) of positive integers 
such that 

ai +2a2-\ \-kdk = 1979. 

Show that there are as many such ^-tuples with odd k as there are with even k. 

20. (FIN 3) (SL79-10). 

21. (FRA 1) Let E be the set of all bijective mappings from R to R satisfying 

(VteM) f{t)+f~\t) = 2t, 

where / -1 is the mapping inverse to /. Find all elements of E that are monotonic 
mappings. 

22. (FRA 2) Consider two quadrilaterals ABCD and A'B'C'D' in an affine Euclidian 
plane such that AB = A'B' , BC = B'C', CD = C'D', and DA = D'A'. Prove that 
the following two statements are true: 

(a) If the diagonals BD and AC are mutually perpendicular, then the diagonals 
B'D' and A'C' are also mutually perpendicular. 

(b) If the perpendicular bisector of BD intersects AC at M, and that of B'D' 
intersects A'C' at M', then M = }£JL (if MC = 0 then WC = 0). 
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23. (FRA 3) Consider the set E consisting of pairs of integers (a, b), with a > 1 and 
b> 1, that satisfy in the decimal system the following properties: 

(i) b is written with three digits, as «2 o: i «o , 0 C 2 7^ 0; 

(ii) a is written as J3 p . . . jSi /3o for some p; 

(iii) ( a + b ) 2 is written as /5 P . . . pipoOdOCiOto- 
Find the elements of E. 

24. (FRA 4 ) Let a and b be coprime integers, greater than or equal to 1. Prove that 
all integers n greater than or equal to (a — 1)(& — 1) can be written in the form: 

n = ua + vb, with (u,v) G N x N. 

25. (FRG 1) (SL79-7). 

26. (FRG 2) Let n be a natural number. If 4" + 2" + 1 is a prime, prove that n is a 
power of three. 

27. (FRG 3) (SL79-8). 

28. (FRG 4 ) (SL79-9). 

29. (GDR 1) (SL79-11). 

30. (GDR 2) Let M be a set of points in a plane with at least two elements. Prove 
that if M has two axes of symmetry g\ and gi intersecting at an angle a = qn, 
where q is irrational, then M must be infinite. 

31. (GDR 3) (SL79-12). 

32. (GDR 4 ) Let n, k > 1 be natural numbers. Find the number A{n, k) of solutions 
in integers of the equation 

N + N + -- + W =n. 

33. (HEL 1) (SL79-13). 

34. (HEL 2) Notice that in the fraction we can perform a simplification as ^ \ 

obtaining a correct equality. Find all fractions whose numerators and denomina- 
tors are two-digit positive integers for which such a simplification is correct. 

35. (HEL 3) Given a sequence ( a n ), with a\ = 4 and a n+ \ =a^ — 2 (Vn e N), prove 
that there is a triangle with side lengths a n — \ ,a n ,a n + 1 , and that its area is 
equal to an integer. 

36. (HEL 4 ) A regular tetrahedron A iB\C\Di is inscribed in a regular tetrahedron 
ABCD, where A 1 lies in the plane BCD, B\ in the plane ACD, etc. Prove that 
A\B\ >AB/ 3. 

37. (HEL 5) (SL79-14). 

38. (HUN 1) Prove the following statement: If a polynomial f(x) with real coeffi- 
cients takes only nonnegative values, then there exists a positive integer n and 
polynomials gi (x) , gi (x) , • ■ • , g n (*) such that 
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f(x) = gi (x) 2 + g 2 {x) 2 + • • • + g„(x ) 2 • 


39. (HUN 2) A desert expedition camps at the border of the desert, and has to pro- 
vide one liter of drinking water for another member of the expedition, residing 
on the distance of n days of walking from the camp, under the following condi- 
tions: 

(i) Each member of the expedition can pick up at most 3 liters of water. 

(ii) Each member must drink one liter of water every day spent in the desert. 

(iii) All the members must return to the camp. 

How much water do they need (at least) in order to do that? 

40. (HUN 3) A polynomial P(x) has degree at most 2k, where k = 0,1,2, Given 

that for an integer i, the inequality — k<i<k implies \P(i)\ < 1, prove that for 
all real numbers x, with —k<x<k, the following inequality holds: 



41. (HUN 4) Prove the following statement: There does not exist a pyramid with 
square base and congruent lateral faces for which the measures of all edges, total 
area, and volume are integers. 

42. (HUN 5) Let a quadratic polynomial g(x) = ax 2 +bx+c be given and an integer 
n > 1. Prove that there exists at most one polynomial f(x) of nth degree such 
that f{g(x))=g(f{x)). 

43. (ISR 1) Let a, b,c denote the lengths of the sides BC,CA,AB, respectively, of a 
triangle ABC. If P is any point on the circumference of the circle inscribed in the 
triangle, show that aPA 2 + bPB 2 + cPC 2 is constant. 

44. (ISR 2) (SL79-15). 

45. (ISR 3) For any positive integer n we denote by F(n) the number of ways in 
which n can be expressed as the sum of three different positive integers, without 
regard to order. Thus, since 10 = 7 + 2+1 = 6 + 3+1 = 5+ 4+1 = 5+ 3 + 2, 
we have E(10) = 4. Show that F(n) is even if n = 2 or 4 (mod 6), but odd if n is 
divisible by 6. 

46. (ISR 4) (SL79-16). 

47. (NLD 1) (SL79-17). 

48. (NLD 2) In the plane a circle C of unit radius is given. For any line l a number 
s(l) is defined in the following way: If l and C intersect in two points, s{l) is 
their distance; otherwise, s(l ) = 0. 

Let P be a point at distance r from the center of C. One defines M(r) to be the 
maximum value of the sum s(m) +s(n), where m and n are variable mutually 
orthogonal lines through P. Determine the values of r for which M(r) > 2. 

49. (NLD 3) Let there be given two sequences of integers /, (l),/j(2), . . . (i= 1,2) 
satisfying: 


(i) fi(nm) = fi(n)fi(m) if gcd (n,m) = 1 ; 

(ii) for every prime P and all k = 2,3,4, ... , 
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fi(P k ) = fi(P)f i (P k - 1 )-P 2 f(P k - 2 ). 

Moreover, for every prime P: 

(iii) fi{P) = 2P, 

(iv) f 2 (P) < 2 P. 

Prove that \f 2 (n) | < f\ («) for all n. 

50. (POL 1) (SL79-18). 

5 1 . (POL 2) Let ABC be an arbitrary triangle and let Si , 52, ■ ■ ■ , Sj be circles satis- 
fying the following conditions: 

51 is tangent to CA and AB, 

5 2 is tangent to Si , AB, and BC, 

53 is tangent to S2, BC, and CA, 


Sj is tangent to So, CA and AB. 

Prove that the circles Si and S 7 coincide. 

52. (POL 3) Let a real number X > 1 be given and a sequence («*) of positive 

integers such that > X for k = 1,2, Prove that there exists a positive 

integer c such that no positive integer n can be represented in more than c ways 
in the form n = + ttj or n = n r — n s . 

53. (POL 4) An infinite increasing sequence of positive integers nj (j = 1,2, . . .) 
has the property that for a certain c, Y, nj <N n j — c > f° r every N > 0 

Prove that there exist finitely many sequences ntj (i = 1 , 2, . . . , k) such that 

{m,n 2 , • • • } = \J k =] {m\ l> ,m ^\ . . . } and 
mjl j >2 mf (1 < i < k, j = 1,2,...). 

54. (ROU1) (SL79-19). 

55. (ROU 2) Let a,b be coprime integers. Show that the equation ax 2 + by 2 = z 3 
has an infinite set of solutions {x,y,z) with x,y,z (= Z and x,y mutually coprime 
(in each solution). 

56. (ROU 3) Show that for every natural number n, nV 2 — [n\/ 2] > and that 

for every e > 0 there exists a natural number n with ny/ 2 — [n\/2] < + £ ■ 

57. (ROU 4) Let M be a set, and A.B.C given subsets of M. Find a necessary and 
sufficient condition for the existence of a setX C M for which (X UA) \ (X fl5) = 
C. Describe all such sets X. 

58. (ROU 5) Prove that there exists a natural number ko such that for every natural 
number k > ko we may find a finite number of lines in the plane, not all parallel 
to one of them, that divide the plane exactly in k regions. Find ko. 
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59. (SWE 1) Determine the maximum value ofx 2 y 2 z 2 w whenx, y,z,w > 0 and 

2 x+xy + z+yzw= 1. 

60. (SWE 2) (SL79-20). 

61. (SWE 3) Let «i < <22 < ■ ■ ■ < a n and bi < b 2 < • • • < b„ be two sequences such 
that X™=i a k > S1T= l bk f° r all m < n with equality for m = n. Let / be a convex 
function defined on the real numbers. Prove that 

X/(°*) ^ X/toO- 

fc=l jMt 

62. (SWE 4) T is a given triangle with vertices P\ . l \ , f J 3 ■ Consider an arbitrary sub- 
division of T into finitely many subtriangles such that no vertex of a subtriangle 
lies strictly between two vertices of another subtriangle. To each vertex V of the 
subtriangles there is assigned a number n(V) according to the following rules: 

(i) If V = P h then n(V) = i. 

(ii) If V lies on the side PiPj of T, then n(V) = i or j. 

(iii) If V lies inside the triangle T, then n(V) is any of the numbers 1,2,3. 

Prove that there exists at least one subtriangle whose vertices are numbered 1, 2, 
and 3. 

63. (USA 1) If a\,a, 2 , ■ ■ ■ ,a n denote the lengths of the sides of an arbitrary n-gon, 
prove that 

2 > — — ^ 1 — 1 H| — — > — 

s — a\ s — ci 2 s — a n n— 1 

where s = «i +d 2 -\ \-a„. 

64. (USA 2) From point P on arc BC of the circumcircle about triangle ABC, PX is 
constructed perpendicular to BC, PY is perpendicular to AC, and PZ perpendic- 
ular to AB (all extended if necessary). Prove that 

BC _ AC AB 
PX~PY + PZ' 

65. (USA 3) Given f{x) < x for all real x and 

fix + y)< f{x) + f(y) for all real x, y , 

prove that f(x) = x for all x. 

66. (USA 4) (SL79-23). 

67. (USA 5) (SL79-24). 

68. (USA 6) (SL79-25). 

69. (USS 1) (SL79-21). 
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70. (USS 2) There are 1979 equilateral triangles: 7) , T 2 , . . . , 7"| 979. A side of triangle 
7fc is equal to l/k, k = 1,2, ... , 1979. At what values of a number a can one 
place all these triangles into the equilateral triangle with side length a so that 
they don’t intersect (points of contact are allowed)? 

71. (USS 3) (SL79-22). 

72. (YNM 1) Let /( x) be a polynomial with integer coefficients. Prove that if f{x) 
equals 1979 for four different integer values of x, then f(x) cannot be equal to 
2 x 1979 for any integral value of x. 

73. (YNM 2) In a plane a finite number of equal circles are given. These circles are 
mutually nonintersecting (they may be externally tangent). Prove that one can 
use at most four colors for coloring these circles so that two circles tangent to 
each other are of different colors. What is the smallest number of circles that 
requires four colors? 

74. (VNM 3) Given an equilateral triangle ABC of side a in a plane, let M be a point 
on the circumcircle of the triangle. Prove that the sum s = MA 4 + MB 4 +MC 4 
is independent of the position of the point M on the circle, and determine that 
constant value as a function of a. 

75 . (VNM 4 ) Given an equilateral triangle ABC, let M be an arbitrary point in space. 

(a) Prove that one can construct a triangle from the segments MA, MB, MC. 

(b) Suppose that P and Q are two points symmetric with respect to the cen- 
ter O of ABC. Prove that the two triangles constructed from the segments 
PA,PB,PC and QA,QB, QC are of equal area. 

76. (VNM 5) Suppose that a triangle whose sides are of integer lengths is inscribed 
in a circle of diameter 6.25. Find the sides of the triangle. 

77. (YUG 1) By h(n), where n is an integer greater than 1, let us denote the greatest 
prime divisor of the number n. Are there infinitely many numbers n for which 
h(n) < h{n + 1) < h(n + 2) holds? 

78. (YUG 2) By co{n), where n is an integer greater than 1, let us denote the number 
of different prime divisors of the number n. Prove that there exist infinitely many 
numbers n for which coin) < co(n + 1) < co(n + 2) holds. 

79. (YUG 3) Let S be a unit circle and K a subset of S consisting of several closed 
arcs. Let K satisfy the following properties: 

(i) K contains three points A,B,C, that are the vertices of an acute-angled tri- 
angle; 

(ii) for every point A that belongs to K its diametrically opposite point A' and 
all points B on an arc of length 1 /9 with center A' do not belong to K. 

Prove that there are three points E,F,G on S that are vertices of an equilateral 
triangle and that do not belong to K . 

80. (YUG 4 ) (SL79-26). 
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81. (YUG 5) Let 8 s be the set of rectangular parallelepipeds that have at least one 
edge of integer length. If a rectangular parallelepiped Pq can be decomposed into 
parallelepipeds Pi, Pi, . . . ,P„ G S > , prove that PqG 


3.21.3 Shortlisted Problems 


1 . (BEL 1) Prove that in the Euclidean plane every regular polygon having an even 
number of sides can be dissected into lozenges. (A lozenge is a quadrilateral 
whose four sides are all of equal length). 

2. (BEL 4) From a bag containing 5 pairs of socks, each pair a different color, a 
random sample of 4 single socks is drawn. Any complete pairs in the sample are 
discarded and replaced by a new pair drawn from the bag. The process continues 
until the bag is empty or there are 4 socks of different colors held outside the 
bag. What is the probability of the latter alternative? 

3. (BGR 1) Find all polynomials /(x) with real coefficients for which 

f(x)f(2^)=f(2x 3 +x). 

4. (BGR 3) [M02 A pentagonal prism A 1A2 . . .A5B1B2 . . . 65 is given. The edges, the 
diagonals of the lateral walls and the internal diagonals of the prism are each 
colored either red or green in such a way that no triangle whose vertices are 
vertices of the prism has its three edges of the same color. Prove that all edges 
of the bases are of the same color. 

5. (CZS 2) Let n > 2 be an integer. Find the maximal cardinality of a set M of 
pairs (j, k) of integers, 1 < j < k < n, with the following property: If (j, k ) G M, 
then (k,m) £ M for any m. 

6. (CZS 4) Find the real values of p for which the equation 

V / 2p+l-x 2 + A /3x + p + 4= V* 2 + 9x + 3p + 9 

in x has exactly two real distinct roots (\/t means the positive square root of t). 

7. (FRG 1) M01 Given that 1 - 5 + 5 - { H -jjjg + where p and q 

are natural numbers having no common factor, prove that p is divisible by 1979. 

8. (FRG 3) For all rational x satisfying 0 < x < 1 , / is defined by 


/« 


/( 2x)/4, for 0 < x < 1 /2, 

3/4 + /(2x — l)/4, for 1/2 < x < 1. 


Given thatx = O.b^bj ... is the binary representation of x, find /(x). 

9. (FRG 4) im06 Let S and F be two opposite vertices of a regular octagon. A 
counter starts at S and each second is moved to one of the two neighboring 
vertices of the octagon. The direction is determined by the toss of a coin. The 
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process ends when the counter reaches F. We define a n to be the number of dis- 
tinct paths of duration n seconds that the counter may take to reach F from S. 
Prove that for n = 1, 2, 3, ... , 

a 2 n-i= 0 , a, 2 n = where x = 2 + \fl, y=2— \/l. 

\/2 

10. (FIN 3) Show that for any vectors a, bin Euclidean space, 

\axb\ 3 <^-\a\ 2 \b\ 2 \a-b\ 2 . 

Remark. Here x denotes the vector product. 

11. (GDR1) Given real numbers X\, X2, ... ,x„ (m> 2), withx ( > l/n(i= 1,2 ,...,«) 

and with xj +x% -I I- = 1 , find whether the product P = xiX 2*3 •••x n has a 

greatest and/or least value and if so, give these values. 

12. (GDR 3) Let R be a set of exactly 6 elements. A set F of subsets of R is called 
an S-family over R if and only if it satisfies the following three conditions: 

(i) For no two sets X, Y in F is X C Y; 

(ii) For any three sets X,Y,Z in F,XUYUZ ^ R, 

(iii) \J XeP X=R. 

We define \F | to be the number of elements of F (i.e., the number of subsets of R 
belonging to F ). Determine, if it exists, h = max |F|, the maximum being taken 
over all S-families over R. 

13. (HEL 1) Show that < sin 20° < gg. 

14. (HEL 5) Find all bases of logarithms in which a real positive number can be 
equal to its logarithm or prove that none exist. 

15. (ISR 2) imo5 The nonnegative real numbers xi,JC 2 >* 3 >-* 4,*5 ,a satisfy the follow- 
ing relations: 

^ ixi = a , ^ Pxi = a 2 . ^ ^ x i = ° 3 • 

/=i i=i i=i 

What are the possible values of a? 

16. (ISR 4 ) Let K denote the set {a.b.c.d.e}. F is a collection of 16 different 
subsets of K, and it is known that any three members of F have at least one 
element in common. Show that all 16 members of F have exactly one element 
in common. 

17. (NLD 1) Inside an equilateral triangle ABC one constructs points P, Q and R 
such that 

ZQAB = ZPBA = 15°, 

ZRBC = ZQCB = 20°, 

ZPCA = ZRAC = 25°. 


Determine the angles of triangle PQR. 
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18. (POL 1) Let m positive integers a \ , . . . ,a m be given. Prove that there exist fewer 
than 2 m positive integers b \ .... ,b n such that all sums of distinct b^’s are distinct 
and all a, (i < m) occur among them. 

19. (ROU 1) Consider the sequences (a„), (b„) defined by 

ai =3, bi = 100, a n+ i = 3° n , b n+ 1 = 100 fc ". 

Find the smallest integer m for which b m > aioo- 

20. (SWE 2) Given the integer n > 1 and the real number a > 0 determine the 
maximum of £"=/ XjXi + 1 taken over all nonnegative numbers x,- with sum a. 

21. (USS 1) Let N be the number of integral solutions of the equation 

x 2 — y 2 = z 3 — f 3 

satisfying the condition 0 < x,y,z,t < 10 6 , and let M be the number of integral 
solutions of the equation 

x 2 - y 2 = z 3 — f 3 + 1 

satisfying the condition 0 < x,y,z,t < 10 6 . Prove that N > M. 

22. (USS 3) M03 There are two circles in the plane. Let a point A be one of the 
points of intersection of these circles. Two points begin moving simultaneously 
with constant speeds from the point A, each point along its own circle. The two 
points return to the point A at the same time. Prove that there is a point P in the 
plane such that at every moment of time the distances from the point P to the 
moving points are equal. 

23. (USA 4) Find all natural numbers n for which 2 8 + 2 11 + 2” is a perfect square. 

24. (USA 5) A circle O with center O on base BC of an isosceles triangle ABC 
is tangent to the equal sides AB,AC. If point P on AB and point Q on AC are 
selected such that PB x CQ = (BC /2) 1 , prove that line segment PQ is tangent to 
circle O, and prove the converse. 

25. (USA 6) im04 Given a point P in a given plane n and also a given point Q not in 
n, show how to determine a point R in n such that ® P qr R is a maximum. 

26. (YUG 4) Prove that the functional equations 

/(x+y)=/(x)+/(y), 

and /(x + y + xy)=/(x)+/(y)+/(xy) (x.yeK) 


are equivalent. 
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3.22 The Twenty-Second IMO 

Washington DC, United States of America, July 8-20, 1981 

3.22.1 Contest Problems 

First Day ( July 13) 

1 . Find the point P inside the triangle ABC for which 

BC CA AB 
PD + PE + PF 

is minimal, where PD, PE, PF are the perpendiculars from P to BC, CA, AB 
respectively. 

2. Let /(n,r) be the arithmetic mean of the minima of all r-subsets of the set 

{1,2, , n}. Prove that f(n, r) = . 

3. Determine the maximum value of m 2 + n 2 where m and n are integers satisfying 

m,ne {1,2, ... , 1981} and (n 2 -mn-m 2 ) 2 = 1. 


Second Day (July 14) 

4. (a) For which values of n > 2 is there a set of n consecutive positive integers 

such that the largest number in the set in the set is a divisor of the least 
common multiple of the remaining n — 1 numbers? 

(b) For which values of n > 2 is there a unique set having the stated property? 

5. Three equal circles touch the sides of a triangle and have one common point O. 
Show that the center of the circle inscribed in and of the circle circumscribed 
about the triangle ABC and the point O are collinear. 

6. Assume that f(x,y) is defined for all positive integers x and y, and that the fol- 
lowing equations are satisfied: 


/(0,y)=y+l, 

/(x + 1,0) = f(x, 1), 
f(x+l,y+l) = f{x,f(x+l,y)). 


Determine /( 4, 1981). 

3.22.2 Shortlisted Problems 

1 . (BEL) imo4 (a) For which values of n > 2 is there a set of n consecutive positive 
integers such that the largest number in the set is a divisor of the least 
common multiple of the remaining n — 1 numbers? 

(b) For which values of n > 2 is there a unique set having the stated property? 
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2. (BGR) A sphere S is tangent to the edges AB. BC.CD. DA of a tetrahedron 
ABCD at the points E,F,G,H respectively. The points E.F.G.H are the ver- 
tices of a square. Prove that if the sphere is tangent to the edge AC, then it is also 
tangent to the edge BD. 

3. (CAN) Find the minimum value of 

ma x(a + b + c,b + c + d,c+d+e,d + e+f,e + f+g) 
subject to the constraints 

(i) a,b,c,d,e,f,g> 0, (ii) a+b+c+d+e+f+g = 1. 

4. (CAN) Let {/„} be the Fibonacci sequence {1, 1,2, 3,5,. . .}. 

(a) Find all pairs (a, b ) of real numbers such that for each n, af n + bf n + \ is a 
member of the sequence. 

(b) Find all pairs (u, v) of positive real numbers such that for each n, uf% + 
v fn+i ' s a member of the sequence. 

5. (COL) A cube is assembled with 27 white cubes. The larger cube is then painted 
black on the outside and disassembled. A blind man reassembles it. What is 
the probability that the cube is now completely black on the outside? Give an 
approximation of the size of your answer. 

6. (CUB) Let P{z) and Q(z) be complex-variable polynomials, with degree not 
less than 1 . Let 

P k = {ze C | P( Z ) = *}, Q k = {zeC\ Q(z) = k}. 

Let also Po = Qo and P\ = Q\ . Prove that P(z) = Q(z)- 

7. (FIN)™ 06 Assume that f(x.y) is defined for all positive integers x and y, and 
that the following equations are satisfied: 


/(0,y) =y+l, 

/(x+ 1,0) — f{x, 1), 
f(x+l,y+l) = f(x,f(x+l,y)). 


Determine /(2, 2), /(3, 3) and/(4,4). 

Alternative version: Determine /( 4, 1981). 

8. (FRG)™ 02 Let fin. r) be the arithmetic mean of the minima of all r-subsets of 
the set {1,2, . . . ,«}. Prove that f(n,r) = 2±i. 

9. (FRG) A sequence (a„) is defined by means of the recursion 


«i = 1, 


a n + 1 


l+4a n + Vl+24a„ 
16 


Find an explicit formula for a„. 
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10. (FRA) Determine the smallest natural number n having the following property: 
For every integer p, p>n, it is possible to subdivide (partition) a given square 
into p squares (not necessarily equal). 

1 1 . (NLD) On a semicircle with unit radius four consecutive chords AB ,BC, CD , DE 
with lengths a, b , c, d, respectively, are given. Prove that 

a 2 +b 2 + c 2 +d 2 + abc + bed < 4. 

12. (NLD ) imo3 Determine the maximum value of m 2 + n 2 where m and n are integers 
satisfying 

m,n£{ 1,2, ...,100} and (n 2 — mn — m 2 ) 2 = 1. 

13. (ROU) Let P be a polynomial of degree n satisfying 

P(k) = ^ for k = 0, 1, . . . ,n. 

Determine P(n +1). 

14. (ROU) Prove that a convex pentagon (a five-sided polygon) ABCDE with equal 
sides and for which the interior angles satisfy the condition ZA > ZB > ZC > 
ZD > ZE is a regular pentagon. 

15. (UNK) imo1 Find the point P inside the triangle ABC for which 

BC CA AB 
PD + PE + PF 

is minimal, where PD,PE,PF are the perpendiculars from P to BC,CA, AB re- 
spectively. 

16. (UNK) A sequence of real numbers mi,W 2 ,M 3 , . . . is determined by u\ and the 
following recurrence relation for n > 1 : 

4« n+1 = ^/64 m„ + 15. 

Describe, with proof, the behavior of m„ as n — >• °°. 

17. (USS) IM05 Three equal circles touch the sides of a triangle and have one com- 
mon point O. Show that the center of the circle inscribed in and of the circle 
circumscribed about the triangle ABC and the point O are collinear. 

18. (USS) Several equal spherical planets are given in outer space. On the surface 
of each planet there is a set of points that is invisible from any of the remaining 
planets. Prove that the sum of the areas of all these sets is equal to the area of the 
surface of one planet. 

19. (YUG) A finite set of unit circles is given in a plane such that the area of their 
union U is S. Prove that there exists a subset of mutually disjoint circles such 
that the area of their union is greater than 
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3.23 The Twenty-Third IMO 
Budapest, Hungary, July 5-14, 1982 

3.23.1 Contest Problems 

First Day ( July 9) 

1. The function f(n) is defined for all positive integers n and takes on nonnegative 
integer values. Also, for all m,n, 

f{m + ri) — f{m) — f(n) = 0 or 1; 

/(2) = 0, /( 3)>0, and / (9999) = 3333. 

Determine /(1982). 

2. A nonisosceles triangle A 1A2A3 is given with sides ai («< is the side oppo- 
site to Aj). For all i = 1,2,3, M,- is the midpoint of side a,, 7* is the point where 
the incircle touches side a„ and the reflection of 7} in the interior bisector of A, 
yields the point S ( . Prove that the lines M\S\ ,M^S 2 , and M3 S3 are concurrent. 

3. Consider the infinite sequences {x n } of positive real numbers with the following 
properties: 

xq = 1 and for all i > 0, x,- + i < x,-. 

(a) Prove that for every such sequence there is an n > 1 such that 

— + — +••• + — >3.999. 

Xl X2 X n 

(b) Find such a sequence for which ^ ^ H b < 4 for all n. 

Second Day ( July 10) 

4. Prove that if n is a positive integer such that the equation x 3 — 3xy 2 +y 3 = n has 
a solution in integers (x,y), then it has at least three such solutions. Show that 
the equation has no solution in integers when n = 2891. 

5. The diagonals AC and CE of the regular hexagon ABCDEF are divided by the 

inner points M and N, respectively, so that ^ ^ = r. Determine r if B, M, 

and N are collinear. 

6. Let S be a square with sides of length 100 and let L be a path within S that does 
not meet itself and that is composed of linear segments AoA 1 , A 1 A2 , . . . , A„_ 1 A n 
with Ao 7b A„. Suppose that for every point P of the boundary of S there is a point 
of L at a distance from P not greater than Prove that there are two points X 
and Y in L such that the distance between X and Y is not greater than 1 and the 
length of the part of L that lies between X and Y is not smaller than 198. 
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3.23.2 Longlisted Problems 


1. (AUS 1) It is well known that the binomial coefficients (£) = 0 < 

k < n, are positive integers. The factorial n! is defined inductively by 0! = 1, 
n! = n ■ (« — 1) ! for n > 1. 

(a) Prove that is an integer for n> 0. 

(b) Given a positive integer k, determine the smallest integer Q with the prop- 
erty that (n"k) is an integer for all n > k. 

2. (AUS 2) Given a finite number of angular regions A \ , . . . ,A k in a plane, each A,- 
being bounded by two half-lines meeting at a vertex and provided with a + or — 
sign, we assign to each point P of the plane and not on a bounding half-line the 
number k— l, where k is the number of + regions and l the number of — regions 
that contain P. (Note that the boundary 
of Ai does not belong to A;.) For in- 
stance, in the figure we have two + re- 
gions QAP and RCQ, and one — re- 
gion RBP. Every point inside AABC 
receives the number +1, while every 
point not inside AABC and not on a 
boundary halfline the number 0. We say that the interior of AABC is represented 
as a sum of the signed angular regions QAP, RBP, and RCQ. 

(a) Show how to represent the interior of any convex planar polygon as a sum 
of signed angular regions. 

(b) Show how to represent the interior of a tetrahedron as a sum of signed solid 
angular regions, that is, regions bounded by three planes intersecting at a 
vertex and provided with a + or — sign. 

3. (AUS 3) Given n points X\ ,X 2 , ...,X n in the interval 0 < X; < 1, i = 1,2, . . . ,n, 
show that there is a point y, 0 < y < 1, such that 



=i 


4. (AUS 4) (SL82-14). 

Original formulation. Let ABCD be a convex planar quadrilateral and let A\ 
denote the circumcenter of ABCD. Define B\.C\,D\ in a corresponding way. 

(a) Prove that either all of A\,B\,C\,D\ coincide in one point, or they are all 
distinct. Assuming the latter case, show that A i , C\ are on opposite sides of 
the fine B\D\, and similarly, B\,D\ are on opposite sides of the line AiCi. 
(This establishes the convexity of the quadrilateral A ifiiCiDi.) 

(b) Denote by A 2 the circumcenter of B\C\D\ , and define B 2 . C 2 .D 2 in an anal- 
ogous way. Show that the quadrilateral A 2 B 2 C 2 D 2 is similar to the quadri- 
lateral ABCD. 

(c) If the quadrilateral A i5i Ci Di was obtained from the quadrilateral ABCD 
by the above process, what condition must be satisfied by the four points 
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A\,B\,Ci,D\l Assuming that the four points A\,B\,C\.D\ satisfying this 
condition are given, describe a construction by straightedge and compass 
to obtain the original quadrilateral ABCD. (It is not necessary to actually 
perform the construction). 

5. (BEL 1) Among all triangles with a given perimeter, find the one with the max- 
imal radius of its incircle. 

6. (BEL 2) On the three distinct lines a, b, and c three points A, B, and C are given, 
respectively. Construct three collinear points X, Y. Z on lines a. b. c, respectively, 
such that H = 2 and = 3. 

7. (BEL 3) Find all solutions (x,y) G Z 2 of the equation 


x 3 -y 3 = 2xy + 8. 


8. (BRA 1) (SL82-10). 


9. 


(BRA 2) Let n be a natural number, n> 2, and let <p be Euler’s function; i.e., 
<p (n) is the number of positive integers not exceeding n and coprime to n. Given 
any two real numbers a and /3, 0 < a < j3 < 1, prove that there exists a natural 
number m such that 


. *(«) 


10 . 


(BRA 3) Let r \ , . . . , r n be the radii of n spheres. Call S} .S 2 , ■ ■ ■ - S n the areas of 
the set of points of each sphere from which one cannot see any point of any other 
sphere. Prove that 


Si S 2 S n A 
“T + 1 7 — 47T. 


1 1 . (BRA 4) A rectangular pool table has a hole at each of three of its corners. The 
lengths of sides of the table are the real numbers a and b. A billiard ball is shot 
from the fourth corner along its angle bisector. The ball falls in one of the holes. 
What should the relation between a and b be for this to happen? 


12. (BRA 5) Let there be 3399 numbers arbitrarily chosen among the first 6798 
integers 1,2, ... , 6798 in such a way that none of them divides another. Prove 
that there are exactly 1982 numbers in {1,2, . . . ,6798} that must end up being 
chosen. 


1 3 . (BGR 1) A regular n-gonal truncated pyramid is circumscribed around a sphere. 
Denote the areas of the base and the lateral surfaces of the pyramid by .S) , 52, and 
S, respectively. Let a be the area of the polygon whose vertices are the tangential 
points of the sphere and the lateral faces of the pyramid. Prove that 


gS = 45] S 2 cos 2 — . 

n 

14. (BGR 2) (SL82-4). 
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15. (CAN 1) Show that the set S of natural numbers n for which 3/n cannot be 
written as the sum of two reciprocals of natural numbers (S={n\3/n^l/p + 
1 /q for any p, q £ N}) is not the union of finitely many arithmetic progressions. 

16. (CAN 2) (SL82-7). 

17. (CAN 3) (SL82-11). 

18. (CAN 4 ) You are given an algebraic system admitting addition and multiplica- 
tion for which all the laws of ordinary arithmetic are valid except commutativity 
of multiplication. Show that 

(a + ab~ 1 a)~ 1 + ( a + b ) _1 = a~\ 

where x~ l is the element for which x~ l x = xx~ l = e, where e is the element of 
the system such that for all a the equality ea=ae = a holds. 

19. (CAN 5) (SL82-15). 

20. (CZS 1) Consider a cube C and two planes <7, t, which divide Euclidean space 
into several regions. Prove that the interior of at least one of these regions meets 
at least three faces of the cube. 

21. (CZS 2) All edges and all diagonals of regular hexagon A i A 2 A 3A4A5A6 are 
colored blue or red such that each triangle AjA^Am, 1 <j<k<m<6 has at 
least one red edge. Let /?* be the number of red segments A^Aj, (j / k). Prove 
the inequality 

6 

X(2^-7) 2 <54. 

22. (CZS 3) (SL82-19). 

23. (FIN 1) Determine the sum of all positive integers whose digits (in base ten) 
form either a strictly increasing or a strictly decreasing sequence. 

24. (FIN 2) Prove that if a person a has infinitely many descendants (children, their 
children, etc.), then a has an infinite sequence ao,a\,... of descendants (i.e., 
a = ao and for all n > 1, a n+ i is always a child of a„). It is assumed that no-one 
can have infinitely many children. 

Variant 1. Prove that if a has infinitely many ancestors, then a has an infinite 
descending sequence of ancestors (i.e., ao>«i , ■ • • where a = oq and a n is always 
a child of a n+ 1). 

Variant 2. Prove that if someone has infinitely many ancestors, then all people 
cannot descend from A (dam) and E(ve). 

25. (FIN 3) (SL82-12). 

26. (FRA 1) Let (a n ) n > 0 and {b n ) n > 0 be two sequences of natural numbers. Deter- 
mine whether there exists a pair (p,q) of natural numbers that satisfy 


p < q and a p < a q , b p < b q . 
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27. (FRA 2) (SL82-18). 

28. (FRA 3) Let (mi, . . . . u n ) be an ordered ntuple. For each k, 1 < k < n, define 
V£ = ^u\U 2 ■ ■ ■ Uk- Prove that 

X v k < e ■ X “*• 

Jfc— J k-A 

(e is the base of the natural logarithm). 

29. (FRA 4 ) Let / : R — > R be a continuous function. Suppose that the restriction of 
/ to the set of irrational numbers is injective. What can we say about /? Answer 
the analogous question if / is restricted to rationals. 

30. (UNK 1) (SL82-9). 

31. (UNK 2) (SL82-16). 

32. (UNK 3) (SL82-1). 

33. (UNK 4 ) A sequence (u„) of integers is defined for n > 0 by uq = 0, u\ = 1, and 
u„ — 2u„-i + (1 — c)u n ~2 = 0 (re > 2), where c is a fixed integer independent of 
n. Find the least value of c for which both of the following statements are true: 

(i) If p is a prime less than or equal to P, then p divides u p . 

(ii) If p is a prime greater than P, then p does not divide u p . 

34. (GDR 1) Let M be the set of all functions / with the following properties: 

(i) / is defined for all real numbers and takes only real values. 

(ii) For all x,yGM the following equality holds: /(x)/(y) = f(x+y)+f(x— y). 

(iii) /( 0) / 0. 

Determine all functions / G M such that 

(a) /(I) = 5/2; 

(b) /( 1) = \/3. 

35. (GDR 2) If the inradius of a triangle is half of its circumradius, prove that the 
triangle is equilateral. 

36. (NLD 1) (SL82-13). 

37. (NLD 2) (SL82-5). 

38. (POL 1) Numbers u n ^ (1 < k < ri) are defined as follows: 

“i,i =1> Mn 4=U)- X u n/d,kld 

W d\n, d\k, d>l 

(the empty sum is defined to be equal to zero). Prove that n \ u n j, for every natural 
number n and for every k (1 < k < ri). 

39. (POL 2) Let S be the unit circle with center O and let P\ -Pi,.. . .P n be points of S 
such that the sum of vectors v, = OP t is the zero vector. Prove that the inequality 

] X P, > n holds for every point A. 
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40. (POL 3) We consider a game on an infinite chessboard similar to that of soli- 
taire: If two adjacent fields are occupied by pawns and the next field is empty 
(the three fields lie on a vertical or horizontal line), then we may remove these 
two pawns and put one of them on the third field. Prove that if in the initial po- 
sition pawns fill a 3 kxn rectangle, then it is impossible to reach a position with 
only one pawn on the board. 

41. (POL 4 ) (SL82-8). 

42. (POL 5 ) Let & be the family of all ^-element subsets of the set {\,2,...,2k + 
1}. Prove that there exists a bijective function / : & — > & such that for every 
Ag&, the sets A and f(A) are disjoint. 

43. (TUN 1) (a) What is the maximal number of acute angles in a convex polygon? 
(b) Consider m points in the interior of a convex n-gon. The n-gon is partitioned 

into triangles whose vertices are among the n + m given points (the vertices 
of the n-gon and the given points). Each of the m points in the interior is a 
vertex of at least one triangle. Find the number of triangles obtained. 

44. (TUN 2 ) Let A and B be positions of two ships M and N, respectively, at the 
moment when N saw M moving with constant speed v following the line Ax. In 
search of help, N moves with speed kv (k < 1) along the line By in order to meet 
M as soon as possible. Denote by C the point of meeting of the two ships, and 
set 

AB = d, ZB AC = a, 0 < a < -. 

2 

Determine the angle ZABC = /3 and time t that N needs in order to meet M. 

45. (TUN 3) (SL82-20). 

46. (USA 1) Prove that if a diagonal is drawn in a quadrilateral inscribed in a circle, 
the sum of the radii of the circles inscribed in the two triangles thus formed is 
the same, no matter which diagonal is drawn. 

47. (USA 2 ) Evaluate sec" f + sec" ^ + sec" ^ + sec" 1 -f. (Here sec" means the 
second derivative of sec.) 

48. (USA 3) Given a finite sequence of complex numbers ei,C 2 ,...,c„, show 
that there exists an integer k (1 < k < n) such that for every finite sequence 
a\,a. 2 , ■ ■ ■ ,a n of real numbers with 1 > a\ > «2 > • • • > a n > 0, the following 
inequality holds: 


n 


k 

X a mCm 

m= 1 

< 

x*. 

m= 1 


49. (USA 4 ) Simplify 

V (2^)- 

iSC fc!) 2 ((« — *)!) 2 ' 

50. (USS 1) Let O be the midpoint of the axis of a right circular cylinder. Let A 
and B be diametrically opposite points of one base, and C a point of the other 
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base circle that does not belong to the plane OAB. Prove that the sum of dihedral 
angles of the trihedral OABC is equal to 2 n. 

51. (USS 2) Let n numbers xi , X 2 , . . . , x„ be chosen in such a way that 1 > x\ > X 2 > 
• • • > x n > 0. Prove that 

(1 +*! +x 2 + ■ ■ ■ +x n ) a < 1 +jtf + <** + n a_1 x“ 

if 0 < a < 1. 

52. (USS 3) We are given 2 n natural numbers 

1, 1,2, 2,3,3, ... ,n— l,n— l,n,n. 

Find all n for which these numbers can be arranged in a row such that for each 
k<n, there are exactly k numbers between the two numbers k. 

53. (USS 4) (SL82-3). 

54. (USS 5) (SL82-17). 

55. (VNM 1) (SL82-6). 

56. (VNM 2) Let/(x) = ax 1 +bx+c and g(x) =cx 2 + hx+a. If |/(0)| < 1, |/(1)| < 
1, |/(— 1)| < 1, prove that for |jc| < 1, 

(a) |/(x)| < 5/4, 

(b) \g(x)\<2. 

57. (YUG 1) (SL82-2). 

3.23.3 Shortlisted Problems 

1. A1 (UNK 3) imo1 The function /(«) is defined for all positive integers n and 
takes on nonnegative integer values. Also, for all m, n, 

f(m + n) — f(m) — f(n) = 0 or 1; 

/(2)=0, /(3) > 0, and /( 9999) = 3333. 

Determine /(1982). 

2. A2 (YUG 1) Let K be a convex polygon in the plane and suppose that K is 
positioned in the coordinate system in such a way that 

area (K n Qt) = ^ area K (z = 1,2, 3, 4,), 

where the Q t denote the quadrants of the plane. Prove that if K contains no 
nonzero lattice point, then the area of K is less than 4. 

3. A3 (USS 4) IM03 Consider the infinite sequences {x n } of positive real numbers 
with the following properties: 

xq = 1 and for all z>0, Xj+ i<x,-. 
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(a) Prove that for every such sequence there is an n > 1 such that ^ ^ + 

■•• + 4^ >3.999. 

x n — 

X 1 x 1 X 1 

(b) Find such a sequence for which ^ H b < 4 for all n. 

4. A4 (BGR 2) Determine all real values of the parameter a for which the equation 

16x 4 - ax 3 + (2 a+\l)x z -ax+ 16 = 0 


has exactly four distinct real roots that form a geometric progression. 

5. A5 (NLD 2) imo5 Let A1A2A3A4A5A6 be a regular hexagon. Each of its diagonals 

A-, \A l+ \ is divided into the same ratio j\, where 0 < X < 1, by a point B, in 
such a way that A,, B,, and B l+ 2 are collinear (1=1 .6 (mod 6)). Compute X . 

6. A6 (VNM 1) IM ° 6 Let S be a square with sides of length 100 and let L be a 
path within S that does not meet itself and that is composed of linear segments 
AqA 1 ,/ 4 1 A2, . . . ,A„_iA„ with Aq 7b A n . Suppose that for every point P of the 
boundary of S there is a point of L at a distance from P not greater than j. 
Prove that there are two points X and Y in L such that the distance between X 
and Y is not greater than 1 and the length of that part of L that lies between X 
and Y is not smaller than 198. 


7. B1 (CAN 2) Let p(x) be a cubic polynomial with integer coefficients with lead- 
ing coefficient 1 and with one of its roots equal to the product of the other two. 
Show that 2p(— 1) is a multiple of p(l) + p(— 1) —2(1 + p{ 0)). 

8. B2 (POL 4) A convex, closed figure lies inside a given circle. The figure is seen 
from every point of the circumference at a right angle (that is, the two rays drawn 
from the point and supporting the convex figure are perpendicular). Prove that 
the center of the circle is a center of symmetry of the figure. 

9. B3 (UNK 1) Let ABC be a triangle, and let P be a point inside it such that 
XPAC = XPBC. The perpendiculars from P to BC and CA meet these lines at L 
and M, respectively, and D is the midpoint of AB. Prove that DL = DM. 

10. B4 (BRA 1) A box contains p white balls and q black balls. Beside the box 
there is a pile of black balls. Two balls are taken out of the box. If they have the 
same color, a black ball from the pile is put into the box. If they have different 
colors, the white ball is put back into the box. This procedure is repeated until 
the last two balls are removed from the box and one last ball is put in. What is 
the probability that this last ball is white? 


11 . 


B5 (CAN 3) (a) Find the rearrangement {a \ , . . . , a n } of { 1 , 2, . . . , n} that max- 
imizes 


aia 2 +a 2 a 2 -\ \-a n a\ = Q. 


(b) Find the rearrangement that minimizes Q. 

12. B6 (FIN 3) Four distinct circles C, Ci ,C 2 ,C 2 and a line L are given in the plane 
such that C and L are disjoint and each of the circles C \ , C 2 , C3 touches the other 
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two, as well as C and L. Assuming the radius of C to be 1, determine the distance 
between its center and L. 

13. Cl (NLD l) IM02 A scalene triangle A 1A2A3 is given with sides ai,«2,«3 («; is 
the side opposite to A;). For all i = 1,2,3, M, is the midpoint of side at, Ti is the 
point where the incircle touches side a,, and the reflection of 7] in the interior 
bisector of A t yields the point .S',. Prove that the lines M\S\, M2S2, and M3 S3 are 
concurrent. 

14. C2 (AUS 4) Let ABCD be a convex plane quadrilateral and let A 1 denote the 
circumcenter of ABCD. Define B \ , C \ , D\ in a corresponding way. 

(a) Prove that either all of A\,B\,C\,D\ coincide in one point, or they are all 
distinct. Assuming the latter case, show that A 1 , C\ are on opposite sides of 
the line B\D\, and similarly, B\. D\ are on opposite sides of the line A1C1. 
(This establishes the convexity of the quadrilateral A\B\C\D\.) 

(b) Denote by A2 the circumcenter of B\C\D\ , and define B2 , C2 , D2 in an anal- 
ogous way. Show that the quadrilateral A 2 B 2 C 2 D 2 is similar to the quadri- 
lateral ABCD. 

15. C3 (CAN 5) Show that 


holds for every 1 ^ s > 0 real and 0 < a < 1 rational. 

16. C4 (UNK 2) IM04 Prove that if n is a positive integer such that the equation 
x 3 — 3xy 2 + y 3 = n has a solution in integers (x,y), then it has at least three such 
solutions. Show that the equation has no solution in integers when n = 2891. 

17. C5 (USS 5) The right triangles ABC and AB\C\ are similar and have opposite 
orientation. The right angles are at C and Ci , and we also have ZCAB = ZC\AB\ . 
Let M be the point of intersection of the lines BC\ and B\C. Prove that if the lines 
AM and CCi exist, they are perpendicular. 

18. C6 (FRA 2) Let O be a point of three-dimensional space and let h,h,h be 
mutually perpendicular straight lines passing through O. Let S denote the sphere 
with center O and radius R, and for every point M of S, let Sm denote the sphere 
with center M and radius R. We denote by Pi , P2 , P3 the intersection of Sm with 
the straight lines h,h,h, respectively, where we put 7^ O if /,■ meets Sm at 
two distinct points and Pi = 0 otherwise (i = 1,2,3). What is the set of centers 
of gravity of the (possibly degenerate) triangles P\ P 2 P 3 as M runs through the 
points of S? 

19. C7 (CZS 3) Let M be the set of real numbers of the form -^±=, where m and 
n are positive integers. Prove that for every pair x £ M,y £ M with x <y, there 
exists an element z£ M such that x<z<y. 

20. C8 (TUN 3) Let ABCD be a convex quadrilateral and draw regular triangles 
ABM, CDP, BCN, ADQ, the first two outward and the other two inward. Prove 
that MN = AC. What can be said about the quadrilateral MNPQ1 


3.24 The Twenty-Fourth IMO 
Paris, France, July 1-12, 1983 

3.24.1 Contest Problems 
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First Day ( July 6) 

1 . Find all functions / defined on the positive real numbers and taking positive real 
values that satisfy the following conditions: 

(i) f(xf(y)) = yf(x ) for all positive real x.y\ 

(ii) f (x) — * 0 as x — > +°°. 

2. Let K be one of the two intersection points of the circles Wi and W 2 . Let 0\ and 
O 2 be the centers of W\ and W 2 . The two common tangents to the circles meet 
Wi and W 2 respectively in P\ and P 2 , the first tangent, and <2i and <22 the second 
tangent. Let M\ and M 2 be the midpoints of P\Q\ and P 2 Q 2 , respectively. Prove 
that ZO 1 KO 2 = ZM\KM 2 . 

3. Let a,b,c be positive integers satisfying (a,b) = ( b,c ) = (c,a) = 1. Show that 
2 abc — ab — bc — ca is the largest integer not representable as 

xbc + yea + zab 

with nonnegative integers x,y, z. 

Second Day (July 7) 

4. Let ABC be an equilateral triangle. Let E be the set of all points from segments 
AB, BC, and CA (including A, B, and C). Is it true that for any partition of the 
set E into two disjoint subsets, there exists a right-angled triangle all of whose 
vertices belong to the same subset in the partition? 

5. Prove or disprove the following statement: In the set {1,2,3,. .. , 10 5 } a subset 
of 1983 elements can be found that does not contain any three consecutive terms 
of an arithmetic progression. 

6. If a, b, and c are sides of a triangle, prove that 

a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) > 0 
and determine when there is equality. 

3.24.2 Longlisted Problems 

1. (AUS 1) (SL83-1). 

2. (AUS 2) Seventeen cities are served by four airlines. It is noted that there is di- 
rect service (without stops) between any two cities and that all airline schedules 
offer round-trip flights. Prove that at least one of the airlines can offer a round 
trip with an odd number of landings. 
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3. (AUS 3) (a) Given a tetrahedron ABCD and its four altitudes (i.e., lines through 

each vertex, perpendicular to the opposite face), assume that the altitude 
dropped from D passes through the orthocenter H 4 of AABC. Prove that 
this altitude DH 4 intersects all the other three altitudes. 

(b) If we further know that a second altitude, say the one from vertex A to the 
face BCD, also passes through the orthocenter Hi of ABCD, then prove that 
all four altitudes are concurrent and each one passes through the orthocen- 
ter of the respective triangle. 

4. (BEL 1) (SL83-2). 

5. (BEL 2) Consider the set Q 2 of points in R 2 , both of whose coordinates are 
rational. 

(a) Prove that the union of segments with vertices from Q 2 is the entire set R 2 . 

(b) Is the convex hull of Q 2 (i.e., the smallest convex set in R 2 that contains 
Q 2 ) equal to R 2 ? 6 

6. (BEL 3) (SL83-3). 

7. (BEL 4) Find all numbers x € Z for which the number 

x 4 +x 3 +x?+x+l 

is a perfect square. 

8. (BEL 5) (SL83-4). 

9. (BRA 1) (SL83-5). 

10. (BRA 2) Which of the numbers 1,2, ... , 1983 has the largest number of divi- 
sors? 

11. (BRA 3) A boy at point A wants to get water at a circular lake and carry it to 
point B. Find the point C on the lake such that the distance walked by the boy 
is the shortest possible given that the line AB and the lake are exterior to each 
other. 

12. (BRA 4) The number 0 or 1 is to be assigned to each of the n vertices of a 
regular polygon. In how many different ways can this be done (if we consider 
two assignments that can be obtained one from the other through rotation in the 
plane of the polygon to be identical)? 

13. (BGR 1) Let p be a prime number and a \ , 02 , . ■ . , U( p +i)/2 different natural num- 
bers less than or equal to p. Prove that for each natural number r less than or 
equal to p, there exist two numbers (perhaps equal) a, and aj such that 

p = a,a,( mod r). 

14. (BGR 2) Let l be tangent to the circle k at B. Let A be a point on k and P the 
foot of perpendicular from A to l . Let M be symmetric to P with respect to AB. 
Find the set of all such points M. 

6 The problem is unclear. In this form, part (a) is false and part (b) is trivial. 
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15. (CAN 1) Find all possible finite sequences {riQ.n\ ,« 2 - • • ■ : «*} of integers such 
that for each i, i appears in the sequence «,■ times (0 < i < k). 

16. (CAN 2) (SL83-6). 

17. (CAN 3) In how many ways can 1 , 2, . . . , 2n be arranged in a 2 xn rectangular 



(i) ai < a2 < ■ ■ ■ < a n , 

(ii) bi < &2 < ■ ■ ■ < b n , 

(iii) ai < bi, ci 2 < b 2 , ■ ■ ■ , a n < bn? 

18. (CAN 4 ) Let b > 2 be a positive integer. 

(a) Show that for an integer N, written in base b, to be equal to the sum of the 
squares of its digits, it is necessary either that N = 1 or that N have only 
two digits. 

(b) Give a complete list of all integers not exceeding 50 that, relative to some 
base b, are equal to the sum of the squares of their digits. 

(c) Show that for any base b the number of two-digit integers that are equal to 
the sum of the squares of their digits is even. 

(d) Show that for any odd base b there is an integer other than 1 that is equal 
to the sum of the squares of its digits. 

19. (CAN 5) (SL83-7). 

20. (COL 1) Let / and g be functions from the set A to the same set A. We define 

/ to be a functional nth root of g (n is a positive integer) if f n (x) = g(x), where 


rw=/"- 1 (/w). 


(a) Prove that the function g : M — + M, g(x) = 1/x has an infinite number of nth 
functional roots for each positive integer n. 

(b) Prove that there is a bijection from M onto M that has no nth functional root 
for each positive integer n. 

21. (COL 2) Prove that there are infinitely many positive integers n for which it is 
possible for a knight, starting at one of the squares of an n x n chessboard, to go 
through each of the squares exactly once. 

22. (CUB 1) Does there exist an infinite number of sets C consisting of 1983 con- 
secutive natural numbers such that each of the numbers is divisible by some 
number of the form a 1983 , with a e N, a 1? 

23. (FIN 1) (SL83-10). 

24. (FIN 2) Every x, 0 < x < 1, admits a unique representation x = X“ =0 o/2~ J , 
where all the aj belong to {0, 1} and infinitely many of them are 0. If b{ 0) = 


&(1) = yL, c > 0, and 


f(x) = a 0 + X % o) ■ • • b(aj)a j+h 
1=0 
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show that 0 < f(x) — x < c for every x, 0 < x < 1. 

(FIN 2') (SL83-11). 

25. (FRG 1) How many permutations a 1 , 02 , ... ,a n of {1,2, ... ,n} are sorted into 
increasing order by at most three repetitions of the following operation: Move 
from left to right and interchange a, and a t +\ whenever a,- > a l+ \ for i running 
from 1 upton— 1? 

26. (FRG 2) Let a.b. c be positive integers satisfying ( a,b ) = (b,c) = (c, a) = 1. 
Show that 2 abc — ab — be — ca cannot be represented as hex + cay + abz with 
nonnegative integers x,y, z. 

27. (FRG 3) (SL83-18). 

28. (UNK 1) Show that if the sides a, b. c of a triangle satisfy the equation 


2 {ab 2 + be 2 + ca 2 ) = a 2 b + b 2 c + c 2 a + 3 abc, 


then the triangle is equilateral. Show also that the equation can be satisfied by 
positive real numbers that are not the sides of a triangle. 

29. (UNK 2) Let O be a point outside a given circle. Two lines OAB, OCD through 
O meet the circle at A,B,C,D, where A, C are the midpoints of OB,OD, respec- 
tively. Additionally, the acute angle 0 between the lines is equal to the acute 
angle at which each line cuts the circle. Find cos 6 and show that the tangents at 
A, Dio the circle meet on the line BC. 

30. (UNK 3) Prove the existence of a unique sequence {u„} (n = 0,1,2...) of 
positive integers such that 



for all n > 0, 


where (“) is the usual binomial coefficient. 

31. (UNK 4) (SL83-12). 

32. (UNK 5) Let a,b,c be positive real numbers and let [x] denote the greatest 
integer that does not exceed the real number x. Suppose that / is a function 
defined on the set of nonnegative integers n and taking real values such that 
/( 0) = 0 and 


/(«) < an + f( [bn ] ) + /( [cn \ ) , for all n> 1. 

Prove that if b + c < 1, there is a real number k such that 


f(n) < kn for all n, 


(1) 


while if b + c = 1, there is a real number K such that /(n) < Kn\og 2 n for all 
n > 2. Show that if b + c = 1, there may not be areal number k that satisfies (1). 

33. (GDR 1) (SL83-16). 
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34. (GDR 2) In a plane are given n points P L (i = 1,2 ,...,«) and two angles a and 
/3. Over each of the segments P,P l+ 1 (P n + 1 = 7*] ) a point Qi is constructed such 
that for all i: 

(i) upon moving from Pi to Pi+\, Qi is seen on the same side of PiPi+i, 

(ii) ZP i+ iPiQi = a, 

(iii) ZPiP i+l Qi = p. 

Furthermore, let g be a line in the same plane with the property that all the points 
Pi, Qi lie on the same side of g. Prove that 

Y,d(Pi,g) = Y J d(Q i ,g), 

'131 iMt 

where d(M,g) denotes the distance from point M to line g. 

35. (GDR 3) (SL83-17). 

36. (ISR 1) The set X has 1983 members. There exists a family of subsets 
{Si, 52, ... , Sk} such that: 

(i) the union of any three of these subsets is the entire set X, while 

(ii) the union of any two of them contains at most 1979 members. 

What is the largest possible value of k7 

37. (ISR 2) The points Ai,A 2 , . . . , /l 1983 are set on the circumference of a circle 
and each is given one of the values ±1. Show that if the number of points with 
the value +1 is greater than 1789, then at least 1207 of the points will have the 
property that the partial sums that can be formed by taking the numbers from 
them to any other point, in either direction, are strictly positive. 

38. (KWT 1) Let {u„} be the sequence defined by its first two terms uo, u\ and the 
recursion formula 

u „+2 = u n - u n+] . 

(a) Show that u n can be written in the form u n = aa n + fib 11 , where a,b,a,[i 
are constants independent of n that have to be determined. 

(b) If S n = uq + u\ H b u n , prove that S n + u n -\ is a constant independent of 

n. Determine this constant. 

39. (KWT 2) If a is the real root of the equation 

E(x) =x 3 — 5x— 50= 0 

such that x n+ i = (5x„ + 50) 1 / 3 and x\ = 5, where n is a positive integer, prove 
that: 

(a) ^ n+l -a 3 = 5(x n - a) 

(b) a < x n+ i < x n 

40. (LUX 1) Four faces of tetrahedron ABCD are congruent triangles whose angles 
form an arithmetic progression. If the lengths of the sides of the triangles are 
a<b<c, determine the radius of the sphere circumscribed about the tetrahedron 
as a function on a, b, and c. What is the ratio c/a\fR = al 
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41. 

42. 

43. 


44. 

45. 


46. 


47. 


48. 


49. 


50. 

51. 

52. 

53. 


(LUX 2) (SL83-13). 

(LUX 3) Consider the square ABCD in which a segment is drawn between each 
vertex and the midpoints of both opposite sides. Find the ratio of the area of the 
octagon determined by these segments and the area of the square ABCD. 

(LUX 4) Given a square ABCD, let P, Q, R, and S be four variable points on the 
sides AB, BC, CD, and DA, respectively. Determine the positions of the points 
P, Q, R, and S for which the quadrilateral PQRS is a parallelogram, a rectangle, 
a square, or a trapezoid. 

(LUX 5) We are given twelve coins, one of which is a fake with a different mass 
from the other eleven. Determine that coin with three weighings and whether it 
is heavier or lighter than the others. 


(LUX 6) Let two glasses, numbered 1 and 2, contain an equal quantity of liquid, 
milk in glass 1 and coffee in glass 2. One does the following: Take one spoon of 
mixture from glass 1 and pour it into glass 2, and then take the same spoon of 
the new mixture from glass 2 and pour it back into the first glass. What happens 
after this operation is repeated n times, and what as n tends to infinity? 


(LUX 7) Let / be a real- valued function defined on I = (0, +°°) and having no 
zeros on I. Suppose that 


lim 


fix) 

' f ( x ) 


For the sequence u n = In | | , prove that u n — > +°° ( n — > +°°). 

(NLD 1) In a plane, three pairwise intersecting circles Ci,C 2 ,C 3 with centers 
Mi, M2, M3 are given. For i = 1,2,3, let A; be one of the points of intersec- 
tion of Cj and Q ({i, j,k} = {1,2,3}). Prove that if ZM 3 AiM 2 = ZMiA 2 M 3 = 
ZM2A3M1 = n / 3 (directed angles), then M\A\, M 2 A 2 , and M3A3 are concurrent. 


(NLD 2) Prove that in any parallelepiped the sum of the lengths of the edges is 
less than or equal to twice the sum of the lengths of the four diagonals. 


(POL 1) Given positive integers k, m, n with km<n and nonnegative real num- 
bers jci, . . . ,JCfc, prove that 

(POL 2) (SL83-14). 

(POL 3) (SL83-15). 

(ROU1) (SL83-19). 

(ROU 2) Let and let zi,Z2,---,z n be complex numbers of modulus 1 

satisfying the relation 
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E 4 = 4 0 + (a - »)0 -3l^- 

pi St. 


Prove thataG {0,1,..., w} and e {1,1} for all /c. 

54. (ROU 3) (SL83-20). 

55. (ROU 4) For every oeN denote by M(a) the number of elements of the set 

{b £ N | a + Ms a divisor of ab}. 

Find max a < 1983 M(a). 

56. (ROU 5) Consider the expansion 

(1 +x + x 2 +x 3 +x 4 ) 496 = ao + aix-] fai 984 X 1984 . 

(a) Determine the greatest common divisor of the coefficients a^,ag,au, 
«1983- 

(b) Prove that 10 34 ° < a 992 < 10 347 . 

57. (ESP 1) In the system of base n 2 + 1 find a number N with n different digits 
such that: 

(i) N is a multiple of n. Let N = nN' . 

(ii) The number N and N' have the same number n of different digits in base 
n 2 + 1 , none of them being zero. 

(iii) If s(C) denotes the number in base n 2 + 1 obtained by applying the per- 
mutation s to the n digits of the number C, then for each permutation s, 
s(N) = ns(N'). 

58. (ESP 2) (SL83-8). 

59. (ESP 3) Solve the equation 

tan 2 (2x) + 2tan(2x) • tan(3x) -1=0. 

60. (SWE 1) (SL83-21). 

61 . (SWE 2) Let a and b be integers. Is it possible to find integers p and q such that 
the integers p + na and q + nb have no common prime factor no matter how the 
integer n is chosen. 

62. (SWE 3) A circle y is drawn and let AB be a diameter. The point C on y is the 
midpoint of the line segment BD. The line segments AC and DO, where O is the 
center of y, intersect at P. Prove that there is a point E on AB such that P is on 
the circle with diameter AE. 

63. (SWE 4) (SL83-22). 

64. (USA 1) The sum of all the face angles about all of the vertices except one 
of a given polyhedron is 5160. Find the sum of all of the face angles of the 
polyhedron. 
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65. (USA 2) Let ABCD be a convex quadrilateral whose diagonals AC and BD 
intersect in a point P. Prove that 

AP cot ABAC + cot ADAC 
PC cot ABC A + cot ADC A 


66. (USA 3) (SL83-9). 

67. (USA 4) The altitude from a vertex of a given tetrahedron intersects the op- 
posite face in its orthocenter. Prove that all four altitudes of the tetrahedron are 
concurrent. 

68. (USA 5) Three of the roots of the equation x 4 — px 3 + qx 2 — rx + s = 0 are tan 4, 
tan B, and tanC, where A, B, and C are angles of a triangle. Determine the fourth 
root as a function only of p, q, r, and s. 

69. (USS 1) (SL83-23). 

70. (USS 2) (SL83-24). 

71. (USS 3) (SL83-25). 

72. (USS 4) Prove that for all x\ ,X 2 , ■ ■ ■ ,x n e M the following inequality holds: 


£ cos 2 (x«-x ; ) > 

n>i>j> 1 


n(n — 2) 
4 


73. (YNM 1) Let ABC be a nonequilateral triangle. Prove that there exist two points 
P and Q in the plane of the triangle, one in the interior and one in the exterior 
of the circumcircle of ABC, such that the orthogonal projections of any of these 
two points on the sides of the triangle are vertices of an equilateral triangle. 

74. (YNM 2) In a plane we are given two distinct points A,B and two lines a,b 
passing through B and A respectively (a 3 B,b 3 A) such that the line AB is 
equally inclined to a and b. Find the locus of points M in the plane such that 
the product of distances from M to A and a equals the product of distances from 
M to B and b (i.e., MA ■ MA! = MB ■ MB' , where A' and B' are the feet of the 
perpendiculars from M to a and b respectively). 

75. (VNM 3) Find the sum of the fiftieth powers of all sides and diagonals of a 
regular 100-gon inscribed in a circle of radius R. 


3.24.3 Shortlisted Problems 

1. (AUS 1) The localities P\,Pi, . . . , P 1983 are served by ten international airlines 
Ai ,A 2 , . . . , A\(). It is noticed that there is direct service (without stops) between 
any two of these locahties and that all airline schedules offer round-trip flights. 
Prove that at least one of the airlines can offer a round trip with an odd number 
of landings. 
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2. (BEL 1) Let n be a positive integer. Let <j(n) be the sum of the natural divisors d 

of n (including 1 and n). We say that an integer m > 1 is superabundant (P.Erdos, 
1944) if Vfc e {1,2, . . . ,m— 1}, Prove that there exists an infinity of 

superabundant numbers. 

3 . (BEL 3) im04 We say that a set E of points of the Euclidian plane is “Pythagorean” 
if for any partition of E into two sets A and B, at least one of the sets contains 
the vertices of a right-angled triangle. Decide whether the following sets are 
Pythagorean: 

(a) a circle; 

(b) an equilateral triangle (that is, the set of three vertices and the points of the 
three edges). 

4. (BEL 5) On the sides of the triangle ABC, three similar isosceles triangles ABP 
( AP = PB) , AQC ( AQ = QC ) , and BRC ( BR = RC) are constructed. The first two 
are constructed externally to the triangle ABC, but the third is placed in the same 
half -plane determined by the line BC as the triangle ABC. Prove that APRQ is a 
parallelogram. 

5. (BRA 1) Consider the set of all strictly decreasing sequences of n natural num- 
bers having the property that in each sequence no term divides any other term of 
the sequence. Let A = (aj) and B = ( bj ) be any two such sequences. We say that 
A precedes B if for some k, a/, < bk and a; = h, for i < k. Find the terms of the 
first sequence of the set under this ordering. 

6. (CAN 2) Suppose that {xi,X 2 , . . . ,x n } are positive integers for which X 1 +X 2 + 

\-x n = 2(n + 1 ). Show that there exists an integer r with 0 < r < n — 1 for 

which the following n — 1 inequalities hold: 

x r+ i H \-x r +i <2i + \ Mi, \ <i<n — r, 

x r+ i -| \-x n +x\ -| 1 -xi < 2 (n — r + i) + 1 Vi, 1 < i < r— 1. 

Prove that if all the inequalities are strict, then r is unique and that otherwise 
there are exactly two such r. 

7. (CAN 5) Let a be a positive integer and let {a n } be defined by ao = 0 and 

a n+ 1 = (a n + \ )a+(a+ l)a n + 2-^a(a + l)a„(a n + 1) ( n= 1,2...). 

Show that for each positive integer n, a„ is a positive integer. 

8. (ESP 2) In a test, 3 n students participate, who are located in three rows of n stu- 
dents in each. The students leave the test room one by one. If N\ (t), A^(t) 

denote the numbers of students in the first, second, and third row respectively at 
time t, find the probability that for each t during the test, 

\Ni(t)-Nj{t ) I <2, M;, i,j = 1,2,.... 

9. (USA 3) imo6 If a, b, and c are sides of a triangle, prove that 
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a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) > 0. 


Determine when there is equality. 

10. (FIN 1) Let p and q be integers. Show that there exists an interval / of length 
1 jq and a polynomial P with integral coefficients such that 



for all x el. 

11. (FIN 2') Let / : [0, 1] — ► R be continuous and satisfy: 


bf(2x) = f(x), 
f(x) = b+(\-b)f(2x-l), 


0<x< 1/2; 
1/2 < x < 1, 


where b = c > 0. Show that 0 < f{x) —x < c for every x, 0 < x < 1. 

12. (UNK 4) im01 Find all functions / defined on the positive real numbers and tak- 
ing positive real values that satisfy the following conditions: 

(i) f(xf(y)) = yf(x) for all positive real x.y. 


(ii) f(x ) — > 0 as x 


13. (LUX 2) Let E be the set of 1983 3 points of the space M 3 all three of whose 
coordinates are integers between 0 and 1982 (including 0 and 1982). A color- 
ing of £ is a map from E to the set {red, blue}. How many colorings of E are 
there satisfying the following property: The number of red vertices among the 8 
vertices of any right-angled parallelepiped is a multiple of 4? 

14. (POL 2) IM05 Prove or disprove: From the interval [1 , . . . , 30000] one can select 
a set of 1000 integers containing no arithmetic triple (three consecutive numbers 
of an arithmetic progression). 

15. (POL 3) Decide whether there exists a set M of natural numbers satisfying the 
following conditions: 

(i) For any natural number m > 1 there are a, b £ M such that a + b = m. 

(ii) If a,b,c,d £ M, a,b,c,d > 10 and a + b = c + d, then a = cova = d. 

16. (GDR 1) Let F(n ) be the set of polynomials P(x) = ao + aix-\ b a n x J1 . with 

ao,«i, • • • ,<Jn € R and 0 < ao = a n < «i = a n - i < • • • < a[ n /2] = a [(n+ 1 )/ 2 ]- Prove 
that if / e F(m) and g 6 F{n), then fg e F[m + n). 

17. (GDR 3) Let P\ , P 2 , . . . ,P„ be distinct points of the plane, n > 2. Prove that 



!<(<;<« 1 2 V \ <i<j<n 


18. (FRG 3) ,mo3 Let a, b, c be positive integers satisfying (a, b) = (b. c) = {c,a)= I. 
Show that 2 abc — ab — bc — ca is the largest integer not representable as 


xbc+yca + zab 


with nonnegative integers x,y,z. 
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19. (ROU 1 ) Let {F n ) n y \ be the Fibonacci sequence F\ = F 2 = 1, F n+2 = F n+ \ +F n 
0 n > 1), and P(x) the polynomial of degree 990 satisfying 

P(k) = F k , for k = 992, 1982. 

Prove that P(1983) = /*j 98 3 — 1. 

20. (ROU 3) Solve the system of equations 


*i|*l| =x 2 \x 2 \ + {xi-a)\xx-a\, 
x 2 \x 2 \=x' i \x 2 \ + {x 2 -a)\x 2 -a\, 


x n \x n | = x\\x\\ + (x n — a)\x n — a\, 


in the set of real numbers, where a > 0. 

21. (SWE 1) Find the greatest integer less than or equal to fc 1 / 1983 - 1 . 


22. (SWE 4) Let n be a positive integer having at least two different prime factors. 
Show that there exists a permutation a \ , a 2 , . . . , a n of the integers 1 , 2 , . . . , n such 
that 


^ k ■ cos 
k= 1 


2nak 

n 


= 0 . 


23. (USS l)™ 02 Let K be one of the two intersection points of the circles W\ and 
W 2 . Let 0\ and 0 2 be the centers of W\ and W 2 . The two common tangents to 
the circles meet W\ and W 2 respectively in P\ and P 2 , the first tangent, and Q\ 
and Q 2 , the second tangent. Let M\ and M 2 be the midpoints of P\ Q\ and P 2 Q 2 , 
respectively. Prove that 

Z0 ] K0 2 = ZM\KM 2 . 


24. (USS 2) Let d n be the last nonzero digit of the decimal representation of n ! . 
Prove that d n is aperiodic; that is, there do not exist T and «o such that for all 
n > no, d n+ T = d n . 

25. (USS 3) Prove that every partition of 3-dimensional space into three disjoint 
subsets has the following property: One of these subsets contains all possible 
distances; i.e., for every a G R + , there are points M and N inside that subset 
such that distance between M and N is exactly a. 
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3.25 The Twenty-Fifth IMO 

Prague, Czechoslovakia, June 29-July 10, 1984 

3.25.1 Contest Problems 

First Day (July 4) 

1 . Let x.y. z be nonnegative real numbers with x + y + z = 1 ■ Show that 

0<xy+yz+zx-2xyz< 

2. Find two positive integers a , b such that none of the numbers a,b. a + b is divisi- 
ble by 7 and (a + b) 1 — a 1 — b 1 is divisible by 7 6 7 . 

3. In a plane two different points O and A are given. For each point X ^ O of the 
plane denote by a(X) the angle AOX measured in radians (0 < a(X) < 2n) and 
by C(X) the circle with center O and radius OX + Suppose each point of 
the plane is colored by one of a finite number of colors. Show that there exists a 
points with a(X) > 0 such that its color appears somewhere on the circle C(X). 

Second Day (July 5) 

4. Let ABCD be a convex quadrilateral for which the circle of diameter AB is tan- 
gent to the line CD. Show that the circle of diameter CD is tangent to the line AB 
if and only if the lines BC and AD are parallel. 

5. Let d be the sum of the lengths of all diagonals of a convex polygon of n(n> 3) 
vertices, and let p be its perimeter. Prove that 



6. Let a,b,c,d be odd positive integers such that a < b < c < d, ad = be, and 
a + d = 2 k , b + c = 2 m for some integers k and m. Prove that a = 1 . 

3.25.2 Longlisted Problems 

1 . (AUS 1) The fraction can be written as the sum of two positive fractions with 
numerator 1 as follows: ^ = 3 TO an( ^ a ^ so TO = \ + TO - There are the only 
two ways in which this can be done. 

In how many ways can be written as the sum of two positive fractions with 
numerator 1? 

Is there a positive integer n, not divisible by 3, such that ^ can be written as the 
sum of two positive fractions with numerator 1 in exactly 1984 ways? 

2. (AUS 2) Given a regular convex 2m-sided polygon P, show that there is a 2m- 
sided polygon n with the same vertices as P (but in different order) such that n 
has exactly one pair of parallel sides. 
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3 . (AUS 3 ) The opposite sides of the reentrant hexagon AFBDCE intersect at the 
points K,L,M (as shown in the figure). It is given that AL = AM = a, BM = 
BK = b, CK = CL = c, LD = DM = d, ME = EK = e, FK = FL — f. 

(a) Given length a and the three angles a, j 3 , and y at the vertices A, B, and C, 
respectively, satisfying the condition a + j 3 + y < 180 °, show that all the 
angles and sides of the hexagon ; 

(b) Prove that 

1 I _ 1 1 

a e b d 

Easier version of (b). Prove that 

(a + f)(b + d)(c + e) 

= ( a + e)(b + f)(c + d ). 

4 . (BEL 1 ) Given a triangle ABC, three equilateral triangles AEB, BFC, and CGA 
are constructed in the exterior of ABC. Prove that: 

(a) CE=AF=BG\ 

(b) CE, AF, and BG have a common point. 

5 . (BEL 2 ) For a real number*, let [*] denote the greatest integer not exceeding x. 
If m > 3 , prove that 

I” m(m+ 1)1 _ Tm+ll 

|_2(2m — 1)J _ |_ 4 J' 

6. (BEL 3 ) Let P, Q.R be the polynomials with real or complex coefficients such 
that at least one of them is not constant. If P n + Q n + R n = 0 , prove that n < 3 . 

7 . (BGR 1 ) Prove that for any natural number n, the number ( 2 ") divides the least 
common multiple of the numbers 1 , 2, . . . , 2n — 1 , 2n. 

8. (BGR 2 ) In the plane of a given triangle A1A2A3 determine (with proof) a 
straight line l such that the sum of the distances from A\, A2, and A3 to l is 
the least possible. 

9 . (BGR 3 ) The circle inscribed in the triangle A1A2A3 is tangent to its sides 
AiA2,A2A3, A3A1 at points T\,Ti,T$, respectively. Denote by Mi, M2, M3 the 
midpoints of the segments A2A3,A3Ai,AiA2, respectively. Prove that the per- 
pendiculars through the points Mi, M2, M3 to the lines 72 73, 737), 7)72 meet at 
one point. 

10 . (BGR 4 ) Assume that the bisecting plane of the dihedral angle at edge AB of the 
tetrahedron ABCD meets the edge CD at point E. Denote by Si,^,^, respec- 
tively the areas of the triangles ABC, ABE, and ABD. Prove that no tetrahedron 
exists for which S],S2-Sj (in this order) form an arithmetic or geometric pro- 
gression. 

11 . (BGR 5 ) (SL 84 - 13 ). 
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12. (CAN 1) (SL84-11). 

Original formulation. Suppose that a \ , a 2 , • • • , « 2 « are distinct integers such that 
(x-ai)(x-a 2 )--- (x-n 2 n) + (-l)” _1 (n!) 2 = 0 
has an integer solution r. Show that r = a i+ a 2 +^-+ a 2 n 

13. (CAN 2) (SL84-2). 

Original formulation. Let m. n be nonzero integers. Show that 4 mn — m — n can 
be a square infinitely many times, but that this never happens when either m or 
n is positive. 

Alternative formulation. Let m,n be positive integers. Show that 4 mn — m — n 
can be 1 less than a perfect square infinitely often, but can never be a square. 

14. (CAN 3) (SL84-6). 

15. (CAN 4 ) Consider all the sums of the form 

1985 

X ekk 5 =± 1 5 ±2 5 ±---± 1985 5 , 

k=\ 


where e* = ±1. What is the smallest nonnegative value attained by a sum of this 
type? 

16. (CAN 5) (SL84-19). 

Original formulation. The triangular array (a„.k) of numbers is given by a n \ = 
1 /«, for n= 1,2, ... , a n ^+i = a n -i^~ a n,k< for 1 < k< n— 1. Find the harmonic 
mean of the 1985th row. 

17. (FRA 1) (SL84-1). 

18. (FRA 2) Let c be the inscribed circle of the triangle ABC, d a line tangent to c 
which does not pass through the vertices of triangle ABC. Prove the existence of 
points Ai,Ri,Ci, respectively, on the lines BC,CA,AB satisfying the following 
two properties: 

(i) Lines AA\ , BB\ , and CCi are parallel. 

(ii) Lines AA\,BB\ , and CCi meet d respectively at points A', B’ , and C' such 

that 

A' A i _ B'Bi _ C'Ci 
TX ~ WB ~ CC ' 

19. (FRA 3) Let ABC be an isosceles triangle with right angle at point A. Find the 
minimum of the function F given by 

F (AT) = BM + CM — V3 AM. 

20. (FRG 1) (SL84-5). 

21. (FRG 2) 

(1) Start with a white balls and b black balls. 

(2) Draw one ball at random. 
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(3) If the ball is white, then stop. Otherwise, add two black balls and go to step 
2. 

Let S be the number of draws before the process terminates. For the cases a = 
b = 1 and a = b = 2 only, find a n = P(S = n), b„ = P(S < n ), lim and 
the expectation value of the number of balls drawn: E(S) = X„> i na„. 

22. (FRG 3) (SL84-17). 

Original formulation. In a permutation (xi ,X 2 , . . . : x n ) of the set 1,2,..., n we 
call a pair (x/.x 7 -) discordant if i < j and x,- > Xj. Let d(n,k ) be the number of 
such permutations with exactly k discordant pairs. 

(a) Find d(n,2). 

(b) Show that 

d(n,k) = d(n,k— 1) + d(n — \ ,k) — d(n— l,k— 1) 

with d(n,k) = 0 for k < 0 and d(n,0) = 1 for n > 1. Compute with this 
recursion a table of d(n , k) for n = 1 to 6. 

23. (FRG 4) A 2 x 2 x 12 box fixed in space is to be filled with twenty-four 1x1x2 
bricks. In how many ways can this be done? 

24. (FRG 5) (SL84-7). 

Original formulation. Consider several types of 4-cell figures: 

( a )pFI (b) | 1111 (c) ^^i (d) ^i (e) ^^b‘ 

Find, with proof, for which of these types of figures it is not possible to number 
the fields of the 8 x 8 chessboard using the numbers 1 , 2, . . . , 64 in such a way 
that the sum of the four numbers in each of its parts congruent to the given figure 
is divisible by 4. 

25. (UNK 1) (SL84-10). 

26. (UNK 2) A cylindrical container has height 6 cm and radius 4 cm. It rests on a 
circular hoop, also of radius 4 cm, fixed in a horizontal plane with its axis vertical 
and with each circular rim of the cylinder touching the hoop at two points. 

The cylinder is now moved so that each of its circular rims still touches the hoop 
in two points. Find with proof the locus of one of the cylinder’s vertical ends. 

27. (UNK 3) The function f(n) is defined on the nonnegative integers n by: /( 0) = 

o,/(i) = i, 

f{n) =f(n- ~m(m - 1)) - / Qm(m +l)-«), 
for \m(m— 1) < n < \m(m+ 1), m>2. Find the smallest integer n for which 

/(«) = 5 . 

28. (UNK 4) A “number triangle” (t„^) (0 < k < n) is defined by t„o = t nn = 1 
(»>0), 
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(2-V3) m tn^+fl + Vt) 


n—m+1 


(1 <m<n). 


Prove that all t n . m are integers. 

29. (GDR 1) Let S n = {1, . . . , n} and let / be a function that maps every subset of S, 
into a positive real number and satisfies the following condition: For all ACS, 
and x,y GS n ,x^ y, /(A U {x})f{A U {y}) < f(A U {x,y})f(A). 

Prove that for all A. B C S n the following inequality holds: 


f{A) ■/(£)< f(A UR)- f(A HB). 


30. (GDR 2) Decide whether it is possible to color the 1984 natural numbers 
1,2,3, . . . , 1984 using 15 colors so that no geometric sequence of length 3 of 
the same color exists. 

3 1 . (LUX 1) Let f \ (x) = +ci\x 2 +b\x-\-c\ = 0 be an equation with three positive 
roots a > P > y > 0. From the equation f\ (x) = 0 one constructs the equation 
fi{x) = x 3 + a. 2 X 2 + b 2 X + C 2 = x(x + b \ ) 2 — (a\x + c\) 2 = 0. Continuing this 
process, we get equations fo, . . . ,/„. Prove that 



lim 2 ' 


32. (LUX 2) (SL84-15). 

33. (MNG 1) (SL84-4). 

34. (MNG 2) One country has n cities and every two of them are linked by a rail- 
road. A railway worker should travel by train exactly once through the entire 
railroad system (reaching each city exactly once). If it is impossible for worker 
to travel by train between two cities, he can travel by plane. What is the minimal 
number of flights that the worker will have to use? 

35. (MNG 3 ) Prove that there exist distinct natural numbers mi, m 2 , ...,mk satisfy- 
ing the conditions 



where n is the ratio between circle and its diameter. 

36. (MNG 4 ) The set { 1 , 2, . . . , 49} is divided into three subsets. Prove that at least 
one of these subsets contains three different numbers a,b,c such that a + b = c. 

37. (MAR 1) Denote by [x] the greatest integer not exceeding x. For all real k > 1, 
define two sequences: 



If A (it) = {a n (k ) : n e N} and B(k) = {b n (k) : n e N}, prove that A (k) and B(k) 
form a partition of N if and only if k is irrational. 
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38. (MAR 2) Determine all continuous functions / such that 

(V(x,y) e M 2 ) f{x+y)f(x-y) = (f(x)f(y)f. 

39. (MAR 3) Let ABC be an isosceles triangle, AB = AC, ZA = 20°. Let D be a 
point on AB, and E a point on AC such that ZACD = 20° and Z ABE = 30°. 
What is the measure of the angle ZCDE1 

40. (NLD 1) (SL84-12). 

41. (NLD 2) Determine positive integers p, q, and r such that the diagonal of a 
block consisting of p X q x r unit cubes passes through exactly 1984 of the unit 
cubes, while its length is minimal. (The diagonal is said to pass through a unit 
cube if it has more than one point in common with the unit cube.) 

42. (NLD 3) Triangle ABC is given for which BC = AC + \AB. The point P divides 
AB such that RP : PA = 1 : 3. Prove that ZCAP = 2ZCPA. 

43. (POL 1) (SL84-16). 

44. (POL 2) (SL84-9). 

45. (POL 3) Let X be an arbitrary nonempty set contained in the plane and let sets 

A i ,An, ■ ■ ■ ,A m and B^.Bj. B n be its images under parallel translations. Let us 

suppose that 

Ai UA 2 U ■ ■ ■ UA m C B\ US 2 U ■ ■ ■ CB n 
and that the sets Ai,A 2 , . . . ,A m are disjoint. Prove that m<n. 

46. (ROU 1) Let (a n ) n >\ and {b n ) n > 1 be two sequences of natural numbers such that 
a n+ 1 = na„ + 1, b n+ 1 = nb n — 1 for every n > 1. Show that these two sequences 
can have only a finite number of terms in common. 

47. (ROU 2) (SL84-8). 

48. (ROU 3) Let ABC be a triangle with interior angle bisectors AA\,BB\, CCi and 
incenter/. If o[IA\B\ + o[IB\C\ + o[IC\A] = \o[ABC\, where a[ABC\ denotes 
the area of ABC, show that ABC is isosceles. 

49. (ROU 4) Let n > 1 and xi € K for i = 1, . . . ,n. Set S k =^{+x | + • • • +4 for 
k > 1. If Si = S 2 = ■ ■ ■ = S n+ 1 , show that*; G {0, 1} for every i = 1,2, . . . ,n. 

50. (ROU 5) (SL84-14). 

51. (ESP 1) Two cyclists leave simultaneously a point P in a circular runway with 
constant velocities V| , V 2 (vi > V 2 ) and in the same sense. A pedestrian leaves 
P at the same time, moving with velocity V 3 = y ' | l 2 1 ' 2 . If the pedestrian and the 
cyclists move in opposite directions, the pedestrian meets the second cyclist 91 
seconds after he meets the first. If the pedestrian moves in the same direction as 
the cyclists, the first cyclist overtakes him 187 seconds before the second does. 
Find the point where the first cyclist overtakes the second cyclist the first time. 

52. (ESP 2) Construct a scalene triangle such that 
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a(tanB — tanC) = &(tanA — tanC). 

53. (ESP 3) Find a sequence of natural numbers a, such that a,- = d r , where 
d r rfz d s for r ^ s and d r divides a;. 

54. (ESP 4) Let P be a convex planar polygon with equal angles. Let Zi be its 
sides. Show that a necessary and sufficient condition for P to be regular is that 
the sum of the ratios O' 0+1 = l\ ) equals the number of sides. 

55. (ESP 5) Let a,b,c be natural numbers such that a + b + c= 2pq(p 30 — q 30 ), 
p> q being two given positive integers. 

(a) Prove that k = a 3 + b 3 + c 3 is not a prime number. 

(b) Prove that if a ■ b ■ c is maximum, then 1984 divides k. 

56. (SWE 1) Let a,b,c be nonnegative integers such that a < b < c, 2b ^ a + c and 
a+ 3 +c is an integer. Is it possible to find three nonnegative integers d, e, and / 
such that d < e < /, f ^ c, and such that a 2 + b 2 + c 2 = d 2 + e 2 + / 2 ? 

57. (SWE 2) Let a,b,c,d be a permutation of the numbers 1,9, 8,4 and let n = 
(10 a + b) Wc+d . Find the probability that 1984! is divisible by n. 

58. (SWE 3) Let (a„)“ be a sequence such that a n < a n+m <a n + a m for all positive 
integers n and m. Prove that ^ has a limit as n approaches infinity. 

59. (LISA 1) Determine the smallest positive integer m such that 529" + m ■ 132" is 
divisible by 262417 for all odd positive integers n. 

60. (USA 2) (SL84-20). 

61. (USA 3) A fair coin is tossed repeatedly until there is a run of an odd number 
of heads followed by a tail. Determine the expected number of tosses. 

62. (USA 4) From a point P exterior to a circle K, two rays are drawn intersecting 
K in the respective pairs of points A, A' and B, B' . For any other pair of points 
C, C' on K, let D be the point of intersection of the circumcircles of triangles 
PAC and PB'C' other than point P. Similarly, let D' be the point of intersection 
of the circumcircles of triangles PA'C' and PBC other than point P. Prove that 
the points P, D, and D' are collinear. 

63. (USA 5) (SL84-18). 

64. (USS 1) For a matrix {pij) of the format m x n with real entries, set 

di = ^Pij for i= 1 , . . . , m and bj = ^pij for j = 1, . . . ,n. (1) 

7=1 1=1 

By integering a real number we mean replacing the number with the integer 
closest to it. 

Prove that integering the numbers a h bj.pij can be done in such a way that (1) 
still holds. 
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65. (USS 2) A tetrahedron is inscribed in a sphere of radius 1 such that the center 
of the sphere is inside the tetrahedron. 

Prove that the sum of lengths of all edges of the tetrahedron is greater than 6. 

66. (USS 3) (SL84-3). 

Original formulation. All the divisors of a positive integer n arranged in in- 
creasing order are x\ < x 2 < ■ ■ ■ < x^. Find all such numbers n for which 
x$+x% - 1 =n. 

67. (USS 4) With the medians of an acute-angled triangle another triangle is con- 
structed. If R and R m are the radii of the circles circumscribed about the first and 
the second triangle, respectively, prove that 



68. (USS 5) In the Martian language every finite sequence of letters of the Latin 
alphabet letters is a word. The publisher “Martian Words” makes a collection of 
all words in many volumes. In the first volume there are only one-letter words, in 
the second, two-letter words, etc., and the numeration of the words in each of the 
volumes continues the numeration of the previous volume. Find the word whose 
numeration is equal to the sum of numerations of the words Prague, Olympiad, 
Mathematics. 

3.25.3 Shortlisted Problems 

1 . (FRA 1) Find all solutions of the following system of n equations in n variables: 


xi\xi\-(xi-a)\x]_-a\ =x 2 \x2\, 
X2\x 2 \-(x2-a)\x2-a\ =X 2 \X 3 \, 


x„\x„\-(x n -a)\x n -a\ 


where a is a given number. 

2. (CAN 2) Prove: 

(a) There are infinitely many triples of positive integers m,n,p such that 4 mn — 
m — n = p 2 — 1. 

(b) There are no positive integers m,n,p such that 4 mn — m — n = p 2 . 

3. (USS 3) Find all positive integers n such that 


n = dj + d 2 - 1 


where 1 = d\ < d 2 < ■ ■ ■ < d^ = n are all positive divisors of the number n. 

4. (MNG 1) IM ° 5 Let d be the sum of the lengths of all diagonals of a convex poly- 
gon of n(n> 3) vertices and let p be its perimeter. Prove that 



166 


3 Problems 


5. (FRG l) IM01 Let x,y,z be nonnegative real numbers with x + y + z= 1. Show 
that 

0<xy+yz + zx-2xyz< — . 

6. (CAN 3) Let c be a positive integer. The sequence {/„} is defined as follows: 

h = 1, fl = c, fn+l = 2fn - fn-l +2 (n > 2). 


Show that for each keN there exists r G N such that fkfk+i = fr- 

7. (FRG 5) 

(a) Decide whether the fields of the 8 x 8 chessboard can be numbered by the 
numbers 1 , 2, . . . , 64 in such a way that the sum of the four numbers in each 
of its parts of one of the forms 




is divisible by four. 

(b) Solve the analogous problem for 



8. (ROU 2) M ° 3 In a plane two different points O and A are given. For each point 
X ^ O of the plane denote by a(X) the angle A OX measured in radians (0 < 
a(X) < 2 k) and by C(X) the circle with center O and radius OX + Suppose 

each point of the plane is colored by one of a finite number of colors. Show that 
there exists a point A with a(X) >0 such that its color appears somewhere on 
the circle C(X). 


9. 


(POL 2) Let a, b, c be positive numbers with y/a + \fb + \fc = 
the system of equations 


s/y^aA \fz^a L = 1 , 
\/z — b + \/x—b = 1, 
yjx— C+ y/y— c = 1, 


Prove that 


has exactly one solution ( x,y,z ) in real numbers. 


10. (UNK 1) Prove that the product of five consecutive positive integers cannot be 
the square of an integer. 

1 1 . (CAN 1) Let n be a natural number and a \ , 02 , ■ ■ ■ , ct 2 n mutually distinct integers. 
Find all integers x satisfying 


{x-ai)-{x-a 2 )---{x-a 2 n) = (-l)”(n!) 2 . 
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12. (NLD 1) IM02 Find two positive integers a.b such that none of the numbers 
a,b,a + b is divisible by 7 and (a + b) 1 — cP — b 1 is divisible by 7 7 . 

13. (BGR 5) Prove that the volume of a tetrahedron inscribed in a right circular 
cylinder of volume 1 does not exceed 

14. (ROU 5)^ Let ABCD be a convex quadrilateral for which the circle with 
diameter AB is tangent to the line CD. Show that the circle with diameter CD is 
tangent to the line AB if and only if the lines BC and AD are parallel. 

15. (LUX 2 ) Angles of a given triangle ABC are all smaller than 120°. Equilateral 
triangles AFB, BDC and CEA are constructed in the exterior of AABC. 

(a) Prove that the lines AD, BE, and CF pass through one point S. 

(b) Prove that SD + SE + SF = 2{SA +SB + SC) . 

16. (POL 1) IM ° 6 Let a,b,c,d be odd positive integers such that a < b < c < d, 
ad = be, and a + d = 2 k , b + c = 2 m for some integers k and m. Prove that a = 1 . 

17. (FRG 3 ) In a permutation (x\,X 2 , ■ ■ ■ ,x„) of the set 1,2 , ...,n we call a pair 
(x i,Xj) discordant if i < j and x, > Xj. Let d(n,k) be the number of such permu- 
tations with exactly k discordant pairs. Find d(n, 2) and d(n, 3). 

18. (USA 5) Inside triangle ABC there are three circles k\,k 2 ,kj, each of which is 
tangent to two sides of the triangle and to its incircle k. The radii of &i,& 2, &3 are 
1, 4, and 9. Determine the radius of k. 

19. (CAN 5) The triangular array (a n ,i) of numbers is given by a n \ = 1 /n, for 
n = 1,2, ... , a „^ + 1 m — a n j,, for 1 <k<n—\. Prove that the geometric 
mean of the 1985th row is greater than 2 -1984 . 

20. (USA 2 ) Determine all pairs (a, b) of positive real numbers with a / 1 such that 

lo Sa b<log a+l (b+l). 
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3.26 The Twenty-Sixth IMO 
Joutsa, Finland, June 29-July 11, 1985 

3.26.1 Contest Problems 

First Day (July 4) 

1 . A circle whose center is on the side ED of the cyclic quadrilateral BCDE touches 
the other three sides. Prove that EB + CD = ED. 

2. Each of the numbers in the set N = {1,2,3, — 1}, where n > 3, is colored 

with one of two colors, say red or black, so that: 

(i) i and n — i always receive the same color, and 

(ii) for some j &N relatively prime to n, i and \j — i\ receive the same color for 
all i &N,i =/= j. 

Prove that all numbers in N must receive the same color. 

3. The weight w(p) of a polynomial p, p(x) = £” = o a,x l , with integer coefficients 
a,- is defined as the number of its odd coefficients. For ( = 0,1,2,..., let qi (x) = 
(1 +x)'. Prove that for any finite sequence 0 < i\ <i%<- <i n the inequality 

w(q h +---+q in )>w(q h ) 

holds. 

Second Day (July 5) 

4. Given a set M of 1985 positive integers, none of which has a prime divisor larger 
than 26, prove that M has four distinct elements whose geometric mean is an 
integer. 

5. A circle with center O passes through points A and C and intersects the sides AB 
and BC of the triangle ABC at points K and N, respectively. The circumscribed 
circles of the triangles ABC and KBN intersect at two distinct points B and M. 
Prove that ZOMB = 90°. 

6. The sequence fi , fa of functions is defined for x > 0 recursively by 

fl W = X, fn+l (*) = fn {x) [fn (x) + ^ • 

Prove that there exists one and only one positive number a such that 0 < /„ (a) < 
f n+ 1 (a) < 1 for all integers n > 1. 


3.26.2 Longlisted Problems 

1. (AUS 1) (SL85-4). 
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2. 


3. 

4. 

5. 

6. 


7. 


9. 

10 . 

11 . 


12 . 


13 . 


(AUS 2) We are given a triangle ABC and three rectangles R\,R 2 ,Rj with sides 
parallel to two fixed perpendicular directions and such that their union covers 
the sides AB,BC, and CA; i.e., each point on the perimeter of ABC is contained 
in or on at least one of the rectangles. Prove that all points inside the triangle are 
also covered by the union of Ri ,B 2 ,/? 3 . 

(AUS 3) A function / has the following property: If k > 1, j > 1, and (k,j) = m, 
then f(kj) = f(m) ( f(k/m)+f(j/m )). What values can /(1984) and /(1985) 
take? 

(BEL 1) Let x, y, and z be real numbers satisfying x + y + z = xyz. Prove that 
x(l -/)(1 -z 2 )+y(l -z 2 )( 1 -x 2 )+z( 1 -x 2 )(l -y 2 ) = 4xyz- 
(BEL 2) (SL85-16). 

(BEL 3) On a one-way street, an unending sequence of cars of width a, length 
b passes with velocity v. The cars are separated by the distance c. A pedestrian 
crosses the street perpendicularly with velocity w, without paying attention to 
the cars. 

(a) What is the probability that the pedestrian crosses the street uninjured? 

(b) Can he improve this probability by crossing the road in a direction other 
than perpendicular? 

(BRA 1 ) A convex quadrilateral is inscribed in a circle of radius 1 . Prove that 
the difference between its perimeter and the sum of the lengths of its diagonals 
is greater than zero and less than 2. 

(BRA 2) Let A' be a convex set in the xy- plane, symmetric with respect to the 
origin and having area greater than 4. Prove that there exists a point ( m,n ) / 
(0, 0) in K such that m and n are integers. 

(BRA 3) (SL85-2). 

(BGR 1 ) (SL85-13). 

(BGR 2) Let a and b be integers and n a positive integer. Prove that 

b n 'a(a + b)(a + 2b)---(a+(n- \)b) 
n\ 

is an integer. 

(CAN 1 ) Find the maximum value of 

sin 2 di + sin 2 0 2 H h sin 2 0„ 


subject to the restrictions 0 < 0, < 7T, 0| + 0 2 H 1- 0 n = n. 

(CAN 2) Find the average of the quantity 

(at - a 2 ) 2 + (a 2 - a 3 ) 2 H h (a „- 1 - a„) 2 

taken over all permutations (a\ , a 2 , . . . , a n ) of (1 , 2, . . . , n). 
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14. (CAN 3) Let k be a positive integer. Define mo = 0, u\ = 1, and u„ = ku n -\ — 

lin — 2 1 n > 2. Show that for each integer n, the number u\ + m| H b m 3 is a 

multiple of t<i + «2 H b u n . 

15. (CAN 4) Superchess is played on a 12 x 12 hoard, and it uses superknights, 
which move between opposite corner cells of any 3x4 subboard. Is it possible 
for a superknight to visit every other cell of a superchessboard exactly once and 
return to its starting cell? 

16. (CAN 5) (SL85-18). 

17. (CUB 1) Set 

4.=i£ 

k=i z 

Find lim^^A,,. 

18. (CYP 1) The circles (R, r) and (/ J .p), where r > p, touch externally at A. Their 
direct common tangent touches (R, r) at B and (P, p ) at C. The line RP meets the 
circle (P, p) again at D and the line BC at E. If \BC\ = 6| DE\, prove that: 

(a) the lengths of the sides of the triangle RBE are in an arithmetic progression, 
and 

(b) | AS | = 2|AC|. 

19. (CYP 2) Solve the system of simultaneous equations 

s/x - l/y - 2w + 3 z = 1, 
x+l/y 2 - 4 w 2 - 9z 2 = 3, 
xvx - l/y 3 -8 w 3 + 27 z 3 = -5, 
x 2 + l/y 4 - 16w 4 - 8 1 z 4 = 15. 

20. (CZS 1) Let T be the set of all lattice points (i.e., all points with integer co- 
ordinates) in three-dimensional space. Two such points (x,y,z) and (u. v,w) are 
called neighbors if \x— u\ + |y — v| + |z — w\ = 1. Show that there exists a subset 
S of T such that for each p gT, there is exactly one point of S among p and its 
neighbors. 

21. (CZS 2) Let A be a set of positive integers such that for any two elements x,y 
of A, \x — y | > H . Prove that A contains at most nine elements. Give an example 
of such a set of nine elements. 

22. (CZS 3) (SL85-7). 

23. (CZS 4) LetN = {1,2,3, . . .}. Forrealx,y, setS(x,y) =*■ {s | s— [nx+y],n £ N}. 
Prove that if r > 1 is a rational number, there exist real numbers u and v such 
that 

% 0) l~l S(u, v) = 0, S{r, 0) U S(u, v) = N. 

24. (FRA 1) Let d > 1 be an integer that is not the square of an integer. Prove that 
for every integer n > 1 , 

(nVd+ 1 )| sin(nnVd)\ > 1 . 
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25 . (FRA 2) Find eight positive integers n i , «2 , . . . , with the following property : 
For every integer k, — 1985 < k < 1985, there are eight integers a.] , 0 . 2 , ...,oc$, 
each belonging to the set {— 1 , 0, 1}, such that k = Xf = i 0Ci>ii. 

26. (FRA 3) (SL85-15). 

27. (FRA 4) Let O be a point on the oriented Euclidean plane and (i, j) a directly 
oriented orthonormal basis. Let C be the circle of radius 1, centered at O. For 
every real number t and nonnegative integer n let M n be the point on C for which 
(i, OM n ) = cos2"f (or OM n = cos2"fi + sin2"fj). Let k > 2 be an integer. Find 
all real numbers t £ [0, 2n) that satisfy 

(i) Mq=M/ c , and 

(ii) if one starts from Mo and goes once around C in the positive direction, one 
meets successively the points Mo, Mi,... ,M ( t_2,Mjt_i , in this order. 

28. (FRG 1) Let M be the set of the lengths of an octahedron whose sides are 
congruent quadrangles. Prove that M has at most three elements. 

(FRG la) Let an octahedron whose sides are congruent quadrangles be given. 
Prove that each of these quadrangles has two equal sides meeting at a common 
vertex. 

29. (FRG 2) Call a four-digit number (xyzt)n in the number system with base B 
stable if (xyzt)B = ( dcba)B — ( abcd)s , where a < b < c < d are the digits of 
(xyzt)B in ascending order. Determine all stable numbers in the number system 
with base B. 

(FRG 2a) The same problem with B = 1985. 

(FRG 2b) With assumptions as in FRG 2, determine the number of bases B < 
1985 such that there is a stable number with base B. 

30. (UNK 1) A plane rectangular grid is given and a “rational point” is defined as 

a point (x,y) where x and y are both rational numbers. Let A,B,A',B' be four 
distinct rational points. Let P be a point such that = 73-- In other 

words, the triangles ABP, A'B'P are directly or oppositely similar. Prove that 
P is in general a rational point and find the exceptional positions of A' and B' 
relative to A and B such that there exists a P that is not a rational point. 

31. (UNK 2) Let E\, E 2 , and £3 be three mutually intersecting ellipses, all in the 
same plane. Their foci are respectively F%,Fy,F^,F\\ and F\ , F 2 . The three foci 
are not on a straight line. Prove that the common chords of each pair of ellipses 
are concurrent. 

32. (UNK 3) A collection of 2 n letters contains 2 each of n different letters. The col- 
lection is partitioned into n pairs, each pair containing 2 letters, which may be the 
same or different. Denote the number of distinct partitions by u„. (Partitions dif- 
fering in the order of the pairs in the partition or in the order of the two letters in 
the pairs are not considered distinct.) Prove that u n+ i = (n + l)u n — ni " 2 u„- 2 - 
(UNK 3a) A pack of n cards contains n pairs of 2 identical cards. It is shuffled 
and 2 cards are dealt to each of n different players. Let p n be the probability 
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that every one of the n players is dealt two identical cards. Prove that = 

n ± 1 _ n(n-l) 

Pn 2 Pn -2 ‘ 

33. (UNK 4) (SL85-12). 

34. (UNK 5) (SL85-20). 

35. (GDR 1) We call a coloring / of the elements in the set M = {(x,y) \ x = 
0,1,.. . ,kn — 1; y = 0, 1,. . . ,ln — 1} with n colors allowable if every color ap- 
pears exactly k and l times in each row and column and there are no rectangles 
with sides parallel to the coordinate axes such that all the vertices in M have the 
same color. Prove that every allowable coloring / satisfies kl <n(n+ 1). 

36. (GDR 2) Determine whether there exist 100 distinct lines in the plane having 
exactly 1985 distinct points of intersection. 

37. (GDR 3) Prove that a triangle with angles a, J3,y, circumradius R, and area A 
satisfies 

a B y 9 R 2 

tan — + tan — + tan - < . 

2 2 2 “ 4A 

38. (IRL 1) (SL85-21). 

39. (IRL 2) Given a triangle ABC and external points X, Y, and Z such that LBAZ = 
LCAY, LCBX = LABZ, and LACY = LBCX, prove that AX, BY, and CZ are 
concurrent. 

40. (IRL 3) Each of the numbers x\,x 2 ,...,x n equals 1 or — 1 and 

X 1 X2X 3 X4+X 2 X 3 X4X 5 + 3 X n - 2 X n -iX n 

-\-X n — 2 X n — \X n X\ + X n -\X n X\X 2 J rX n X\X 2 X 3 = 0 . 

Prove that n is divisible by 4. 

41. (IRL 4) (SL85-14). 

42. (ISR 1) Prove that the product of two sides of a triangle is always greater than 
the product of the diameters of the inscribed circle and the circumscribed circle. 

43. (ISR 2) Suppose that 1985 points are given inside a unit cube. Show that one 
can always choose 32 of them in such a way that every (possibly degenerate) 
closed polygon with these points as vertices has a total length of less than 8\/3- 

44. (ISR 3) (SL85-19). 

45. (ITA1) Two persons, X and Y, play with a die. X wins a game if the outcome is 1 
or 2; Y wins in the other cases. A player wins a match if he wins two consecutive 
games. For each player determine the probability of winning a match within 5 
games. Determine the probabilities of winning in an unlimited number of games. 
If X bets 1, how much must Y bet for the game to be fair? 

46. (ITA 2) Let C be the curve determined by the equation y = x 3 in the rectangular 
coordinate system. Let t be the tangent to C at a point P of C; t intersects C at 
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another point Q. Find the equation of the set L of the midpoints M of PQ as P 
describes C. Is the correspondence associating P and M a bijection of C on L? 
Find a similarity that transforms C into L. 

47. (ITA 3) Let F be the correspondence associating with every point P = (jt,y) the 
point P' = (x'.y) such that 

x ' = ax + b, y' = ay + 2b. (1) 

Show that if a ^ 1, all lines PP' are concurrent. Find the equation of the set of 
points corresponding to P = (1 , 1) for b = a 2 . Show that the composition of two 
mappings of type (1) is of the same type. 

48. (ITA 4) In a given country, all inhabitants are knights or knaves. A knight never 
lies; a knave always lies. We meet three persons. A, B, and C. Person A says, “If 
C is a knight, B is a knave.” Person C says, “A and I are different; one is a knight 
and the other is a knave.” Who are the knights, and who are the knaves? 

49. (MNG 1) (SL85-1). 

50. (MNG 2) From each of the vertices of a regular n-gon a car starts to move with 
constant speed along the perimeter of the n-gon in the same direction. Prove that 
if all the cars end up at a vertex A at the same time, then they never again meet 
at any other vertex of the n-gon. Can they meet again at A? 

51. (MNG 3) Let fi = {a\,a. 2 . • • . ,a n ), n > 2, be a sequence of integers. From f\ 
one constructs a sequence f k of sequences as follows: if f k = (ci,C 2 , . . . ,c„), 
then f k+ 1 = (c h , c h , c h + 1 , c k + 1 , . . . , c in + 1 ), where (c h , c h , . . . , c in ) is a per- 
mutation of (ci,C 2 ,...,c„). Give a necessary and sufficient condition for f\ 
under which it is possible for f k to be a constant sequence {b\,bi,. . . ,b n ), 
b\ = £>2 = • • • = b n , for some k. 

52. (MNG 4) In the triangle ABC, let B\ be on AC, E on AB, G on BC, and let 
EG be parallel to AC. Furthermore, let EG be tangent to the inscribed circle of 
the triangle ABB\ and intersect BB\ at F. Let r, r \ , and r 2 be the inradii of the 
triangles ABC, ABB\ , and BEG, respectively. Prove that r = r\ + r 2 - 

53. (MNG 5) For each P inside the triangle ABC, let A{P), B(P), and C(P) be the 
points of intersection of the lines AP, BP, and CP with the sides opposite to A, 
B, and C, respectively. Determine P in such a way that the area of the triangle 
A(P)B(P)C(P) is as large as possible. 

54. (MAR 1) Set S n = 1 {p 5 + P 1 )- Determine the greatest common divisor of 

S n and S -in- 

55. (MAR 2) The points A,B,C are in this order on line D, and AB = ABC. Let M 
be a variable point on the perpendicular to D through C. Let MT\ and MT 2 be 
tangents to the circle with center A and radius AB. Determine the locus of the 
orthocenter of the triangle MT\ T 2 . 

56. (MAR 3) Let ABCD be a rhombus with angle ZA = 60°. Let £ be a point, 
different from D, on the line AD. The lines CE and AB intersect at F. The lines 
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DF and BE intersect at M. Determine the angle A.BMD as a function of the 
position of E on AD. 

(NLD 1) The solid S is defined as the intersection of the six spheres with the six 
edges of a regular tetrahedron T, with edge length 1, as diameters. Prove that S 
contains two points at a distance i . 

(NLD la) Using the same assumptions, prove that no pair of points in S has a 
distance larger than -U. 

(NLD 2) Prove that there are infinitely many pairs ( k,N ) of positive integers 
such that 1 T 2 -(- * * • T k = [k -(- 1) T {k -|- 2) -(- • • • -FA. 

(NLD 3) (SL85-3). 

(NOR 1) The sequence ( s n ), where s n = X£ = i sink, n = 1,2, ... , is bounded. 
Find an upper and a lower bound. 

(NOR 2) Consider the set A = {0, 1,2, ... ,9} and let (B\ ,B 2 , ■ ■ ■ ,Bf) be a col- 
lection of nonempty subsets of A such that B, fl Bj has at most two elements for 
i / j. What is the maximal value of kl 

(NOR 3) A “large” circular disk is attached to a vertical wall. It rotates clock- 
wise with one revolution per minute. An insect lands on the disk and immediately 
starts to climb vertically upward with constant speed ^ cm per second (relative 
to the disk). Describe the path of the insect 

(a) relative to the disk; 

(b) relative to the wall. 

(POL 1) (SL85-6). 

(POL 2) Let p be a prime. For which k can the set {1,2, ... ,k} be partitioned 
into p subsets with equal sums of elements? 

(POL 3) Define the functions /, F : N — > N, by 


fin) 


3-^5 

— r — n 


F(k ) = min{« e N| /(»} > 0}, 


where f k = fo ■■■of is f iterated n times. Prove that F(k + 2) = 3F(k + 1 ) — 
F (k) for all k e N. 

(ROU 1) (SL85-5). 

(ROU 2) Let k > 2 and n\ , «2 , • • • , % > 1 be natural numbers having the property 
« 2 1 2 B » - 1, m | 2" 2 - 1, . . . ,n k | 2"*- 1 - 1, and m \ 2"* - 1. Show that n\=n 2 = 
■■■=n k = 1. 

(ROU 3) Show that the sequence {a n } n > i defined by a„ = [n\/2] contains an 
infinite number of integer powers of 2. ([x] is the integer part of x.) 

(ROU 4) Let A and B be two finite disjoint sets of points in the plane such that 
no three distinct points in A U B are collinear. Assume that at least one of the sets 
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A, B contains at least five points. Show that there exists a triangle all of whose 
vertices are contained in A or in B that does not contain in its interior any point 
from the other set. 

70. (ROU 5) Let C be a class of functions / : N — > N that contains the functions 
S'(x) =x + 1 and E(x) = x— [y/x\ 2 for every x £ N. ([jc] is the integer part of x.) 
If C has the property that for every f,g&C,f + g,fg,fog£C, show that the 
function max(/(x) — g(x),0) is in C for all f,g E C. 

71. (ROU 6) For every integer r > 1 find the smallest integer h(r) > 1 having the 
following property: For any partition of the set {1,2, . . . ,h(r)} into r classes, 
there exist integers a > 0, 1 <x<y such that the numbers a + x,a + y,a + x + y 
are contained in the same class of the partition. 

72. (ESP 1) Construct a triangle ABC given the side AB and the distance OH from 
the circumcenter O to the orthocenter H, assuming that OH and AB are parallel. 

73. (ESP 2) Let A\A 2 ,B\B 2 ,C\C 2 be three equal segments on the three sides of an 
equilateral triangle. Prove that in the triangle formed by the lines ILCi, C 2 A \ , 
AoB\, the segments BiC\ , CiA \ , AiB\ are proportional to the sides in which they 
are contained. 

74. (ESP 3) Find the triples of positive integers x,y,z satisfying 

1 1 1 _ 4 

x y z 5 

75. (ESP 4) Let ABCD be a rectangle, AB = a, BC = b. Consider the family of 
parallel and equidistant straight lines (the distance between two consecutive lines 
being d) that are at an angle <f>, 0 < (j) < 90°, with respect to AB. Let L be the 
sum of the lengths of all the segments intersecting the rectangle. Find: 

(a) how L varies, 

(b) a necessary and sufficient condition for L to be a constant, and 

(c) the value of this constant. 

76. (SWE 1) Are there integers m and n such that 

5 m 2 — 6mn + In 2 = 1985? 

77. (SWE 2) Two equilateral triangles are inscribed in a circle with radius r. Let A 
be the area of the set consisting of all points interior to both triangles. Prove that 
2A> r 2 ^. 

78. (SWE 3) (SL85-17). 

79. (SWE 4) Let a, b, and c be real numbers such that 
1 | 1 | 1 _ Q 

be — a 2 ca — b 2 ab — c 2 

a b c 

(be — a 2 ) 2 (ca — b 2 ) 2 (ab — c 2 ) 2 


Prove that 
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80. (TUR 1) Let E = { 1,2, , 16} and let M be the collection of all 4 x 4 matrices 
whose entries are distinct members of E. If a matrix A = (« ;/ - ) 4 x 4 is chosen 
randomly from M, compute the probability p(k) of max,- min ; a,j = k for k9_E. 
Furthermore, determine l £ E such that p(l) = max{p(k) | k £ E). 

81. (TUR 2) Given the side a and the corresponding altitude h a of a triangle ABC, 
find a relation between a and h a such that it is possible to construct, with straight- 
edge and compass, triangle ABC such that the altitudes of ABC form a right tri- 
angle admitting h a as hypotenuse. 

82. (TUR 3) Find all cubic polynomials x 3 + ax 2 + bx + c admitting the rational 
numbers a, b, and c as roots. 

83. (TUR 4 ) Let I], i = 0, 1,2,... , be a circle of radius r, inscribed in an angle of 
measure 2 a such that each J] is externally tangent to U+i and r,- + i < r,. Show 
that the sum of the areas of the circles 17 is equal to the area of a circle of radius 
r = jro(\/sina + Vcsca). 

84. (TUR 5) (SL85-8). 

85. (USA 1) Let CD be a diameter of circle K. Let AB be a chord that is parallel 
to CD. The line segment AE, with E on K, is parallel to CB: F is the point of 
intersection of line segments AB and DE. The line segment F G, with G on DC, 
extended is parallel to CB. Is GA tangent to K at point A? 

86. (USA 2) Let l denote the length of the smallest diagonal of all rectangles in- 
scribed in a triangle T. (By inscribed, we mean that all four vertices of the rect- 
angle lie on the boundary of T.) Determine the maximum value of taken 
over all triangles (S(T) denotes the area of triangle T). 

87. (USA 3) (SL85-9). 

88. (USA 4 ) Determine the range of w{w-\-x)(w + y)(w + z), where x, y, z, and w 
are real numbers such that 

x-\-y-)^z-\-'w = x , -Ey* -\-z] -\-vP = 0 . 

89. (USA 5) Given that n elements a \ , a-i, . . ., a n are organized into n pairs Pi, P 2 , 
...,P„ in such a way that two pairs Pi,Pj share exactly one element when (a^aj) 
is one of the pairs, prove that every element is in exactly two of the pairs. 

90. (USS 1) Decompose the number 5 1985 — 1 into a product of three integers, each 
of which is larger than 5 100 . 

91. (USS 2) Thirty-four countries participated in a jury session of the IMO, each 
represented by the leader and the deputy leader of the team. Before the meeting, 
some participants exchanged handshakes, but no team leader shook hands with 
his deputy. After the meeting, the leader of the Illyrian team asked every other 
participant the number of people they had shaken hands with, and all the answers 
she got were different. How many people did the deputy leader of the Illyrian 
team greet? 
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92. (USS 3) (SL85-11). 

(USS 3a) Given six numbers, find a method of computing by using not more 
than 15 additions and 14 multiplications the following five numbers: the sum of 
the numbers, the sum of products of the numbers taken two at a time, and the 
sums of the products of the numbers taken three, four, and five at a time. 

93. (USS 4) The sphere inscribed in tetrahedron ABCD touches the sides ABD and 
DBC at points K and M, respectively. Prove that IAKB = A.DMC. 

94. (USS 5) (SL85-22). 

95. (YNM 1) (SL85-10). 

(YNM la) Prove that for each point M on the edges of a regular tetrahedron 
there is one and only one point M' on the surface of the tetrahedron such that 
there are at least three curves joining M and M' on the surface of the tetrahedron 
of minimal length among all curves joining M and M' on the surface of the 
tetrahedron. Denote this minimal length by <1m ■ Determine the positions of M 
for which d\j attains an extremum. 

96. (VNM 2) Determine all functions / : M — + R. satisfying the following two con- 
ditions: 

(a) f{x + y) + f(x -y) = 2 f(x)f(y) for all x,y e R, 

(b) lim^ 00 /(x) = 0. 

97. (VNM 3) In a plane a circle with radius R and center w and a line A are given. 
The distance between w and A is d, d > R. The points M and N are chosen on A 
in such a way that the circle with diameter MN is externally tangent to the given 
circle. Show that there exists a point A in the plane such that all the segments 
MN are seen in a constant angle from A. 

3.26.3 Shortlisted Problems 

Proposals of the Problem Selection Committee. 

1. (MNG l)™ 04 Given a set M of 1985 positive integers, none of which has a 
prime divisor larger than 26, prove that the set has four distinct elements whose 
geometric mean is an integer. 

2. (BRA 3) A polyhedron has 12 faces and is such that: 

(i) all faces are isosceles triangles, 

(ii) all edges have length either x or y, 

(iii) at each vertex either 3 or 6 edges meet, and 

(iv) all dihedral angles are equal. 

Find the ratio x/y. 

3. (NLD 3) IM03 The weight w(p) of a polynomial p, p(x) = £" =0 a t x l , with integer 
coefficients a,- is defined as the number of its odd coefficients. For i = 0,1,2,..., 
let qfx) = (1 +x)‘. Prove that for any finite sequence 0 < i\ <h < ■ ■ ■ < i n , the 
inequality 
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wfel+'"+^n)> W tel) 


holds. 


4. ( AUS 1) IM02 Each of the numbers in the set A = {1,2,3, ... ,n — 1}, where n > 3 , 
is colored with one of two colors, say red or black, so that: 

(i) i and n — i always receive the same color, and 

(ii) for some j 6 N, relatively prime to n, i and | j — i\ receive the same color 
for all i (z N, i ^ j. 

Prove that all numbers in N must receive the same color. 


5. (ROU 1) Let D be the interior of the circle C and let A e C. Show that the 
function / : D — > R, f(M) = p^jr, where M' = {AM DC, is strictly convex; i.e., 

f(P) < \JMi,M 2 € D, Mi ± M 2 , where P is the midpoint of the 

segment M\M 2 . 



Prove that 


x n +i-x„<—. n = 2,3,.... 


Alternatives 

7. la.(CZS 3) The positive integers x\ , . . . ,x n , n > 3, satisfy x\ <x 2 < ■■■ <x n < 
2*i. Set P = *i *2 ■■■*«• Prove that if p is a prime number, k a positive integer, 
and P is divisible by p k , then j^ > n\. 

8. lb.(TUR 5) Find the smallest positive integer n such that 

(i) n has exactly 144 distinct positive divisors, and 

(ii) there are ten consecutive integers among the positive divisors of n. 

9. 2a.(USA 3) Determine the radius of a sphere S that passes through the centroids 
of each face of a given tetrahedron T inscribed in a unit sphere with center O. 
Also, determine the distance from O to the center of S as a function of the edges 


ofT. 


10. 2b.(VNM 1) Prove that for every point M on the surface of a regular tetrahedron 
there exists a point M' such that there are at least three different curves on the 
surface joining M to M' with the smallest possible length among all curves on 
the surface joining M to M' . 

1 1 . 3a.(USS 3) Find a method by which one can compute the coefficients of P(x) = 

x 6 + aix 5 H 1 - <26 from the roots of P(x) = 0 by performing not more than 15 

additions and 15 multiplications. 

12. 3b.(UNK 4 ) A sequence of polynomials P m (x,y,z), m = 0, 1,2, ... , in x,y, and 
z is defined by Po{x,y,z) = 1 and by 


P m {x,y,z) = {x+ z)(y + z)P m -i{x,y,z+\) - z?P m -i{x,y,z) 
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for m > 0. Prove that each P m (x,y,z) is symmetric, in other words, is unaltered 
by any permutation of x,y,z. 

13. 4a.(BGR 1 ) Let m boxes be given, with some balls in each box. Let n < m be a 
given integer. The following operation is performed: choose n of the boxes and 
put 1 ball in each of them. Prove: 

(a) If m and n are relatively prime, then it is possible, by performing the op- 
eration a finite number of times, to arrive at the situation that all the boxes 
contain an equal number of balls. 

(b) If m and n are not relatively prime, there exist initial distributions of balls 
in the boxes such that an equal distribution is not possible to achieve. 

14. 4b.(IRL 4) A set of 1985 points is distributed around the circumference of a 
circle and each of the points is marked with 1 or —1. A point is called “good” 
if the partial sums that can be formed by starting at that point and proceeding 
around the circle for any distance in either direction are all strictly positive. Show 
that if the number of points marked with — 1 is less than 662, there must be at 
least one good point. 

15. 5a.(FRA 3) Let K and K' be two squares in the same plane, their sides of 
equal length. Is it possible to decompose K into a finite number of triangles 
T\ ,T 2 , . . . .T p with mutually disjoint interiors and find translations t\,t 2 ,...,t p 
such that 

<=i 

16. 5b.(BEL 2) If possible, construct an equilateral triangle whose three vertices 
are on three given circles. 

17. 6a.(SWE 3) IM06 The sequence /i , / 2 of functions is defined for x > 0 

recursively by 


h M = fn + 1 (*) = fn (x) (x) + ~ J . 

Prove that there exists one and only one positive number a such that 0 < /„ (a) < 
f n+ 1 ( a ) < 1 for all integers n > 1 . 

18. 6b.(CAN 5) Let xi, x 2 ,. .. ,x„ be positive numbers. Prove that 

X? xk JE? 

~2 1 5 1 1 5 1 2 — n~ I- 

Jtj + X2X3 Xp + X3X4 X^_ J + X„X1 XJ 5 + X1X2 


Supplementary Problems 

19. (ISR 3) For which integers n > 3 does there exist a regular n-gon in the plane 
such that all its vertices have integer coordinates in a rectangular coordinate 
system? 
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20. (UNK 5) im01 a circle whose center is on the side ED of the cyclic quadrilateral 
BCDE touches the other three sides. Prove that EB + CD = ED. 

21 . (IRL 1) The tangents at B and C to the circumcircle of the acute-angled triangle 
ABC meet at X. Let M be the midpoint of BC. Prove that 

(a) ZBAM = ZCAX, and 

(b) = cos ZBAC. 

22. (USS 5) imo5 A circle with center O passes through points A and C and intersects 
the sides AB and BC of the triangle ABC at points K and N, respectively. The 
circumscribed circles of the triangles ABC and KBN intersect at two distinct 
points B and M. Prove that ZOMB = 90°. 


3.27 The Twenty-Seventh IMO 
Warsaw, Poland, July 4-15, 1986 

3.27.1 Contest Problems 
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First Day (July 9) 

1. The set S = {2,5, 13} has the property that for every a,b £ S, a ^ b, the number 
ab — 1 is a perfect square. Show that for every positive integer d not in S, the set 
SU {d} does not have the above property. 

2. Let A, B, C be fixed points in the plane. A man starts from a certain point Pq and 
walks directly to A. At A he turns his direction by 60° to the left and walks to Pi 
such that P()A = AP \ . After he performs the same action 1986 times successively 
around the points A,B,C,A,B,C , . . . , he returns to the starting point. Prove that 
ABC is an equilateral triangle, and that the vertices A, B, C are arranged counter- 
clockwise. 

3. To each vertex jP* (i = 1 , . . . ,5) of a pentagon an integer x,- is assigned, the sum 
s = £x ( being positive. The following operation is allowed, provided at least 
one of the x,’s is negative: Choose a negative x,, replace it by — x,-, and add the 
former value of x,- to the integers assigned to the two neighboring vertices of P, 
(the remaining two integers are left unchanged). 

This operation is to be performed repeatedly until all negative integers disappear. 
Decide whether this procedure must eventually terminate. 

Second Day (July 10) 

4. Let A, B be adjacent vertices of a regular n-gon in the plane and let O be its 
center. Now let the triangle ABO glide around the polygon in such a way that the 
points A and B move along the whole circumference of the polygon. Describe 
the figure traced by the vertex O. 

5. Find, with proof, all functions / defined on the nonnegative real numbers and 
taking nonnegative real values such that 

(i) f[xf(y)\f(y) =f(x+y), 

(ii) /( 2) = 0 but f(x) + 0 for 0 < x < 2. 

6. Prove or disprove: Given a finite set of points with integer coefficients in the 
plane, it is possible to color some of these points red and the remaining ones 
white in such a way that for any straight line L parallel to one of the coordinate 
axes, the number of red colored points and the number of white colored points 
on L differ by at most 1 . 
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3.27.2 Longlisted Problems 


2. 


3. 

4. 

5. 

6. 

7. 

8 . 
9. 

10 . 


11 . 

12 . 


13 . 


(AUS 1) Let k be one of the integers 2,3,4 and let n = 2 k — 1 . Prove the inequal- 
ity 

l+b k + b 2k +--- + b nk >(l+b n ) k 

for all real b> 0 . 

(AUS 2) Let ABCD be a convex quadrilateral. DA and CB meet at F and AB 
and DC meet at E. The bisectors of the angles DFC and AED are perpendicular. 
Prove that these angle bisectors are parallel to the bisectors of the angles between 
the lines AC and BD. 

(AUS 3) A line parallel to the side BC of a triangle ABC meets AB in F and AC 
in E. Prove that the circles on BE and CF as diameters intersect in a point lying 
on the altitude of the triangle ABC dropped from A to BC. 

(BEL 1) Find the last eight digits of the binary development of 27 1986 . 

(BEL 2) Let ABC and DEF be acute-angled triangles. Write d = EF, e = FD, 
f = DE. Show that there exists a point P in the interior of ABC for which the 
value of the expression d • AP + e ■ BP + / • CP attains a minimum. 

(BEL 3) In an urn there are one ball marked 1, two balls marked 2, and so on, 
up to n balls marked n. Two balls are randomly drawn without replacement. Find 
the probability that the two balls are assigned the same number. 

(BGR 1) (SL86-11). 

(BGR 2) (SL86-19). 

(CAN 1) In a triangle ABC, ZBAC = 100°, AB = AC. A point D is chosen on 
the side AC such that ZABD = ZCBD. Prove that AD + DB = BC. 

(CAN 2) A set of n standard dice are shaken and randomly placed in a straight 
line. If n < 2r and r < s, then the probability that there will be a string of at least 
r, but not more than s, consecutive 1 ’s can be written as P/6 S+2 . Find an explicit 
expression for P. 

(CAN 3) (SL86-20). 

(CHN 1) Let O be an interior point of a tetrahedron A 1 A 2 A 3 A 4 . Let S\,S 2 , 
S 3 , S 4 be spheres with centers A\ , A 2 , A 3 , A 4 , respectively, and let U . V be spheres 
with centers at O. Suppose that for i. j = 1,2, 3,4, i ^ j, the spheres S,- and Sj 
are tangent to each other at a point B t j lying on A ; A 7 . Suppose also that U is 
tangent to all edges A t Aj and V is tangent to the spheres Si, S 2 , S 3 , S 4 . Prove that 
A 1 A 2 A 3 A 4 is a regular tetrahedron. 

(CHN 2) Let IV = { 1 , 2, 3. To each pair i, j of elements of N, i / 

j, there is assigned a number / (/ - G {0, 1} such that +fp = 1. Let r(i) = 


3.27 IMO 1986 


183 


Hj^ifij and write M = max, eW r(;), m = min ( - eW r(i). Prove that for any w &N 
with r(w) = m there exist u,vGN such that r(u) = M and f m fvw = 1- 

14. (CHN 3) (SL86-17). 

15. (CHN 4 ) Let N = B\ U • • • VJB q be a partition of the set N of all positive integers 
and let an integer l £ N be given. Prove that there exist a set X c N of cardinality 
l, an infinite set T CN, and an integer k with 1 < k < q such that for any t G T 
and any finite set Y C X, the sum t + X y6 Y y belongs to B k . 

16. (CZS 1) Given a positive integer k, find the least integer n k for which there exist 
five sets Si, S 2 , S 3 , S 4 , S 5 with the following properties: 


\Sj\ 


k for j = 1, ... ,5, 



= n k ; 


|5,-n5j +l | = 0=|%ftS 1 |, for i= 1 , ... ,4. 


17. (CZS 2) We call a tetrahedron right-faced if each of its faces is a right-angled 
triangle. 

(a) Prove that every orthogonal parallelepiped can be partitioned into six right- 
faced tetrahedra. 

(b) Prove that a tetrahedron with vertices A 1 ,^ 2 , A 3 , A 4 is right-faced if and 
only if there exist four distinct real numbers c\ , C 2 , C 3 , and C 4 such that the 
edges AjA k have lengths AjA k = ^/\cj — c k \ for 1 < j < k < 4. 

18. (CZS 3) (SL86-4). 

19. (FIN 1 ) Let / : [0, 1] -*■ [0, 1] satisfy /( 0) = 0, /( 1) = 1 and 

f(x+y)-f(x)=f(x)-f(x-y) 


for all x,y > 0 with x-y,x+y e [0, 1]. Prove that f(x) = x for all x e [0, 1], 

20. (FIN 2 ) For any angle a with 0 < a < 180°, we call a closed convex planar 
set an a-set if it is bounded by two circular arcs (or an arc and a line segment) 
whose angle of intersection is a. Given a (closed) triangle T, find the greatest a 
such that any two points in T are contained in an a-set S CT. 

21. (FRA 1) Let AB be a segment of unit length and let C, D be variable points of 
this segment. Find the maximum value of the product of the lengths of the six 
distinct segments with endpoints in the set {A,B,C,D}. 

22. (FRA 2 ) Let (a n ) ne m be the sequence of integers defined recursively by ao = 0, 
ai = 1, a n + 2 = 4u„+i +a n for n > 0. Find the common divisors of 1 986 and 
06891 • 

23. (FRA 3 ) Let I and J be the centers of the incircle and the excircle in the angle 
BAC of the triangle ABC. For any point M in the plane of the triangle, not on 
the line BC, denote by Im and Jm the centers of the incircle and the excircle 
(touching BC) of the triangle BCM. Find the locus of points M for which IImJJm 
is a rectangle. 
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24. (FRA 4) Two families of parallel lines are given in the plane, consisting of 15 
and 1 1 lines, respectively. In each family, any two neighboring lines are at a unit 
distance from one another; the lines of the first family are perpendicular to the 
lines of the second family. Let V be the set of 165 intersection points of the lines 
under consideration. Show that there exist not fewer than 1986 distinct squares 
with vertices in the set V. 

25. (FRA 5) (SL86-7). 

26. (FRG 1) (SL86-5). 

27. (FRG 2) In an urn there are n balls numbered 1,2 They are drawn at ran- 
dom one by one without replacement and the numbers are recorded. What is the 
probability that the resulting random permutation has only one local maximum? 
A term in a sequence is a local maximum if it is greater than all its neighbors. 

28. (FRG 3) (SL86-13). 

29. (FRG 4) We define a binary operation * in the plane as follows: Given two 
points A and B in the plane, C = A *B is the third vertex of the equilateral triangle 
ABC oriented positively. What is the relative position of three points /, M, O in 
the plane if 7*(M*0) = (0*7) holds? 

30. (FRG 5) Prove that a convex polyhedron all of whose faces are equilateral 
triangles has at most 30 edges. 

31. (UNK 1) Let P and Q be distinct points in the plane of a triangle ABC such 
that AP : AQ = BP : BQ = CP : CQ. Prove that the line PQ passes through the 
circumcenter of the triangle. 

32. (UNK 2) Find, with proof, all solutions of the equation i + ~ — | = lin positive 
integers x,y, z. 

33. (UNK 3) (SL86-1). 

34. (UNK 4) For each nonnegative integer n, F n (x) is a polynomial in x of degree n. 
Prove that if the identity 



holds for each n, then 



for each n and all t. 

35 . (UNK 5) Establish the maximum and minimum values that the sum | a \ + \ b \ + \ c\ 
can have if a, b, c are real numbers such that the maximum value of | ax 2 + bx+c\ 
is 1 for-1 <x< 1. 


36. (GDR 1) (SL86-9). 
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37. (GDR 2) Prove that the set {1,2, ... , 1986} can be partitioned into 27 disjoint 
sets so that none of these sets contains an arithmetic triple (i.e., three distinct 
numbers in an arithmetic progression). 

38. (GDR 3) (SL86-12). 

39. (HEL 1) Let S be a ^-element set. 

(a) Find the number of mappings / : S — > S such that 


(i) f(x) ^ x for xGS, (ii) f(f(x ) ) = x for x G S. 


(b) The same with the condition (i) left out. 

40. (HEL 2) Find the maximum value that the quantity 2m + In can have such that 
there exist distinct positive integers x; (1 <i< m), yj (1 < j < n ) such that the 
x,’s are even, the y/s are odd, and YIiL\ x i + £]= i yj = 1986. 

41. (HEL 3) Let M,N,P be the midpoints of the sides BC, CA, AB of a triangle 
ABC. The lines AM, BN, CP intersect the circumcircle of ABC at points A',B',C', 
respectively. Show that if A'B'C' is an equilateral triangle, then so is ABC. 

42. (HUN 1) The integers 1 , 2, . . . , n 2 are placed on the fields of an n x n chessboard 
(n > 2) in such a way that any two fields that have a common edge or a vertex 
are assigned numbers differing by at most n + 1 . What is the total number of 
such placements? 

43. (HUN 2) (SL86-10). 

44. (IRL 1) (SL86-14). 

45. (IRL 2) Given n real numbers a\ < ci 2 < ■■■ <a n , define 



Prove that 


a\ <M\ — Q<M\+ Q< a n 


and that equality holds if and only if a\ = ci 2 = • • • = a n . 

46. (IRL 3) We wish to construct a matrix with 19 rows and 86 columns, with 
entries xy G {0, 1,2} (1 <i< 19, 1 < j < 86), such that: 

(i) in each column there are exactly k terms equal to 0; 

(ii) for any distinct j.k G {L . . . ,86} there is i G {1, . . . , 19} with +x,£ = 3. 
For what values of k is this possible? 

47. (ISL 1) (SL86-16). 

48. (ISL 2) Let P be a convex 1986-gon in the plane. Let A.D be interior points 
of two distinct sides of P and let B , C be two distinct interior points of the line 
segment AD. Starting with an arbitrary point Q\ on the boundary of P, define 
recursively a sequence of points Q„ as follows: given Q n extend the directed line 
segment Q n B to meet the boundary of P in a point R„ and then extend R n C to 
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meet the boundary of P again in a point, which is defined to be Q n +i ■ Prove that 
for all n large enough the points Q n are on one of the sides of P containing A or 
D. 

49 . (ISL 3) Let C\ , C 2 be circles of radius 1/2 tangent to each other and both tangent 
internally to a circle C of radius 1. The circles C\ and C2 are the first two terms 
of an infinite sequence of distinct circles C n defined as follows: C n+ 2 is tangent 
externally to C„ and C n+ \ and internally to C. Show that the radius of each C„ is 
the reciprocal of an integer. 

50. (LUX 1) Let D be the point on the side BC of the triangle ABC such that AD is 
the bisector of /.CAB. Let I be the incenter of AABC. 

(a) Construct the points P and Q on the sides AB and AC, respectively, such 
that PQ is parallel to BC and the perimeter of the triangle APQ is equal to 
k ■ BC, where k is a given rational number. 

(b) Let R be the intersection point of PQ and AD. For what value of k does the 
equality AR — RI hold? 

(c) In which case do the equalities AR = RI = ID hold? 

5 1 . (MNG 1) Let a, b, c, d be the lengths of the sides of a quadrilateral circumscribed 
about a circle and let S be its area. Prove that S < V abed and find conditions for 
equality. 

52. (MNG 2) Solve the system of equations 


tanxi +cotxi = 3 tan X2 , 
tanx2 + cotX2 = 3 tanx3 , 


tanx„ + cotx„ = 3 tanxi . 


53. (MNG 3) For given positive integers r, v, n let Sir. v, n) denote the number of n- 

tuples of nonnegative integers (xi , . . . ,x„) satisfying the equation x\ H \-x n = 

r and such that x, < v for z = Prove that 



where m = min [n, [^q] } ■ 

54. (MNG 4) Find the least integer n with the following property: For any set V of 8 
points in the plane, no three lying on a line, and for any set E of n line segments 
with endpoints in V , one can find a straight line intersecting at least 4 segments 
in E in interior points. 

55 . (MNG 5) Given an integer n > 2, determine all n-digit numbers Mq = a\a 2 ...a n 
(1 Ui ^0, i 1 . 2, .... n) divisible by the numbers M\ = <2203 . . .a n a\, M 2 = 
0304. . .a n a\a2, ■ ■ ■ , M„_ 1 = a n a\a2 ■ ■ -a n -i- 

56. (MAR 1) Let A1A2A3A4A5A6 be a hexagon inscribed into a circle with center O. 
Consider the circular arc with endpoints A i,Ag not containing A 2 . For any point 
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M of that arc denote by h t the distance from M to the line A,A i+ 1 (1 < i < 5). 
Construct M such that the sum h\-\ \-h 5 is maximal. 

57. (MAR 2) In a triangle ABC, the incircle touches the sides BC, CA, AB in the 
points A',B',C', respectively; the excircle in the angle A touches the lines con- 
taining these sides in A 1 , B\ , C\ , and similarly, the excircles in the angles B and C 
touch these lines in A 2 , B 2 , C 2 and A3 , B$ , C3 . Prove that the triangle ABC is right- 
angled if and only if one of the point triples (A' ,B 3 ,C'), ( A 3 ,B',C3 ), (A'.B'.Ci), 
( A 2 ,B 2 ,C '), (A 2 ,5i,C 2 ), (A 3 ,5 3 ,Ci), (Ai,B 2 ,Ci), (A 1 ; Bi,C 3 ) is collinear. 

58. (NLD 1) (SL86-6). 

59. (NLD 2) (SL86-15). 

60. (NLD 3) Prove the inequality 

(— a + b + c) 2 {a — b + c) 2 (a + b — c ) 2 
> (-a 2 + b 2 + c 2 ) (a 2 -b 2 +c 2 ) ( a 2 + b 2 - c 2 ) 

for all real numbers a, b, c. 

61 . (ROU 1) Given a positive integer n, find the greatest integer p with the property 
that for any function / : P(X) — > C, where X and C are sets of cardinality n and 
p, respectively, there exist two distinct sets A, B e P(X) such that /(A) = f(B) = 
f(AUB). (P(A) is the family of all subsets of X.) 

62. (ROU 2) Determine all pairs of positive integers ( x,y ) satisfying the equation 
p x — y 3 = 1, where p is a given prime number. 

63 . (ROU 3) Let AA' , BB' , CC' be the bisectors of the angles of a triangle ABC (A' e 
BC, B' e CA, C' (z AB). Prove that each of the lines A'B' , B'C' , C'A' intersects the 
incircle in two points. 

64. (ROU 4) Let (a„)„ e j\i be the sequence of integers defined recursively by a\ = 
a 2 = 1, a n+ 2 = la n+ \ — u„ — 2 for n > 1. Prove that a n is a perfect square for 
every n. 

65. (ROU 5) Let AiA 2 A3A4 be a quadrilateral inscribed in a circle C. Show that 
there is a point M on C such that MA \ — MA 2 + MA 3 — MA 4 = 0. 

66. (SWE 1) One hundred red points and one hundred blue points are chosen in the 
plane, no three of them lying on a line. Show that these points can be connected 
pairwise, red ones with blue ones, by disjoint line segments. 

67. (SWE 2) (SL86-2). 

68. (SWE 3) Consider the equation x 4 + ax 3 + bx 2 + ax + 1 =0 with real coeffi- 
cients a, b. Determine the number of distinct real roots and their multiplicities 
for various values of a and b. Display your result graphically in the (a, b) plane. 

69. (TUR 1) (SL86-18). 

70. (TUR 2) (SL86-21). 
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71. (TUR 3) Two straight lines perpendicular to each other meet each side of a 
triangle in points symmetric with respect to the midpoint of that side. Prove that 
these two lines intersect in a point on the nine-point circle. 

72. (TUR 4) A one-person game with two possible outcomes is played as follows: 
After each play, the player receives either aoi b points, where a and b are inte- 
gers with 0 < b < a < 1986. The game is played as many times as one wishes 
and the total score of the game is defined as the sum of points received after 
successive plays. It is observed that every integer x > 1986 can be obtained as 
the total score whereas 1985 and 663 cannot. Determine a and b. 

73. (TUR 5) Let (af)^ be a strictly increasing sequence of positive real numbers 

such that = +°° and a; + i/a,- < 10 for each i. Prove that for every 

positive integer & there are infinitely many pairs (i,j) with 10* < a,-/a/ < 10* +1 . 

74. (USA 1) (SL86-8). 

Alternative formulation. Let A be a set of n points in space. From the family 
of all segments with endpoints in A, q segments have been selected and colored 
yellow. Suppose that all yellow segments are of different length. Prove that there 
exists a polygonal line composed of m yellow segments, where m>^-, arranged 
in order of increasing length. 

75. (USA 2) The incenter of a triangle is the midpoint of the line segment of length 4 
joining the centroid and the orthocenter of the triangle. Determine the maximum 
possible area of the triangle. 

76. (USA 3) (SL86-3). 

77. (USS 1) Find all integers x,y,z that satisfy 

x 3 +y 3 + z? =x+y + z = 8. 


78. (USS 2) If T and 7j are two triangles with angles x,y,z and xi,yi,zi, respec- 
tively, prove the inequality 


cosxi cosyi coszi 
sinx siny sinz 


< cotx + coty + cotz- 


79. (USS 3) Let AAi, BB\, CCf be the altitudes in an acute-angled triangle ABC. K 
and M are points on the line segments A] Cj and B\C\ respectively. Prove that if 
the angles MAK and CAAi are equal, then the angle C\KM is bisected by AK. 

80. (USS 4) Let ABCD be a tetrahedron and O its incenter, and let the line OD be 
perpendicular to AD. Find the angle between the planes DOB and DOC. 


3.27.3 Shortlisted Problems 

1. (UNK 3) imo5 Find, with proof, all functions / defined on the nonnegative real 
numbers and taking nonnegative real values such that 
(i) fW(y)]f(y) =f(x+y), 
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(ii) /( 2) = 0 but f(x) + 0 for 0 < x < 2. 

2. (SWE 2) Let /(x) = x" where n is a fixed positive integer and x = 1,2, .... Is 
the decimal expansion a = 0./(l)/(2)/(3) . . . rational for any value of nl 

The decimal expansion of a is defined as follows: If /(x) = d\ (x)d 2 (x) . . . 

. . . d r / x ^ (x) is the decimal expansion of f(x), then 

a = 0.1di(2)d 2 (2) . . . d r(2) (2 )d x (3) . . . d r{3) (3 )d l (4) . . . . 

3. (USA 3) Let A, B, and C be three points on the edge of a circular chord such 
that B is due west of C and ABC is an equilateral triangle whose side is 86 
meters long. A boy swam from A directly toward B. After covering a distance 
of x meters, he turned and swam westward, reaching the shore after covering a 
distance of y meters. If x and y are both positive integers, determine y. 

4. (CZS 3) Let n be a positive integer and let p be a prime number, p> 3. Find 
at least 3 (n + 1) [easier version: 2(«+ 1)] sequences of positive integers x,y,z 
satisfying 

xyz = p n (x+y+z) 

that do not differ only by permutation. 

5 . (FRG 1) IM01 The set .S' = {2,5, 13} has the property that for every a,beS,afb, 
the number ab— 1 is a perfect square. Show that for every positive integer d not 
in S, the set .SU {d} does not have the above property. 

6. (NLD 1) Find four positive integers each not exceeding 70000 and each having 
more than 100 divisors. 

7. (FRA 5) Let real numbers xi,X 2 , . . . ,x„ satisfy 0 < x\ < x 2 < ■ ■ • < x„ < 1 and 
set xq = 0, x n+ \ = 1 . Suppose that these numbers satisfy the following system 
of equations: 

ft +1 

Y =0 where i= 1,2,..., n. (1) 

j=o.j^ x ‘-Xj 

Prove that x n+ \ = 1 — x; for i= 1,2 

8. (USA 1) From a collection of n persons q distinct two-member teams are se- 
lected and ranked 1 , . . . , q (no ties). Let m be the least integer larger than or equal 
to 2 q/n. Show that there are m distinct teams that may be listed so that (i) each 
pair of consecutive teams on the list have one member in common and (ii) the 
chain of teams on the list are in rank order. 

Alternative formulation. Given a graph with n vertices and q edges numbered 
L ••.,<?, show that there exists a chain of m edges, m > each two consecu- 
tive edges having a common vertex, arranged monotonically with respect to the 
numbering. 

9. (GDR l) IM06 Prove or disprove: Given a finite set of points with integer co- 
ordinates in the plane, it is possible to color some of these points red and the 
remaining ones white in such a way that for any straight line L parallel to one of 
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the coordinate axes, the number of red colored points and the number of white 
colored points on L differ by at most 1 . 

10. (HUN 2) Three persons A,B,C, are playing the following game: A ^-element 
subset of the set {1, . . . , 1986} is randomly chosen, with an equal probability 
of each choice, where k is a fixed positive integer less than or equal to 1986. 
The winner is A,B or C, respectively, if the sum of the chosen numbers leaves a 
remainder of 0, 1, or 2 when divided by 3. For what values of k is this game a 
fair one? (A game is fair if the three outcomes are equally probable.) 

1 1 . (BGR 1) Let /(«) be the least number of distinct points in the plane such that 
for each k = 1 , 2, . . . , n there exists a straight line containing exactly k of these 
points. Find an explicit expression for /(«). 

Simplified version. Show that f(n) = [^y~] [^r] ([*] denoting the greatest in- 
teger not exceeding x). 

12. (GDR 3) imo3 To each vertex P t (i = 1 .... ,5) of a pentagon an integer x,- is as- 
signed, the sum s = £x,- being positive. The following operation is allowed, pro- 
vided at least one of the x,’s is negative: Choose a negative x,, replace it by — X;, 
and add the former value of x, to the integers assigned to the two neighboring 
vertices of Pi (the remaining two integers are left unchanged). 

This operation is to be performed repeatedly until all negative integers disappear. 
Decide whether this procedure must eventually terminate. 

13. (FRG 3) A particle moves from (0, 0) to in, n) directed by a fair coin. For each 
head it moves one step east and for each tail it moves one step north. At ( n,y ), 
y < n, it stays there if a head comes up and at (x,n), x < n. it stays there if a tail 
comes up. Let k be a fixed positive integer. Find the probability that the particle 
needs exactly 2n + k tosses to reach ( n,n ). 

14. (IRL 1) The circle inscribed in a triangle ABC touches the sides BC,CA,AB in 
D,E,F, respectively, and X,Y,Z are the midpoints of EF,FD,DE, respectively. 
Prove that the centers of the inscribed circle and of the circles around XYZ and 
ABC are collinear. 

15. (NLD 2) Let ABCD be a convex quadrilateral whose vertices do not lie on a 
circle. Let A'B'C'D' be a quadrangle such that A' ,B' ,C' ,D' are the centers of 
the circumcircles of triangles BCD,ACD,ABD, and ABC. We write T(ABCD ) = 
A'B'C'D'. Let us define A"B"C''D" = T (A'B'C'D') = T(T(ABCD)). 

(a) Prove that ABCD and A"B"C"D " are similar. 

(b) The ratio of similitude depends on the size of the angles of ABCD. Deter- 
mine this ratio. 

16. (ISL 1) imo4 Let A,B be adjacent vertices of a regular n - gon in the plane and 
let O be its center. Now let the triangle ABO glide around the polygon in such a 
way that the points A and B move along the whole circumference of the polygon. 
Describe the figure traced by the vertex O. 
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17. (CHN 3) imo2 Let A, B, C be fixed points in the plane. A man starts from a certain 
point Pq and walks directly to A. At A he turns his direction by 60° to the left and 
walks to Pi such that PqA = AP\. After he does the same action 1986 times suc- 
cessively around the points A,B,C,A,B,C , . . . , he returns to the starting point. 
Prove that AABC is equilateral and that the vertices A,B,C are arranged coun- 
terclockwise. 


18. (TUR 1) Let AX,BY,CZ be three cevians concurrent at an interior point D of 
a triangle ABC. Prove that if two of the quadrangles DYAZ,DZBX,DXCY are 
circumscribable, so is the third. 


19. (BGR 2) A tetrahedron ABCD is given such that AD = BC = a\ AC = BD = b\ 
AB ■ CD = c 2 . Let f(P) =AP + BP+CP + DP, where P is an arbitrary point in 
space. Compute the least value of f(P). 

20. (CAN 3) Prove that the sum of the face angles at each vertex of a tetrahedron is 
a straight angle if and only if the faces are congruent triangles. 


21. (TUR 2) Let ABCD be a tetrahedron having each sum of opposite sides equal 

to 1. Prove that , , , , x/3 

rA + r B + r c + r D < 


where rA,r B ,rc,r D are the inradii of the faces, equality holding only if ABCD is 
regular. 
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3.28 The Twenty-Eighth IMO 
Havana, Cuba, July 5-16, 1987 

3.28.1 Contest Problems 

First Day ( July 10) 

1. Let S be a set of n elements. We denote the number of all permutations of S that 
have exactly k fixed points by p n (k). Prove that 

X kp n {k)=n\ . 
k = 0 

2. The prolongation of the bisector AL ( L G BC) in the acute-angled triangle ABC 
intersects the circumscribed circle at point N. From point L to the sides AB and 
AC are drawn the perpendiculars LK and LM respectively. Prove that the area of 
the triangle ABC is equal to the area of the quadrilateral AKNM. 

3. Suppose xi ,X 2 , ■ ■ ■ ,x„ are real numbers with xf+x^-l hx% = 1. Prove that for 

any integer k > 1 there are integers e,- not all 0 and with |e, | < k such that 

. (k— l)\/n 

\e\x\ +e 2 x 2 -t b e n x„ < — — — - — . 

kr — 1 

Second Day ( July 11) 

4. Does there exist a function / : N — > N, such that /(/(«)) = n + 1987 for every 
natural number nl 

5. Prove that for every natural number n > 3 it is possible to put n points in the 
Euclidean plane such that the distance between each pair of points is irrational 
and each three points determine a nondegenerate triangle with rational area. 

6. Let f{x) = x 2 + x + p, for p G N. Prove that if the numbers /( 0), /( 1), . . ., 
fiWp/ 3]) are primes, then all the numbers /(0), /(l), . . ., f(p — 2) are primes. 


3.28.2 Longlisted Problems 

1. (AUS 1) Letxi .X 2 - ... ,x n be n integers. Letn = p+q, where p and q are positive 
integers. For i = 1,2, ... ,n, put 

Si = H \-Xi+ p —\ and 7] = xi+ p -t-JQ+p+i H b^'+n-i 

(it is assumed that x !+n = x,- for all i). Next, let m{a,b) be the number of indices i 
for which 5, leaves the remainder a and 7} leaves the remainder b on division by 
3, where a , b £ {0, 1,2}. Show that m(l, 2) andm(2, 1) leave the same remainder 
when divided by 3. 
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2. (AUS 2) Suppose we have a pack of 2 n cards, in the order 1,2, . . . ,2n. A per- 
fect shuffle of these cards changes the order to n + 1 , 1 , n + 2, 2, . . . , n — 1 , 2n, n; 
i.e., the cards originally in the first n positions have been moved to the places 
2, 4, . . . , 2n, while the remaining n cards, in their original order, fill the odd posi- 
tions 1,3,... ,2n— 1. 

Suppose we start with the cards in the above order 1,2, ... ,2 n and then succes- 
sively apply perfect shuffles. What conditions on the number n are necessary for 
the cards eventually to return to their original order? Justify your answer. 
Remark. This problem is trivial. Alternatively, it may be required to find the 
least number of shuffles after which the cards will return to the original order. 

3. (AUS 3) A town has a road network that consists entirely of one-way streets 
that are used for bus routes. Along these routes, bus stops have been set up. If 
the one-way signs permit travel from bus stop X to bus stop Y X, then we shall 
say Y can be reached from X. 

We shall use the phrase F comes after X when we wish to express that every bus 
stop from which the bus stop X can be reached is a bus stop from which the bus 
stop F can be reached, and every bus stop that can be reached from F can also 
be reached from X. A visitor to this town discovers that if X and F are any two 
different bus stops, then the two sentences “F can be reached from X” and “F 
comes after X” have exactly the same meaning in this town. 

Let A and B be two bus stops. Show that of the following two statements, exactly 
one is true: (i) B can be reached from A; (ii) A can be reached from B. 

4. (AUS4) Let a i,a 2 ,« 3 ) (’ 1 5 ^ 2 ) be positive real numbers. Prove that 

{a\b 2 + a 2 b\ + ai &3 + a?,bi + a 2 b 2 + a 2 b 2 ) 2 

> 4(ai«2 + 02^3 + a 2 ai){b\b 2 + b 2 b 2 + bjb\) 

and show that the two sides of the inequality are equal if and only if a\/b\ = 
a 2 /b 2 = a 2 /b 2 . 

5. (AUS 5) Let there be given three circles K\,K 2 ,K 2 with centers 0\,0 2 ,0 2 
respectively, which meet at a common point P. Also, let K\C\ K 2 = {PA}, 
K 2 f) K 2 = {P,B}, KjT\K\ = {P,C}. Given an arbitrary point X on K\, join X 
to A to meet K 2 again in F, and join X to C to meet K 2 again in Z. 

(a) Show that the points Z,B,Y are collinear. 

(b) Show that the area of triangle XYZ is less than or equal to 4 times the area 
of triangle 0\ 0 2 0 2 . 


6. (AUS 6) (SL87-1). 

7. (BEL 1) Let / : (0,+°°) — > M be a function having the property that f(x) = 
/( 1 /x) for all x > 0. Prove that there exists a function u : [ 1 , +°°) — * K satisfying 



8. (BEL 2) Determine the least possible value of the natural number n such that n! 
ends in exactly 1987 zeros. 


194 


3 Problems 


9. (BEL 3) In the set of 20 elements {1, 2, 3, 4, 5, 6, 7, 8, 9, 0, A, B, C, D, J, 
K, L, U, X, Y, Z} we have made a random sequence of 28 throws. What is 
the probability that the sequence CUBA JULY 1987 appears in this order in the 
sequence already thrown? 

10. (FIN 1) In a Cartesian coordinate system, the circle Ci has center 0\ (—2. 0) 
and radius 3. Denote the point (1,0) by A and the origin by O. Prove that there 
is a constant c > 0 such that for every X that is exterior to C i , 

OX 1 > cmin{AX,AX 2 }. 


Find the largest possible c. 

11. (FIN 2) Let S C [0, 1] be a set of 5 points with {0,1} C S. The graph of a 
real function / : [0, 1] — > [0, 1] is continuous and increasing, and it is linear on 
every subinterval I in [0, 1] such that the endpoints but no interior points of I 
are in S. We want to compute, using a computer, the extreme values of g(x,t) = 

for x — t,x + t € [0, 1]. At how many points (x,t) is it necessary to 
compute g{x,t) with the computer? 

12. (FIN 3) (SL87-3). 

13. (FIN 4) Let A be an infinite set of positive integers such that every n £ A is 
the product of at most 1987 prime numbers. Prove that there are an infinite set 
B C A and a number p such that the greatest common divisor of any two distinct 
numbers in B is p. 

14. (FRA 1) Given n real numbers 0 < t\ < ?2 < • • • < t n < 1, prove that 


(1 ~tl) 


( i -*?) 2 ( t -4 


H b 


(1 - tf +1 ) 2 


< 1. 


15. (FRA2) Letai,a 2 ,a 3 ,bi,b 2 ,b 3 ,ci,C 2 ,C 3 be nine strictly positive real numbers. 
We set 

5l=fllZ?2C3, S2=«2&3Cl, St, = a?,blC 2 ', 

T\ = aib'iCj, T2=a2b\C3, T^ = aT,b2Ci. 

Suppose that the set {Si, S2, S3 , 7\ , T 2 ,Tt,} has at most two elements. Prove that 


S, + S2 + S3 — T\ + 7} + 7} . 


16. (FRA 3) Let ABC be a triangle. For every point M belonging to segment BC we 
denote by B' and c' the orthogonal projections of M on the straight lines AC and 
BC. Find points M for which the length of segment B'C' is a minimum. 

17. (FRA 4) Consider the number a obtained by writing one after another the dec- 
imal representations of 1, 1987, 1987 2 , ... to the right the decimal point. Show 
that a is irrational. 


18. (FRA 5) (SL87-4). 
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19. (FRG 1) (SL87-14). 

20. (FRG 2) (SL87-15). 

21. (FRG 3) (SL87-16). 

22. (UNK 1) (SL87-5). 

23. (UNK 2) A lampshade is part of the surface of a right circular cone whose axis 
is vertical. Its upper and lower edges are two horizontal circles. Two points are 
selected on the upper smaller circle and four points on the lower larger circle. 
Each of these six points has three of the others that are its nearest neighbors at a 
distance d from it. By distance is meant the shortest distance measured over the 
curved survace of the lampshade. 

Prove that the area of the lampshade if d 2 ( 20 + \/3), where cot f = f ■ 

24. (UNK 3) Prove that if the equation x 4 + ax 3 +bx + c = 0 has all its roots real, 
then ab < 0. 

25. (UNK 4) Numbers d(n,m), with m,n integers, 0 < m < n, are defined by 
d(n, 0) = d(n,n) = 0 for all n > 0 and 

md(n,m) = md(n — 1 ,m) + (2 n — m)d(n— l,m — 1) for all 0 < m < n. 

Prove that all the d(n.m) are integers. 

26. (UNK 5) Prove that if x, y, z are real numbers such that x 2 + y 2 + z 2 = 2, then 

x+y + z<xyz+2. 

27. (UNK 6) Find, with proof, the smallest real number C with the following 

property: For every infinite sequence {x,} of positive real numbers such that 
Xi +X2 H hx n < x n+ \ for n = 1,2,3, . . . , we have 


V^T+V^H 1- < Cy/x\ +X2 H hx„ for « = 1,2, 3, ... . 

28. (GDR 1) In a chess tournament there are n > 5 players, and they have already 
played [t] + ^ games (each pair have played each other at most once). 

(a) Prove that there are five players a,b,c,d,e for which the pairs ab, ac, be, 
ad, ae, de have already played. 

(b) Is the statement also valid for the + 1 games played? 

Make the proof by induction over n. 

29. (GDR 2) (SF87-13). 

30. (HEL 1) Consider the regular 1987-gon A\A 2 . . .Ai 9 87 with center O. Show 
that the sum of vectors belonging to any proper subset of M = {OAj \ j = 
1,2, ... , 1987} is nonzero. 

31. (HEL 2) Construct a triangle ABC given its side a = BC, its circumradius R 
(2 R > a), and the difference l/k=l/c—\/b, where c=AB and b = AC. 
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32. (HEL 3) Solve the equation 28* = 19 y + 87 z , where x, y, z are integers. 

33. (HEL 4 ) (SL87-6). 

34. (HUN 1) (SL87-8). 

35. (HUN 2) (SL87-9). 

36. (ISL 1) A game consists in pushing a flat stone along a sequence of squares 
So,Si,S 2 , ■ ■ ■ that are arranged in linear order. The stone is initially placed on 
square Sq. When the stone stops on a square S/, it is pushed again in the same 
direction and so on until it reaches or goes beyond it; then the game stops. 
Each time the stone is pushed, the probability that it will advance exactly n 
squares is 1/2". Determine the probability that the stone will stop exactly on 
square S mi . 

37. (ISL 2) Five distinct numbers are drawn successively and at random from the set 
{1, . . . ,«}. Show that the probability of a draw in which the first three numbers 
as well as all five numbers can be arranged to form an arithmetic progression is 
greater than f n ^ 2 p ■ 

38. (ISL 3) (SL87-10). 

39. (LUX 1) Let A be a set of polynomials with real coefficients and let them satisfy 
the following conditions: 

(i) if / € A and deg / < 1, then f(x) = x— 1; 

(ii) if f £ A and deg / > 2, then either there exists g€A such that f(x) = 
x 2 +d eg g +xg (x) - 1 or there exist g,heA such that f(x) = x' +i ^g(x) + 


h(x); 

(iii) for every /,ge A, both x 2+deg /+*/(;t)-l imdx 1+de ^f(x)+g(x) belong 
to A. 

Let R n (f ) be the remainder of the Euclidean division of the polynomial f(x) by 
x n . Prove that for all f £ A and for all natural numbers n > 1 we have 


R„{f)( 1)<0 and /?„(/)(!) =0 ^R n (f)eA. 


40. (MNG 1) The perpendicular line issued from the center of the circumcircle 
to the bisector of angle C in a triangle ABC divides the segment of the bisector 
inside ABC into two segments with ratio of lengths A . Given b = AC and a = BC, 
find the length of side c. 

41. (MNG 2 ) Let n points be given arbitrarily in the plane, no three of them 
collinear. Let us draw segments between pairs of these points. What is the mini- 
mum number of segments that can be colored red in such a way that among any 
four points, three of them are connected by segments that form a red triangle? 

42. (MNG 3) Find the integer solutions of the equation 
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43. (MNG 4 ) Let 2n + 3 points be given in the plane in such a way that no three lie 
on a line and no four lie on a circle. Prove that the number of circles that pass 

through three of these points and contain exactly n interior points is not less than 

1 /2n+3\ 

3 V 2 )■ 

44. (MAR 1) Let 0i , 0 2 , ■ ■ ■ , 0 n be real numbers such that sin 0| H b sin 0„ = 0. 

Prove that 

|sin0i +2sin02H b«sin0„| < 

45. (MAR 2) Let us consider a variable polygon with 2 n sides (n e N) in a fixed 
circle such that 2n — 1 of its sides pass through 2n — l fixed points lying on a 
straight line A . Prove that the last side also passes through a fixed point lying on 
A. 

46. (NLD 1) (SL87-7). 

47. (NLD 2) Through a point P within a triangle ABC the lines Z, m, and n perpen- 
dicular respectively to AP , BP ; CP are drawn. Prove that if l intersects the line BC 
in Q, m intersects AC in R, and n intersects AB in S, then the points Q, R, and S 
are collinear. 

48. (POL 1) (SL87-11). 

49. (POL 2) In the coordinate system in the plane we consider a convex polygon 
W and lines given by equations x = k,y = m, where k and m are integers. The 
lines determine a tiling of the plane with unit squares. We say that the boundary 
of W intersects a square if the boundary contains an interior point of the square. 
Prove that the boundary of W intersects at most 4 \d\ unit squares, where d is 
the maximal distance of points belonging to W (i.e., the diameter of W) and \d] 
is the least integer not less than d. 

50. (POL 3) Let P, Q.R be polynomials with real coefficients, satisfying P 4 + Q 4 = 
R 2 . Prove that there exist real numbers p, q, r and a polynomial S such that P = 
pS, Q = qS and R = rS 2 . 

Variants: (1) P 4 + Q 4 = R 4 ; (2) gcd(P, Q) = 1; (3) ±P 4 + Q 4 =R 2 or R 4 . 

51. (POL 4 ) The function F is a one-to-one transformation of the plane into it- 
self that maps rectangles into rectangles (rectangles are closed; continuity is not 
assumed). Prove that F maps squares into squares. 

52. (POL 5 ) (SL87-12). 

53. (ROU1) (SL87-17). 

54. (ROU 2) Let n be a natural number. Solve in integers the equation 

x”+y" = (x-y) n+1 . 

55. (ROU 3) Two moving bodies M\, Mi are displaced uniformly on two coplanar 
straight lines. Describe the union of all straight lines Mi M2. 

56. (ROU 4 ) (SL87-18). 
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57. (ROU 5) The bisectors of the angles B,C of a triangle ABC intersect the op- 
posite sides in B',C' respectively. Prove that the straight line B'C' intersects the 
inscribed circle in two different points. 

58. (ESP 1) Find, with argument, the integer solutions of the equation 

3z 2 =2x 3 + 385X 2 + 256*- 58195. 


59. (ESP 2) It is given that a ii , 022 are real numbers, that*i,* 2 , an,bi , are com- 
plex numbers, and that 011022 = 012012 (where 012 is the conjugate of 012 ). We 
consider the following system in *i ,* 2 : 


* 1 ( 011 * 1 + 012 * 2 ) =b\, 
*2 (o 1 2 * I + 022 * 2 ) = b 2 - 


(a) Give one condition to make the system consistent. 

(b) Give one condition to make arg*i — arg *2 = 98°. 

60. (TUR 1) It is given that * = —2272, y = 10 3 + 10 2 c + 10b + a, and z = 1 satisfy 
the equation ax + by + cz= 1 , where a,b,c are positive integers with a<b <c. 
Find y. 


61 . (TUR 2) Let PQ be a line segment of constant length A taken on the side BC of 
a triangle ABC with the order B, P, Q, C, and let the lines through P and Q parallel 
to the lateral sides meet AC at P\ and Q\ and AB at P 2 and Q 2 respectively. Prove 
that the sum of the areas of the trapezoids PQQ\P\ and PQQ 2 P 2 is independent 
of the position of PQ on BC. 


62. 


63. 


(TUR 3) Let 1,1' be two lines in 3-space and let A,B,C be three points taken 
on l with B as midpoint of the segment AC. If a , b. c are the distances of A,B, C 
from l', respectively, show that b < \j ° 2 \ cl , equality holding if 1,1' are parallel. 
(TUR 4) Compute X 2 " 0 ( — l)*fl*, where cif. are the coefficients in the expansion 


2 n 


(l-\^* + * 2 )”= X a ***- 

k=0 


64. (USA 1) Let r > 1 be a real number, and let n be the largest integer smaller than 
r. Consider an arbitrary real number* with 0 < * < By a base-r expansion 
of * we mean a representation of * in the form 


fll.fl2.fl3. 

— + 3 + 3 + •• 


where the a,- are integers with 0 < a, < r. 

You may assume without proof that every number* with 0 < * < has at least 
one base-r expansion. 

Prove that if r is not an integer, then there exists a number p,0<p< pp , which 
has infinitely many distinct base-r expansions. 
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65. (USA 2) The runs of a decimal number are its increasing or decreasing blocks 

of digits. Thus 024379 has three runs: 024, 43, and 379. Determine the average 
number of runs for a decimal number in the set {d\d 2 - ■ ■ d n \ d^ dk+ 1 , k = 

1,2 — 1}, where n> 2. 

66. (USA 3) (SL87-2). 

67. (USS 1) If a, b, c, d are real numbers such that a 1 + b 2 + c 2 + d 1 < 1 , find the 
maximum of the expression 

(a + b) 4 + (a + c) 4 + (a + d) A + (b + c) 4 + {b + d) 4 + (c + d)\ 

68. (USS 2) (SL87-19). 

Original formulation. Let there be given positive real numbers a, J3 , y such that 
a + p + y < n, a + p > y, P + y> a, y + a > j3 . Prove that it is possible to 
draw a triangle with the lengths of the sides sin oc, sinj3, sin 7. Moreover, prove 
that its area is less than 


-(sin2o: + sin2/3 + sin2y). 


69. (USS 3) (SL87-20). 

70. (USS 4) (SL87-21). 

71. (USS 5) To every natural number k,k> 2, there corresponds a sequence a n {k) 
according to the following rule: 

ao = k, a„=T(a n -i ) forn>l, 

in which % (a) is the number of different divisors of a. Find all k for which the 
sequence a n (k ) does not contain the square of an integer. 

72. (YNM 1) Is it possible to cover a rectangle of dimensions mxn with bricks that 
have the tromino angular shape (an arrangement of three unit squares forming 
the letter L) if: 

(a) m x n = 1985 x 1987; 

(b) mxn= 1987 x 1989? 

73. (VNM 2) Let fix) be a periodic function of period T > 0 defined over R. Its 
first derivative is continuous on R. Prove that there exist x,y € [0, T) such that 
xf^y and 

m/(y) = f(y)f'(x). 

74. (YNM 3) (SL87-22). 

75. (VNM 4 ) Let a k be positive numbers such that a\ > 1 and ak+i — a/, > \ (k = 
1,2,...). Prove that for every n G N, 

V 1 

<*k + 1 m i/tr k 


< 1987. 
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76. (YNM 5) Given two sequences of positive numbers { a k } and {b k } (k G N) such 
that 

(i) a k < b k , 

(ii) cos a k x + cos b k x > — \ for all k G N and iGt, 
prove the existence of lim^,*, and find this limit. 


77. 


(YUG 1) Find the least natural number k such that for any a G [0, 1] and any 
natural number n. 


a k {\ —a) n < 


1 

w 


78. (YUG 2) (SL87-23). 


3.28.3 Shortlisted Problems 


1. (AUS 6) Let / be a function that satisfies the following conditions: 

(i) If jc > y and f(y) — y>v> f{x) — x, then f(z) = v + z, for some number z 
between x and y. 

(ii) The equation f(x) = 0 has at least one solution, and among the solutions 
of this equation, there is one that is not smaller than all the other solutions; 

(in) m = i. 

(iv) /(1987) < 1988. 

(v) f(x)f(y) =f(xf(y)+yf(x)-xy). 

Find /(1987). 

2. (USA 3) At a party attended by n married couples, each person talks to every- 
one else at the party except his or her spouse. The conversations involve sets 
of persons or cliques C\,Ci,---,C k with the following property: no couple are 
members of the same clique, but for every other pair of persons there is exactly 
one clique to which both members belong. Prove that if n > 4, then k > 2n. 

3. (FIN 3) Does there exist a second-degree polynomial p(x,y) in two variables 
such that every nonnegative integer n equals p(k, m) for one and only one ordered 
pair (k. m) of nonnegative integers? 

4. (FRA 5) Let ABCDEFGH be a parallelepiped with AE\\BF\\CG\\DH . Prove 
the inequality 

AF+AH+AC<AB+AD+AE+AG. 

In what cases does equality hold? 

5. (UNK 1) Find, with proof, the point P in the interior of an acute-angled triangle 
ABC for which BL 2 + CM 2 +AN 2 is a minimum, where L.M.N are the feet of 
the perpendiculars from P to BC,CA,AB respectively. 

6. (HEL 4) Show that if a,b,c are the lengths of the sides of a triangle and if 
2 S = a + b + c, then 


a n b n c n ( 
b + c c + a a + b ~ \ 


2 

3 


i-2 


n> 1. 
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7. (NLD 1) Given five real numbers no, u\ , 112 , 113 , 1 * 4 , prove that it is always possi- 
ble to find five real numbers vo , v\ , V 2 , V3 , V4 that satisfy the following conditions: 

(i) Ui - Vi e N. 

(ii) lo<i<j<4(vi-Vj ) 2 <4. 

8. (HUN 1) (a) Let ( m,k ) = 1. Prove that there exist integers a\,ci 2 , ■ ■ ■ ,a m and 

bi,b 2 ,- ■ ■ ,bk such that each product afij ( i = 1,2 j = 1,2 ,...,k) 
gives a different residue when divided by mk. 

(b) Let ( m,k ) > 1. Prove that for any integers a\ ,ci 2 , - ■ ■ ,a m and b\,b 2 , ■ ■ ■ -h* 
there must be two products aibj and a s b t (( i,j ) ^ (s,t)) that give the same 
residue when divided by mk. 

9. (HUN 2) Does there exist a set M in usual Euclidean space such that for every 
plane A the intersection MH A is finite and nonempty? 

10. (ISL 3) Let Si and S 2 be two spheres with distinct radii that touch externally. 
The spheres lie inside a cone C, and each sphere touches the cone in a full circle. 
Inside the cone there are n additional solid spheres arranged in a ring in such 
a way that each solid sphere touches the cone C, both of the spheres Si and S2 
externally, as well as the two neighboring solid spheres. What are the possible 
values of n? 

1 1 . (POL 1) Find the number of partitions of the set { 1 , 2, . . . , n} into three subsets 
Ai , A 2 , A 3 , some of which may be empty, such that the following conditions are 
satisfied: 

(i) After the elements of every subset have been put in ascending order, every 
two consecutive elements of any subset have different parity. 

(ii) If Ai,A 2,A3 are all nonempty, then in exactly one of them the minimal 
number is even. 

12. (POL 5) Given a nonequilateral triangle ABC, the vertices listed counterclock- 
wise, find the locus of the centroids of the equilateral triangles A'B'C' (the ver- 
tices listed counterclockwise) for which the triples of points A,B' ,C'\ A' ,B,C'; 
and A',B',C are collinear. 

1 3 . (GDR 2) IM ° 5 Is it possible to put 1987 points in the Euclidean plane such that the 
distance between each pair of points is irrational and each three points determine 
a nondegenerate triangle with rational area? 

14. (FRG 1) How many words with n digits can be formed from the alphabet 
(0, 1 , 2, 3 , 4}, if neighboring digits must differ by exactly one? 

15. (FRG 2) IM03 Suppose x\ ,x 2 , ■ . . ,x„ are real numbers with xf+x%-i bx 3 = I. 

Prove that for any integer k > 1 there are integers e, not all 0 and with |e, | < k 
such that 

(k—l)Wn 

\e 1 x 1 +e 2 x 2 -\ be„x„| < ^ n _ ^ . 

16. (FRG 3) m01 Let S be a set of n elements. We denote the number of all permu- 
tations of S that have exactly k fixed points by p n (k). Prove: 
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(a) SLo kp„(k)=n\\ 

(b) lk=o( k ~ \) 2 Pn(k)=nl. 

17. (ROU 1) Prove that there exists a four-coloring of the set M = { 1 , 2, . . . , 1987} 
such that any arithmetic progression with 10 terms in the set M is not monochro- 
matic. 

Alternative formulation. Let M = (1,2,..., 1987}. Prove that there is a function 
/ : M — > {1,2, 3, 4} that is not constant on every set of 10 terms from M that 
form an arithmetic progression. 

18. (ROU 4) For any integer r > 1, determine the smallest integer h(r ) > 1 such 
that for any partition of the set (1,2, . . . ,h(r)} into r classes, there are integers 
a>0,l < x<y, such that a+x,a+y,a+x+y belong to the same class. 

19. (USS2) Let a, /3,y be positive real numbers such that a + j3 + y< n, a + j3 > y, 
/3 + y > a, y+a> p. Prove that with the segments of lengths sin a, sin J3 , sin y 
we can construct a triangle and that its area is not greater than 

i(sin2a-|-sin2j3 + sin2y). 

O 

20. (USS 3) mo6 Let f{x) =x 2 +x + p,p£ N. Prove that if the numbers /( 0), /( 1), 
• • ■» f{[y/ p/3 ]) are primes, then all the numbers /( 0), /(l), . . ., f(p — 2) are 
primes. 

21. (USS 4) IM ° 2 The prolongation of the bisector AL (L e BC) in the acute-angled 
triangle ABC intersects the circumscribed circle at point N. From point L to the 
sides AB and AC are drawn the perpendiculars LK and LM respectively. Prove 
that the area of the triangle ABC is equal to the area of the quadrilateral AKNM. 

22. (YNM 3) imo4 Does there exist a function / : N — > N, such that /(/(«)) = n + 
1987 for every natural number n? 

23. (YUG 2) Prove that for every natural number k(k> 2) there exists an irrational 
number r such that for every natural number m, 

[i m ] = — 1 (mod A:). 

Remark. An easier variant: Find rasa root of a polynomial of second degree 
with integer coefficients. 


3.29 The Twenty-Ninth IMO 
Canberra, Australia, July 9-21, 1988 

3.29.1 Contest Problems 
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First Day (July 15) 

1. Consider two concentric circles of radii R and r (R> r) with center O. Fix P on 
the small circle and consider the variable chord PA of the small circle. Points B 
and C lie on the large circle; B, P, C are collinear and BC is perpendicular to AP. 

(a) For which value(s) of ZOPA is the sum BC 2 + CA 2 +AB 2 extremal? 

(b) What are the possible positions of the midpoints U of BA and V of AC as 
ZOPA varies? 

2. Let n be an even positive integer. Let A i ,A 2 , ■ ■ ■ ,A n+ 1 be sets having n elements 
each such that any two of them have exactly one element in common, while 
every element of their union belongs to at least two of the given sets. For which 
n can one assign to every element of the union one of the numbers 0 and 1 in 
such a manner that each of the sets has exactly n/ 2 zeros? 

3. A function / defined on the positive integers (and taking positive integer values) 
is given by 

/(!) = !, /(3) = 3, 

f(2n) = f{n), 

/(4n+ 1) = 2/(2n+ 1) —/(«), 

/(4n + 3) = 3/(2 m + 1) — 2/(«), 

for all positive integers n. Determine with proof the number of positive integers 
less than or equal to 1988 for which /(«) = n. 

Second Day ( July 16) 

4. Show that the solution set of the inequality 


is the union of disjoint half-open intervals with the sum of lengths 1988. 

5. In a right-angled triangle ABC let AD be the altitude drawn to the hypotenuse 
and let the straight line joining the incenters of the triangles ABD,ACD intersect 
the sides AB,AC at the points K,L respectively. If E and E\ denote the areas of 
the triangles ABC and AKL respectively, show that -jA >2. 

6. Let a and b be two positive integers such that ab + 1 divides a 2 + b 2 . Show that 

is a perfect square. 
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3.29.2 Longlisted Problems 

1. (BGR 1) (SL88-1). 

2. (BGR 2) Let a n = [-\/(n+ l) 2 + n 2 J ,n = 1,2,..., where [x] denotes the integer 
part of x. Prove that 

(a) there are infinitely many positive integers m such that a m+ \ — a m > 1 ; 

(b) there are infinitely many positive integers m such that a m+ \ — a m = 1 . 

3. (BGR 3) (SL88-2). 

4. (CAN 1) (SL88-3). 

5. (CUB 1) Let k be a positive integer and M k the set of all the integers that are 
between 2 k 2 + k and 2 k 2 + 3k, both included. Is it possible to partition M k into 
two subsets A and B such that 

X^X* 2 ? 

*eA xeB 

6. (CZS 1) (SL88-4). 

7. (CZS 2) (SL88-5). 

8. (CZS 3) (SL88-6). 

9. (FRA 1) If ao is a positive real number, consider the sequence {«„} defined by 

a „+ 1 = — — r- for n > 0. 

n — 1 

Show that there exists a real number a > 0 such that: 

(i) for all real ao > a, the sequence {a„} — > +°° (n — > °o); 

(ii) for all real uq < a, the sequence {a„} — * 0. 

10. (FRA 2) (SL88-7). 

11. (FRA 3) (SL88-8). 

12. (FRA 4) Show that there do not exist more than 27 half-lines (or rays) emanating 
from the origin in 3-dimensional space such that the angle between each pair of 
rays is greater than or equal to 7t/4. 

13. (FRA 5) Let T be a triangle with inscribed circle C. A square with sides of 
length a is circumscribed about the same circle C. Show that the total length of 
the parts of the edges of the square interior to the triangle T is at least 2a. 

14. (FRG 1) (SL88-9). 

15. (FRG 2) Let 1 <k<n. Consider all finite sequences of positive integers with 
sum n. Find T(n,k), the total number of terms of size k in all of these sequences. 

16. (FRG 3) Show that if n runs through all positive integers, then 
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runs through all positive integers skipping the terms of the sequence a n = 3 n 2 — 
2 n. 

17. (FRG 4) Show that if n runs through all positive integers, then 



/(«) = 


runs through all positive integers skipping the terms of the sequence a„ = 



18. (UNK 1) (SL88-25). 

19. (UNK 2) (SL88-26). 

20. (UNK 3) It is proposed to partition the set of positive integers into two disjoint 
subsets A and B subject to the following conditions: 

(i) 1 is in A; 

(ii) no two distinct members of A have a sum of the form 2^ + 2 (k = 0, 1,2,...); 
and 

(iii) no two distinct members of B have a sum of that form. 

Show that this partitioning can be carried out in a unique manner and determine 
the subsets to which 1987, 1988, and 1989 belong. 

21. (UNK 4) (SL88-27). 

22. (UNK 5) (SL88-28). 

23. (GDR 1) (SL88-10). 

24. (GDR 2) Let Z mj „ be the set of all ordered pairs (i, j) with i £ {1 , m} and 

j e { 1 , . . . , n} . Also let a m j, be the number of all those subsets of Z mj „ that contain 
no two ordered pairs (ij . yj ), {h,ji) with ;j — r'2 1 + |jj — ji\ = 1. Show that for 
all positive integers m and k. 



25. (GDR 3) (SL88-11). 

26. (HEL 1) Let AB and CD be two perpendicular chords of a circle with center 
O and radius r, and let X,Y,Z,W denote in cyclical order the four parts into 
which the disk is thus divided. Find the maximum and minimum of the quantity 
a(y)+a(w) ’ where A(U) denotes the area of U. 

27. (HEL 2) (SL88-12). 

28. (HEL 3) (SL88-13). 

29. (HEL 4) Find positive integers xi,X2, ... ,^29, at least one of which is greater 
than 1988, such that 
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*1 +X2 H H*29 = 29xiX 2 . . -X29- 


30. (HKG 1) Find the total number of different integers that the function 



takes for 0 < x < 100. 

31. (HKG 2) The circle x 2 +y 2 = r 2 meets the coordinate axes at A = (r,0), B = 
(— r,0), C = (0 , r), andD = (0, —r). Let P = (w, v) and Q = (— u, v) be two points 
on the circumference of the circle. Let N be the point of intersection of PQ and 
the y-axis, and let M be the foot of the perpendicular drawn from P to the x-axis. 
If r 2 is odd, u = p m > q n = v, where p and q are prime numbers, and m and n 
are natural numbers, show that 


\AM\ = 1, \BM\ = 9, |£W|=8, \PQ\=S. 


32. (HKG 3) Assuming that the roots of x 3 + px 2 + qx + r = 0 are all real and 
positive, find a relation between p, q, and r that gives a necessary condition for 
the roots to be exactly the cosines of three angles of a triangle. 

33. (HKG 4) Find a necessary and sufficient condition on the natural number n for 
the equation x" + (2 +x) n + (2 — x) n = 0 to have a real root. 

34. (HKG 5) Express the number 1988 as the sum of some positive integers in such 
a way that the product of these positive integers is maximal. 

35. (HKG 6) In the triangle ABC, let D, E, and F be the midpoints of the three 
sides, X, Y, and Z the feet of the three altitudes, H the orthocenter, and P, Q, and 
R the midpoints of the line segments joining H to the three vertices. Show that 
the nine points D,E,F,P ; Q,R,X,Y,Z lie on a circle. 

36. (HUN 1) (SL88-14). 

37. (HUN 2) Let n points be given on the surface of a sphere. Show that the surface 
can be divided into n congruent regions such that each of them contains exactly 
one of the given points. 

38. (HUN 3) In a multiple choice test there were 4 questions and 3 possible answers 
for each question. A group of students was tested and it turned out that for any 3 
of them there was a question that the three students answered differently. What 
is the maximal possible number of students tested? 

39. (ISL 1) (SL88-15). 

40. (ISL 2) A sequence of numbers a„, n = 1,2, . . ., is defined as follows: a\ = 1 /2, 
and for each n > 2, 



Prove that YJk = \ a k < 1 for all n > 1 . 
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41. (IDN 1) 

(a) Let ABC be a triangle with AB = 12 and AC =16. Suppose M is the mid- 
point of side BC and points E and F are chosen on sides AC and AB respec- 
tively, and suppose that the lines EF and AM intersect at G. If AE = 2AF 
then find the ratio EG/GF. 

(b) Let £ be a point external to a circle and suppose that two chords EAB and 
ECD meet at an angle of 40°. If AB = BC = CD, find the size of ZACD. 

42. (IDN 2) 

(a) Four balls of radius 1 are mutually tangent, three resting on the floor and 
the fourth resting on the others. A tetrahedron, each of whose edges has 
length s, is circumscribed around the balls. Find the value of s. 

(b) Suppose that ABCD and EFGH are opposite faces of a rectangular solid, 
with ZDHC = 45° and ZFHB = 60°. Find the cosine of ZBHD. 


43. (IDN 3) 

(a) The polynomial x 2 * + 1 + (x + l) 2 * is not divisible by x 2 + x + 1 . Find the 
value of k. 

(b) If p, q, and r are distinct roots of x 3 — x 2 + x — 2 = 0, find the value of 
p 3 +q 3 + f 3 

(c) If r is the remainder when each of the numbers 1059, 1417, and 2312 is 
divided by d, where d is an integer greater than one, find the value of d — r. 

(d) What is the smallest positive odd integer n such that the product of 2 1 / 7 , 
2 3 / 7 , . . . , 2( 2n+1 )/ 7 is greater than 1000? 


44. (IDN 4) 

(a) Let g(x) = x 5 +x 4 +x 3 +x 2 +x+ 1 . What is the remainder when the poly- 
nomial g(x 12 ) is divided by the polynomial g(x)l 

(b) If k is a positive integer and / is a function such that for every positive num- 
ber x, /(x 2 + 1 ) ^ = k, find the value of f ( 'j for every positive 


number y. 

(c) The function / satisfies the functional equation /(x) + /(y) = f(x + y) — 
xy — 1 for every pair x,y of real numbers. If /( 1) = 1, find the number of 
integers n for which f(n) = n. 


45. (IDN 5) 

(a) Consider a circle K with diameter AB, a circle L tangent to AB and to K, 
and a circle M tangent to circle K, circle L, and AB. Calculate the ratio of 
the area of circle K to the area of circle M. 

(b) In triangle ABC, AB = AC and ZCAB = 80°. If points D, E, and F lie on 
sides BC, AC, and AB, respectively, and CE = CD and BF = BD, find the 
measure of ZEDF. 


46 . 


(IDN 6) 

(a) Calculate x = 


(ll+6\Z2)Vll-6V2-(ll-6\/2)Vll+6\/2 

(V\/5+2+a/\ / 5-2)-(V'/5+1) 
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( x -\- 1 / x )6 — ( x ^ + 1 / x ^ ) —2 

(b) For each positive number x, let k = ^ fc+i/^+^+i/* 3 ) • Calculate the min- 
imum value of k. 

47. (IRL 1) (SL88-16). 

48. (IRL 2) Find all plane triangles whose sides have integer length and whose 
incircles have unit radius. 

49. (IRL 3) Let —1 < x < 1. Show that 

® 1-x 2 _ 7(1 + x 7 ) 

j~ 0 1 — 2xcos[2nk/l) +x 2 1 — x 7 


Deduce that 


2 7t 2 2 ^7T 

CSC ~ + CSC — H- CSC — = l 


50. (IRL 4) Let g(n) be defined as follows: 


g(l) = 0, g(2) = 1, 

g(n + 2) = g(n)+g(n+l) + l (n> 1). 


Prove that if n > 5 is a prime, then n divides g{n) (g(n) + 1 ). 

51. (ISR 1) Let A\,A 2 , ■ ■ . ,A 2 g be 29 different sequences of positive integers. For 
1 < i < j <29 and any natural number x, we define IV; (x) to be the number of 
elements of the sequence A; that are less than or equal to x, and IVy (x) to be the 
number of elements of the intersection A, n A ; that are less than or equal to x. 

It is given that for all 1 < i < 29 and every natural number x, 

Ni(x) > where e = 2.71828.... 
e 

Prove that there exists at least one pair i,j (1 < i < j< 29) such that /V,/( 1988) > 
200. 

52. (ISR 2) (SL88-17). 

53. (KOR 1) Let x = p,y = q, z = r,w = s be the unique solution of the system of 
linear equations 

x + aty + afz + a]w = aj, i= 1,2, 3, 4. 


Express the solution of the following system in terms of p, q, r, and 5 : 
x+cify + a‘fz + afw = af, i= 1,2, 3, 4. 


Assume the uniqueness of the solution. 

54. (KOR 2) (SL88-22). 

55. (KOR 3) Find all positive integers x such that the product of all digits of x is 
given by x 2 — lOx — 22. 
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56. (KOR 4) The Fibonacci sequence is defined by 


a n+ \=a n + a n -i (n > 1 ), «o = 0 , a\ = a 2 = 1 . 


Find the greatest common divisor of the 1960th and 1988th terms of the Fi- 
bonacci sequence. 

57. (KOR 5) Let C be a cube with edges of length 2. Construct a solid with fourteen 
faces by cutting off all eight corners of C, keeping the new faces perpendicular 
to the diagonals of the cube and keeping the newly formed faces identical. If at 
the conclusion of this process the fourteen faces so formed have the same area, 
find the area of each face of the new solid. 

58. (KOR 6) For each pair of positive integers k and n, let (n) be the base-k digit 
sum of n. Prove that there are at most two primes p less than 20,000 for which 
1 S 31 (p) is a composite number. 

59. (LUX 1) (SL88-18). 

60. (MEX 1) (SL88-19). 

61. (MEX 2) Prove that the numbers A, B, and C are equal, where we define A as 
the number of ways that we can cover a 2 x n rectangle with 2x1 rectangles, B 
as the number of sequences of ones and twos that add up to n, and C as 



62. (MNG 1) The positive integer n has the property that in any set of n integers 
chosen from the integers 1,2, ... , 1988, twenty-nine of them form an arithmetic 
progression. Prove that n > 1788. 

63. (MNG 2) Let ABCD be a quadrilateral. Let A' BCD' be the reflection of A BCD 
in BC, while A"B'Ciy is the reflection of A' BCD' in CD' and A”B"C'D' is the 
reflection of A"B'CD f in D'A". Show that if the lines AA" and BB" are parallel, 
then ABCD is a cyclic quadrilateral. 

64. (MNG 3) Given n points A\,A 2 , ■ ■ ■ ,A n , no three collinear, show that the n - gon 
A 1 A 2 ...An can be inscribed in a circle if and only if 


A\A 2 * A$A n • • • A n — \ A n -\~A 2 Aj • A^A n • • ‘ A n — \A n • A \A n -(-*•• 
+A n _ \A n _ 2 - A\A n ■ ■ ■ A n _ 3 A„ = A 1 A„_ 1 • A 2 A n ■ ■ ■ A„_ 2 A„ . 


65. (MNG 4) (SL88-20). 

66 . (MNG 5) Suppose a,- > 0, J3,- > 0 for 1 < i < n (n > 1) and that £"=i Of, = 
X"= 1 Pi : = 7F. Prove that 
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67. 


68. 


69. 


70. 

71. 

72. 

73. 


74. 

75. 


76. 


77. 


(NLD 1) Given a set of 1988 points in the plane, no three points of the set 
collinear, the points of a subset with 1788 points are colored blue, and the re- 
maining 200 are colored red. Prove that there exists a line in the plane such that 
each of the two parts into which the line divides the plane contains 894 blue 
points and 100 red points. 

(NLD 2) Let S be the set of all sequences {a t | 1 <1 < 7,a/ = 0 or 1}. The 
distance between two elements {a/} and {&;} of S is defined as Xj=i \ a i — &/|. 
Let T be a subset of S in which any two elements have a distance apart greater 
than or equal to 3. Prove that T contains at most 16 elements. Give an example 
of such a subset with 16 elements. 


(POL 1) For a convex polygon P in the plane let P' denote the convex polygon 
with vertices at the midpoints of the sides of P. Given an integer n > 3, determine 

sharp bounds for the ratio over all convex n-gons P. 


(POL 2) In 3 -dimensional space a point O is given and a finite set A of segments 
with the sum of the lengths equal to 1988. Prove that there exists a plane disjoint 
from A such that the distance from it to O does not exceed 574. 


(POL 3) Given integers a \ , . . . ,«io, prove that there exists a nonzero sequence 
(jci , . . . , jc i o ) such that all x,- belong to {—1,0,1} and the number X,=i x i a i is 
divisible by 1001. 

(POL 4) (SL88-21). 

(SGP 1) In a group of n people each one knows exactly three others. They are 
seated around a table. We say that the seating is perfect if everyone knows the 
two sitting by their sides. Show that if there is a perfect seating S for the group, 
then there is always another perfect seating that cannot be obtained from S by 
rotation or reflection. 


(SGP 2) (SL88-23). 

(ESP 1) Let ABC be a triangle with inradius r and circumradius R. Show that 

. A . B . B . C . C . A 5 r 
sm-sm-Asm-sm^-t-sm-sm- < - + — . 

(ESP 2) The quadrilateral A1A2A3A4 is cyclic and its sides are ai = A1A2, «2 = 
A2A3, «3 = A3A4, and C 14 = A4A1. The respective circles with centers /, and radii 
pi are tangent externally to each side a, and to the sides a !+ i and a,_i extended 
(«o = 04). Show that 


JP — = 4(cscAi + CSCA 2 ) 2 . 

'#=4 Pi 


(ESP 3) Consider h + 1 chessboards. Number the squares of each board from 1 
to 64 in such a way that when the perimeters of any two boards of the collection 
are brought into coincidence in any possible manner, no two squares in the same 
position have the same number. What is the maximum value of hi 
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78. (SWE 1) A two-person game is played with nine boxes arranged in a 3 x 3 
square, initially empty, and with white and black stones. At each move a player 
puts three stones, not necessarily of the same color, in three boxes in either a 
horizontal or a vertical row. No box can contain stones of different colors: If, for 
instance, a player puts a white stone in a box containing black stones, the white 
stone and one of the black stones are removed from the box. The game is over 
when the center box and the corner boxes each contain one black stone and the 
other boxes are empty. At one stage of the game x boxes contained one black 
stone each and the other boxes were empty. Determine all possible values of x. 

79. (SWE 2) (SL88-24). 

80. (SWE 3) Let S be an infinite set of integers containing zero and such that the 
distance between successive numbers never exceeds a given fixed number. Con- 
sider the following procedure: Given a set X of integers, we construct a new set 
consisting of all numbers x ± s, where x belongs to X and s belongs to S. 
Starting from Sq = {0} we successively construct sets Si,S 2 ,Sz,. . . using this 
procedure. Show that after a finite number of steps we do not obtain any new 
sets; i.e., Sk = Sk 0 for k>ko. 

81. (USA 1) There are n > 3 job openings at a factory, ranked 1 to n in order of 
increasing pay. There are n job applicants, ranked 1 to n in order of increasing 
ability. Applicant i is qualified for job j if and only if i > j. 

The applicants arrive one at a time in random order. Each in turn is hired to the 
highest-ranking job for which he or she is qualified and that is lower in rank 
than any job already filled. (Under these rules, job 1 is always filled and hiring 
terminates thereafter.) 

Show that applicants n and n — 1 have the same probability of being hired. 

82. (USA 2) The triangle ABC has a right angle at C. The point P is located on 
segment AC such that triangles PBA and PBC have congruent inscribed circles. 
Express the length x = PC in terms of a = BC, b = CA, and c = AB. 

83. (USA 3) (SL88-29). 

84. (USS 1) (SL88-30). 

85. (USS 2) (SL88-31). 

86. (USS 3) Let a, b, c be integers different from zero. It is known that the equation 
ax 2 + by 2 + cz 2 = 0 has a solution (x,y,z) in integers different from the solution 
x = y = z = 0. Prove that the equation ax 1 + by 2 + cz 2 = 1 has a solution in 
rational numbers. 

87. (USS 4) All the irreducible positive rational numbers such that the product of 
the numerator and the denominator is less than 1988 are written in increasing 
order. Prove that any two adjacent fractions a/b and c/d, a/b < c/d, satisfy the 
equation be— ad = 1. 

88. (USS 5) There are six circles inside a fixed circle, each tangent to the fixed circle 
and tangent to the two adjacent smaller circles. If the points of contact between 
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the six circles and the larger circle are, in order, A\,Ai, A3, A^As, and Ag, prove 
that 

A 1 A 2 • A3A4 • A5A6 = A2A3 • A4A5 • AgA 1 . 

89. (YNM 1 ) We match sets JA of points in the coordinate plane to sets ./M* accord- 
ing to the rule that (x*,y*) belongs to ./At* if and only if xx* +yy* < 1 whenever 
(. x,y ) £ -JA . Find all triangles AV such that ( 3A* is the reflection of *3A at the origin. 

90. (YNM 2) Does there exist a number a (0 < a < 1) such that there is an infinite 
sequence {a„} of positive numbers satisfying 

a 

1 +a n +i < a n H — a , ,, n = 1,2. ...? 


91. 


(VNM 3) A regular 14-gon with side length a is inscribed in a circle of radius 
one. Prove that 


2 — a 
2 a 


> 



92. (VNM 4) Let p> 2 he a natural number. Prove that there exists an integer hq 
such that 

«o 1 

93. (VNM 5) Given a natural number n, find all polynomials P(x) of degree less 
than n satisfying the following condition: 


i m - iy C) =o - 

94. (VNM 6) Let n+1 (n> 1) positive integers be given such that for each integer, 
the set of all prime numbers dividing this integer is a subset of the set of n given 
prime numbers. Prove that among these n+1 integers one can find numbers 
(possibly one number) whose product is a perfect square. 


3.29.3 Shortlisted Problems 

1. (BGR 1) An integer sequence is defined by 

a n = 2a n -i + a n -2 (n>l), ao = 0, a 1 = 1. 

Prove that 2 k divides a n if and only if 2 k divides n. 

2. (BGR 3) Let n be a positive integer. Find the number of odd coefficients of the 
polynomial 

u n (x) = (x 2 +x+l) n . 

3. (CAN 1) The triangle ABC is inscribed in a circle. The interior bisectors of the 
angles A, B, and C meet the circle again at A', B', and C' respectively. Prove that 
the area of triangle A'B'C' is greater than or equal to the area of triangle ABC. 
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4. (CZS 1) An nxn chessboard (n > 2) is numbered by the numbers 1,2,..., n 2 
(every number occurs once). Prove that there exist two neighboring (which share 
a common edge) squares such that their numbers differ by at least n. 

5. (CZS 2) imo2 Let n be an even positive integer. Let A\,Ai, . . . ,A„+i be setshaving 
n elements each such that any two of them have exactly one element in common 
while every element of their union belongs to at least two of the given sets. For 
which n can one assign to every element of the union one of the numbers 0 and 
1 in such a manner that each of the sets has exactly n/2 zeros? 

6. (CZS 3) In a given tetrahedron ABCD let K and L be the centers of edges AB 
and CD respectively. Prove that every plane that contains the line KL divides the 
tetrahedron into two parts of equal volume. 

7. (FRA 2) Let a be the greatest positive root of the equation x 3 — 3x 2 + 1=0. 
Show that [a 1788 ] and [a 1988 ] are both divisible by 17. ([*] denotes the integer 
part of x.) 


8. (FRA 3) Let mi , u 2 , . . . , u m be m vectors in the plane, each of length less than or 
equal to 1, which add up to zero. Show that one can rearrange ui,u 2 ,...,u m 
as a sequence vi,V2,...,v m such that each partial sum vi,vi + V2,vi +V2 + 
V3 , . . . , vi + V2 H b v m has length less than or equal to y/5. 


9. (FRG 1) IM ° 6 Let a and b be two positive integers such that ab + 1 divides a 2 +b 2 . 


Show that is a perfect square. 


10. (GDR 1) Let N = { 1,2, . . . ,n}, n > 2. A collection F = {Ai , . . . ,A f } of subsets 
Ai C N, i = 1 ..... Z, is said to be separating if for every pair {x,y} C N, there 
is a set A,- e F such that A,- fi {x,y} contains just one element. A collection F is 
said to be covering if every element of N is contained in at least one set A,- S F. 
What is the smallest value f(n) of t such that there is a set £ = (A 1 , . . . .A,} that 
is simultaneously separating and covering? 


11. (GDR 3) The lock on a safe consists of three wheels, each of which may be 
set in eight different positions. Due to a defect in the safe mechanism the door 
will open if any two of the three wheels are in the correct position. What is the 
smallest number of combinations that must be tried if one is to guarantee being 
able to open the safe (assuming that the “right combination” is not known)? 


12. (HEL2) In a triangle AFC, choose any points K GBC,LG AC, Me AB, N GLM, 
R e MK, and F € KL. If £j, E 2 , £3, £4, £5, £5, and £ denote the areas of the 
triangles AMR, CKR, BKF, ALF, BNM, CLN, and ABC respectively, show that 


£ > 8 ^/£i£ 2 £ 3 £4£5£6 ■ 


Remark. Points K,L,M,N,R,F lie on segments BC, AC, AB, LM, MK, KL re- 
spectively. 

13. (HEL 3)™ 05 In a right-angled triangle ABC, let AD be the altitude drawn to 
the hypotenuse and let the straight line joining the incenters of the triangles 
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ABD,ACD intersect the sides AB,AC at the points K. L respectively. If E and E\ 
denote the areas of the triangles ABC and AKL respectively, show that Jj- > 2. 

14. (HUN 1) For what values of n does there exist an nxn array of entries —1,0, 
or 1 such that the 2 n sums obtained by summing the elements of the rows and 
the columns are all different? 

15. (ISL 1) Let ABC be an acute-angled triangle. Three lines La, Lb, and Lq are 
constructed through the vertices A, B, and C respectively according to the fol- 
lowing prescription: Let H be the foot of the altitude drawn from the vertex A 
to the side BC\ let Sa be the circle with diameter AH', let Sa meet the sides AB 
and AC at M and N respectively, where M and N are distinct from A; then La 
is the line through A perpendicular to MN. The lines L B and Lq are constructed 
similarly. Prove that La, Lg, and Lq are concurrent. 

16. (IRL 1) IM04 Show that the solution set of the inequality 

x-k ~ 4 

is a union of disjoint intervals the sum of whose lengths is 1988. 

17. (ISR 2) In the convex pentagon ABCDE, the sides BC,CD,DE have the same 
length. Moreover, each diagonal of the pentagon is parallel to a side (AC is par- 
allel to DE, BD is parallel to AE, etc.). Prove that ABCDE is a regular pentagon. 

18. (LUX 1) IM01 Consider two concentric circles of radii?? and r(R>r) with center 
O. Fix P on the small circle and consider the variable chord PA of the small 
circle. Points B and C lie on the large circle; B,P,C are collinear and BC is 
perpendicular to AP. 

(a) For what value(s) of Z.OPA is the sum BC 2 + CA 2 +AB 2 extremal? 

(b) What are the possible positions of the midpoints U of BA and V of AC as 
ZOPA varies? 

19. (MEX 1) Let f(n) be a function defined on the set of all positive integers and 
having its values in the same set. Suppose that /(/(m) +/(«)) =m + n for all 
positive integers n,m. Find all possible values for /(1988). 

20. (MNG 4) Find the least natural number n such that if the set { 1 , 2, . . . , n} is arbi- 
trarily divided into two nonintersecting subsets, then one of the subsets contains 
three distinct numbers such that the product of two of them equals the third. 

21. (POL 4) Forty-nine students solve a set of three problems. The score for each 
problem is a whole number of points from 0 to 7. Prove that there exist two 
students A and B such that for each problem, A will score at least as many points 
as B. 

22. (KOR 2) Let p be the product of two consecutive integers greater than 2. Show 
that there are no integers x\ ,X 2 , ■ ■ ■ ,x p satisfying the equation 


I 
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= 1. 


Alternative formulation. Show that there are only two values of p for which 
there are integers xi,X 2 ,...,x p satisfying the above inequality. 

23. (SGP 2) Let Q be the center of the inscribed circle of a triangle ABC. Prove that 
for any point P, 

a{PA) 2 + b(PB) 2 + c(PC) 2 = a(QA) 2 + b(QB) 2 + c{QC) 2 + (a + b + c) ( QP ) 2 , 
where a = BC, b = CA, and c = AB. 

24. (SWE 2) Let {«&}“ be a sequence of nonnegative real numbers such that — 
2<2 £ + i + a* +2 > 0 and X*= i a/ < 1 for all fc = 1,2, . . . . Prove that 0 < (a* — 
a*+i) < jjj for all k = 1,2, .... 

25. (UNK 1) A positive integer is called a double number if its decimal representa- 
tion consists of a block of digits, not commencing with 0, followed immediately 
by an identical block. For instance, 360360 is a double number, but 36036 is not. 
Show that there are infinitely many double numbers that are perfect squares. 

26. (UNK 2) imo3 A function / defined on the positive integers (and taking positive 
integer values) is given by 


/(!) = !, /(3) = 3, 


/(2«) = /(b), 

/(4n + l) = 2/(271 + 1) —/(n), 
/(4n + 3) = 3/(2n + l) — 2/(«) 


for all positive integers n. Determine with proof the number of positive integers 
less than or equal to 1988 for which /(«) = n. 

27. (UNK 4) The triangle ABC is acute-angled. Let L be any line in the plane of the 
triangle and let u, v , w be the lengths of the perpendiculars from A.B.C respec- 
tively to L. Prove that 


M 2 tanA + v 2 tanB + w 2 tanC> 2A, 


where A is the area of the triangle, and determine the lines L for which equality 
holds. 

28. (UNK 5) The sequence {a n } of integers is defined by a\ =2 , 02 = 7, and 



for n > 2. 


Prove that a„ is odd for all n > 1. 
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29. (USA 3) A number of signal lights are equally spaced along a one-way railroad 
track, labeled in order 1,2, ... ,2V (N > 2). As a safety rule, a train is not allowed 
to pass a signal if any other train is in motion on the length of track between 
it and the following signal. However, there is no limit to the number of trains 
that can be parked motionless at a signal, one behind the other. (Assume that the 
trains have zero length.) 

A series of K freight trains must be driven from Signal 1 to Signal N. Each train 
travels at a distinct but constant speed (i.e., the speed is fixed and different from 
that of each of the other trains) at all times when it is not blocked by the safety 
rule. Show that regardless of the order in which the trains are arranged, the same 
time will elapse between the first train’s departure from Signal 1 and the last 
train’s arrival at Signal N. 

30. (USS 1) A point M is chosen on the side AC of the triangle ABC in such a way 
that the radii of the circles inscribed in the triangles ABM and BMC are equal. 
Prove that 

BM 2 = A cot — , 

2 

where A is the area of the triangle ABC. 

31. (USS 2) Around a circular table an even number of persons have a discussion. 
After a break they sit again around the circular table in a different order. Prove 
that there are at least two people such that the number of participants sitting 
between them before and after the break is the same. 
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3.30 The Thirtieth IMO 

Braunschweig-Niedersachen, FR Germany, July 13-24, 1989 

3.30.1 Contest Problems 

First Day (July 18) 

1. Prove that the set {1,2, , 1989} can be expressed as the disjoint union of 17 
subsets A \ , A 2 , . . . , A 17 such that: 

(i) each A, contains the same number of elements; 

(ii) the sum of all elements of each A,- is the same for i - 1 , 2, . . . , 17. 

2. Let ABC be a triangle. The bisector of angle A meets the circumcircle of triangle 
ABC in A\. Points B\ and C\ are defined similarly. Let AAi meet the lines that 
bisect the two external angles at B and C in point A 0 . Define B° and C° similarly. 
If 8 x^ 2 ... x„ denotes the area of the polygon X1X2 . . . X n , prove that 

Sa°B°C° = 2.S AC 1 BAiCB 1 > 4 SabC- 

3. Given a set S in the plane containing n points and satisfying the conditions 

(i) no three points of S are collinear, 

(ii) for every point P of S there exist at least k points in S that have the same 
distance to P, 

prove that the following inequality holds: 



Second Day (July 19) 

4. The quadrilateral ABCD has the following properties: 

(i) AB = AD + BC\ 

(ii) there is a point P inside it at a distance x from the side CD such that AP = 
x + AD and BP = x + BC. 

Show that 

1 > 1 1 
sfx - Vad Vbc' 

5. For which positive integers n does there exist a positive integer N such that none 
of the integers 1+ IV, 2 + N, . . . , n + N is the power of a prime number? 

6. We consider permutations (x\,...,X 2 n ) of the set 2n} such that \xi — 

Xi + 1 = n for at least one i € { 1 , . . . , 2n — 1} . For every natural number n, find 
out whether permutations with this property are more or less numerous than the 
remaining permutations of { 1 , . . . , 2«}. 
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3.30.2 Longlisted Problems 

1 . (AUS 1) In the set S n = { 1 , 2, . . . , n} a new multiplication a* bis defined with 
the following properties: 

(i) c = a*b is in S n for any a £ S n ,b £ S„. 

(ii) If the ordinary product a- bis less than or equal to n, then a*b = ab. 

(iii) The ordinary rules of multiplication hold for *, i.e., 

(1) a*b = b* a (commutativity) 

(2) (a* b) * c = a* (b * c) (associativity) 

(3) If a*b = a*c then b = c (cancellation law). 

Find a suitable multiplication table for the new product for n= 11 and n 1 2. 

2. (AUS 2) (SL89-1). 

3. (AUS 3) (SL89-2). 

4. (AUS 4) (SL89-3). 

5. (BGR 1) The sequences ao,a\,... and bo, b \ , . . . are defined by the equalities 



and 




bo=\, b n+ 1 = 


n = 0,1,2, 


Prove the inequalities 


2 n+2 a n <n< 2 n+2 b„, for every n = 0,1,2,.... 


6. (BGR 2) The circles c i and cj are tangent at the point A. A straight line l through 
A intersects c\ and C 2 at points C\ and C 2 respectively. A circle c, which contains 
Ci and C 2 , meets ci and C 2 at points B\ and Bj respectively. Let k be the circle 
circumscribed around triangle ABiBj. The circle k tangent to K at the point A 
meets ci and C 2 at the points D\ and D 2 respectively. Prove that 

(a) the points Ci , C 2 , D\ , ZL are concyclic or collinear; 

(b) the points B \ , B 2 , D \ , Z) 2 are concyclic if and only if AC\ and AC 2 are diam- 
eters of ci and C 2 . 

7. (BGR 3) (SL89-4). 

8. (COL 1) (SL89-5). 

9. (COL 2) Let m be a positive integer and define f(m) to be the number of factors 
of 2 in m\ (that is, the greatest positive integer k such that 2 k \ ml). Prove that 
there are infinitely many positive integers m such that m — f(m) = 1989. 

10. (CUB 1) Given the equation 


4x 3 + 4x 2 y - 15 xy 2 - 1 8y 3 - 1 2x 2 + 6ry + 36y 2 + 5x - lOy = 0, 


find all positive integer solutions. 
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11. (CUB 2) Given the equation 

/ + 4y 2 x - 1 ly 2 + 4xy - 8y + 8x 2 - 40x + 52 = 0, 
find all real solutions. 

12. (CUB 3) Let P(x ) be a polynomial such that the following inequalities are sat- 
isfied: 

P( 0) > 0; 

P(1)>P(0); 

P(2) > 2P(1) — P(0); 

P( 3) > 3P(2) — 3P(l)+ P(0) ; 

and also for every natural number n, P(n + 4) > 4P(n + 3) — 6P(n + 2) + 4P(n + 
1) — P(n). Prove that for every positive natural number n, P{n ) is positive. 

13. (CUB 4) Let n be a natural number not greater than 44. Prove that for any func- 
tion / defined over N 2 whose images are in the set {1,2, .. . ,«}, there are four 
ordered pairs (i,j),(i,k),(l,j), and (l,k) such that f(i,j) = f(i,k) = f(l,j) = 
f{l,k), where i,j,k,l are chosen in such a way that there are natural numbers 
n,p that satisfy 

1989m <i<l< 1989 + 1989m, 1989p <j<k< 1989 + 1989 p. 

14. (CZS 1) (SL89-6). 

15. (CZS 2) A sequence < 21 , 02 , 03 , • • • is defined recursively by ai = 1 and a 2 k +j = 
—dj (j = 1,2,..., 2 k ). Prove that this sequence is not periodic. 

16. (FIN 1) (SL89-7). 

17. (FIN 2) Let a, 0 < a < 1, be a real number and / a continuous function on [0, 1] 
satisfying /( 0) = 0, /( 1) = 1, and 

/ = ( l - a )f( x )+ a f(y) 

for all x,y € [0, 1] with x<y. Determine /(I /7). 

18. (FIN 3) There are some boys and girls sitting in an n x n quadratic array. We 
know the number of girls in every column and row and every line parallel to the 
diagonals of the array. For which n is this information sufficient to determine the 
exact positions of the girls in the array? For which seats can we say for sure that 
a girl sits there or not? 

19. (FRA 1) Let a\,...,a n be distinct positive integers that do not contain a 9 in 
their decimal representations. Prove that 


ai a, 


20. (FRA 2) (SL89-8). 
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21 . (FRA 2b) Same problem as previous, but with a rectangular parallelepiped hav- 
ing at least one integral side. 

22. (FRA 3) Let ABC be an equilateral triangle with side length equal to a natural 

number N. Consider the set S of all points M inside the triangle ABC such that 
AM = ( nAB + mAC ), where m, n are integers and 0 < m,n,m + n < N. Every 

point of S is colored in one of the three colors blue, white, red such that no point 
on AB is colored blue, no point on AC is colored white, and no point on BC is 
colored red. Prove that there exists an equilateral triangle with vertices in S and 
side length 1 whose three vertices are colored blue, white, and red. 

23. (FRA 3b) Like the previous problem, but with a regular tetrahedron and four 
different colors used. 

24. (FRA 4 ) (SL89-9). 

25. (UNK 1) Let ABC be a triangle. Prove that there is a unique point U in the plane 

of ABC such that there exist real numbers not all zero, such that 

XPL 1 + jiPM 2 + vPN 2 - kUP 2 

is constant for all points P of the plane, where L,M,N are the feet of the perpen- 
diculars from P to BC. CA,AB respectively. 

26. (UNK 2) Let a, b, c, d be positive integers such that ab = cd and a + b = c — d. 
Prove that there exists a right-angled triangle the measures of whose sides (in 
some unit) are integers and whose area measure is ab square units. 

27. (UNK 3) Integers c„ hn (m > 0,n > 0) are defined by c m? o = 1 for all m> 0, 
c o,« = 1 for all n > 0, and c m n = c m _ i „ — nc m - i i for all m > 0,n > 0. Prove 
that c m _ n = c nm for all m > 0,n > 0. 

28. (UNK 4 ) Let b\,b 2 ,---, b \ gg 9 be positive real numbers such that the equations 

Xr-i—2x r + x r +i+b r x r = 0 (l<r< 1989) 

have a solution with xo = *1990 = 0 but not all of x\ , . . . ,*1989 are equal to zero. 
Prove that 2 

bl+b 2 -i b(>1989 > 

29. (HEL 1) Let L denote the set of all lattice points of the plane (points with 
integral coordinates). Show that for any three points A,B,C of L there is a 
fourth point D, different from A. B.C, such that the interiors of the segments 
AD,BD,CD contain no points of L. Is the statement true if one considers four 
points of L instead of three? 

30. (HEL 2) In a triangle ABC for which 6(a + b + c)r 2 = abc, we consider a point 
M on the inscribed circle and the projections D,E,F of M on the sides BC, AC, 
and AB respectively. Let S, 5) denote the areas of the triangles ABC and DEF 
respectively. Find the maximum and minimum values of the quotient j- (here r 
denotes the inradius of ABC and, as usual, a = BC, b = AC, c = AB). 
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31. (HEL 3) (SL89-10). 

32. (HKG 1) Let ABC be an equilateral triangle. Let D.E.E.M.N, and P be the 
midpoints of BC, CA, AB, FD, FB, and DC respectively. 

(a) Show that the line segments AM, EN , and FP are concurrent. 

(b) Let O be the point of intersection of AM, EN, and FP. Find OM : OF : ON : 

OE : OP : OA. 

33. (HKG 2) Let n be a positive integer. Show that (\/2+ 1)" = yfm + y/m — 1 for 
some positive integer m. 

34. (HKG 3) Given an acute triangle find a point inside the triangle such that the 
sum of the distances from this point to the three vertices is the least. 

35. (HKG 4 ) Find all square numbers Si and S 2 such that S 1 — S 2 = 1989. 

36. (HKG 5) Prove the identity 

12 112 1 1 2 „ *59 641 

+ 2 3 + 4 + 5 _ 6 + "' + 478 + 479 _ 480 _ ( 161 + *)(480-*)' 


37. (HUN 1) (SL89-11). 

38. (HUN 2) Connecting the vertices of a regular n-gon we obtain a closed (not 
necessarily convex) n-gon. Show that if n is even, then there are two parallel 
segments among the connecting segments and if n is odd then there cannot be 
exactly two parallel segments. 

39. (HUN 3) (SL89-12). 

40. (ISL 1) A sequence of real numbers xo,xi,X 2 , ... is defined as follows: xo = 
1989 and for each n > 1 


Calculate the value of n x n . 

41 . (ISL 2) Alice has two urns. Each urn contains four balls and on each ball a natu- 
ral number is written. She draws one ball from each urn at random, notes the sum 
of the numbers written on them, and replaces the balls in the urns from which 
she took them. This she repeats a large number of times. Bill, on examining the 
numbers recorded, notices that the frequency with which each sum occurs is the 
same as if it were the sum of two natural numbers drawn at random from the 
range 1 to 4. What can he deduce about the numbers on the balls? 

42. (ISL 3) (SL89-13). 

43. (IDN 1) Let /(x) = asin 2 x + fosinx + c, where a, b, and c are real numbers. 
Find all values of a, b, and c such that the following three conditions are satisfied 
simultaneously: 

(i) /(x) = 381 if sinx = 1 /2. 

(ii) The absolute maximum of /(x) is 444. 
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(iii) The absolute minimum of fix) is 364. 

44. (IDN 2) Let A and B be fixed distinct points on the X axis, none of which coin- 
cides with the origin 0(0, 0), and let C be a point on the Y axis of an orthogonal 
Cartesian coordinate system. Let g be a line through the origin 0(0, 0) and per- 
pendicular to the line AC. Find the locus of the point of intersection of the lines 
g and BC as C varies along the Y axis. (Give an equation and a description of the 
locus.) 

45 . (IDN 3) The expressions a + b + c,ab+ac + bc, and abc are called the elemen- 
tary symmetric expressions on the three letters a,b,c\ symmetric because if we 
interchange any two letters, say a and c, the expressions remain algebraically the 
same. The common degree of its terms is called the order of the expression. 

Let Sk{n) denote the elementary expression on k different letters of order n; for 
example &t(3) = abc + abd + acd + bed. There are four terms in 64(3). How 
many terms are there in .S'ggg i (1989)? (Assume that we have 9891 different let- 
ters.) 

46. (IDN 4) Given two distinct numbers b\ and b 2 , their product can be formed 
in two ways: b \ x ^2 and b 2 x b\. Given three distinct numbers, b\,b 2 -b^, their 
product can be formed in twelve ways: b\ x (b 2 x bf)\ ( b\ x bf) x by, b\ x 
(&3X&2); {b\xbf)xby b 2 x (bi x bf)\ {b 2 xb\)x,by f?2 x (b^ xb\)\ (f> 2 x 
bfjXby &3x(fcix2>2); {b^xbi^xby ^x^xAi); (£>3 x £>2) x b\. In how 
many ways can the product of n distinct letters be formed? 

47. (IDN 5) Let log 2 x — 41og 2 x — m 2 — 2m — 13 = 0 be an equation in x. Prove: 

(a) For any real value of m the equation has has two distinct solutions. 

(b) The product of the solutions of the equation does not depend on m. 

(c) One of the solutions of the equation is less than 1, while the other solution 
is greater than 1. 

Find the minimum value of the larger solution and the maximum value of the 
smaller solution. 

48. (IDN 6) Let S be the point of intersection of the two lines l\ : lx — 5y + 8 = 0 
and h : 3x + 4y— 13 = 0. Let P = (3,7), Q = (11,13), and let A and B be points 
on the line PQ such that P is between A and Q, and B is between P and Q, and 
such that PA/AQ = PB/BQ = 2/3. Without finding the coordinates of B find the 
equations of the lines SA and SB. 

49. (IND 1) Let A,B denote two distinct fixed points in space. Let X. P de- 
note variable points (in space), while K,N,n denote positive integers. Call 
(X,K,N,P) admissible if (N - K)PA +K PB > N PX. Call ( X,K,N ) admis- 
sible if ( X,K,N,P ) is admissible for all choices of P. Call (X,N) admissible 
if ( X,K,N ) is admissible for some choice of K in the interval 0 < K < N. Fi- 
nally, call X admissible if (X,N) is admissible for some choice of A (N > 1). 
Determine: 

(a) the set of admissible X\ 

(b) the set of X for which (A, 1989) is admissible but not ( X,n ), n < 1989. 
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50. 

51. 


52. 

53. 

54. 

55. 


56. 


57. 

58. 


59. 


60. 


(IND 2) (SL89-14). 

(IND 3) Let t(n), for n = 3,4,5, ... , represent the number of distinct, incongru- 
ent, integer-sided triangles whose perimeter is n\ e.g., f (3) = 1. Prove that 

t(2»— 1) — <(2n)«|g] or [j + l]. 

(IRL 1) (SL89-15). 

(IRL2) Let/(x) = (x—ai )(x—a 2 ) ■ ■ ■ (x— a n ) — 2, where n > 3 and 01 , 02 , ■ ■ ■ ,a n 
are distinct integers. Suppose that fix) = g(x)h(x), where g(x).h(x) are both 
nonconstant polynomials with integer coefficients. Prove that n = 3. 

(IRL 3) Let / be a function from the real numbers to the real numbers such that 
/(l) = 1, f(a + b) = f(a)+f(b) for all a, b, and /(x)/(l/x) = 1 for allx^ 0. 
Prove that f(x) = x for all real numbers x. 

(IRL 4) Let [x] denote the greatest integer less than or equal to x. Let a be the 
positive root of the equation x (i) 2 — 1989x —1 =0. Prove that there exist infinitely 
many natural numbers n that satisfy the equation 

[an + l9S9a[an]} = 1989n + (1989 2 + 1 )[an\. 


(IRL 5) Let n = 2k — 1, where k > 6 is an integer. Let T be the set of all n- 
tuples (xi,X 2 , . . . ,x„) where x; is 0 or 1 (i = 1,2,.. . ,n). For x = (xi,. . . ,x„) and 
y = (yi in T, let d(x. y) denote the number of integers j with 1 < j < n 
such that Xj f yj. (In particular d(x, x) = 0.) Suppose that there exists a subset 
S of T with 2 k elements that has the following property: Given any element x in 
T, there is a unique element y in S with d(x, y) < 3. Prove that n = 23. 

(ISR 1) (SL89-16). 

(ISR 2) Let P\ (x) , P 2 (x) , . . . , P n (x) be polynomials with real coefficients. Show 
that there exist real polynomials A r (x),B r (x) (r = 1,2,3) such that 

lU( p s(*)) 2 = (Ai(x)) 2 + (5i(x)) 2 
= {A 2 (x)) 2 +x(B 2 (x)) 2 
= (A 3 (x)) 2 — xOB 3 (x)) 2 . 


(ISR 3) Let vi, V 2 , . . . ,vi 989 be a set of coplanar vectors with |v r | < 1 for 1 < 
r < 1989. Show that it is possible to find e r (1 < r < 1989), each equal to ±1, 
such that 

1989 


X £rVr 


<V3. 


r= 1 


(KOR 1) A real- valued function / on Q satisfies the following conditions for 
arbitrary a,/3 eQ: 


(i) /( 0) = 0, 

(iii)/(ocj3) = f(a)f{fi), 

(v) /(to) < 1989 for all m e Z. 


(ii) /(a) > 0 if a ^ 0, 
(iv)/(a + j3)</(a) + /(j3), 
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Prove that f(a + 0) = max{/(a),/(/3)} if f{a) £ 

Here, Z, Q denote the sets of integers and rational numbers, respectively. 

61 . (KOR 2) Let A be a set of positive integers such that no positive integer greater 
than 1 divides all the elements of A. Prove that any sufficiently large positive 
integer can be written as a sum of elements of A. (Elements may occur several 
times in the sum.) 

62. (KOR 3) (SL89-25). 

63. (KOR 4) (SL89-26). 

64. (KOR 5) Let a regular (2n+ l)-gon be inscribed in a circle of radius r. We 
consider all the triangles whose vertices are from those of the regular ( 2 n + 1 )- 
gon. 

(a) How many triangles among them contain the center of the circle in their 
interior? 

(b) Find the sum of the areas of all those triangles that contain the center of the 
circle in their interior. 

65. (LUX 1) A regular n-gon A 1 A 2 A 3 . . . A* . . .A„ inscribed in a circle of radius R is 

given. If S is a point on the circle, calculate T = SA 2 + SA \ -\ b SA 2 . 

66 . (MNG 1) (SL89-17). 

67. (MNG 2) A family of sets Ai,A 2 , ... ,A„ has the following properties: 

(i) Each A, contains 30 elements. 

(ii) A,- n Ay contains exactly one element for all i,j, 1 <i< j < 30. 

Find the largest possible n if the intersection of all these sets is empty. 

68 . (MNG 3) If 0 < k < 1 and a, are positive real numbers, i = 1,2 ,...,«, prove that 

U'-uJ + "' + C, +••*+«„-,) 

69. (MNG 4) (SL89-18). 

70. (MNG 5) Three mutually nonparallel lines /,- (i = 1,2,3) are given in a plane. 
The lines /, determine a triangle and reflections j\ with axes on lines . Prove that 
for every point of the plane, there exists a finite composition of the reflections 
that maps that point to a point interior to the triangle. 

71. (MNG 6 ) (SL89-19). 

72. (MAR 1) Let ABCD be a quadrilateral inscribed in a circle with diameter AB 
such that BC = a, CD = 2a, DA = 3 ^~ 1 q. For each point M on the semicircle 
AB not containing C and D, denote by hi, fc, hj, the distances from M to the 
sides BC, CD, and DA. Find the maximum of hi + 112 + h^. 

73. (NLD 1) (SL89-20). 

74. (NLD 2) (SL89-21). 
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75. (PHI 1) (SL89-22). 

76. (PHI 2) Let k and 5 be positive integers. For sets of real numbers {a \ , a 2 ..... a s } 
and {/3 i,/ 32, . . . , /3 V } that satisfy 2f=i c*/ = Z;=i Pi f° r eac h 7 = 1,2,... ,k, we 
write 

{ai,a 2 ,...,a s }= k {/3i,j3 2 ,...,j3 s }. 

Prove that if {a.\ . a 2 . . . . =k {Pi , P2, ■ ■ ■ , Ps} and s < k, then there exists a 
permutation k of {1,2..... ,s} such that Pi = a n ^ for i = 1,2, ... ,s. 

77. (POL 1) Given that 

cosx + cosy + cosz sinx + siny + sinz 

cos(x + y + z) sin(x +y + z) ’ 


show that 

cos(y + z) + cos(z + x) + cos(x + y) = a. 

78. (POL 2) (SL89-23). 

Alternative formulation. Two identical packs of n different cards are shuffled 
together; all arrangements are equiprobable. The cards are then laid face up, one 
at a time. For every natural number n, find out which is more probable, that at 
least one pair of identical cards will appear in immediate succession or that there 
will be no such pair. 

79. (POL3) To each pair (x,y) of distinct elements of a finite set X a number f(x,y) 
equal to 0 or 1 is assigned in such a way that f(x,y ) f f(y,x) for all x.y (x f y). 
Prove that exactly one of the following situations occurs: 

(i) X is the union of two disjoint nonempty subsets U, V such that f(u. v) = 1 
for every uGU,vGV. 

(ii) The elements of X can be labeled x\ , . . . ,x„ so that f(x\ ,jc 2 ) = f{x 2 ,x 3) = 
■■■=f(x n -i,x n )=f(x n ,xi) = 1. 

Alternative formulation. In a tournament of n participants, each pair plays one 
game (no ties). Prove that exactly one of the following situations occurs: 

(i) The league can be partitioned into two nonempty groups such that each 
player in one of these groups has won against each player of the other. 

(ii) All participants can be ranked 1 through n so that ith player wins the game 
against the (i + l)st and the nth player wins against the first. 

80. (POL 4) We are given a finite collection of segments in the plane, of total 
length 1. Prove that there exists a line £ such that the sum of the lengths of the 
projections of the given segments to the line £ is less than 2 /n. 

81. (POL 5) (SL89-24). 

82. (POR 1) Solve in the set of real numbers the equation 3x 3 — [x] = 3, where [x] 
denotes the integer part of x. 

83. (POR 2) Poldavia is a strange kingdom. Its currency unit is the bourbaki and 
there exist only two types of coins: gold ones and silver ones. Each gold coin 
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is worth n bourbakis and each silver coin is worth m bourbakis ( n and m are 
positive integers). Using gold and silver coins, it is possible to obtain sums such 
as 10000 bourbakis, 1875 bourbakis, 3072 bourbakis, and so on. But Poldavia’s 
monetary system is not as strange as it seems: 

(a) Prove that it is possible to buy anything that costs an integral number of 
bourbakis, as long as one can receive change. 

(b) Prove that any payment above mn — 2 bourbakis can be made without the 
need to receive change. 

84. (POR 3 ) Let a,b,c,r, and s be real numbers. Show that if r is a root of ax 2 + 
bx+c = 0 and s is a root of —ax 2 + bx+c = 0, then | x 2 + bx + c = 0 has a root 
between r and s. 

85. (POR 4 ) Let P(x) be a polynomial with integer coefficients such that P{m\) = 
P(m 2) = P(m 3) = P(m 4) = 7 for given distinct integers mi, m2, m3, and m. 4 . 
Show that there is no integer m such that P(m) = 14. 

86. (POR 5 ) Given two natural numbers w and n, the tower of n w’s is the natural 
number T n (w) defined by 

T n (w) = w w , 

with n w’s on the right side. More precisely, 7i(w) = w and T n+ i(w) = w Tn{ - w \ 
For example, T 3 ( 2) = 2 2 " = 16, T 4 ( 2) = 2 16 = 65536, and T 2 ( 3) =3 3 = 27. 
Find the smallest tower of 3’s that exceeds the tower of 1989 2’s. In other words, 
find the smallest value of n such that 7^(3) > 7) 9^9 (2). Justify your answer. 

87. (POR 6) A balance has a left pan, a right pan, and a pointer that moves along a 
graduated ruler. Like many other grocer balances, this one works as follows: An 
object of weight L is placed in the left pan and another of weight R in the right 
pan, the pointer stops at the number R — L on the graduated ruler. 

There are n (> 2) bags of coins, each containing aiUzll _|_ 1 coins. All coins 
look the same (shape, color, and so on). Of the bags, n — 1 contain genuine 
coins, all with the same weight. The remaining bag (we don’t know which one 
it is) contains counterfeit coins. All counterfeit coins have the same weight, and 
this weight is different from the weight of the genuine coins. A legal weighing 
consists of placing a certain number of coins in one of the pans, putting a certain 
number of coins in the other pan, and reading the number given by the pointer 
in the graduated ruler. With just two legal weighings it is possible to identify the 
bag containing counterfeit coins. Find a way to do this and explain it. 

88. (ROU1) (SL89-27). 

89. (ROU 2) (SL89-28). 

90. (ROU 3 ) Prove that the sequence (a n ) n > 0, a„ = [n\/ 2], contains an infinite num- 
ber of perfect squares. 


91. (ROU 4) (SL89-29). 
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92. (ROU 5) Find the set of all a G R for which there is no infinite sequence 
(x n ) n > o C K satisfying x 0 = a. 


x n +i 


x n + a 
px n + l 


, n = 0,1,..., where a/3 > 0. 


93. (ROU 6) For 0 : N — ► Z let us define 


M 0 = {/ : N — > Z ;/(*) > f(0(x)),Vx G N}. 

(a) Prove that if M 01 = M 02 ^ 0, then <J>[ = <J> 2 

(b) Does this property remain true if 

M 0 = {/ : N -► N;/(jc) > f{0{x)),Mx G N}? 

94. (SWE 1) Prove that a<b implies that a 3 — 3a < b 3 — 3b + 4. When does equality 
occur? 

95. (SWE 2) (SL89-30). 

96. (SWE 3) (SL89-31). 

97. (THA 1) Let n be a positive integer, X = {1,2,... .n}, and k a positive integer 
such that n/2 < k < n. Determine, with proof, the number of all functions / : 
X — > X that satisfy the following conditions: 

G) f 2 = /; 

(ii) the number of elements in the image of / is k\ 

(iii) for each y in the image of /, the number of all points x in X such that f(x)=y 
is at most 2. 

98. (THA 2) Let / : N — > N be such that 

(i) / is strictly increasing; 

(ii) f(mn) = f(m)f(n) Mm,n G N; and 

(iii) if m^n and m n = n m , then f(m) = n or f{n) = m. 

Determine /( 30). 

99. (THA 3) An arithmetic function is a real-valued function whose domain is the 
set of positive integers. Define the convolution product of two arithmetic func- 
tions / and g to be the arithmetic function f*g, where 

C f*g)(n)= X/(0sC/)> and f* k = f */*■■■* f (k times). 

ii=n 

We say that two arithmetic functions / and g are dependent if there exists a 
nontrivial polynomial of two variables P{x,y) = ciijX l y' with real coefficients 
such that 

P(f,8)='L a ijf* i *8* j = 0, 

i,j 

and say that they are independent if they are not dependent. Let p and q be two 
distinct primes and set 
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1 if n = p, 

0 otherwise; 



0 otherwise. 


1 if n = q. 


Prove that f\ and fn are independent. 

100. (THA 4 ) Let A be an n x n matrix whose elements are nonnegative real num- 
bers. Assume that A is a nonsingular matrix and all elements of A -1 are nonneg- 
ative real numbers. Prove that every row and every column of A has exactly one 
nonzero element. 

101. (TUR 1) Let ABC be an equilateral triangle and F the semicircle drawn exteri- 
orly to the triangle, having BC as diameter. Show that if a line passing through 
A trisects BC, it also trisects the arc F. 

102. (TUR 2) If in a convex quadrilateral ABCD, E and F are the midpoints of the 
sides BC and DA respectively. Show that the sum of the areas of the triangles 
EDA and FBC is equal to the area of the quadrangle. 

103. (USA 1) An accurate 12-hour analog clock has an hour hand, a minute hand, 
and a second hand that are aligned at 12:00 o’clock and make one revolution in 
12 hours, 1 hour, and 1 minute, respectively. It is well known, and not difficult 
to prove, that there is no time when the three hands are equally spaced around 
the clock, with each separating angle 2n/3. Let f(t),g(t),h(t) be the respective 
absolute deviations of the separating angles from 2n/3 at t hours after 12:00 
o’clock. What is the minimum value of ma x{f(t),g(t),h(t)}2 

104. (USA 2) For each nonzero complex number z, let argz be the unique real number 
t such that —n<t<n and z = |zj (cost + isint). Given a real number c > 0 and 
a complex number z^0 with argz ^ n, define 


B(c,z ) = {b G R | \w — z| < b => | argw — argz| < c}. 


Determine necessary and sufficient conditions, in terms of c and z, such that 
B(c.z) has a maximum element, and determine what this maximum element is 
in this case. 


105. (USA 3 ) (SL89-32). 

106. (USA 4 ) Let n> 1 be a fixed integer. Define functions /o(x) = 0, f\ (x) = I 
cosx, and for k > 0, 


fk+ 1 0) = 2 f k {x) cosx - f k - 1 (x) . 


If F(x) = /i (x) + h (x) H Yfn (*), P rove that 

(a) 0 < F(x) < 1 for 0 < x < and 

(b) F(x)>lfor^ T <x<f. 

107. (YNM 1) Let E be the set of all triangles whose only points with integer coordi- 
nates (in the Cartesian coordinate system in space), in its interior or on its sides, 
are its three vertices, and let / be the function of area of a triangle. Determine 
the set of values f{E) of /. 
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108. (VNM 2) For every sequence (xi,X 2 , ■ ■ ■ ,x n ) of the numbers {1,2,..., «} ar- 
ranged in any order, denote by f(s) the sum of absolute values of the differences 
between two consecutive members of s. Find the maximum value of f(s) (where 
,v runs through the set of all such sequences). 

109. (VNM 3) Let Ax, By be two noncoplanar rays with AB as a common perpen- 
dicular, and let M,N be two mobile points on Ax and By respectively such that 
AM + BN = MN. 

First version. Prove that there exist infinitely many lines coplanar with each of 
the lines MN. 

Second version. Prove that there exist infinitely many rotations around a fixed 
axis A mapping the line Ax onto a line coplanar with each of the lines MN. 

110. (VNM 4) Do there exist two sequences of real numbers {a,}, {&,■}, i £ N = 
{1,2,3,...}, satisfying the following conditions: 

-y- < a; < bi, cos a,x + cos > — - 

for all i € N and all x, 0 < x < 1? 

111. (VNM 5) Find the greatest number c such that for all natural numbers n, 

{ns/ 2} > (where {ns/2} = ns/ 2 — [ns/ 2 ] ; [x] is the integer part of x). For this 

number c, find all natural numbers n for which {ns/ 2} = ~. 

3.30.3 Shortlisted Problems 

1 . (AUS 2) IM02 Let ABC be a triangle. The bisector of angle A meets the circumcir- 
cle of triangle ABC in Ai. Points B\ and C\ are defined similarly. Let AA i meet 
the lines that bisect the two external angles at B and C in point A 0 . Define B° and 
C° similarly. If Sx ] x 2 ...x„ denotes the area of the polygon X\Xo . . . X n , prove that 

Sa°b°c° = ZSaciBAiCBi > 4 Sabc- 

2. (AUS 3) Ali Barber, the carpet merchant, has a rectangular piece of carpet whose 
dimensions are unknown. Unfortunately, his tape measure is broken and he has 
no other measuring instruments. However, he finds that if he lays it flat on the 
floor of either of his storerooms, then each comer of the carpet touches a different 
wall of that room. If the two rooms have dimensions of 38 feet by 55 feet and 50 
feet by 55 feet, what are the carpet dimensions? 

3. (AUS 4) Ah Barber, the carpet merchant, has a rectangular piece of carpet whose 
dimensions are unknown. Unfortunately, his tape measure is broken and he has 
no other measuring instruments. However, he finds that if he lays it flat on the 
floor of either of his storerooms, then each comer of the carpet touches a different 
wall of that room. He knows that the sides of the carpet are integral numbers of 
feet and that his two storerooms have the same (unknown) length, but widths of 
38 feet and 50 feet respectively. What are the carpet dimensions? 
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4. (BGR 3) Prove that for every integer n > 1 the equation 


x” x "- 1 
n\ + (n- 1)! 


+ “' + 2! + TT + 1- ° 


has no rational roots. 

5. (COL 1) Consider the polynomial p(x) = x" + «x n_1 +a 2 x" _2 H \-a„ having 

all real roots. If r[ 6 + H 1- r* 6 = n, where the rj are the roots of p(x), find 

all such roots. 

6. (CZS 1) For a triangle ABC, let k be its circumcircle with radius r. The bisectors 
of the inner angles A, B, and C of the triangle intersect respectively the circle k 
again at points A', B', and C' . Prove the inequality 

16<2 3 > 27 r A P, 


where Q and P are the areas of the triangles A'B'C' and ABC respectively. 

7. (FIN 1) Show that any two points lying inside a regular n-gon E can be joined 
by two circular arcs lying inside E and meeting at an angle of at least (l — ft- 

8. (FRA 2) Let R be a rectangle that is the union of a finite number of rectangles 
Ri, 1 < i < n, satisfying the following conditions: 

(i) The sides of every rectangle Ri are parallel to the sides of R. 

(ii) The interiors of any two different /?, are disjoint. 

(iii) Every R t has at least one side of integral length. 

Prove that R has at least one side of integral length. 

9. (FRA 4) For all integers n, n > 0, there exist uniquely determined integers 
a n ,b„,c n such that 

(l + As/2 - 4v^) ” = a n + b n \/2 + c n ^4. 

Prove that c„ = 0 implies n = 0. 

10. (HEL 3) Let g : C — > C, w € C, a G C, w 3 = 1 (w ^ 1). Show that there is one 
and only one function / : C — > C such that 


f(z)+f(wz + a)=g(z), zeC. 


Find the function /. 

11. (HUN 1) Define sequence a n by Y,d\n a d = 2”- Show that n\a n . 

12. (HUN 3) At n distinct points of a circular race course there are n cars ready 
to start. Each car moves at a constant speed and covers the circle in an hour. 
On hearing the initial signal, each of them selects a direction and starts moving 
immediately. If two cars meet, both of them change directions and go on without 
loss of speed. 

Show that at a certain moment each car will be at its starting point. 
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13. (ISL 3) imo4 The quadrilateral A BCD has the following properties: 

(i) AB = AD + BC\ 

(ii) there is a point P inside it at a distance x from the side CD such that AP = 
x+AD and BP = x + BC. 

Show that 

_L>_L _L 

sfx ~ s/ad Vbc' 

14. (IND 2 ) A bicentric quadrilateral is one that is both inscribable in and circum- 
scribable about a circle. Show that for such a quadrilateral, the centers of the two 
associated circles are collinear with the point of intersection of the diagonals. 

15. (IRL 1) Let a, b, c, d. m. n be positive integers such that 

a 2 + b 2 + c 2 +d 2 = 1989, a + b + c + d=m 2 , 

and the largest of a,b,c,d is n 2 . Determine, with proof, the values of m and n. 

16. (ISR 1) The set {dQ,a\, ■ • • ■ a n } of real numbers satisfies the following condi- 
tions: 

(i) a 0 =a„ = 0; 

(ii) forl<&<« — 1, n - 1 

a k = c+ X a i-k( a i + a i+l). 

i=k 

Prove that c < 

17. (MNG 1) Given seven points in the plane, some of them are connected by 
segments so that: 

(i) among any three of the given points, two are connected by a segment; 

(ii) the number of segments is minimal. 

How many segments does a figure satisfying (i) and (ii) contain? Give an exam- 
ple of such a figure. 

18. (MNG 4 ) Given a convex polygon A 1 A 2 . . . A„ with area S and a point M in the 
same plane, determine the area of polygon Mi M 2 . . .M„, where M,- is the image 
of M under rotation around A; by a, i = 1 , 2, . . . , n. 

19. (MNG 6) A positive integer is written in each square of an m x n board. The al- 
lowed move is to add an integer k to each of two adjacent numbers in such a way 
that no negative numbers are obtained. (Two squares are adjacent if they have a 
common side.) Find a necessary and sufficient condition for it to be possible for 
all the numbers to be zero by a finite sequence of moves. 

20. (NLD 1) IM03 Given a set S in the plane containing n points and satisfying the 
conditions: 

(i) no three points of S are collinear, 

(ii) for every point P of S there exist at least k points in S that have the same 
distance to P, 
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prove that the following inequality holds: 

k<^ + V2 n. 

21. (NLD 2) Prove that the intersection of a plane and a regular tetrahedron can be 
an obtuse-angled triangle and that the obtuse angle in any such triangle is always 
smaller than 120°. 

22. (PHI 1) IM01 Prove that the set { 1 , 2, .... 1 989} can be expressed as the disjoint 
union of 17 subsets Ai ,A2, ..../In such that: 

(i) each A, contains the same number of elements; 

(ii) the sum of all elements of each A, is the same for i - 1 , 2, . . . , 17. 

23. (POL 2) IM06 We consider permutations (x\ .... ,X2 n ) of the set { L ... , 2 n} such 
that | Xi — Xj + 1 = n for at least one i G { 1 , . . . , 2n — 1 }. For every natural number 
n, find out whether permutations with this property are more or less numerous 
than the remaining permutations of { 1 .... , 2 n}. 

24. (POL 5) For points A \ , . . . , A5 on the sphere of radius 1, what is the maximum 
value that mini<,-j<5A,Ay can take? Determine all configurations for which this 
maximum is attained. (Or: determine the diameter of any set (Ai, . . . ,As} for 
which this maximum is attained.) 

25. (KOR 3) Let a , b be integers that are not perfect squares. Prove that if 

x 2 — ay 2 — bz l + abw 2 = 0 
has a nontrivial solution in integers, then so does 
x 2 - ay 2 - bz 2 = 0. 

26. (KOR 4) Let n be a positive integer and let a , b be given real numbers. Deter- 
mine the range of xo for which 

^ Xi = a and ^ x 2 = b, 
i = 0 i = 0 

where xo,xi , . . . ,x„ are real variables. 

27. (ROU 1) Let m be a positive odd integer, m> 2. Find the smallest positive 
integer n such that 2 1989 divides m n — 1 . 

28. (ROU 2) Consider in a plane 17 the points O, A 1 , A2, A3, A4 such that 
o{OAiAj) > 1 for all i,j = 1,2, 3,4, i 7^ j. Prove that there is at least one pair 
*0,10 G {1,2, 3, 4} such that a(OA io Aj 0 ) > \fl. 

(We have denoted by a(OA,Ay) the area of triangle OAjAj.) 

29. (ROU 4) A flock of 155 birds sit down on a circle C. Two birds Pj, Pj are mutu- 
ally visible if m(PiPj ) <10°. Find the smallest number of mutually visible pairs 
of birds. (One assumes that a position (point) on C can be occupied simultane- 
ously by several birds.) 
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30 . (SWE l)™ 05 For which positive integers n does there exist a positive integer N 
such that none of the integers l+N ,2 + N,...,n + N is the power of a prime 
number? 

31 . (SWE 3 ) Let a\ > 02 > 03 be given positive integers and let ?V(ai,a2,03) be the 
number of solutions (xi,X2,x$) of the equation 

a i + a2 + a 1 = h 

X\ X2 X3 

where x\, X2, and xj are positive integers. Show that 

N(ai, 02,03) < 601^2(3 +ln( 2 ai)). 

32 . (USA 3 ) The vertex A of the acute triangle ABC is equidistant from the circum- 
center O and the orthocenter H. Determine all possible values for the measure 
of angle A. 
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3.31 The Thirty-First IMO 
Beijing, China, July 8-19, 1990 

3.31.1 Contest Problems 

First Day ( July 12) 

1 . Given a circle with two chords AB , CD that meet at E, let M be a point of chord 
AB other than E. Draw the circle through D, E, and M. The tangent line to the 
circle DEM at E meets the lines BC.AC at F,G, respectively. Given ^ = A, 
find ff. 

2. On a circle, 2n — 1 (n > 3) different points are given. Find the minimal natu- 
ral number N with the property that whenever N of the given points are colored 
black, there exist two black points such that the interior of one of the correspond- 
ing arcs contains exactly n of the given 2n — 1 points. 

3. Find all positive integers n having the property that ^-£1 is an integer. 

Second Day (July 13) 

4. Let Q + be the set of positive rational numbers. Construct a function / : Q+ — ► 
Q + such that 

f(xf(y)) = , for all x, y in Q+ . 

5. Two players A and B play a game in which they choose numbers alternately 
according to the following rule: At the beginning, an initial natural number no > 
1 is given. Knowing mk, player A may choose any n^k+i € N such that 

nik < n 2 k+\ < n\ k . 

Then player B chooses a number njk+i € N such that 

^±=p r , 

n2k+2 

where p is a prime number and rgN. 

It is stipulated that player A wins the game if he (she) succeeds in choosing the 
number 1990, and player B wins if he (she) succeeds in choosing 1. For which 
natural numbers «o can player A manage to win the game, for which no can 
player B manage to win, and for which no can players A and B each force a tie? 

6. Is there a 1990-gon with the following properties (i) and (ii)? 

(i) All angles are equal; 

(ii) The lengths of the 1990 sides form a permutation of the numbers l 2 , 2 2 , 
..., 1989 2 , 1990 2 . 
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3.31.2 Longlisted Problems 


1. (AUS 1) In triangle ABC, point O is the circumcenter, H is the orthocenter. De- 
note by A\ , B\ , and C\ the circumcenters of the triangles CHB, CHA, and AH B 
respectively. Prove that the triangles ABC and A\B\C\ are congruent and that 
their nine-point circles coincide. 

2. (AUS 2) Prove that 


1990- 


b 


_1_/1990\ 1_ 

1990 V 0 ) 1989 

(-l) m /1990 — m\ 
1990 -m\ m ) 



1 / 1988\ 

+ 1988 V 2 ) 
1 /995\ \ 

995 V995yy + 


= 0 . 


3. (AUS 3) (SL90-1) 

4. (CAN 1) (SL90-2) 

5. (COL 1) Let b be a positive integer. Assume that there exist exactly 1990 trian- 
gles ABC with integral side-lengths satisfying the following conditions: 

(i) ZABC=±ZBAC; 

(ii) AC = b. 

Find the minimal value for b. 

6. (COL 2) Assume that the function / : (Z+) 3 — > N satisfy the following condi- 
tions: 

(i) /(0,0,0) = 1; 

(ii) f(x,y,z)=f(x- l,y,z) + f(x,y-l,z)+f(x,y,z~ 1); 

(iii) When applying the above relation iteratively, if any of x', /, z' is negative, 
then f{x',y',z!) = 0. 

Prove that if x, y, z are the side lengths of a triangle, then ' s not an 

integers for any integers k,m> 1. 

7. (CUB 1) Let A and B be two points in the plane a, and let r be the line passing 
through A and B. There are n distinct points Pi, P 2 , ■■■ • P n in one of the half- 
planes divided by the line r. Prove that there are at least y/n distinct values among 
the distances AP\, AP 2 , ..., AP n , BP\ , BP 2 , ..., BP n . 

8. (CZS 1) (SL90-3) 

9. (CZS 2) (SL90-4) 

10. (CZS 3) Let p, k, and x be positive integers such that p > k and x < » 

where [ q ] denotes the largest integer not greater than q. Prove that when x balls 
are put into p boxes arbitrarily, there exist k boxes with the same number of balls. 

11. (CZS 4) In a group of mathematicians, every mathematician has some friends 
(friendship is symmetrical relation). Prove that there exists a mathematician, 
such that the average of the numbers of friends of all his friends is not less than 
the average of the number of friends of all the mathematicians. 
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12. (CZS 5) For any permutation p of the set {1,2, ... ,n} define d(p) = |/j(1) — 1| + 

\p(2) — 2| H b \p(n) — n\. Denote by i(p) the number of integer pairs (i.j) in 

the permutation p such that 1 < i < j < n and p(i) > p(j). Find all real numbers 
c such that the inequality i{p) < cd(p) holds for any positive integer n and any 
permutation p. 

13. (FIN 1) Six cities A, B, C, D, E, and F are located at the vertices of a regu- 
lar hexagon in that order. Let G be the center of the hexagon. The sides of the 
hexagon are the roads connecting these cities. Furthermore, there are roads con- 
necting the cities B, C, E, F, and G. Because of raining, one or more of the roads 
may be destroyed. The probability of each road remaining undestroyed is equal 
to p. Determine the probability that it is possible to travel between the cities A 
and D. 

14. (FIN 2) We call a set SCI superinvariant, if for any stretching A of the set S by 
the transformation taking x to A(x) = xo + a(x — xo) (here a > 0 is a real number), 
there exists a transformation B, B(x) = x + b such that the images of S under A 
and B agree: i.e. for any x G S, there exists y G S such that A(x) = B(y) and for 
any t £ S there is w G S such that B[t) =A(u). Determine all superinvariant sets. 

15. (FRA 1) (SL90-5) 

16. (FRA 2) We say that an integer k > 1 has property P, if there exists at least one 
integer m > 1 which cannot be expressed in the form m = Eizi + £ 2^2 + e 2*^**’ 
where Zi is nonnegative integer and e, = ± 1 , i = 1 , 2, . . . , 2 k. Prove that there are 
infinitely many integers k having the property P. 

17. (FRA 3) 1990 mathematicians attend a meeting. Every mathematician has at 
least 1327 friends (friendship is symmetric relation). Prove that it is possible to 
find four mathematicians such that any two of them are friends. 

18. (FRG 1) Find, with proof, the least positive integer n having the following prop- 
erty: All the binary representations of 1, 2, . . . , 1990 appear after the decimal 
point in the binary expression of 1 /n. 

19. (FRG 2) (SL90-6) 

20. (FRG 3) Is it possible to express the three-dimensional space as a union of dis- 
joint circles? 

21. (HEL 1) Point O is in the interior of AABC. Three lines through O parallel to 
BC, CA, and AB intersect the sides AB and AC at D and E ; the sides BC and BA 
at F and G; and the sides CA and CB at H and I, respectively. 

22. (HEL 2) (SL90-7) 

23. (HUN 1) (SL90-8) 

24. (HUN 2) Find the real number t such that the following system of equations has 
a unique real number solution (x,y,z,v): 
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x+y+z+v = 0 
(. xy+yz+zv) + t{xz+xv+yv ) = 0. 
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25. (HUN 3) (SL90-9) 

26. (ISL 1) Prove that there exist infinitely many positive integers n such that 
l ~+ 22 +--+” 2 j s a perfect square. Obviously, 1 is the least integer having this prop- 
erty. Find the next two least integers with this property. 

27. (ISL 2) (SL90-10) 

28. (IND 1) Let ABC be an acute-angled triangle. Assume that the circle r satisfies 
the following two conditions: 

(i) r intersects all three sides of AABC. 

(ii) These points form a hexagon whose three pairs of opposite sides are par- 
allel. (The hexagon may be degenerate if two or more vertices coincide. In 
this case opposite sides being parallel is defined through limit behavior.) 

Construct the locus of the centers of such circles F. 

29. (IND 2) Function f(n), n £ N is defined as follows: Let A(n) and Bin) be co- 
prime positive integers such that 

A(n) = (2 n)\ 

B(n) n\{n + 1000)! 

If B{n) = 1 then f(n) = 1; if B{n) ^ 1 then fin) is the largest prime factor of 
Bin). Prove that the set of values of f(n) is finite and find the maximum value 
for fin). 

30. (IND 3) (SL90-11) 

31. (IND 4) Let S = {1,2, ... , 1990}. A 31-element subset of S is called good if the 
sum of its elements is divisible by 5. Find the number of good subsets of S. 

32. (IRN 1) Using the following five figures is it possible to construct a paral- 
lelepiped whose side lengths are all integers greater than 1 and whose volume is 
1990? In the following figure, every square represents a unit cube. 

[ff [ 

33. (IRN 2) Let S be a set with 1990 elements. Let P be a set of ordered sequences 
of 100 elements from S. If x = (...,a,...,b,...) € P, for «, b G S, then we say 
that the ordered pair ( a,b ) appears in x. Assume that any ordered pair from S 
appears in at most one element of P. Prove that P has at most 800 elements. 

34. (IRN 3) There are n non-coplanar points in the space. Prove that there exists a 
circle that passes through exactly three of those points. 
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35. (IRN 4 ) Prove that if \x\ < 1, then 

x r x 2 , x 3 _ x i lx 2 _ 3x 3 

(1 -X) 2 + (1 +X 2 ) 2 + (1 -V 3 ) 2 + ' " ~ + IT ? + 1^3 + • ’ • 

36. (IRL 1) (SL90-12) 

37. (IRL 2) (SL90-13) 

38. (IRL 3 ) Let a be a positive solution of the quadratic equation x 2 = 1 990x + 1. 
For every m,n€N define the operation m*n = mn+ [am] [an], where [x] denotes 
the largest integer not exceeding x. Prove that (p*q)*r = p*(q*r) holds for 
all p,q,r€N. 

39. (IRL 4 ) Let a, b, c be integers. Prove that there are integers p\, q\ , ri, p 2 , qi, 
and r ~2 satisfying a = q\r 2 — q 2 ?\ , b = r\p 2 — r 2 P\ , and c = p\q 2 — Piq\ ■ 

40. (ISR 1) Given three letters X, Y, Z, we can construct letter sequences such as 
XZ, ZZYXYY, XXYZXX, etc. For any given sequence, one can perform the 
following operations: 

7i If the right-most letter is Y, we add YZ after it, for example: 7) (XYZZXY ) = 
XYZZXYYZ; 

?2 If the sequence contains YYY, this can be replaced by Z as in the following 
example: T 2 (XXYYZYYYX) =XXYYZZX; 

Tj, Xp can be replaced by X pX where p is any subsequence of letters: Exam- 
ple: t 3 (xxyz)=xxyzx- 

T 4 In a sequence that contains one or more letters Z, we can replace the first Z 
by XY. Example: T 4 (XXYYZZX) =XXYYXYZX; 

T 5 We can replace any of XA\ YY, ZZ by X, for example: T 5 (ZZYXYY) = 
XYXX, or T 5 (ZZYXYY ) = XYXYY, or T 5 (ZZYXYY) = ZZYXX. 

Using the above operations is it possible to obtain XYZZ starting from XYZ1 

41. (ISR 2) Given a positive integer n, calculate S n = X” =0 2 r_2 " • ( 2n ~ r ) ■ 

42. (ITA 1) Find n points Pi, . . . , P n on the circumference of a unit circle such that 
h<i<j<nPiPj is maximal. 

43. (ITA 2) Let V be a finite set of points in the three-dimensional space. Let Si, S2, 
S3 be the sets consisting of the orthogonal projections of the points of V onto the 
planes Oyz, Ozx, and Oxy respectively. Prove that |V| 2 < 5j | ■ .S’2 • 63 1 , where 
|A| denotes the number of elements in the set A. 

44. (ITA 3 ) Prove that for any positive integer n, the number of odd integers among 
the binomial coefficients (") (0 < k < n) is a power of 2. 

45. (ITA 4 ) A tourist is looking for a treasure on an island. The treasure is hidden 
behind the series of doors each of which is colored with one of n possible colors. 
The tourist has n keys, all of different colors. Each key can open any door, how- 
ever, a key gets destroyed when it opens the door of the same color as the key 
itself (if it opens a door of some other color, it remains intact). Once the tourist 
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starts using a particular key, she must continue using only that key until it gets 
destroyed. 

Find the least number of doors to ensure that no tourist can get the treasure, no 
matter how he chooses the order of keys. 

46. (JPN 1) Let P be an interior point of triangle ABC. Let Q, R, S be the in- 
tersections of AP, BP, CP with sides BC, CA, AB respectively. Prove that 
Sqrs < jSabc- 

47. (JPN 2) (SL90-14) 

48. (JPN 3) Prove that + V5 + \/1990 is irrational. 

49. (LUX 1) Let AB and AC be two chords of a circle with center O. The diameter 
perpendicular to BC intersects AB and AC at F and G respectively (F is inside 
the circle). Let T be the point on tangency of the circle and the tangent from G. 
Prove that F is the projection of T on OG. 

50. (MEX 1) During the duration of the class, n children sit in a circle and play the 
following game: The teacher goes around the children in the clockwise direction 
and hands out candies according to the following rules: The teacher selects a 
child, gives him/her a candy as well to the child child next to him; then the 
teacher skips one child and gives a candy to the next one; then the teacher skips 
two children, gives a candy to the next; then skips over three children, ... Find 
the value of n such that the teacher ends up giving at least one candy to each of 
the children after finitely many steps. 

51. (MEX 2) (SL90-15) 

52. (MNG 1) Let a > 0 be a real number. Assume that real numbers ti\, a„ 
satisfy 0 < a, < a for i= 1, 2, Prove that: 

(a) If n = 4, then 

1 4, U\Cl2 4“ UoU3 4“ U3U4 4“ U4U1 

- y a i — 1 — — 2 — < 2 - 

a s a 1 

(b) If n = 6, then 

1 aia 2 + «2«3H \-a 5 a 6 + a 6 ai 

a a 2 

53. (MNG 2) Find all real solutions to the system of equations: 

x 3 +y 3 = 1, 
x 5 +y 5 = 1. 

54. (MNG 3) Given a set M = { 1 , 2, . . . , n}, let (j) : M — > M be a bijection. 

(a) Prove that there are bijections 0i , 0 2 : M — > M such that (P 2 0 <t>i =0 and 
0 ? = 02 = id, where id is the identity mapping. 
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(b) Prove that the conclusion in (a) still holds if M is the set of all positive 
integers. 

55. (MNG 4) Given points A, M, M\, and a rational number 1 ^ -1, construct a 
triangle ABC such that: M e BC, M\ s /i|C] , where B\ and C\ are the projections 
of B, C to AC and AB respectively, and 

BM _ B\M\ 

MC ~ M\C\ ~ 

56. (MAR 1) For positive integers n, p,n> p, define real number K np as follows: 

Kn , 0 = K n ,p = K n - i iP _i - K„ tP -i for 1 < p < n. 

(a) If S„ = I" =0 K np , n = 0, 1,2, . . find lim,-*. S n . 

(b) Find T n = I” =0 (-l YKnj* n = 0, 1,2, ... . 

57. (MAR 2) The sequence { u n } is defined by u\ = \ ,m = 1, u„ = u n - i +2u n -2, 
for n > 3. 

(a) Prove that for any positive integers n,p(p> 1), u n+p = u n+ \u p + 2u n u p -\. 

(b) Find the greatest common divisor of u n and u n+ 3. 

58. (NLD 1) (SL90-16) 

59. (NLD 2) Given eight real numbers a\ < a 2 < ■ ■ ■ < aj < ag, let x = ai + 8 ~ fl8 , 
y = a ' + 8 +Q8 . Prove that 


Jy — x 2 <ag — a\< 4 y/y — x 2 . 


60. (NLD 3) (SL90-17) 

61 . (NLD 4) Prove that we can fill in the three dimensional space with regular tetra- 
hedrons and regular octahedrons all of which have the same edge-lengths. Find 
the ratio of the number of regular tetrahedrons used to the number of regular 
octahedrons. 

62. (NOR 1) (SL90-18) 

63. (POL 1) (SL90-19) 

64. (POL 2) Given an m-element set M and its ^-element subset KCM, we say that 
a function / : K — > M has a path, if there exists an element xq G K such that 
f(x 0) = xo, or there exists a chain xo,xi , . . . ,Xj = xo £ K such that x, = /(x,_i), 
for i = 1 , 2, . . . , j . Find the number of functions / : K — ► M that have paths. 

65. (POL 3) (SL90-20) 

66. (POL 4) Find all continuous bounded functions / : R — > R such that 

(/(■*) ) 2 - ( f(y )) 2 = f(x+y)f(x-y), for all x,y, e R. 

67. (PRK 1) Let a + bi and c + di be two roots of the equation x" = 1990 (n > 3 is 
an integer). Assume that /( 2, 1) = (1,2) where / is the linear transformation: 
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Denote by r the distance between the image of (2,2) and the origin. Find the 
range for the values of r. 

68. (PRK 2) A mobile point M starts from the origin 0(0,0) and moves along the 
line Z with slope k, where k is an irrational number. 

(a) Prove that the point 0(0, 0) is the only rational point (i.e. with both rational 
coordinates) on the line l. 

(b) Prove that for any number e > 0 there are integers m and n such that the 
distance between / and the point ( m,n ) is less than e. 

69. (PRK 3) Consider the set of cuboids : three edges a , b, c from a common vertex 
satisfy the condition: g = 3 . 

(a) Prove that there are 100 pairs of cuboids in this set with equal volumes in 
each pair. 

(b) For each pair of the above cuboids, find the ratio of the sum of their edges. 

70. (PRK 4) Let M be a point on the side BC of a triangle ABC. 

(a) Prove that if M is the midpoint of BC, then AB 2 +AC 2 = 2 (AM 2 +BM 2 ). 

(b) If there exists a point N € BC different than M satisfying AB 2 +AC 2 = 
2(AN 2 + BN 2 ), find the region that the point A might occupy. 

7 1 . (PRK 5) Given a point P=(p\,...,p n ), find the point X = (xi , . . . , x n ) satisfying 
x\ < X 2 < • • • < x n such that X minimizes the expression 

^(Xl-pi ) 2 + --- + (x n ~ Pn) 2 - 

72. (KOR 1) Let n > 5 be a positive integer. Let a\ ,b\ , 0 . 2 ^ 2 - ■■■ : a n ,b n be integers 
such that the ordered ( ) are distinct for i = 1,2, ... ,n and \a\b 2 — «2^i| = 
\a 2 b 2 , — <23^2 = • • • = \a n -ib n — a„b n -i\ = 1. Prove that there exists a pair of 
indices i and j that satisfy 2 < \i — j\ < n — 2 and | aibj — ajbi = 1. 

Alternative formulation. Let n > 5 be a positive integers and let Pi, ..., P n be 
the points with integral coordinates in the coordinate system with the origin O. 
The areas of the triangles OP\ If, OP 2 P 3 , ..., OP n - \ P„ are equal to \. Prove that 
there exists a pair of integers i, j, such that 2 < | i— j\ < n — 2 for which the area 
of AOPiPj is equal to \. 

73. (KOR 2) A function / : Q — > R satisfies the following conditions: 

(i) /( 0) = 0 and for every nonzero agQ, f(a) > 0; 

(ii) /(a + j3)=/(a)/Q3); 

(iii) /(a + /3) < max{/(a),/(/3)}. 

Let x be an integer for which f{x) f 1. Prove that f{\+x-\ bx") = 1 for 

every positive integer n. 

74. (KOR 3) Let L be a subset of the plane defined by L = { (4 be + 2y, 59x + 15y) : 
x,y € Zj. Prove that every parallelogram with center at the origin and area of 
1990 contains at least two points of L. 
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75. (ROU 1) (SL90-21) 

76. (ROU 2) Prove that there are at least two non-congruent cyclic quadrilaterals 
with equal areas and perimeters. 

77. (ROU 3) Let a,b,c gM.. Prove that 

(, a 2 + ab + b 2 ) ( b 2 +bc + c 2 ) (c 2 + ca + a 2 ) > ( ab + be + ca) 3 . 

When does the equality hold? 

78. (ROU 4) (SL90-22) 

79. (ROU 5) (SL90-23) 

80. (ESP 1) Function / : N x N — > Q satisfies the following conditions: 

(i) /(!,!) = 1; ' 

(ii) f{p + 1 , q) + f(p, q + 1) = f(p, q) for all p,qGN\ 

(iii) qf{p + 1 , q) = pf{p, ? + l) for all p,qG N. 

Find/(1990, 31). 

81. (ESP 2) Circle k(K,p) tangents the sides AB and BC of A ABC and intersects 
the side BC at points D and E. Let p be the distance from K to the side BC. 

(a) Prove that a(p — p) = 2s (r — p), where r is the inradius, s the semi- 
perimeter of AABC and a the length of the side BC. 

(b) Prove that 

DE y/rr\(p — r)(r i — p) 

r\~r 

where r\ is the radius of the excircle of AABC opposite to A. 

82. (ESP 3) Define the symmedian S a of triangle ABC as the line symmetric to the 
median from A with respect to the bisector of ZCAB. Assume that the median 
m a intersects BC at A' and the circumcircle at A\. Assume that the symmedian 
S a intersects BC at M and the circumcircle at /L- Denote by O the circumcenter 
of A ABC. If Ai, O, and A 2 are collinear, prove that: 

AL _ b 2 +c 2 . 
w AM — 2 be ’ 

(b) {b 2 + c 2 ) 2 + 4b 2 c 2 = a 2 (b 2 + c 2 ). 

83. (SWE 1) Point D lies on the hypothenuse BC of the right triangle ABC. The 
inradii of the triangles ADB and ADC are equal. Prove that Sabc = AD 2 . 

84. (SWE 2) Let ai,ci 2 ,...,a n 6 (0,2n) be n distinct integers ( n > 4). Prove that 
there exists a subset of the set {fli, . . . , a„ } whose sum of elements is divisible 
by 2 n. 

85. (SWE 3) Let Ai , A 2 , . . . ,A n ( n > 4) be n convex sets in plane. Given that every 
three of these sets have a common point, prove that there exists a point belonging 
to all the sets. 

86. (SWE 4) Given a function f(x) = sinx + sin(7tx) and a positive number d, prove 
that for every n G N there exists a real number p such that p > n and | f(x + p) — 
f(x) | < d holds for all real numbers x. 
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87. (THA 1) Let m be a positive odd integer not divisible by 3. Prove that 

112 | [4 m +(2 + V2 ) m ] . 


88. (THA 2) (SL90-24) 

89. (THA 3) Let n be a positive integer. Let S \, . . . , S„ be pairwise non- intersecting 
sets such that S * has exactly k elements (k = 1,2, ... ,«). Denote S = Si US 2 U 
• • • U S„. A function / : S — > S maps all elements of S* to a fixed element of S k 
for k = 1,2, ... ,n. Find the number of functions g : S — > S satisfying fogof = f 
(i-e. f(g(f(x))) = f(x) for all x). 

90. (TUR 1) Let P be a variable point on the circumference of a quarter-circle with 
radii OA, OB ( ZAOB = 90°). Let H be the projection of P on OA. Find the locus 
of the incenters of A HPO. 

91. (TUR 2) Quadrilateral ABCD is circumscribed around the circle with center O. 
If AB = CD and M and K are the midpoints of BC and AD respectively prove 
that OM = OK. 

92. (TUR 3) Let n be a positive integer and m = ( n+1 K n+2 ) There are n distinct lines 
L\ , hi, . . . , L n in coordinate plane and m distinct points A \ , A 2 , . . . , A m satisfying 
the following two conditions: 

(i) Any two of the lines are non-parallel. 

(ii) Any three lines are non-concurrent. 

(iii) Only A 1 does not line on any line A and there are exactly k+ 1 among the 
points A\,. . . ,A m that he on lineLfc ( k = 1,2, . . . ,n). 

Prove that there exists a unique polynomial p(x,y) of degree n satisfying p{A \ ) = 
1 and p(Aj) = 0 for j = 2,3,..., m. 

93. (TUR 4) (SL90-25) 

94. (USA 1) Given an integer n > 1 and a real number t > 1 let P be a parallelogram 
with vertices (0,0), (0 ,t), {tFin+htFjn), {tF^n+utFin+t), where F n is the n- th 
term of the Fibonacci sequence defined by Fq = 1 , F\ = 1 , and F m+ \ = F m + 
F m - 1 for m > 1. Let L be the number of integral points (i.e. points whose all 
coordinates are integers) in the interior of P, and let M be the area of P. 

(a) Prove that for any integral point (a, b) there exists a unique pair of integers 
(j,k) such that j{F n+l ,F n )+k(F n ,F n _i) = ( a,b ). 

(b) Prove that \VL— Vm\ < y/l. 

95. (USA 2) (SL90-26) 

96. (USA 3) Given a triangle ABC, points X, Y, Z are on the sides BC, CA, AB, 
respectively, such that AXYZ ~ AABC with ZX = ZA, ZY = ZB, and ZZ = 
ZC. Prove that the orthocenter of triangle XYZ is the circumcenter of the triangle 
ABC. 

97. (USA 4) Given a convex hexagon ABCDEF, assume that ZBCA = ZDEC = 
ZAFB = ZCBD = ZEDG. Prove that AB = CD = EF. 
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98. (USS 1) (SL90-27) 

99. (USS 2) Given a 10 x 10 chessboard colored in a standard way, prove that for 
any 46 unit squares without common edges one can choose 30 squares of the 
same color. 

100. (USS 3) (SL90-28) 

101. (USS 4) The side lengths of two equilateral triangles ABC and KLM are 1 and 
| respectively. The triangle KLM is located in the interior of the triangle ABC. 
Denote by X the sum of the distances from A to the lines KL, LM, and MK. Find 
the position of KLM that maximizes X. 

102. (USS 5) We call a point ( x,y ) a lattice point of the coordinate plane if both x and 
y are integers. Knowing that the vertices of triangle ABC are all lattice points, 
and that there exists exactly one lattice point in the interior of AABC (excluding 
the sides), prove that Sabc < §• 

103. (YNM 1) Find the minimal value of the function 



+\Jl — A\f5smx+\J 10-4v / 3sinx-6cosx. 

104. (YNM 2) Let x,y,z € ffi such that x > y > z > 0. Prove that 



105. (YUG 1) Let S and T respectively be the circumcenter and the centroid of the tri- 
angle ABC. If M is a point in the plane of AABC such that 90° < ZSMT < 180°, 
denote by A\, B\, and C\ the intersections of AM, BM, CM with the cir- 
cumcircle of the triangle ABC respectively. Prove that MA\ + MB\ + MC\ > 
MA + MB + MC. 

106. (YUG 2) Let S be the incenter of the triangle ABC. Let A\, B\, C\ be the in- 
tersections of AS, BS, and CS respectively with the circumcircle of the triangle 
ABC. Prove that SA \ -j- SB\ -f- SCi ^ SA -f- SB — SC. 

107. (YUG 3) Let a, b, c, and P be the side lengths and the area of a triangle, respec- 
tively. Prove that 



> 2 [c^{b-c) 2 + b 2 (c-a) 2 + c 2 {a-b) 2 ] 


108. (YUG 4) Let (ai,a 2 , ■••««) be a permutation of the set {1,2, . . . ,«}. Prove that 


2 


77-1 




n 
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3.31.3 Shortlisted Problems 

1. (AUS 3) The integer 9 can be written as a sum of two consecutive integers: 
9 = 4 + 5. Moreover, it can be written as a sum of (more than one) consecutive 
positive integers in exactly two ways: 9 = 4 + 5 = 2 + 3+4. Is there an integer 
that can be written as a sum of 1990 consecutive integers and that can be written 
as a sum of (more than one) consecutive positive integers in exactly 1990 ways? 

2. (CAN 1) Given n countries with three representatives each, m committees 
A(1),A(2), . . ,A(m ) are called a cycle if 

(i) each committee has n members, one from each country; 

(ii) no two committees have the same membership; 

(iii) for i = l,2,...,m, committee A(i) and committee A{i+ 1) have no member 
in common, where A (m+ 1) denotes A(l); 

(iv) if 1 < | i — 1| < m — 1, then committees A(i) and A{j) have at least one 
member in common. 

Is it possible to have a cycle of 1990 committees with 1 1 countries? 

3. (CZS 1) imo2 On a circle, 2n I (n > 3) different points are given. Find the 
minimal natural number N with the property that whenever A of the given points 
are colored black, there exist two black points such that the interior of one of the 
corresponding arcs contains exactly n of the given 2n — 1 points. 

4. (CZS 2) Assume that the set of all positive integers is decomposed into r (dis- 
joint) subsets A\ UA 2 U • • • A r = N. Prove that one of them, say A,, has the follow- 
ing property: There exists a positive m such that for any k one can find numbers 
01 , 02 ,. . . , a* in A,- with 0 < aj + 1 — aj < m (1 < j < k— 1). 

5. (FRA 1) Given AABC with no side equal to another side, let G, K, and H be its 
centroid, incenter, and orthocenter, respectively. Prove that ZGKH > 90°. 

6. (FRG 2) im05 Two players A and B play a game in which they choose numbers 
alternately according to the following rule: At the beginning, an initial natural 
number no > 1 is given. Knowing n 2k , player A may choose any n 2 k+\ G N such 
that 

n 2k < n 2k+ i < n\ k . 

Then player B chooses a number n 2 k+z G N such that 

nik+i _ r 

nik+2 P ’ 

where p is a prime number and r € N. 

It is stipulated that player A wins the game if he (she) succeeds in choosing the 
number 1990, and player B wins if he (she) succeeds in choosing 1. For which 
natural numbers no can player A manage to win the game, for which no can 
player B manage to win, and for which no can players A and B each force a tie? 

7. (HEL 2) Let /( 0) =/(l) =0 and 
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f(n + 2) = 4 " +2 /(n + 1) - 16 n+1 /(«) + n • 2" 2 , n = 0, 1,2,3, ... . 

Show that the numbers /(1989),/(1990),/(1991) are divisible by 13. 

8. (HUN 1) For a given positive integer k denote the square of the sum of its digits 
by /i (k) and let /„+ 1 (k) = f\ (. f„(k )). 

Determine the value of /1991 (2 1990 ). 

9. (HUN 3) The incenter of the triangle ABC is K. The midpoint of AB is C\ and 
that of AC is B\. The lines C\K and AC meet at B 2 , the lines Si A' and AB at C2. 
If the areas of the triangles AB 2 C 2 and ABC are equal, what is the measure of 
angle Z.CAB1 

10. (ISL 2) A plane cuts a right circular cone into two parts. The plane is tangent 
to the circumference of the base of the cone and passes through the midpoint of 
the altitude. Find the ratio of the volume of the smaller part to the volume of the 
whole cone. 

11. (IND S')™ 01 Given a circle with two chords AB,CD that meet at E, let M be 
a point of chord AB other than E. Draw the circle through D, E, and M. The 
tangent line to the circle DEM at E meets the lines BC,AC at F, G, respectively. 
Given = A, find gf . 

12. (IRL 1) Let ABC be a triangle and L the line through C parallel to the side AB. 
Let the internal bisector of the angle at A meet the side BC at D and the line L 
at E and let the internal bisector of the angle at S meet the side AC at F and the 
line L at G. If GF = DE, prove that AC = BC. 

13. (IRL 2) An eccentric mathematician has a ladder with n rungs that he always 
ascends and descends in the following way: When he ascends, each step he takes 
covers a rungs of the ladder, and when he descends, each step he takes covers b 
rungs of the ladder, where a and b are fixed positive integers. By a sequence of 
ascending and descending steps he can climb from ground level to the top rung 
of the ladder and come back down to ground level again. Find, with proof, the 
minimum value of n, expressed in terms of a and b. 

14. (JPN 2) In the coordinate plane a rectangle with vertices (0,0), (m, 0), (0,«), 
(: m,n ) is given where both m and n are odd integers. The rectangle is partitioned 
into triangles in such a way that 

(i) each triangle in the partition has at least one side (to be called a “good” 
side) that lies on a line of the form x = j or y = k, where j and k are 
integers, and the altitude on this side has length 1 ; 

(ii) each “bad” side (i.e., a side of any triangle in the partition that is not a 
“good” one) is a common side of two triangles in the partition. 

Prove that there exist at least two triangles in the partition each of which has two 
good sides. 

15. (MEX2) Determine for which positive integers k the set 


X = {1990, 1990+ 1, 1990 + 2, . . ., 1990 + k} 
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can be partitioned into two disjoint subsets A and B such that the sum of the 
elements of A is equal to the sum of the elements of B. 

16. (NLD 1) IM06 Is there a 1990-gon with the following properties (i) and (ii)? 

(i) All angles are equal; 

(ii) The lengths of the 1990 sides form a permutation of the numbers l 2 , 2 2 , 
..., 1989 2 , 1990 2 . 

17. (NLD 3) Unit cubes are made into beads by drilling a hole through them along 
a diagonal. The beads are put on a string in such a way that they can move 
freely in space under the restriction that the vertices of two neighboring cubes 
are touching. Let A be the beginning vertex and B be the end vertex. Let there be 
pxqxr cubes on the string (p,q, r > 1). 

(a) Determine for which values of p, q, and r it is possible to build a block with 
dimensions p, q, and r. Give reasons for your answers. 

(b) The same question as (a) with the extra condition that A = B. 


18. (NOR) Let a , b be natural numbers with 1 <a<b, and M = [^] . Define the 
function / : Z — > Z by 



if n < M, 
if n > M. 


Let f ] (n) = f(n), f‘ +i (n) =/(/*(«)), i = 1,2,... . Find the smallest natural 
number k such that f k (0) = 0. 

19. (POL 1) Let P be a point inside a regular tetrahedron T of unit volume. The 
four planes passing through P and parallel to the faces of T partition T into 14 
pieces. Let f(P) be the joint volume of those pieces that are neither a tetrahedron 
nor a parallelepiped (i.e., pieces adjacent to an edge but not to a vertex). Find the 
exact bounds for f(P) as P varies over T. 

20. (POL 3) Prove that every integer k greater than 1 has a multiple that is less than 
k 4 and can be written in the decimal system with at most four different digits. 

21. (ROU 1') Let n be a composite natural number and p a proper divisor of 
n. Find the binary representation of the smallest natural number N such that 


( |+2,, + 2 r P )- v — 1 is an integer. 


22. (ROU 4) Ten localities are served by two international airlines such that there 
exists a direct service (without stops) between any two of these localities and 
all airline schedules offer round-trip service between the cities they serve. Prove 
that at least one of the airlines can offer two disjoint round trips each containing 
an odd number of landings. 

23. (ROU 5) imo3 Find all positive integers n having the property that is an 


integer. 


24. (THA 2) Let a,b,c,d be nonnegative real numbers such that ab+bc+cd+da = 
1. Show that 
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a 3 b 3 c 3 d 3 1 

1 1 1 > -• 

b+c+d a+c+d a+b+d a+b+c 3 

25. (TUR 4) im04 Let Q + be the set of positive rational numbers. Construct a func- 
tion / : Q + — > Q + such that 


f(xf(y)) = — , for allx,y in Q+. 

26. (USA 2) Let f be a cubic polynomial with rational coefficients, and let 
< 71 ;< 72 ><Z 3 ) • • • be a sequence of rational numbers such that q n = P(q n +\ ) for all 
n > 1. Prove that there exists k> 1 such that for all n > 1, q n+ k = q n . 

27. (USS 1) Find all natural numbers n for which every natural number whose 
decimal representation has n — 1 digits 1 and one digit 7 is prime. 

28. (USS 3) Prove that in the coordinate plane it is impossible to draw a closed 
broken line satisfying the following conditions: 

(i) the coordinates of each vertex are rational; 

(ii) the length of each of its edges is 1 ; 

(iii) the line has an odd number of vertices. 
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3.32 The Thirty-Second IMO 
Sigtuna, Sweden, July 12-23, 1991 

3.32.1 Contest Problems 

First Day (July 17) 

1. Prove for each triangle ABC the inequality 

1 ^ IA IB IC ^ 8 
4 < l A l B l c ~ 27’ 

where I is the incenter and Ia,IbJc & re the lengths of the angle bisectors of ABC. 

2. Let n > 6 and let a\ < aj < ■ ■ ■ < a* be all natural numbers that are less than n 
and relatively prime to n. Show that if a\ , a 2 , . . . , Uk is an arithmetic progression, 
then n is a prime number or a natural power of two. 

3. Let 5” = {1,2,3,..., 280}. Find the minimal natural number n such that in any 
n-element subset of S there are five numbers that are pairwise relatively prime. 

Second Day (July 18) 

4. Suppose G is a connected graph with n edges. Prove that it is possible to label 
the edges of G from 1 to n in such a way that in every vertex v of G with two 
or more incident edges, the set of numbers labeling those edges has no common 
divisor greater than 1. 

5. Let ABC be a triangle and M an interior point in ABC. Show that at least one of 
the angles LMAB , A MBC , and ZMCA is less than or equal to 30°. 

6. Given a real number a > 1, construct an infinite and bounded sequence xo, x\ , 
X 2 , ... such that for all natural numbers i and j, i ^ j, the following inequality 
holds: 

\xj— Xj\\i — j\ a > 1 . 


3.32.2 Shortlisted Problems 

1. (PHI 3) Let ABC be any triangle and P any point in its interior. Let P\ . Pj be 
the feet of the perpendiculars from P to the two sides AC and BC. Draw AP and 
BP, and from C drop perpendiculars to AP and BP. Let Q\ and Qo be the feet of 
these perpendiculars. Prove that the lines QiP 2 ,QiPu and AB are concurrent. 

2. (JPN 5) For an acute triangle ABC, M is the midpoint of the segment BC, P is 
a point on the segment AM such that PM = BM, H is the foot of the perpendic- 
ular line from P to BC, Q is the point of intersection of segment AB and the line 
passing through H that is perpendicular to PB, and finally, R is the point of inter- 
section of the segment AC and the line passing through H that is perpendicular 
to PC. 

Show that the circumcircle of A QHR is tangent to the side BC at point H. 
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3. (PRK 1) Let S be any point on the circumscribed circle of A PQR. Then the 
feet of the perpendiculars from S to the three sides of the triangle lie on the same 
straight line. Denote this line by 1{S,PQR). Suppose that the hexagon ABCDEF 
is inscribed in a circle. Show that the four lines l ( A , BDF) , l [B,ACE ) , l ( D,ABF ) , 
and l(E,ABC) intersect at one point if and only if CDEF is a rectangle. 

4. (FRA 2) IM05 Let ABC be a triangle and M an interior point in ABC. Show that at 
least one of the angles ZMAB, ZMBC , and Z MCA is less than or equal to 30°. 

5. (ESP 4) In the triangle ABC, with ZA = 60°, a parallel IF to AC is drawn 
through the incenter I of the triangle, where F lies on the side AB. The point P 
on the side BC is such that 3 BP = BC. Show that ZBFP = ZB/ 2. 

6. (USS 4) imo1 Prove for each triangle ABC the inequality 


1 ^ IA- IB- 1C ^ 8 
4 < l A l B l c ~ 27’ 


where I is the incenter and Ia,Ib,Ic& re the lengths of the angle bisectors of ABC. 

1. (CHN 2) Let O be the center of the circumsphere of a tetrahedron ABCD. Let 
L,M,N be the midpoints of BC,CA,AB respectively, and assume that AB+BC = 
AD + CD,BC+CA = BDF AD , and CA +AB = CD+BD. Prove that ZLOM = 
ZMNG = ZNOL. 

8. (NLD 1) Let S be a set of n points in the plane. No three points of S are collinear. 
Prove that there exists a set P containing In — 5 points satisfying the following 
condition: In the interior of every triangle whose three vertices are elements of 
S lies a point that is an element of P. 

9. (FRA 3) In the plane we are given a set E of 1991 points, and certain pairs of 
these points are joined with a path. We suppose that for every point of E, there 
exist at least 1593 other points of E to which it is joined by a path. Show that 
there exist six points of E every pair of which are joined by a path. 

Alternative version. Is it possible to find a set E of 1991 points in the plane and 
paths joining certain pairs of the points in E such that every point of E is joined 
with a path to at least 1592 other points of E, and in every subset of six points of 
E there exist at least two points that are not joined? 

10. (USA 5) im04 Suppose G is a connected graph with n edges. Prove that it is 
possible to label the edges of G from 1 to n in such a way that in every vertex v 
of G with two or more incident edges, the set of numbers labeling those edges 
has no common divisor greater than 1. 


11. (AUS 4) Prove that 
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12. (CHN 3) mo3 Let 5= {1,2,3, ... , 280}. Find the minimal natural number n such 
that in any n-element subset of S there are five numbers that are pairwise rela- 
tively prime. 

13. (POL 4) Given any integer n> 2, assume that the integers a\.a 2 ----.a n are not 

divisible by n and, moreover, that n does not divide a\ +<22 H \-a n . Prove that 

there exist at least n different sequences (ei , <? 2 , ■ ■■ ,e n ) consisting of zeros or 
ones such that eiai + H h e n a n is divisible by n. 

14. (POL 3) Let a, b, c be integers and p an odd prime number. Prove that if f(x) = 
ax 2 + bx + c is a perfect square for 2p — 1 consecutive integer values of x, then 
p divides b 2 — 4 ac. 

15. (USS 2) Let a„ be the last nonzero digit in the decimal representation of the 
number n\. Does the sequence a 1,02, • • • ,a n , . . . become periodic after a finite 
number of terms? 

16. (ROU 1) IM02 Let n > 6 and a\ < a 2 < ■ ■ ■ < be all natural numbers that are 
less than n and relatively prime to n. Show that if a\,a 2 , ■ ■ ■ is an arithmetic 
progression, then n is a prime number or a natural power of two. 

17. (HKG 4) Find all positive integer solutions x,y,z of the equation 3 X + 4 y = 5 Z . 

18. (BGR 1) Find the highest degree k of 1991 for which 1991* divides the number 

1990 1 " 11 " 2 + 1992 199ll "°. 

19. (IRL 5) Let a be a rational number with 0 < a < 1 and suppose that 

cos37ta + 2cos27ra = 0. 

(Angle measurements are in radians.) Prove that a = 2/3. 

20. (IRL 3) Let a be the positive root of the equation x 1 = 199 lx + 1. For natural 
numbers m, n define 

m*n = mn + [am] [an] , 

where [x] is the greatest integer not exceeding x. Prove that for all natural num- 
bers p, q, r, 

C p*q)*r = p*(q*r ). 

21. (HKG 6) Let /(x) be a monic polynomial of degree 1991 with integer coeffi- 
cients. Define g(x) = f 2 (x) — 9. Show that the number of distinct integer solu- 
tions of g{x) = 0 cannot exceed 1995. 

22. (USA 4) Real constants a,b,c are such that there is exactly one square all of 
whose vertices lie on the cubic curve y = x 3 + ax 2 + bx + c. Prove that the square 
has sides of length \/72. 

23. (IND 2) Let / and g be two integer- valued functions defined on the set of all 
integers such that 

(i) f(m + /(/(«))) = + 1) — n for all integers m and «; 
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(ii) g is a polynomial function with integer coefficients and g{n) = g{f(n)) for 
all integers n. 

Determine /(1991) and the most general form of g. 

24. (IND 1) An odd integer n > 3 is said to be “nice” if there is at least one permu- 
tation c/| ,«2 - . . . ,a n of 1,2,. . . ,n such that the n sums a\ — «2 + «3 a n _i + 

a n , d 2 — «3 + «4 a n + a \ , a-i — + as a\ + a 2 , ■ . ■ , a n — a\ + 02 — 

a„- 2 + a n - 1 are all positive. Determine the set of all “nice” integers. 

25. (USA 1) Suppose that n > 2 and xi,xi,...,x n are real numbers between 0 and 1 
(inclusive). Prove that for some index i between 1 and n — 1 the inequality 

*i(l-*i+l) > ^l(l -Xn) 


holds. 

26. (CZS 1) Let n > 2 be a natural number and let the real numbers p, a\, aj, 
. . a n , bi, b 2 , ■ ■■, b„ satisfy 1/2 < p < 1, 0 < <a„ 0 < bi < p, i = 1, . . . ,n, and 
X" = 1 a; = X”=i : 1 ■ Prove the inequality 


5>n a J^ 


p 

(»- 1)"- 1 


27. (POL 2) Determine the maximum value of the sum X ( -< 7 -x;Xy(x,- +xj) over all 
n-tuples (xi , . . . ,x n ), satisfying x, > 0 and X”=i x, = 1 . 

28. (NLD 2) mo6 Given a real number a > 1 , construct an infinite and bounded se- 
quence xo,xi ,X 2 - • • • such that for all natural numbers i and j, i ^ j, the following 
inequality holds: |x,- —Xj\\i — j\ a > 1. 

29. (FIN 2) We call a set S on the real line M superinvariant if for any stretching A 
of the set by the transformation taking x to A(x) = xo + a(x — xo) there exists a 
translation B, B(x) = x - f b, such that the images of S under A and B agree; i.e., 
for any xG S there is a y G S such that A(x) = B(y) and for any t G S there is a 
uGS such that B(t) = A{u). Determine all superinvariant sets. 

Remark. It is assumed that a > 0. 

30. (BGR 3) Two students A and B are playing the following game: Each of them 
writes down on a sheet of paper a positive integer and gives the sheet to the 
referee. The referee writes down on a blackboard two integers, one of which is 
the sum of the integers written by the players. After that, the referee asks student 
A: “Can you tell the integer written by the other student?” If A answers “no,” the 
referee puts the same question to student B. If B answers “no,” the referee puts 
the question back to A, and so on. Assume that both students are intelligent and 
truthful. Prove that after a finite number of questions, one of the students will 
answer “yes.” 


3.33 The Thirty-Third IMO 
Moscow, Russia, July 10-21, 1992 

3.33.1 Contest Problems 


3.33 IMO 1992 


253 


First Day (July 15) 

1. Find all integer triples ( p,q,r ) such that 1 <p < q < r and (p — l)(q — l)(r— 1) 
is a divisor of ( pqr — 1 ) . 

2. Find all functions / : R — » R such that 

+f(y)) = y+f(x) 2 for all x,y in R. 

3. Given nine points in space, no four of which are coplanar, find the minimal 
natural number n such that for any coloring with red or blue of n edges drawn 
between these nine points there always exists a triangle having all edges of the 
same color. 

Second Day (July 16) 

4. In the plane, let there be given a circle C, a line Z tangent to C, and a point M 
on Z. Find the locus of points P that has the following property: There exist two 
points Q and R on Z such that M is the midpoint of QR and C is the incircle of 
PQR. 

5. Let V be a finite subset of Euclidean space consisting of points ( x,y,z ) with in- 
teger coordinates. Let Si, $ 2 , S 3 be the projections of V onto the yz,xz,xy planes, 
respectively. Prove that 

|F| 2 < |5i||5 2 ||53| 

(|X| denotes the number of elements of X). 

6. For each positive integer n, denote by s(n) the greatest integer such that for all 
positive integer k < s(n), n 2 can be expressed as a sum of squares of k positive 
integers. 

(a) Prove that s(n) <n 2 — 14 for all n > 4. 

(b) Find a number n such that s(n) = n 2 — 14. 

(c) Prove that there exist infinitely many positive integers n such that s(n) = 
n 2 - 14. 

3.33.2 Longlisted Problems 

1 . (AUS 1) Points D and E are chosen on the sides AB and AC of the triangle ABC 
in such a way that if F is the intersection point of BE and CD, then AE + EF = 
AD + DF. Prove that AC+CF =AB + BF. 
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2. (AUS 2) (SL92-1). 

Original formulation. Let m be a positive integer and xq , yo integers such that 
xo,yo are relatively prime, >’o divides Xq + m, and xq divides y$ + m. 

Prove that there exist positive integers x and y such that x and y are relatively 
prime, y divides x 2 + m, x divides y 2 + m, and x + y < m + 1 . 

3. (AUS 3) Let ABC be a triangle, O its circumcenter, S its centroid, and H its 
orthocenter. Denote by A\, B\, and C\ the centers of the circles circumscribed 
about the triangles CHB, CHA, and AHB, respectively. Prove that the triangle 
ABC is congruent to the triangle A\B\C\ and that the nine-point circle of A ABC 
is also the nine-point circle of /AA\B\C\ . 

4. (CAN 1) Let p, q, and r be the angles of a triangle, and let a = sin 2/;, b = sin 2q, 
and c = sin2r. If s = (a + b + c) /2, show that 

s(s — a)(s — b)(s — c) > 0. 


When does equality hold? 

5. (CAN 2) Let I,H,0 be the incenter, centroid, and circumcenter of the non- 
isosceles triangle ABC. Prove that AI || HO if and only if LB AC = 120°. 

6. (CAN 3) Suppose that n numbers x\ ,X 2 , ■ ■ ■ ,x n are chosen randomly from the 

set {1,2, 3, 4, 5}. Prove that the probability that x\+^ -| bx 2 = 0 (mod 5) is 

at least 1/5. 

7. (CAN 4 ) Let A be a bounded, nonempty set of points in the Cartesian plane. Let 
f(X) be the set of all points that are at a distance of at most 1 from some point in 
X. Let /"(A) = /(/(. . . (/(A)) ...)). (n times). Show that /"(A) becomes “more 
circular” as n gets larger. In other words, if r n = sup (radii of circles contained 
in /" (A ) } and R„ = infjradii of circles containing /" (A)}, then show that R n /r n 
gets arbitrarily close to 1 as n becomes arbitrarily large. 

8. (CHN 1) (SL92-2). 

9. (CHN 2) (SL92-3). 

10. (CHN 3) (SL92-4). 

11. (COL 1) Let (j)(n,m ), m f 1, be the number of positive integers less than or 
equal to n that are coprime with m. Clearly, <j>(m,m) = where <j>(m) is 
Euler’s phi function. Find all integers m that satisfy the following inequality: 

> <j>(m) 

n ~ m 


for every positive integer n. 

12. (COL 2) Given a triangle ABC such that the circumcenter is in the interior of 
the incircle, prove that the triangle ABC is acute-angled. 

13. (COL 3) (SL92-5). 
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14. (FIN 1) Integers a\ ,ci 2 - ... ,a n satisfy |a*| = 1 and 


X a k a k+l a k+20k+3 = 2 i 

pS 


where a n+ j = aj. Prove that n 1992. 

15. (FIN 2) Prove that there exist 78 lines in the plane such that they have exactly 
1992 points of intersection. 

16. (FIN 3) Find all triples ( x,y,z ) of integers such that 



2 

3 


17. (FRA 1) (SL92-20). 

18. (FRG 1) Fibonacci numbers are defined as follows: Fi = +2 = 1 ,F n+2 =F n+1 + 
F n , n> 1. Let a„ be the number of words that consist of n letters 0 or 1 and 
contain no two letters 1 at distance two from each other. Express a n in terms of 
Fibonacci numbers. 

19. (FRG 2) Denote by a n the greatest number that is not divisible by 3 and that 

divides n. Consider the sequence so = 0, s„ = a\ + aj H (- a„, n £ N. Denote 

by A(n) the number of all sums .+ (0 < k <3 n . k £ No) that are divisible by 3. 
Prove the formula 

A(n) = 3" ’’ + 2-3'" 2 ' 'cos(n7r/6). n G N 0 . 


20. (FRG 3) Let X and Y be two sets of points in the plane and M be a set of seg- 
ments connecting points from X and Y . Let & be a natural number. Prove that the 
segments from M can be painted using k colors in such a way that for any point 
xGXLI Y and two colors a and J3 (a ^ j3), the difference between the number 
of a-colored segments and the number of J3 -colored segments originating in X 
is less than or equal to 1 . 

21. (UNK 1) Prove that if x,y,z > 1 and i + 2 + \ = 2, then 


Vx+y+z> 


22. (UNK 2) (SL92-21). 

23. (HKG 1) An Egyptian number is a positive integer that can be expressed as 
a sum of positive integers, not necessarily distinct, such that the sum of their 
reciprocals is 1. For example, 32 = 2 + 3 + 9-1-18 is Egyptian because 2 + 3 + 
5 + 25 = 1. Prove that all integers greater than 23 are Egyptian. 

24. (ISL 1) Let Q + denote the set of nonnegative rational numbers. Show that there 
exists exactly one function / : Q + — > Q + satisfying the following conditions: 

(i) if 0 < q < then f(q ) = 1 +/ 
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(ii) if 1 < q < 2, then f(q) = 1 + f(q + 1); 

(iii) f(q)f(l/q) = 1 for all q£ <Q>+. 

Find the smallest rational number q G Q + such that f{q) = 19/92. 

25. (IND 1) (a) Show that the set N of all natural numbers can be partitioned into 

three disjoint subsets A, B, and C satisfying the following conditions: 

A 2 = A, B 2 = C, C 2 = B , 

AB =B , AC = C , BC = A, 

where HK stands for {hk \ h £ H, k € K} for any two subsets H, K of N, 
and H 2 denotes HH. 

(b) Show that for every such partition of N, min{n £ N | n £ A and n + 1 G A} 
is less than or equal to 77. 

26. (IND 2) (SL92-6). 

27. (IND 3) Let ABC be an arbitrary scalene triangle. Define X to be the set of all 
circles y that have the following properties: 

(i) y meets each side of AABC in two (possibly coincident) points; 

(ii) if the points of intersection of y with the sides of the triangle are labeled 
by P, Q, R, S, T, U, with the points occurring on the sides in orders 
&(B,P,Q,C), k$(C,R,S.A), &§(A,T,U,B), then the following relations of 
parallelism hold: TS\\BC', PU\\CA; RQ\\AB. (In the limiting cases, some of 
the conditions of parallelism will hold vacuously; e.g., if A lies on the circle 
y, then T, S both coincide with A and the relation T S\\BC holds vacuously.) 

(a) Under what circumstances is E nonempty? 

(b) Assuming that E is nonempty, show how to construct the locus of centers 
of the circles in the set E. 

(c) Given that the set E has just one element, deduce the size of the largest 
angle of A ABC. 

(d) Show how to construct the circles in E that have, respectively, the largest 
and the smallest radii. 

28. (IND 4) (SL92-7). 

Alternative formulation. Two circles G\ and G 2 are inscribed in a segment of a 
circle G and touch each other externally at a point W. Let A be a point of inter- 
section of a common internal tangent to Gi and G 2 with the arc of the segment, 
and let B and C be the endpoints of the chord. Prove that W is the incenter of the 
triangle ABC. 

29. (IND 5) (SL92-8). 

30. (IND 6) LetP„ = ( 1 9 + 92) ( 1 9 2 + 92 2 ) • • • ( 1 9" + 92”) for each positive integer 
n. Determine, with proof, the least positive integer m, if it exists, for which P m is 
divisible by 33 33 . 


31. (IRL 1) (SL92-19). 
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32. (IRL 2) Let S„ = { 1 , 2, . . . , nj and /„ : S n — > S n be defined inductively as follows: 
fi (1) = 1. fn(2j) = j O' = 1.2 , ••• , [m/ 2]) and 

(i) ifn = 2k(k> 1), then f n (2j - 1) = f k (j) + k (J = 1,2, . . . , k); 

(ii) if n = 2k+ 1 (k > 1), then f„(2k + 1) = k + f k+ 1 (1), f n (2j — 1) = + 

f k+l (j+l)(J=h2,...,k). 

Prove that f„ (x) = x if and only if x is an integer of the form 

(2n+\)(2 d — 1) 

2 d+i _ i 

for some positive integer d. 

33. (IRL 3) Let a,b,c be positive real numbers and p,q,r complex numbers. Let S 
be the set of all solutions (x,y,z) in C of the system of simultaneous equations 

ax + by + cz = p, 
ax 2 + by 2 + cz 2 = q, 
ax 3 + bo? + ex' = r. 

Prove that S has at most six elements. 

34. (IRL 4) Let a, b, c be integers. Prove that there are integers pt, q \ , r \ , p 2 , qi, ri 
such that 


a = q x r-i - q 2 r \ , b = r 1 p 2 -r 2 pi, c = piq 2 - p 2 q x . 

35. (IRN 1) (SL92-9). 

36. (IRN 2) Find all rational solutions of 

a 2 + c 2 +n(b 2 + d 2 ) =21, 
ab + cd = 2. 

37. (IRN 3) Let the circles C\ , C 2 , and C3 be orthogonal to the circle C and intersect 
each other inside C forming acute angles of measures A, B, and C. Show that 
A B C 71. 

38. (ITA 1) (SL92-10). 

39. (ITA 2) Let n> 2 be an integer. Find the minimum k for which there exists 
a partition of {1,2 ,...,k} into n subsets X x ,X 2 , . . . ,X n such that the following 
condition holds: for any i, j, 1 < i < j <n, there exist x\ £ X\, x 2 € X 2 such that 

\Xi-Xj\ = 1 . 

40. (ITA 3) The colonizers of a spherical planet have decided to build N towns, each 
having area 1/1000 of the total area of the planet. They also decided that any 
two points belonging to different towns will have different latitude and different 
longitude. What is the maximal value of N? 

41. (JPN 1) Let S be a set of positive integers n\,n 2 ,...,ri(, and let n(f) de- 
note the number «i«/(i) +n2n/(2) 4 b«6M/(6)> where / is a permutation of 

{1,2,..., 6}. Let 
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£2 = {«(/) | /is a permutation of {1,2, . . . ,6}}. 

Give an example of positive integers n \ , . . . , such that £1 contains as many 
elements as possible and determine the number of elements of £2. 

42. (JPN 2) (SL92-11). 

43. (KOR 1) Find the number of positive integers n satisfying (j)(n) n such that 



What is the largest number among them? As usual, <j> (n) is the number of positive 
integers less than or equal to n and relatively prime to n. 7 * 

44. (KOR 2) (SL92-16). 

45. (KOR 3) Let n be a positive integer. Prove that the number of ways to express 
n as a sum of distinct positive integers (up to order) and the number of ways to 
express n as a sum of odd positive integers (up to order) are the same. 

46. (KOR 4) Prove that the sequence 5, 12, 19, 26, 33, .. . contains no term of the 
form 2"- 1. 

47. (KOR 5) Find the largest integer not exceeding n«L 9 i 2 

48. (MNG 1) Find all the functions / : M + — > M satisfying the identity 

MM = y a • / (|) +xP • / (|) , x,y € R+, 

where a, j3 are given real numbers. 

49. (MNG 2) Given real numbers X; (i = 1 , 2, . . . , Ax + 2) such that 

4x+2 

X (-l)‘ +1 *i*i+i =4m C*1 =X4jfc +3 ), 
im- 
prove that it is possible to choose numbers x k] such that 
6 

I(-f) l Xk t Xk i+] > m (Xjfcj =x kl ). 

;=i 

50. (MNG 3) Let N be a point inside the triangle ABC. Through the midpoints of 
the segments AN, BN, and CN the lines parallel to the opposite sides of AABC 
are constructed. Let A^, 6,y, and Cy be the intersection points of these lines. If N 
is the orthocenter of the triangle ABC, prove that the nine-point circles of AABC 
and AA n B n Cn coincide. 

Remark. The statement of the original problem was that the nine-point circles of 
the triangles A n B n Cn and A m B m Cm coincide, where N and M are the orthocen- 
ter and the centroid of A ABC. This statement is false. 

7 The problem in this formulation is senseless. The correct formulation could be, “Find . . . 

such that Xm-i ([^] — [y^-]) = 1992 ... .” 
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51. (NLD 1) (SL92-12). 

52. (NLD 2) Let n be an integer >1. In a circular arrangement of n lamps 
Lo, . . . ,L„_ i, each one of which can be either ON or OFF, we start with the situa- 
tion that all lamps are ON, and then carry out a sequence of steps, Stepo, Step \ , . . . 
. If Lj_ i (j is taken mod n) is ON, then Stepj changes the status of Lj (it goes 
from ON to OFF or from OFF to ON) but does not change the status of any of 
the other lamps. If Ly_ j is OFF, then Stepj does not change anything at all. Show 
that: 

(a) There is a positive integer M(n) such that after M(n) steps all lamps are 
ON again. 

(b) If n has the form 2 k , then all lamps are ON after n 2 —l steps. 

(c) If n has the form 2* + 1, then all lamps are ON after n 2 — n+ 1 steps. 

53. (NZL 1) (SL92-13). 

54. (POL 1) Suppose that n > m > 1 are integers such that the string of digits 143 
occurs somewhere in the decimal representation of the fraction m/n. Prove that 
n > 125 

55. (POL 2) (SL92-14). 

56. (POL 3) A directed graph (any two distinct vertices joined by at most one 
directed line) has the following property: If x, u, and v are three distinct vertices 
such that x — > u and x — > v, then u — > w and v — > w for some vertex w. Suppose 
that x— >y— >•••— >z is a path of length n, that cannot be extended to the 
right (no arrow goes away from z). Prove that every path beginning at x arrives 
after n steps at z. 


57. (POL 4) For positive numbers a, b,c define A = (a + b + c)/3, G = (abc) 1 / 3 , 
H = 3/{a~ l + b~ 1 +c~ 1 ). Prove that 



~ 4 4 H 1 


for every a,b,c> 0. 

58. (POR 1) Let ABC be a triangle. Denote by a, b, and c the lengths of the sides 
opposite to the angles A, B, and C, respectively. Prove that 8 


be 


sin A + sin 6 + sinC 


a + b + c cos(A/2)sin(B/2)sin(C/2) ' 

59. (PRK 1) Let a regular 7-gon A0A1A2A3A4A5A6 be inscribed in a circle. Prove 
that for any two points P, Q on the arc AqA(, the following equality holds: 


6 


6 


J j (-iyPA i =^(-l) i QA i . 


i = 0 


i = 0 


The statement of the problem is obviously wrong, and the authors couldn’t determine a 
suitable alteration of the formulation which would make the problem correct. We put it 
here only for completeness of the problem set. 
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60. (PRK2) (SL92-15). 

61. (PRK 3) There are a board with 2 n ■ 2 n (= 4n 2 ) squares and An 2 — 1 cards 
numbered with different natural numbers. These cards are put one by one on 
each of the squares. One square is empty. We can move a card to an empty 
square from one of the adjacent squares (two squares are adjacent if they have a 
common edge). Is it possible to exchange two cards on two adjacent squares of 
a column (or a row) in a finite number of movements? 

62. (ROU 1) Let ci, . . . ,c„ (n > 2) be real numbers such that 0 < < n. Prove 

that there exist integers k\ , . . . , k n such that £ = 0 and 1 — n < c,- + nk t < n for 

every i = 1 , . . . ,n. 

63. (ROU 2) Let a and b be integers. Prove that is not an integer. 

64. (ROU 3) For any positive integer n consider all representations n = a\ H b<+, 

where a\ > aj > • • ■ > a*, > 0 are integers such that for all i £ {1,2, ... ,k — 1}, 
the number is divisible by a i+ i. Find the longest such representation of the 
number 1992. 

65. (SAF 1) If A, B, C, and D are four distinct points in space, prove that there is a 
plane P on which the orthogonal projections of A, B, C, and D form a parallelo- 
gram (possibly degenerate). 

66. (ESP 1) A circle of radius p is tangent to the sides AB and AC of the triangle 
ABC, and its center A" is at a distance p from BC. 

(a) Prove that a(p — p) = 2s(r—p), where r is the inradius and 2s the perimeter 
of ABC. 

(b) Prove that if the circle intersect BC at D and E, then 

DE 4yVr 1 (p-r)(r 1 -p) 

(n - r) 

where n is the exradius corresponding to the vertex A. 

67. (ESP 2) In a triangle, a symmedian is a line through a vertex that is symmetric to 
the median with respect to the internal bisector (all relative to the same vertex). 
In the triangle ABC, the median m a meets BC at A' and the circumcircle again at 
A\. The symmedian s a meets BC at M and the circumcircle again at A 2 . Given 
that the line A 1 A 2 contains the circumcenter O of the triangle, prove that: 

AA' _ b 2 + c 2 
AM 2 be 

(b) 1 + 4 b 2 c 2 = a 2 (b 2 + c 2 ). 

68. (ESP 3) Show that the numbers tan(r7t/15), where r is a positive integer less 
than 15 and relatively prime to 15, satisfy 

x 8 - 92x 6 + 134x 4 - 28X 2 + 1 =0. 

69. (SWE 1) (SL92-17). 
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70. (THA 1) Let two circles A and B with unequal radii r and R, respectively, be 
tangent internally at the point Aq. If there exists a sequence of distinct circles 
(C„) such that each circle is tangent to both A and B, and each circle C n+ 1 touches 
circle C n at the point A„, prove that 


X \ A n+lA„\ < 

n= 1 


AnRr 
R + r' 


71. (THA 2) Let P\(x,y) and Pi{x,y) be two relatively prime polynomials with 
complex coefficients. Let Q(x,y ) and R(x,y) be polynomials with complex co- 
efficients and each of degree not exceeding d. Prove that there exist two integers 
Ai, A 2 not simultaneously zero with |A ; ] < d + \ (i = 1,2) and such that the 
polynomial A 1 Pi (x,y) +A2/ , 2(^,3 ; ) is coprime to Q(x,y) and R(x.y). 

72. (TUR 1) In a school six different courses are taught: mathematics, physics, 
biology, music, history, geography. The students were required to rank these 
courses according to their preferences, where equal preferences were allowed. It 
turned out that: 

(i) mathematics was ranked among the most preferred courses by all students; 

(ii) no student ranked music among the least preferred ones; 

(iii) all students preferred history to geography and physics to biology; and 

(iv) no two rankings were the same. 

Find the greatest possible value for the number of students in this school. 

73. (TUR 2) Let {A„ | n = 1,2, . . . } be a set of points in the plane such that for each 
n, the disk with center A n and radius 2” contains no other point Aj . For any given 
positive real numbers a < b and R, show that there is a subset G of the plane 
satisfying: 

(i) the area of G is greater than or equal to R\ 

(ii) for each point P in G, a < £ “ =1 < b. 

74. (TUR 3) Let S = j 199 ” m n,m G Z j. Show that every real number x > 0 is an 
accumulation point of S. 

75. (TWN 1) A sequence {a„} of positive integers is defined by 



Determine the positive integers that occur in the sequence. 

76. (TWN 2) Given any triangle ABC and any positive integer n, we say that n is 
a decomposable number for triangle ABC if there exists a decomposition of the 
triangle ABC into n subtriangles with each subtriangle similar to A ABC. Deter- 
mine the positive integers that are decomposable numbers for every triangle. 

77. (TWN 3) Show that if 994 integers are chosen from 1,2, ... , 1992 and one of the 
chosen integers is less than 64, then there exist two among the chosen integers 
such that one of them is a factor of the other. 
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78. (USA 1) Let F n be the nth Fibonacci number, defined by F\ = F 2 = 1 and F n = 
F n _ i + F n _ 2 for n > 2. Let Aq, A\, A 2 , ... be a sequence of points on a circle of 
radius 1 such that the minor arc from A^-i to runs clockwise and such that 

V(A k - l A k ) = -^±- 

for k > 1, where jJ.(XY) denotes the radian measure of the arc XY in the clock- 
wise direction. What is the limit of the radian measure of arc AqA„ as n ap- 
proaches infinity? 

79. (USA 2) (SL92-18). 

80. (USA 3) Given a graph with n vertices and a positive integer m that is less than 
n, prove that the graph contains a set of m + 1 vertices in which the difference 
between the largest degree of any vertex in the set and the smallest degree of any 
vertex in the set is at most m— 1 . 

81. (USA 4 ) Suppose that points X,Y,Z are located on sides BC, CA, and AB, re- 
spectively, of AABC in such a way that A XYZ is similar to AABC. Prove that 
the orthocenter of AXYZ is the circumcenter of AABC. 

82. (VNM 1) Let/(x) = x m + aix m ~ 1 -t \-a m -ix+a m and g(x) = x" + £>ix" _1 + 

b b n - 1 + b n be two polynomials with real coefficients such that for each real 

number x, f(x) is the square of an integer if and only if so is g(x). Prove that 
if n + m > 0, then there exists a polynomial h(x) with real coefficients such that 
f(x)-g(x) = (h(x)) 2 . 

3.33.3 Shortlisted Problems 

1. (AUS 2) Prove that for any positive integer m there exists an infinite number 
of pairs of integers (x,y) such that (i) x and y are relatively prime; (ii) y divides 
x 2 + m; (iii) x divides y 2 + m. 

2. (CHN 1) Let M + be the set of all nonnegative real numbers. Given two pos- 
itive real numbers a and b, suppose that a mapping / : M + — > K + satisfies the 
functional equation 

/(/(*)) + «/(*) = K a + b ) x - 

Prove that there exists a unique solution of this equation. 

3. (CHN 2) The diagonals of a quadrilateral ABCD are perpendicular: ACA.BD. 
Four squares, ABEF. BCGH .CDIJ , DAKL, are erected externally on its sides. 
The intersection points of the pairs of straight lines CL,DF\ DF.AH\ AFI,BJ ; 
BJ,CL are denoted by Pi,Qi,Ri,Si, respectively, and the intersection points 
of the pairs of straight lines AI,BK; BK,CE\ CE,DG\ DG,AI are denoted by 
P 2 ,Qi,R 2 ,S 2 , respectively. Prove that P\Q\R\S\ = 

4. (CHN 3) imo3 Given nine points in space, no four of which are coplanar, find the 
minimal natural number n such that for any coloring with red or blue of n edges 
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drawn between these nine points there always exists a triangle having all edges 
of the same color. 

5. (COL 3 ) Let ABCD be a convex quadrilateral such that AC = BD. Equilateral 
triangles are constructed on the sides of the quadrilateral. Let 0 \ , O2, O3 , 04 be 
the centers of the triangles constructed on AB,BC, CD, DA respectively. Show 
that O1O3 is perpendicular to O2O4. 

6. (IND 2) mo2 Find all functions / : M — + M such that 

/(x 2 + f(y ) ) = y + f{x) 2 for all x, y in R. 

7. (IND 4) Circles G, Gi,Gi are three circles related to each other as follows: 
Circles Gi and G2 are externally tangent to one another at a point W and both 
these circles are internally tangent to the circle G. Points A,B,C are located on 
the circle G as follows: Line BC is a direct common tangent to the pair of circles 
Gi and G2, and line WA is the transverse common tangent at W to Gi and G2, 
with W and A lying on the same side of the line BC. Prove that W is the incenter 
of the triangle ABC. 

8. (IND 5) Show that in the plane there exists a convex polygon of 1992 sides 
satisfying the following conditions: 

(i) its side lengths are 1,2,3,..., 1992 in some order; 

(ii) the polygon is circumscribable about a circle. 

Alternative formulation. Does there exist a 1992-gon with side lengths 1, 2, 3, 
. . ., 1992 circumscribed about a circle? Answer the same question for a 1990- 
gon. 

9. (IRN 1) Let f(x) be a polynomial with rational coefficients and a be a real 
number such that a 3 — a = /(a) 3 — /(a) = 33 1992 . Prove that for each n > 1, 

(/M (a)) 3 -/09(a) = 33 1992 , 

where /W (x) = /(/(. . . /(*))), and n is a positive integer. 

10. (ITA l) IM ° 5 Let V be a finite subset of Euclidean space consisting of points 
( x,y,z ) with integer coordinates. Let A 1 , 5A , 6' 3 be the projections of V onto the 
yz,xz,xy planes, respectively. Prove that 

]Vi 2 < | : Si||5 2 ||S 3 | 

(|X| denotes the number of elements of X). 

11. (JPN 2 ) In a triangle ABC, let D and E be the intersections of the bisectors 
of Z ABC and ZACB with the sides AC,AB , respectively. Determine the angles 
ZA, ZB, ZC if 

ZBDE = 24° , ICED =18°. 

12. (NLD 1) Let /, g, and a be polynomials with real coefficients, / and g in one 
variable and a in two variables. Suppose 
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f(x) ~ M = a(x,y ) (g(x) - g(y )) for all x,y e M. 


Prove that there exists a polynomial h with fix) = h{g{x)) for all x€l. 

13. (NZL 1) IM01 Find all integer triples ip.q.r) such that 1 < p < q < r and (p — 
l)(g— l)(r — 1) is a divisor of ( pqr — 1). 

14. (POL 2) For any positive integer x define 


g(x) = greatest odd divisor of x, 

. . _ Jx/2 + x/g(x), if xis even; 
yW ^\ 2 (^' )/2> if x is odd. 


Construct the sequence x\ = 1 ,x n+ \ = f(x„). Show that the number 1992 ap- 
pears in this sequence, determine the least n such that x„ = 1992, and determine 
whether n is unique. 

15. (PRK2) Does there exist a set M with the following properties? 

(i) The set M consists of 1992 natural numbers. 

(ii) Every element in M and the sum of any number of elements have the form 
m k (m,keN,k>2). 

16. (KOR 2) Prove that N = 5 ^Zi ' s a composite number. 

17. (SWE 1) Let a(n ) be the number of digits equal to one in the binary represen- 
tation of a positive integer n. Prove that: 

(a) the inequality a(n 2 ) < \a{n){a(n) + 1) holds; 

(b) the above inequality is an equality for infinitely many positive integers; 

(c) there exists a sequence (n,)“ such that a(nf)/a(rn) — > 0 as 
Alternative parts: Prove that there exists a sequence (»,■)“ such that oc(nj) / a ( n,- ) 
tends to 

(d) °°; 

(e) an arbitrary real number ye (0, 1); 

(f) an arbitrary real number y > 0. 

18. (USA 2) Let [x] denote the greatest integer less than or equal to x. Pick any x\ 
in [0, 1) and define the sequence xi,X 2 ,X 3 , . . . by x n+ \ = 0 if x n = 0 and x n+ \ = 
1 jx n — [1 /x n ] otherwise. Prove that 


Xl+X 2 - 


Fi F 2 
bx„< + 

F 2 F$ 


F n + 1 ’ 


where F\ = F 2 = \ and F n+2 = F n+ \ + F n for n > 1 . 

19. (IRL 1) Let fix) =x 8 + 4x 6 + 2x 4 + 28x 2 + 1. Let p > 3 be a prime and suppose 
there exists an integer z such that p divides f(z). Prove that there exist integers 
zi,Z 2 ; ■ • • ,Z8 such that if 


g(x) = (x - zi)(x - z 2 ) ■ ■ ■ (x - zs), 
then all coefficients of /(x) — g(x) are divisible by p. 
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20. (FRA 1) IM ° 4 in the plane, let there be given a circle C, a line l tangent to C, and 
a point M on l. Find the locus of points P that have the following property: There 
exist two points Q and R on l such that M is the midpoint of QR and C is the 
incircle of PQR. 

2 1 . (UNK 2) IM ° 6 For each positive integer n, denote by s(n) the greatest integer such 
that for all positive integers k < s(n), n 2 can be expressed as a sum of squares of 
k positive integers. 

(a) Prove that s{n) <n 2 — 14 for all n > 4. 

(b) Find a number n such that s{n) = n 2 — 14. 

(c) Prove that there exist infinitely many positive integers n such that s{n) = 
n 2 - 14. 
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3.34 The Thirty-Fourth IMO 
Istanbul, Turkey, July 13-24, 1993 

3.34.1 Contest Problems 

First Day ( July 18) 

1. Let n > 1 be an integer and let f(x) = x n + 5x" _1 + 3. Prove that there do not 
exist polynomials g(x),h (x ) , each having integer coefficients and degree at least 
one, such that f(x) = g(x)h(x). 

2. A,B,C,D are four points in the plane, with C,D on the same side of the line AB, 
such that AC ■ BD = AD ■ BC and IADB = 90° + AACB. Find the ratio 

ABCD 
AC ■ BD ’ 

and prove that circles ACD,BCD are orthogonal. (Intersecting circles are said to 
be orthogonal if at either common point their tangents are perpendicular.) 

3. On an infinite chessboard, a solitaire game is played as follows: At the start, 
we have nr pieces occupying n 2 squares that form a square of side n. The only 
allowed move is a jump horizontally or vertically over an occupied square to 
an unoccupied one, and the piece that has been jumped over is removed. For 
what positive integers n can the game end with only one piece remaining on the 
board? 

Second Day (July 19) 

4. For three points A, B,C in the plane we define m(ABC ) to be the smallest length 
of the three altitudes of the triangle ABC, where in the case of A,B,C collinear, 
m(ABC) = 0. Let A,B,C be given points in the plane. Prove that for any points 
in the plane, 

m(ABC) < m(ABX) + m(AXC) + m(XBC). 

5. Let M = {1,2,3,...}. Determine whether there exists a strictly increasing func- 
tion / : N — * N with the following properties: 

/(l) =2; (1) 

/(/(«)) =/(«)+* (neN). (2) 

6. Let n be an integer greater than 1. In a circular arrangement of n lamps Lo, 

L n - 1 , each one of that can be either on or off, we start with the situation where 
all lamps are on, and then carry out a sequence of steps, Stepo, Stepi, ... .If 
Lj-\ (indices are taken modulo n) is on, then Step, changes the status of Lj (it 
goes from on to off or from off to on) but does not change the status of any of 
the other lamps. If Lj_ i is off, then Step, does not change anything at all. Show 
that: 
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(a) There is a positive integer M(n) such that after M{n) steps all lamps are on 
again. 

(b) If n has the form 2 k , then all lamps are on after rr — 1 steps. 

(c) If n has the form 2* + 1, then all lamps are on after « 2 — n + 1 steps. 

3.34.2 Shortlisted Problems 

1. (BRA 1) Show that there exists a finite set Acl 2 such that for every X e A 
there are points Y\, Yj , . . . , Y\ 993 in A such that the distance between X and Y t is 
equal to 1, for every i. 

2. (CAN 2) Let triangle ABC be such that its circumradius R is equal to 1. Let r 
be the inradius of ABC and let p be the inradius of the orthic triangle A'B'C' of 
triangle ABC. 

Prove that p < 1 — |(1 + r) 2 . 

Remark. The orthic triangle is the triangle whose vertices are the feet of the 
altitudes of ABC. 

3. (ESP 1) Consider the triangle ABC, its circumcircle k with center O and radius 
R, and its incircle with center I and radius r. Another circle k c is tangent to the 
sides CA, CB at D. E, respectively, and it is internally tangent to k. 

Show that the incenter I is the midpoint of DE. 

4. (ESP 2) In the triangle ABC, let D, E be points on the side BC such that Z BAD = 
ZCAE. If M.N are, respectively, the points of tangency with BC of the incircles 
of the triangles ABD and ACE, show that 

1 J_ J_ J_ 

MB + MD~NC + NE' 

5. (FIN 3) im03 On an infinite chessboard, a solitaire game is played as follows: 
At the start, we have rr pieces occupying n 2 squares that form a square of side 
n. The only allowed move is a jump horizontally or vertically over an occu- 
pied square to an unoccupied one, and the piece that has been jumped over is 
removed. For what positive integers n can the game end with only one piece 
remaining on the board? 

6. (GER 1) IM ° 5 Let N = {1,2,3,...}. Determine whether there exists a strictly 
increasing function / : N — > N with the following properties: 

m = 2; (l) 

/(/(«)) = /(*)+» (neN). (2) 

7. (GEO 3) Let a.b.c be given integers a > 0, ac — b 2 = P = P\ ■ ■ ■ P m where 
Pi, . . . ,P m are (distinct) prime numbers. Let M(n) denote the number of pairs of 
integers {x,y) for which 

ax 2 + 2 bxy + cy 2 = n. 

Prove that M{n) is finite and M(n) = M{P k ■ n) for every integer k > 0. 
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8. (IND 1) Define a sequence (/(«))“ =1 of positive integers by /( 1) = 1 and 



for n > 2. Let S = {n G N | f(n ) = 1993}. 

(a) Prove that S is an infinite set. 

(b) Find the least positive integer in S. 

(c) If all the elements of S are written in ascending order as «i < «2 < «3 < ■ • • , 


show that 



9. (IND 4) 


(a) Show that the set Q + of all positive rational numbers can be partitioned 
into three disjoint subsets A,B, C satisfying the following conditions: 


BA = B , B 2 = C, BC = A , 


where HK stands for the set \hk \ h G H, k G K} for any two subsets H , K 
of Q + and H 2 stands for HH. 

(b) Show that all positive rational cubes are in A for such a partition of Q + . 

(c) Find such a partition Q + = A LIB U C with the property that for no positive 
integer n < 34 are both n and n + 1 in A; that is, 


min{« G N | n gA,n+ 1 G A} > 34. 


10. (IND 5) A natural number n is said to have the property P if whenever n divides 
a n — 1 for some integer a, n 2 also necessarily divides a" — 1 . 

(a) Show that every prime number has property P. 

(b) Show that there are infinitely many composite numbers n that possess prop- 


erty P. 


1 1 . (IRL 1) imo1 Let n > 1 be an integer and let f(x) = x" + 5x ? + 3 . Prove that 
there do not exist polynomials g(x),h(x), each having integer coefficients and 
degree at least one, such that f(x) = g(x)h(x). 

12. (IRL 2) Let n, k be positive integers with k<n and let S be a set containing n 
distinct real numbers. Let T be the set of all real numbers of the form x i +X 2 + 

\-Xk, where x\ ,X 2 , . . . ,jc* are distinct elements of S. Prove that T contains at 

least k(n — k) + 1 distinct elements. 

13. (IRL 3) Let S be the set of all pairs ( m,n ) of relatively prime positive integers 
m,n with n even and m < n. For ,y = ( m,n ) 6 S write n = 2 k no, where k. n,Q are 
positive integers with no odd and define f(s') = (no, m+n — no). 

Prove that / is a function from S to S and that for each s= (m,ri) G S, there exists 
a positive integer t < m+ ^ +1 such that f (,y) = s, where 


/(» = (/o/o-.-o/)(j). 


t times 
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Ifm + nis a prime number that does not divide 2 k — 1 for k = 1 . 2 .... .m + n — 2 , 
prove that the smallest value of t that satisfies the above conditions is [ m ~” +l ] , 
where [x] denotes the greatest integer less than or equal to x. 

14. (ISR 1) The vertices D,E,F of an equilateral triangle lie on the sides BC, CA,AB 
respectively of a triangle ABC. Jfa.b.c are the respective lengths of these sides, 
and S the area of ABC, prove that 


\/a 2 + b 2 + c 2 + 4-\/3 S 

15. (MKD 1) IM04 For three points A,B,C in the plane we define m(ABC) to be the 
smallest length of the three altitudes of the triangle ABC, where in the case of 
A,B,C collinear, m{ABC) = 0. Let A,B, C be given points in the plane. Prove that 
for any point X in the plane, 

m(ABC ) < m{ABX) + m(AXC) + m(X BC). 

16. (MKD 3) Let n £ N, n > 2, and Ao = (ao i , ao 2 ■ ■ ■ ■ ■ «o« ) he any n-tuple of 

natural numbers such that 0 < ao; < i — 1, for i = I ,n. The n-tuples A i = 

(an,ai 2 ,. ■ . ,a i„), A 2 = ( 021 , 022 , ■ ■ ■ ,a 2 n), ■ ■ • are defined by 

ai+ij = Cardjo, ; | 1 < / < j — 1 , a,j > oy}, for i G N and j = 1 , . . . , n. 

Prove that there exists isN, such that A k+1 = A k . 

17. (NLD 2) imo6 Let n be an integer greater than 1. In a circular arrangement of 
n lamps Lq, ..., L„_i, each one of that can be either on or off, we start with 
the situation where all lamps are on, and then carry out a sequence of steps, 
Stepo, Stepi , .... If Lj-i (indices are taken modulo n) is on, then Step, changes 
the status of Lj (it goes from on to off or from off to on) but does not change 
the status of any of the other lamps. If L 7 _i is off, then Step; does not change 
anything at all. Show that: 

(a) There is a positive integer M(n) such that after M{n) steps all lamps are on 
again. 

(b) If n has the form 2 k , then all lamps are on after n 2 — 1 steps. 

(c) If n has the form 2* + 1, then all lamps are on after n 2 — n + 1 steps. 

18. (POL 1) Let S n be the number of sequences [a\ .ci 2 , . . . ,a n ), where a,- £ {0, 1}, 
in which no six consecutive blocks are equal. Prove that S„ — > °° as n — > 

19. (ROU 2) Let a,b,n be positive integers, b > 1 and b n — 1 | a. Show that the 
representation of the number a in the base b contains at least n digits different 
from zero. 

20. (ROU 3) Let c \ , . . . , c n e R (n > 2) such that 0 < £" =l c, < n. Show that we can 
find integers k\,...,k n such that X" =1 h = 0 and 

l — n<Ci + nki<n for every i — 
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21. (UNK 1) A circle S is said to cut a circle X diametrally if their common chord 
is a diameter of X. 

Let Sa,Sb,Sc be three circles with distinct centers A.B.C respectively. Prove 
that A,B,C are collinear if and only if there is no unique circle S that cuts each 
of Sa,Sb,Sc diametrally. Prove further that if there exists more than one circle 
S that cuts each of Sa,Sb,Sc diametrally, then all such circles pass through two 
fixed points. Locate these points in relation to the circles Sa,Sb,Sc . 

22. (LINK 2) mo2 A.B.C, D are four points in the plane, with C,D on the same side 
of the line AB, such that AC ■ BD = AD ■ BC and ZADB = 90° + ZACB. Find the 
ratio 

ABCD 
AC ■ BD ’ 

and prove that circles ACD,BCD are orthogonal. (Intersecting circles are said to 
be orthogonal if at either common point their tangents are perpendicular.) 

23. (UNK 3) A finite set of (distinct) positive integers is called a “DS'-set” if each 
of the integers divides the sum of them all. Prove that every finite set of positive 
integers is a subset of some DS- set. 

24. (USA 3) Prove that 

a b | c ( d ^ 2 

b + 2c + 3d + c + 2d+3a + d + 2a + 3b + a + 2b + 3c~ 3 

for all positive real numbers a,b,c,d. 

25. (YNM 1) Solve the following system of equations, in which a is a given number 
satisfying \a\ > 1: 

x \ = ax 2 + 1 , 

xj = ax 3 + 1 , 

*999 = «*1000+ 1) 

*1000 = axi + l. 

26. (YNM 2) Let a, b, c, d be four nonnegative numbers satisfying a+b + c+d= 1. 
Prove the inequality 


1 176 

abc + bed + eda + dab < — + — —abed . 


3.35 The Thirty-Fifth IMO 
Hong Kong, July 9-22, 1994 
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First Day (July 13) 

1. Let m and n be positive integers. The set A = {ai,a 2 , ■ ■ ■ ,a m } is a subset of 
1,2 Whenever a,- + aj < n, 1 < i < j < m, a,- + aj also belongs to A. Prove 
that 

a\ +a 2 -\ Ya m ^ n+ 1 

m “ 2 ' 

2. N is an arbitrary point on the bisector of ZBAC. P and O are points on the lines 
AB and AM, respectively, such that ZANP = 90° = ZAPO. Q is an arbitrary point 
on NP, and an arbitrary line through Q meets the lines AB and AC at E and F 
respectively. Prove that ZOQE = 90° if and only if QE = QF. 

3. For any positive integer k, A k is the subset of {k + 1 , k + 2 , . . . , 2k} consisting of 
all elements whose digits in base 2 contain exactly three 1 ’s. Let f(k) denote the 
number of elements in A k . 

(a) Prove that for any positive integer m, f(k) = m has at least one solution. 

(b) Determine all positive integers m for which f(k) = m has a unique solution. 

Second Day (July 14) 

4. Determine all pairs (m,n) of positive integers such that y is an integer. 

5. Let S be the set of real numbers greater than —1. Find all functions / : S — > S 
such that 

f(x + f(y)+xf(y)) =y + f(x)+yf(x) for all x and y in 5, 

and f(x ) /x is strictly increasing for —1 < x < 0 and for 0 < x. 

6. Find a set A of positive integers such that for any infinite set P of prime num- 
bers, there exist positive integers m e A and ntf_A, both the product of the same 
number (at least two) of distinct elements of P. 

3.35.2 Shortlisted Problems 

1. A1 (USA) Let ao = 1994 and a„ + i = for each nonnegative integer n. Prove 
that 1994 — n is the greatest integer less than or equal to a n , 0 < n < 998. 

2. A2 (FRA) im01 Let m and n be positive integers. The set A = {ai,a 2 ,- . . , a m } is a 

subset of { 1 , 2, . . . , n} . Whenever a; + aj < n, 1 < i < j < m, ai + aj also belongs 
to A. Prove that ai +a 2 + - ■ -+a m ^ n+ 1 

“ 2 ' 


m 
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3. A3 (UNK) IM05 Let S be the set of real numbers greater than — 1 . Find all func- 
tions / : 5 — > S such that 

fix + f(y) +xf(y )) =y + f(x) +yf(x) for all x and v in S, 
and f(x) jx is strictly increasing for — 1 < x < 0 and for 0 < x. 

4. A4 (MNG) Let M denote the set of all real numbers and M + the subset of all 
positive ones. Let a and J3 be given elements in M, not necessarily distinct. Find 
all functions / : R+ — + M such that 


mm = y a f (|) +xPf (|) for all x and y in K+. 


5. A5 (POL) Let /(x) = 4±i for x / 0. Define f (0) {x) = x and /W(x) = 
/(/("' _1 ) (x)) for all positive integers n and x ^ 0. Prove that for all nonnega- 
tive integers n and x ^ — 1 , 0, or 1 , 


/ (n) w 

y(n+!)(x) 



6. Cl (UKR) On a 5 x 5 board, two players alternately mark numbers on empty 
cells. The first player always marks l’s, the second 0’s. One number is marked 
per turn, until the board is filled. For each of the nine 3x3 squares the sum of 
the nine numbers on its cells is computed. Denote by A the maximum of these 
sums. How large can the first player make A, regardless of the responses of the 
second player? 

7. C2 (COL) In a certain city, age is reckoned in terms of real numbers rather 
than integers. Every two citizens x and x' either know each other or do not know 
each other. Moreover, if they do not, then there exists a chain of citizens x = 
xo,xi , . . . ,x„ = xf for some integer n > 2 such that x,_ i and x,- know each other. 
In a census, all male citizens declare their ages, and there is at least one male 
citizen. Each female citizen provides only the information that her age is the 
average of the ages of all the citizens she knows. Prove that this is enough to 
determine uniquely the ages of all the female citizens. 

8. C3 (MKD) Peter has three accounts in a bank, each with an integral number 
of dollars. He is only allowed to transfer money from one account to another so 
that the amount of money in the latter is doubled. 

(a) Prove that Peter can always transfer all his money into two accounts. 

(b) Can Peter always transfer all his money into one account? 

9. C4 (EST) There are n + 1 fixed positions in a row, labeled 0 to n in increasing 
order from right to left. Cards numbered 0 to n are shuffled and dealt, one in each 
position. The object of the game is to have card i in the ith position for 0 <i<n. 
If this has not been achieved, the following move is executed. Determine the 
smallest k such that the kth position is occupied by a card l > k. Remove this 
card, slide all cards from the (k+ l)st to the 7th position one place to the right, 
and replace the card l in the Zth position. 
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(a) Prove that the game lasts at most 2" — 1 moves. 

(b) Prove that there exists a unique initial configuration for which the game 
lasts exactly 2" — 1 moves. 

10. C5 (SWE) At a round table are 1994 girls, playing a game with a deck of 
n cards. Initially, one girl holds all the cards. In each turn, if at least one girl 
holds at least two cards, one of these girls must pass a card to each of her two 
neighbors. The game ends when and only when each girl is holding at most one 
card. 

(a) Prove that if n> 1994, then the game cannot end. 

(b) Prove that if n < 1994, then the game must end. 

1 1 . C6 (FIN) On an infinite square grid, two players alternately mark symbols on 
empty cells. The first player always marks X’s, the second O’s. One symbol 
is marked per turn. The first player wins if there are 11 consecutive X’s in a 
row, column, or diagonal. Prove that the second player can prevent the first from 
winning. 

12. C7 (BRA) Prove that for any integer n > 2, there exists a set of 2" _1 points 
in the plane such that no 3 lie on a line and no 2 n are the vertices of a convex 
2n-gon. 

13. G1 (FRA) A semicircle F is drawn on one side of a straight line Z. C and D are 
points on F. The tangents to F at C and D meet Z at B and A respectively, with 
the center of the semicircle between them. Let E be the point of intersection of 
AC and BD, and F the point on Z such that EF is perpendicular to Z. Prove that 
EF bisects Z.CFD. 

14. G2 (UKR) ABCD is a quadrilateral with BC parallel to AD. M is the midpoint 
of CD, P that of MA and Q that of MB. The lines DP and CQ meet at N. Prove 
that N is not outside triangle ABM. 9 

15. G3 (RUS) A circle co is tangent to two parallel lines l\ and h- A second circle 
ft>i is tangent to l\ at A and to co externally at C. A third circle ©2 is tangent to 
I 2 at B, to co externally at D, and to ( 0 \ externally at E. AD intersects BC at Q. 
Prove that Q is the circumcenter of triangle CDE. 

16. G4 (AUS-ARM) IM02 N is an arbitrary point on the bisector of ABAC. P and 0 
are points on the lines AB and AN, respectively, such that AANP = 90° = AAPO. 
Q is an arbitrary point on NP, and an arbitrary line through Q meets the lines AB 
and AC at E and F respectively. Prove that AOQE = 90° if and only if QE = QF. 

17. G5 (CYP) A line Z does not meet a circle co with center 0. E is the point 
on Z such that OE is perpendicular to Z. M is any point on Z other than E. The 
tangents from M to (0 touch it at A and B. C is the point on MA such that EC is 
perpendicular to MA. D is the point on MB such that ED is perpendicular to MB. 

9 This problem is false. However, it is true if “not outside ABM ” is replaced by “not outside 
ABCD”. 
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The line CD cuts OE at F. Prove that the location of F is independent of that of 
M. 

18. N1 (BGR) M is a subset of {1, 2, 3, , 15} such that the product of any three 
distinct elements of M is not a square. Determine the maximum number of ele- 
ments in M. 

19. N2 (AUS) IM04 Determine all pairs {m.n) of positive integers such that \ is 
an integer. 

20. N3 (FIN) im06 Find a set A of positive integers such that for any infinite set P of 
prime numbers, there exist positive integers mSA and ntf_ A, both the product 
of the same number of distinct elements of P. 

21. N4 (FRA) For any positive integer xo, three sequences {x„},{y n }, and {z n } are 
defined as follows: 

(i) >’o = 4 and z.o = 1; 

(ii) if x„ is even for n > 0, x n+ \ = y, y n+ \ = 2y„, and z n +i = Zn', 

(iii) if x n is odd for n > 0, x n+] = x„ - ^ - z n , y n + 1 = y n , and z n +i = y n + Z n - 
The integer xo is said to be good if x„ = 0 for some n > 1. Find the number of 
good integers less than or equal to 1994. 

22. N5 (ROU) im03 For any positive integer k, A k is the subset of {k+ l,k+2, . . .,2k} 
consisting of all elements whose digits in base 2 contain exactly three 1 ’s. Let 
f(k) denote the number of elements in A^. 

(a) Prove that for any positive integer m, f(k) = m has at least one solution. 

(b) Determine all positive integers m for which f(k) = m has a unique solution. 

23. N6 (LVA) Let xi and X 2 be relatively prime positive integers. For n> 2, define 

x„_i =x„x„ l + L 

(a) Prove that for every i > 1, there exists j > i such that x\ divides x 1 -. 

(b) Is it true that x\ must divide x' for some j > 1? 

24. N7 (UNK) A wobbly number is a positive integer whose digits in base 10 are al- 
ternately nonzero and zero, the units digit being nonzero. Determine all positive 
integers that do not divide any wobbly number. 
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3.36 The Thirty-Sixth IMO 
Toronto, Canada, July 13-25, 1995 

3.36.1 Contest Problems 

First Day ( July 19) 

1. Let A,B,C , and D be distinct points on a line, in that order. The circles with 
diameters AC and BD intersect at X and Y. O is an arbitrary point on the line XY 
but not on AD. CO intersects the circle with diameter AC again at M, and BO 
intersects the other circle again at N. Prove that the lines AM, DN, and XY are 
concurrent. 

2. Let a, b, and c be positive real numbers such that abc = 1 . Prove that 

1 1 1 3 

a 3 (b + c) b 3 (a + c) c 3 (a + b ) — 2' 

3. Determine all integers n > 3 such that there are n points A i ,/L, . . . ,A n in the 
plane that satisfy the following two conditions simultaneously: 

(a) No three lie on the same line. 

(b) There exist real numbers pi,P2,- ■ ■ ,Pn such that the area of A AiAjA^ is 
equal to p t + pj + Pb for 1 < i < j <k<n. 

Second Day ( July 20) 

4. The positive real numbers Xq,Xi, . . . . x \ 995 satisfy xo = X 1995 and 

2 „ 1 

Xj—i H = 2 Xi H — 

Xj_i Xi 

for i = 1,2, ... , 1995. Find the maximum value that xo can have. 

5. Let ABCDEF be a convex hexagon with AB = BC = CD, DE = EF = FA, and 
XBCD = XEFA = n/?> (that is, 60°). Let G and H be two points interior to the 
hexagon, such that angles AGB and DHE are both 2k/ 3 (that is, 120°). Prove 
that AG + GB + GH+DH + HE>CF. 

6. Let p be an odd prime. Find the number of p-element subsets A of {1,2,..., 2p\ 
such that the sum of all elements of A is divisible by p. 


3.36.2 Shortlisted Problems 

1 . A1 (RUS ) im02 Let a, b, and c be positive real numbers such that abc = 1 . Prove 
that 

1 1 1 3 

a 3 (b + c) + b 3 (a + c) + c 3 (a + b) ~ 2 
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2. A2 (SWE) Let a and b be nonnegative integers such that ab > c 2 , where c is 
an integer. Prove that there is a number n and integers X\,X2, ■ ■ ■ ,x n ,yi,yi, • ••,}'« 
such that 

n n n 

Y, x f =a ’ and Y l x ‘yi =c - 

i=i i=i i=i 

3. A3 (UKR) Let n be an integer, n> 3. Let a\ ,ci 2 . . . . ,a n be real numbers such 

that 2 < at < 3 for i = 1 , 2, . . . , n. If s = a\ + a .2 H 1 -a n , prove that 

«i+«2~ a 3 , al + al-aj [ | ag + af-^ <;! _ ^ 

a\ ai — ai + — 04 a n -\-ai — ci2 ~ 

4. A4 (USA) Let a, b, and c be given positive real numbers. Determine all positive 
real numbers x, y, and z such that 


x+y+z = a + b+c 
and 

4xyz - {a 2 x + b 2 y + c 2 z) = abc. 

5. A5 (UKR) Let R be the set of real numbers. Does there exist a function / : R — ► 
R that simultaneously satisfies the following three conditions? 

(a) There is a positive number M such that — M < f(x) < M for all x. 

(b) /(l) = 1. 

(c) If x 0, then 

6. A6 (JPN) Let n be an integer, n > 3. Letxi ,X 2 , . . . ,x n be real numbers such that 
Xj < Xj + 1 for 1 < i < n — 1 . Prove that 


n{n 2 'L x i x J> • 

7. G1 (BGR) imo1 Let A,B,C, and D be distinct points on a line, in that order. The 
circles with diameters AC and BD intersect at X and Y . O is an arbitrary point 
on the line XY but not on AD. CO intersects the circle with diameter AC again 
at M, and BO intersects the other circle again at N. Prove that the lines AM, DN, 
and XY are concurrent. 

8. G2 (GER) Let A,B, and C be noncollinear points. Prove that there is a unique 
point X in the plane of ABC such that XA 2 +XB 2 +AB 2 = XB 2 +XC 2 + BC 2 = 

xc 2 +xa 2 +ca 2 . 

9. G3 (TUR) The incircle of ABC touches BC, CA, and AB at D, E, and F re- 
spectively. A is a point inside ABC such that the incircle of XBC touches BC at 
D also, and touches CX and XB at Y and Z, respectively. Prove that EFZY is a 
cyclic quadrilateral. 
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10. G4 (UKR) An acute triangle ABC is given. Points Ai and A2 are taken on the 
side BC (with A2 between A t and C), B\ and B2 on the side AC (with £>2 between 
B\ and A), and C\ and C2 on the side AB (with C2 between C\ and B) such that 

ZAA1A2 = ZAA 2 A, = ZBB1B2 = ZBB 2 Bi = ZCC1C2 = ZCC2C1. 

The lines AA\,BB\, and CCi form a triangle, and the lines AA 2 . BB 2 , and CC2 
form a second triangle. Prove that all six vertices of these two triangles lie on a 
single circle. 

1 1 . G5 (NZL) mo5 Let ABCDEF be a convex hexagon with AB = BC= CD, DE = 
EF = FA, and ZBCD = ZEFA = n/ 3 (that is, 60°). Let G and H be two points 
interior to the hexagon such that angles AGB and DH E are both 2n/3 (that is, 
120°). Prove that AG + GB + GH + DH + HE > CF. 

12. G6 (USA) LetAiA 2 A 3 A4 be a tetrahedron, G its centroid, andA'^A^Aj, and .4 4 
the points where the circumsphere of A1A2A3A4 intersects GAi,GA 2,GA3, and 
GA4, respectively. Prove that 

GAi • GA 2 • GA 3 • GA 4 < GA\ ■ GA' 2 ■ GA' 3 ■ GA\ 


GA[ + GA' 2 + GA' 3 + GA\ ~ GAi + GA 2 + GA 3 + GA 4 ' 

13. G7 (LVA) O is a point inside a convex quadrilateral ABCD of area S. K, L, M, 
and N are interior points of the sides AB, BC, CD, and DA respectively. If OKBL 
and OMDN are parallelograms, prove that y/S > y/S\ + yfSi, where Si and S 2 
are the areas of ONAK and OLCM respectively. 

14. G8 (COL) Let ABC be a triangle. A circle passing through B and C intersects 
the sides AB and AC again at C' and B' , respectively. Prove that BB',CC' , and 
HH' are concurrent, where H and H' are the orthocenters of triangles ABC and 
AB'C' respectively. 

15. N1 (ROU) Let k be a positive integer. Prove that there are infinitely many perfect 
squares of the form n2 k — 7, where n is a positive integer. 

16. N2 (RUS) Let Z denote the set of all integers. Prove that for any integers A 
and B, one can find an integer C for which M\ = {x 2 +Ax + B : x G Z} and 
M 2 = {2x 2 + 2x + C : x € Z} do not intersect. 

17. N3 (CZE) im03 Determine all integers n > 3 such that there are n points A\, A2, 
. . . , A„ in the plane that satisfy the following two conditions simultaneously: 

(a) No three lie on the same line. 

(b) There exist real numbers P\-P2- - - - Pn such that the area of AA/AyA*. is 
equal to p t + pj + p^, for 1 < i < j <k<n. 

18. N4 (BGR) Find all positive integers x and y such that x +y 2 + z 3 = xyz, where 
z is the greatest common divisor of x and y. 
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19. N5 (IRL) At a meeting of 12 k people, each person exchanges greetings with 
exactly 3k + 6 others. For any two people, the number who exchange greetings 
with both is the same. How many people are at the meeting? 

20. N6 (POL) IM06 Let p be an odd prime. Find the number of p-element subsets A 
of { 1 , 2, . . . , 2 p} such that the sum of all elements of A is divisible by p. 

21. N7 (BLR) Does there exist an integer n > 1 that satisfies the following condi- 
tion? 

The set of positive integers can be partitioned into n nonempty subsets such 
that an arbitrary sum of n — 1 integers, one taken from each of any n — 1 of the 
subsets, lies in the remaining subset. 

22. N8 (GER) Let p be an odd prime. Determine positive integers x and y for which 
x < y and y/2p — yfx — y/y is nonnegative and as small as possible. 

23. SI (UKR) Does there exist a sequence F(l),F (2), F (3), ... of nonnegative in- 
tegers that simultaneously satisfies the following three conditions? 

(a) Each of the integers 0,1,2,... occurs in the sequence. 

(b) Each positive integer occurs in the sequence infinitely often. 

(c) For any n> 2, 


F (f (n 163 )) = F(F{n)) +F(F{ 361)). 

24. S2 (POL) IM04 The positive real numbers xq , x i > ■ ■ ■ , *1995 satisfy xq = *1995 and 

2 „ 1 

1 H = 2 Xi -\ — 

Xi- 1 Xi 

for i = 1,2, ... , 1995. Find the maximum value that xq can have. 

25. S3 (POL) For an integer x > 1, let p(x) he the least prime that does not divide 
x, and define q{x) to be the product of all primes less than p(x). In particu- 
lar, p( 1) = 2. For x such that p(x) = 2, define q(x) = 1. Consider the sequence 
xq,xi,x 2 ,... defined by xq = 1 and 


X n +l 


XnP(Xn) 

qix n ) 


for n > 0. Find all n such that x n = 1995. 

26. S4 (NZL) Suppose that X] ,*2 A 3 , • • • are positive real numbers for which 

j = 0 


for n = 1 , 2, 3 , Prove that for all n, 

~ 2 > 


2 — < x„ <2 — — — . 

9«-l ~ 9 « 
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27. S5 (FIN) For positive integers n, the numbers f(n ) are defined inductively as 
follows: /(l) = 1, and for every positive integer n, f(n + 1) is the greatest integer 
m such that there is an arithmetic progression of positive integers a\ < 0.2 < ■ ■ ■ < 
a m =n for which 

f(ai)=f(a 2 ) = ---=f{a m ). 

Prove that there are positive integers a and b such that f{an + b) = n + 2 for 
every positive integer n. 

28. S6 (IND) Let N denote the set of all positive integers. Prove that there exists a 
unique function / : N — > N satisfying 

f{m + f{n))=n+f(m + 95) 
for all m and n in N. What is the value of X^=i /(£)? 


280 3 Problems 


3.37 The Third-Seventh IMO 
Mumbai, India, July 5-17, 1996 

3.37.1 Contest Problems 

First Day (July 10) 

1 . We are given a positive integer r and a rectangular board ABCD with dimensions 
\AB\ = 20, \BC\ = 12. The rectangle is divided into a grid of 20 x 12 unit squares. 
The following moves are permitted on the board: One can move from one square 
to another only if the distance between the centers of the two squares is y/r. The 
task is to find a sequence of moves leading from the square corresponding to 
vertex A to the square corresponding to vertex B. 

(a) Show that the task cannot be done if r is divisible by 2 or 3. 

(b) Prove that the task is possible when r = 73. 

(c) Is there a solution when r = 97? 

2. Let P be a point inside AABC such that 

ZAPB - ZC = ZAPC - ZB. 

Let D, E be the incenters of A APB, AAPC respectively. Show that AP, BD, and 
CE meet in a point. 

3. Let No denote the set of nonnegative integers. Find all functions / from No into 
itself such that 

f(m + f(n)) =/(/(«)) +/(n), Vm,«e N 0 . 

Second Day (July 11) 

4. The positive integers a and b are such that the numbers 15a +16 b and 1 6a — 1 5b 
are both squares of positive integers. What is the least possible value that can be 
taken on by the smaller of these two squares? 

5. Let ABCDEF be a convex hexagon such that AB is parallel to DE, BC is parallel 
to EF, and CD is parallel to AF. Let Ra,Rc,Re be the circumradii of triangles 
FAB,BCD,DEF respectively, and let P denote the perimeter of the hexagon. 
Prove that 

Ra +Rc + Re > ^ ■ 

6. Let p,q,n be three positive integers with p + q < n. Let (xo,xi .... ,x„) be an 
(: n + 1) -tuple of integers satisfying the following conditions: 

(i) xo=x n = 0. 

(ii) For each i with 1 < i < n, either x,- — x,_ i = p or x; — x,_ \ = —q. 

Show that there exists a pair ( i , j ) of distinct indices with (i. j) ^ (0,n) such that 

Xi = Xj. 
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3.37.2 Shortlisted Problems 

1 . A1 (SVN) Let a , b, and c be positive real numbers such that abc = 1. Prove that 

ab be ca < ^ 

a 4 5 6 + b 5 + ab b 5 + c 5 + be c 5 + a 5 + ca ~ 

When does equality hold? 

2. A2 (IRL) Let a\ > a 2 > ■ ■ ■ > a n be real numbers such that 

a\ + a k 2 -\ \-a k n >0 

for all integers k > 0. Let p = max{|ai |, . . . , \a n \}. Prove that p = a\ and that 
(x — fli)(x — a?) ■ ■ ■ (x — a n ) < x” — a” 


for allx > a\. 

3. A3 (HEL) Let a > 2 be given, and define recursively 


ao = 1, a\ = a, 


a n + 1 = 



a„. 


Show that for all k S N, we have 


1 + 1 + 1 
ao a i a 2 


— < i (2 + a- Va 2 -4) . 

a k 2 \ ) 


4. A4 (KOR) Letaj, 02 , ...,a n be nonnegative real numbers, not all zero. 

(a) Prove that x" — aix" _1 a n -\x — a„ = 0 has precisely one positive real 

root. 

(b) Let A = YJ)=\aj, 5=2 ja,, and let R be the positive real root of the 
equation in part (a). Prove that 

A a <R b . 


5. A5 (ROU) Let P{x) be the real polynomial function P(x) = ax 3 +bx 2 + cx + d. 
Prove that if \P{x) \ < 1 for all x such that \x\ < 1, then 

\a\ + \b\ + |c| + |d| < 7. 

6. A6 (IRL) Let n be an even positive integer. Prove that there exists a positive 
integer k such that 

k = f(x)(x+l) n + g(x)(x n + l) 

for some polynomials f(x),g(x) having integer coefficients. If ko denotes the 
least such k, determine ko as a function of n. 

A6' Let n be an even positive integer. Prove that there exists a positive integer k 
such that 


282 


3 Problems 


k=f(x)(x+i) n + g (x)( x r+i) 

for some polynomials f(x),g(x ) having integer coefficients. If ko denotes the 
least such k, show that ko = 2 q , where q is the odd integer determined by n = q2 r , 
re N. 

A6" Prove that for each positive integer n, there exist polynomials f(x),g(x) 
having integer coefficients such that 

f( x )(x + 1 ) 2 " + g( x )(x 2 " + 1) = 2. 

7. A7 (ARM) Let / be a function from the set of real numbers R into itself such 
that for all x e M, we have \f(x) \ < 1 and 

4 + i) +/w=/ H) +/ H)' 

Prove that / is a periodic function (that is, there exists a nonzero real number c 
such that f(x + c) = /( x) for all x G M). 

8. A8 (ROU) imo3 Let No denote the set of nonnegative integers. Find all functions 
/ from No into itself such that 

f(m + f(n)) =f(f(m)) + f(n), Vm,n€ N 0 . 

9. A9 (POL) Let the sequence a{n), n = 1 , 2, 3, . . . , be generated as follows: a( 1 ) = 
0, and for n > 1, 

//(//+ 1) 

a(n) = a([n/2]) + (— 1) * . (Here [t] = the greatest integer < t.) 

(a) Determine the maximum and minimum value of a(n) over n < 1996 and 
find all n < 1996 for which these extreme values are attained. 

(b) How many terms a(n),n< 1996, are equal to 0? 

10. G1 (UNK) Let triangle ABC have orthocenter H, and let P be a point on its 
circumcircle, distinct from A, B, C. Let E be the foot of the altitude BH, let PAQB 
and PARC be parallelograms, and let AQ meet HR in X. Prove that EX is parallel 
to AP. 

11. G2 (CAN) mo2 Let P be a point inside AABC such that 

ZAPB — Z.C = ZAPC - ZB. 

Let D,E be the incenters of A APB, A APC respectively. Show that AP.BD and 
CE meet in a point. 

12. G3 (UNK) Let ABC be an acute-angled triangle with BC > CA. Let O be the 
circumcenter, H its orthocenter, and F the foot of its altitude CH. Let the per- 
pendicular to OF at F meet the side CA at P. Prove that ZFHP = ZBAC. 
Possible second part: What happens if \BC\ < \CA\ (the triangle still being acute- 
angled)? 
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13. G4 (USA) Let AABC be an equilateral triangle and let P be a point in its inte- 
rior. Let the lines AP,BP,CP meet the sides BC.CA.AB in the points A\,B\,C\ 
respectively. Prove that 

A\B\ -B\C\ -CiAi >A\B-B\C-CiA. 

14. G5 (ARM) imo5 Let ABCDEF be a convex hexagon such that AB is parallel to 
DE,BC is parallel to EF, and CD is parallel to AC. Let Ra,Rc,Re be thecircum- 
radii of triangles FAB,BCD,DEF respectively, and let P denote the perimeter of 
the hexagon. Prove that 

Ra+Rc + Re > 2' 

15. G6 (ARM) Let the sides of two rectangles be {a, b} and {c,d} with a<c < 
d <b and ab < cd. Prove that the first rectangle can be placed within the second 
one if and only if 

(, b 2 - a 2 ) 2 < ( bd - ac f + {be - ad) 2 . 

16. G7 (UNK) Let ABC be an acute-angled triangle with circumcenter O and cir- 
cumradius R. Let AO meet the circle BOC again in A', let BO meet the circle 
COA again in B! , and let CO meet the circle AOB again in C' . Prove that 

OA! OB' OC'> SR 3 . 

When does equality hold? 

17. G8 (RUS) Let ABCD be a convex quadrilateral, and let R,\, Rb, Rc , and Rn 
denote the circumradii of the triangles DAB, ABC, BCD, and CDA respectively. 
Prove that Ra+Rc > Rb + Rd if and only if 

ZA + Z.O ZB+ZD. 

18. G9 (UKR) In the plane are given a point O and a polygon A (not necessarily 
convex). Let P denote the perimeter of A, D the sum of the distances from O to 
the vertices of and H the sum of the distances from O to the lines containing 
the sides of JL Prove that 

p2 

d 2 -h 2 > 

- 4 

19. N1 (UKR) Four integers are marked on a circle. At each step we simultaneously 
replace each number by the difference between this number and the next number 
on the circle, in a given direction (that is, the numbers a,b,c,d are replaced by 
a — b,b — c,c — d,d — a). Is it possible after 1996 such steps to have numbers 
a,b,c,d such that the numbers \bc — ad\ , \ac — bd \ , \ab — c<7| are primes? 

20. N2 (RUS) ,mo4 The positive integers a and b are such that the numbers 15a+ 16 b 
and 16a — 15b are both squares of positive integers. What is the least possible 
value that can be taken on by the smaller of these two squares? 
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21. N3 (BGR) A finite sequence of integers ao,a\, . . . ,a n is called quadratic if for 
each t 6 {1,2, ... ,n} we have the equality | a, — cq_i| = i 2 . 

(a) Prove that for any two integers b and c, there exist a natural number n and 
a quadratic sequence with a^ = b and a n = c. 

(b) Find the smallest natural number n for which there exists a quadratic se- 
quence with a 0 = 0 and a n = 1996. 

22. N4 (BGR) Find all positive integers a and b for which 



where as usual, [t] refers to greatest integer that is less than or equal to t. 

23. N5 (ROU) Let No denote the set of nonnegative integers. Find a bijective func- 
tion / from No into No such that for all m,n £ No, 

f(3mn + m + n)= 4 f(m)f(n) + f(m) + f{n) . 

24. Cl (FIN) imo1 We are given a positive integer r and a rectangular board ABCD 
with dimensions \AB\ = 20, \BC\ = 12. The rectangle is divided into a grid of 
20 x 12 unit squares. The following moves are permitted on the board: One can 
move from one square to another only if the distance between the centers of the 
two squares is \fr. The task is to find a sequence of moves leading from the 
square corresponding to vertex A to the square corresponding to vertex B. 

(a) Show that the task cannot be done if r is divisible by 2 or 3. 

(b) Prove that the task is possible when r = 13. 

(c) Is there a solution when r = 97? 

25. C2 (UKR) An (« — 1) x (n — 1) square is divided into (n — l) 2 unit squares in 
the usual manner. Each of the n 2 vertices of these squares is to be colored red 
or blue. Find the number of different colorings such that each unit square has 
exactly two red vertices. (Two coloring schemes are regarded as different if at 
least one vertex is colored differently in the two schemes.) 

26. C3 (USA) Let k,m,n be integers such that 1 < n < m ~ \ < k. Determine the 
maximum size of a subset S of the set {1,2,3, ... ,k} such that no n distinct 
elements of S add up to m. 

27. C4 (FIN) Determine whether or not there exist two disjoint infinite sets .6/ and 
88 of points in the plane satisfying the following conditions: 

(i) No three points in srf U 88 are collinear, and the distance between any two 
points in si U !%) is at least 1 . 

(ii) There is a point of srf in any triangle whose vertices are in 88, and there is 
a point of 88 in any triangle whose vertices are in ,fi/. 

28. C5 (FRA) IM06 Let p,q,n be three positive integers with p + q<n. Let (xq, x\, 
. . . , x n ) be an (n + l)-tuple of integers satisfying the following conditions: 

(i) x 0 =x n = 0. 
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(ii) For each i with 1 < i < n, either x,- — x,-_ i = p or x, — X;_i = —q. 

Show that there exists a pair ( i , j ) of distinct indices with (i. j ) / (0,n) such that 

X; = Xj. 

29. C6 (CAN) A finite number of beans are placed on an infinite row of squares. A 
sequence of moves is performed as follows: At each stage a square containing 
more than one bean is chosen. Two beans are taken from this square; one of them 
is placed on the square immediately to the left, and the other is placed on the 
square immediately to the right of the chosen square. The sequence terminates 
if at some point there is at most one bean on each square. Given some initial 
configuration, show that any legal sequence of moves will terminate after the 
same number of steps and with the same final configuration. 

30. C7 (IRL) Let U be a finite set and let f,g be bijective functions from U onto 
itself. Let 

S = {w e U : = g(g(w))}, T = {w G U : = g(f{w))}, 

and suppose that U = SUT. Prove that for every wet/, /(w) £ S if and only if 
g(w) e S. 
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3.38 The Thirty-Eighth IMO 

Mar del Plata, Argentina, July 18-31, 1997 

3.38.1 Contest Problems 


First Day (July 24) 

1. An infinite square grid is colored in the chessboard pattern. For any pair of pos- 
itive integers m, n consider a right-angled triangle whose vertices are grid points 
and whose legs, of lengths m and n, run along the lines of the grid. Let .S';, be the 
total area of the black part of the triangle and S w the total area of its white part. 
Define the function f(m,n ) = |S& — S w \ . 

(a) Calculate /(m,n) for all m,n that have the same parity. 

(b) Prove that f(m,n) < jma x(m,n). 

(c) Show that f(m, n) is not bounded from above. 

2. In triangle ABC the angle at A is the smallest. A line through A meets the circum- 
circle again at the point U lying on the arc BC opposite to A. The perpendicular 
bisectors of CA and AB meet AU at V and W, respectively, and the lines CV,BW 
meet at T. Show that AU = TB + TC. 


3. Let xi,X 2 , • • • ,x„ be real numbers satisfying the conditions 


|*l+*2-| \-X n \ = 1 


and 


\xi\ < 


n+ 1 
2 


for i=l,2,...,n. 


Show that there exists a permutation yi ,...,y n of the sequence x\ , . . . ,x n such 
that 

l 71+1 

|yi +2y 2 H \-ny n \ < — 


Second Day (July 25 ) 


4. An n x n matrix with entries from {1,2, ... ,2n — 1} is called a silver matrix if 
for each i the union of the ;th row and the ith column contains 2n — 1 distinct 
entries. Show that: 

(a) There exist no silver matrices for n = 1997. 

(b) Silver matrices exist for infinitely many values of n. 

5. Find all pairs of integers x,y> 1 satisfying the equation x y2 = y*. 

6. For a positive integer n, let f(n) denote the number of ways to represent n as 
the sum of powers of 2 with nonnegative integer exponents. Representations that 
differ only in the ordering in their summands are not considered to be distinct. 
(For instance, /( 4) = 4 because the number 4 can be represented in the following 
four ways: 4; 2+2; 2+1+1; l+l+l+l.) Prove that the inequality 

2" 2 / 4 < /( 2 n ) < 2 " 2 / 2 


holds for any integer n> 3. 
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3.38.2 Shortlisted Problems 

1. (BLR) im01 An infinite square grid is colored in the chessboard pattern. For any 
pair of positive integers m, n consider a right-angled triangle whose vertices are 
grid points and whose legs, of lengths m and n, run along the lines of the grid. 
Let St be the total area of the black part of the triangle and S w the total area of 
its white part. Define the function f(m, n) — ■ JSj, — S w \ . 

(a) Calculate f(m,n) for all m,n that have the same parity. 

(b) Prove that f(m,n) < j max(m.n). 

(c) Show that f(m, n) is not bounded from above. 

2. (CAN) Let • • • be the family of finite sequences of positive integers de- 

fined by the following rules: R\ = (1), and if R n - \ = (jti, . . . ,x s ), then 

R n = (1,2, . . . 1,2, . . . ,X 2 , . . . , 1,2 ,...,x s ,n). 

For example, R 2 = (1,2 ),R 3 = (1, 1,2,3), R 4 = (1, 1, 1,2, 1,2, 3, 4). 

Prove that if n > 1, then the kth term from the left in R n is equal to 1 if and only 
if the kth term from the right in R n is different from 1. 

3. (GER) For each finite set U of nonzero vectors in the plane we define l(U) to 
be the length of the vector that is the sum of all vectors in U. Given a finite set 
V of nonzero vectors in the plane, a subset B of V is said to be maximal if 1(B) 
is greater than or equal to l (A) for each nonempty subset A of V. 

(a) Construct sets of 4 and 5 vectors that have 8 and 10 maximal subsets re- 
spectively. 

(b) Show that for any set V consisting of n > 1 vectors, the number of maximal 
subsets is less than or equal to 2 n. 

4. (IRN) im04 An n x n matrix with entries from { 1 , 2, . . . , 2n — 1 } is called a cov- 
eralls matrix if for each i the union of the ith row and the ;th column contains 
2n — 1 distinct entries. Show that: 

(a) There exist no coveralls matrices for n = 1997. 

(b) Coveralls matrices exist for infinitely many values of n. 

5 . (ROU) Let ABCD be a regular tetrahedron and M, N distinct points in the planes 
ABC and ADC respectively. Show that the segments MN,BN,MD are the sides 
of a triangle. 

6. (IRL) (a) Let n be a positive integer. Prove that there exist distinct positive 

integers x,y,z such that 

x”- 1 +/ = z”+ 1 . 

(b) Let a,b,c be positive integers such that a and b are relatively prime and c 
is relatively prime either to a or to b. Prove that there exist infinitely many 
triples ( x,y,z ) of distinct positive integers x,y,z such that 

x a +y b = z! : . 
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Original formulation: Let a, b, c, n be positive integers such that n is odd and ac 
is relatively prime to 2b. Prove that there exist distinct positive integers x.y.z 
such that 

(i) x a +y b =zf, and 

(ii) xyz is relatively prime to n. 


7. 


(RUS) Let ABODE F be a convex hexagon such that AB = BC, CD = DE, EF = 
FA. Prove that 


BC DE FA 3 
BE + DA + JC ~ 2' 


When does equality occur? 


8. (UNK) IM ° 2 In triangle ABC the angle at A is the smallest. A line through A 
meets the circumcircle again at the point U lying on the arc BC opposite to A. 
The perpendicular bisectors of CA and AB meet AU at V and W, respectively, 
and the lines CV,BW meet at T. Show that AU = TB + TC. 

Original formulation. Four different points A,B,C,D are chosen on a circle F 
such that the triangle BCD is not right-angled. Prove that: 

(a) The perpendicular bisectors of AB and AC meet the line AD at certain points 
W and V, respectively, and that the lines CV and BW meet at a certain point 
T. 

(b) The length of one of the line segments AD, BT , and CT is the sum of the 
lengths of the other two. 


9. (USA) Let A 1 A 2 A 3 be a nonisosceles triangle with incenter/. Let Q, i = 1,2,3, 
be the smaller circle through I tangent to A;A i+ 1 and A,-A ; + 2 (the addition of 
indices being mod 3). Let Bi, i = 1,2,3, be the second point of intersection of 
C,-+ 1 and Q+ 2 - Prove that the circumcenters of the triangles A 1 IffAiBiI.AiBjI 
are collinear. 


10. (CZE) Find all positive integers k for which the following statement is true: 
If F(x ) is a polynomial with integer coefficients satisfying the condition 


0 <F(c)<k for each c e {0,1,..., k+ 1}, 


then F(0) = F(l) = • • • = F(k+ 1). 

11. (NLD) Let P(x) be a polynomial with real coefficients such that P(x) > 0 for 
all x > 0. Prove that there exists a positive integer n such that ( 1 +x) n P(x) is a 
polynomial with nonnegative coefficients. 

12. (ITA) Let p be a prime number and let f(x) be a polynomial of degree d with 
integer coefficients such that: 

(i) /(0) = 0, /(l) = 1; 

(ii) for every positive integer n, the remainder of the division of f(n) by p is 
either 0 or 1. 

Prove that d > p — 1. 

13. (IND) In town A, there are n girls and n boys, and each girl knows each boy. 
In town B, there are n girls gi,g 2 , ■ ■ ■ ,gn and 2n — 1 boys b\ ,& 2 , ■ ■ ■, bin- 1 ■ The 
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girl gi, i = 1,2 ,...,«, knows the boys bi,b 2 , ■ ■ ■ ,& 2 i-t> and no others. For all 
r = 1,2,...,«, denote by A(r),B(r) the number of different ways in which r 
girls from town A, respectively town B, can dance with r boys from their own 
town, forming r pairs, each girl with a boy she knows. Prove that A(r) = B{r ) 
for each r= 1,2 

14. (IND) Let b,m,n be positive integers such that b> 1 and m^n. Prove that if 
b m — 1 and b" — 1 have the same prime divisors, then b+ \ is a power of 2. 

15. (RUS) An infinite arithmetic progression whose terms are positive integers con- 
tains the square of an integer and the cube of an integer. Show that it contains 
the sixth power of an integer. 

16. (BLR) In an acute-angled triangle ABC, let AD, BE be altitudes and AP,BQ 
internal bisectors. Denote by I and O the incenter and the circumcenter of the 
triangle, respectively. Prove that the points D, E, and / are collinear if and only 
if the points P, Q, and O are collinear. 

17. (CZE) im05 Find all pairs of integers x,y> 1 satisfying the equation x y =y x . 

18. (UNK) The altitudes through the vertices A,B,C of an acute-angled triangle 
ABC meet the opposite sides at D,E,F, respectively. The line through D parallel 
to EF meets the lines AC and AB at Q and R, respectively. The line EF meets BC 
at P. Prove that the circumcircle of the triangle PQR passes through the midpoint 
of BC. 

19. (IRL) Let ai > ■ ■ ■ > a n > a n+ \ = 0 be a sequence of real numbers. Prove that 



20. (IRL) Let D be an internal point on the side BC of a triangle ABC. The line 
AD meets the circumcircle of ABC again at X. Let P and Q be the feet of the 
perpendiculars from X to AB and AC, respectively, and let y be the circle with 
diameter XD. Prove that the line PQ is tangent to y if and only if AB = AC. 

21 . (RUS)™ 03 Let x\,X2,...,x n be real numbers satisfying the conditions 

\x\+X2-] \-x n \ = 1 and |jc,-| < + for i=l, 2 ,...,n. 

Show that there exists a permutation y\,...,y n of the sequence x\,...,x n such 
that 



22. (UKR) (a) Do there exist functions / : M — > M and g : M — > R such that 
f(g(x))=x 2 and g(f(x))=x 3 for all x e M? 
(b) Do there exist functions / : K — > M. and g : R — > M such that 


f( g ( x ))= x 2 and g(f(x))=x 4 for all x e M? 
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23. (UNK) Let ABCD be a convex quadrilateral and O the intersection of its diago- 
nals AC and BD. If 

OA sin ZA + OC sin ZC = OB sin ZB + OD sin ZD, 
prove that ABCD is cyclic. 

24. (LTU) im06 For a positive integer n, let f{n) denote the number of ways to rep- 
resent n as the sum of powers of 2 with nonnegative integer exponents. Repre- 
sentations that differ only in the ordering in their summands are not considered 
to be distinct. (For instance, /( 4) = 4 because the number 4 can be represented 
in the following four ways: 4; 2+2; 2+1+1; l+l+l+l.) Prove that the inequality 

2" 2 / 4 < /( 2 n ) < 2" 2 / 2 

holds for any integer n > 3. 

25. (POL) The bisectors of angles A,B,C of a triangle ABC meet its circumcircle 
again at the points K,L,M, respectively. Let R be an internal point on the side 
AB. The points P and Q are defined by the following conditions: RP is parallel to 
AK , and BP is perpendicular to BL; RQ is parallel to BL, and AQ is perpendicular 
to AK. Show that the lines KP,LQ,MR have a point in common. 

26. (ITA) For every integer n > 2 determine the minimum value that the sum 

ao + a\ -\ H a n can take for nonnegative numbers ao,ai,...,a„ satisfying the 

condition 

ao = 1 , a, < a (+ i + a, +2 for i = 0, . . . , n — 2. 
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3.39 The Thirty-Ninth IMO 
Taipei, Taiwan, July 10-21, 1998 

3.39.1 Contest Problems 

First Day (July 15) 

1. A convex quadrilateral ABCD has perpendicular diagonals. The perpendicular 
bisectors of AB and CD meet at a unique point P inside ABCD. Prove that ABCD 
is cyclic if and only if triangles ABP and CDP have equal areas. 

2. In a contest, there are m candidates and n judges, where n > 3 is an odd integer. 
Each candidate is evaluated by each judge as either pass or fail. Suppose that 
each pair of judges agrees on at most k candidates. Prove that 

k n - 1 
m ~ 2 n 

3. For any positive integer n, let x(n) denote the number of its positive divisors 
(including 1 and itself). Determine all positive integers m for which there exists 
a positive integer n such that = m. 

Second Day (July 16) 

4. Determine all pairs (x.y) of positive integers such that x 2 y+x+y is divisible by 
xy 2 +y+l. 

5 . Let / be the incenter of triangle ABC. Let K, L, and M be the points of tangency of 
the incircle of ABC with AB, BC, and CA, respectively. The line t passes through 
B and is parallel to KL. The lines MK and ML intersect t at the points R and S. 
Prove that ZRIS is acute. 

6. Determine the least possible value of /(1998), where / is a function from the 
set N of positive integers into itself such that for all m, n € N, 

f(n 2 f(m))=m[f(n)} 2 . 


3.39.2 Shortlisted Problems 

1 . (LUX) imo1 A convex quadrilateral ABCD has perpendicular diagonals. The per- 
pendicular bisectors of AB and CD meet at a unique point P inside ABCD. Prove 
that ABCD is cyclic if and only if triangles ABP and CDP have equal areas. 

2. (POL) Let ABCD be a cyclic quadrilateral. Let E and F be variable points on the 
sides AB and CD, respectively, such that AB : EB = CF : FD. Let P be the point 
on the segment EF such that PE : PF =AB : CD. Prove that the ratio between 
the areas of triangles APD and BBC does not depend on the choice of E and F. 
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3. (UKR) imo5 Let I be the incenter of triangle ABC. Let K, L, and M be the points 
of tangency of the incircle of ABC with AB, BC, and CA, respectively. The line 
t passes through B and is parallel to KL. The lines MK and ML intersect t at the 
points R and S. Prove that ZRIS is acute. 

4. (ARM) Let M and N be points inside triangle ABC such that 

ZMAB = ZNAC and ZMBA = ZNBC. 

Prove that 

AM-AN BM BN CM CN 
AB AC + BA BC + CA CB ~ 

5. (FRA) Let ABC be a triangle, H its orthocenter, O its circumcenter, and R its 
circumradius. Let D be the reflection of A across BC, E that of B across CA, 
and F that of C across AB. Prove that D, E, and F are collinear if and only if 
OH = 2 R. 

6. (POL) Let ABCDEF be a convex hexagon such that ZB + ZD + ZF = 360° 
and 

AB CD EF 

bc'de'fa- 

Prove that 

BC AE FD _ 1 

CAEFDB- 

7. (UNK) Let ABC be a triangle such that ZACB = 2 ZABC. Let D be the point 
on the side BC such that CD = 2 BD. The segment AD is extended to E so that 
AD = DE. Prove that 

ZECB + 180° = 2ZEBC. 

8. (IND) Let ABC be a triangle such that ZA = 90° and ZB < ZC. The tangent 
at A to its circumcircle a meets the line BC at D. Let E be the reflection of A 
across BC, X the foot of the perpendicular from A to BE, and Y the midpoint of 
AX. Let the line BY meet co again at Z. Prove that the line BD is tangent to the 
circumcircle of triangle ADZ. 

9. (MNG) Let a i M 2 , - ■ ■ - a n be positive real numbers such that a\ +«2 H b a n < 

1. Prove that 

aifl 2 ---a«[l-(ai+a 2 -l b«n)] < 1 

(ai+a 2 -\ ba„)(l — ai)(l — a 2 ) - ■ • (1 — a„) “ n n+l ' 

10. (AUS) Let n,r 2 , ■ . . , r n be real numbers greater than or equal to 1. Prove that 

11 1 ^ n 

n + 1 r 2 + l r„ + 1 “ </nr 2 ---r„ + r 

1 1 . (RUS) Let x, y, and z be positive real numbers such that xyz = 1 ■ Prove that 
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12. (POL) Let n > k > 0 be integers. The numbers c(n,k) are defined as follows: 

c(«,0) = c(n,n) = 1 foralln>0; 

c{n+ \,k) = 2 k c(n,k) +c(n,k— 1) for n > k > 1. 

Prove that c(n, k) = c(n. n — k) for all n > k > 0. 

13. (BGR) im06 Determine the least possible value of /(1998), where / is a function 
from the set N of positive integers into itself such that for all m,n£ N, 

f(n 2 f(m))=m[f(n)} 2 . 

14. (UNK) imo4 Determine all pairs (x,y) of positive integers such that x 2 y + x+y is 
divisible by xy 2 +y + 7. 

15. (AUS) Determine all pairs (a, b) of real numbers such that a [bn\ =b[an\ for all 
positive integers n. (Note that |_xj denotes the greatest integer less than or equal 
tox.) 

16. (UKR) Determine the smallest integer n> 4 for which one can choose four 
different numbers a,b,c, and d from any n distinct integers such that a + b—c—d 
is divisible by 20. 

17. (UNK) A sequence of integers <21,02,03 , ... is defined as follows: a\ = 1, and 
for n > 1, a n+ i is the smallest integer greater than a„ such that a, + ctj 3a/ ( for 
any i,j,k in {1 , 2, 1 }, not necessarily distinct. Determine 01998. 

18. (BGR) Determine all positive integers n for which there exists an integer m such 
that 2” — 1 is a divisor of m 2 + 9. 

19. (BLR) im03 For any positive integer n, let x(n) denote the number of its positive 
divisors (including 1 and itself). Determine all positive integers m for which 
there exists a positive integer n such that = m - 

20. (ARG) Prove that for each positive integer n, there exists a positive integer with 
the following properties: 

(i) It has exactly n digits. 

(ii) None of the digits is 0. 

(iii) It is divisible by the sum of its digits. 

21 . (CAN) Let ao, a\ , 02 , . . . be an increasing sequence of nonnegative integers such 
that every nonnegative integer can be expressed uniquely in the form a,- + 2a j + 
4a*, where i,j,k are not necessarily distinct. Determine <21998- 

22. (UKR) A rectangular array of numbers is given. In each row and each column, 
the sum of all numbers is an integer. Prove that each nonintegral number x in 
the array can be changed into either \x\ or [xj so that the row sums and column 
sums remain unchanged. (Note that \x\ is the least integer greater than or equal 
to x, while |_xj is the greatest integer less than or equal to x.) 
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23. (BLR) Let n be an integer greater than 2. A positive integer is said to be 
attainable if it is 1 or can be obtained from 1 by a sequence of operations with 
the following properties: 

(i) The first operation is either addition or multiplication. 

(ii) Thereafter, additions and multiplications are used alternately. 

(iii) In each addition one can choose independently whether to add 2 or n. 

(iv) In each multiplication, one can choose independently whether to multiply 
by 2 or by n. 

A positive integer that cannot be so obtained is said to be unattainable. 

(a) Prove that if n > 9, there are infinitely many unattainable positive integers. 

(b) Prove that if n = 3, all positive integers except 7 are attainable. 

24. (SWE) Cards numbered 1 to 9 are arranged at random in a row. In a move, one 
may choose any block of consecutive cards whose numbers are in ascending or 
descending order, and switch the block around. For example, 91 653 2748 may 
be changed to 91 356 2748. Prove that in at most 12 moves, one can arrange the 
9 cards so that their numbers are in ascending or descending order. 

25. (NZL) Let U = {1,2, . . . ,n}, where n > 3. A subset S of U is said to be split 
by an arrangement of the elements of U if an element not in S occurs in the 
arrangement somewhere between two elements of S. For example, 13542 splits 
{1,2,3} but not {3,4,5}. Prove that for any n — 2 subsets of U, each containing 
at least 2 and at most n — 1 elements, there is an arrangement of the elements of 
U that splits all of them. 

26. (IND) im02 In a contest, there are m candidates and n judges, where n > 3 is 
an odd integer. Each candidate is evaluated by each judge as either pass or fail. 
Suppose that each pair of judges agrees on at most k candidates. Prove that i> 

n - 1 

27. (BLR) Ten points such that no three of them lie on a line are marked in the 
plane. Each pair of points is connected with a segment. Each of these segments 
is painted with one of k colors in such a way that for any k of the ten points, 
there are k segments each joining two of them with no two being painted the 
same color. Determine all integers k, 1 < k < 10, for which this is possible. 

28. (IRN) A solitaire game is played on an m x n rectangular board, using mn mark- 
ers that are white on one side and black on the other. Initially, each square of the 
board contains a marker with its white side up, except for one corner square, 
which contains a marker with its black side up. In each move, one can take away 
one marker with its black side up, but must then turn over all markers that are in 
squares having an edge in common with the square of the removed marker. De- 
termine all pairs (m,n) of positive integers such that all markers can be removed 
from the board. 


3.40 The Fortieth IMO 
Bucharest, Romania, July 10-22, 1999 

3.40.1 Contest Problems 
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First Day (July 16) 

1. A set S of points in the plane will be called completely symmetric if it has at 
least three elements and satisfies the following condition: For every two distinct 
points A, B from S the perpendicular bisector of the segment AB is an axis of 
symmetry for S. 

Prove that if a completely symmetric set is finite, then it consists of the vertices 
of a regular polygon. 

2. Let n > 2 be a fixed integer. Find the least constant C such that the inequality 

^XiXjtf+X 2 -) <C(£x, 

i<j \ i 

holds for every ,x n > 0 (the sum on the left consists of (”) summands). 
For this constant C, characterize the instances of equality. 

3. Let n be an even positive integer. We say that two different cells of an n x n board 
are neighboring if they have a common side. Find the minimal number of cells 
on the n X n board that must be marked so that every cell (marked or not marked) 
has a marked neighboring cell. 

Second Day (July 17) 

4. Find all pairs of positive integers (x,p) such that p is a prime, x < 2 p, and x p ~ 1 
is a divisor of (p — 1 )* + 1 . 

5. Two circles X2i and 0.2 touch internally the circle O in M and N, and the center 
of O 2 is on 0\ . The common chord of the circles Q\ and O 2 intersects O in A 
and B. MA and MB intersect Q\ in C and D. Prove that O 2 is tangent to CD. 

6. Find all the functions / : R — > R that satisfy 

f{x-f(y))=f(f(y))+xf(y)+f(x)~ 1 


for all x,y e R. 


3.40.2 Shortlisted Problems 

1. N1 (TWN) imo4 Find all pairs of positive integers (x,p) such that p is a prime, 
x < 2 p, and x p ~ 1 is a divisor of (p — 1)*+ 1. 

2. N2 (ARM) Prove that every positive rational number can be represented in the 

a 3 + b 3 

form -= -r , where a, b. c, d are positive integers. 

Ad* 
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3. N3 (RUS) Prove that there exist two strictly increasing sequences ( a n ) and (b n ) 
such that a n (a„ + 1) divides b 2 n + 1 for every natural number n. 

4. N4 (FRA) Denote by S the set of all primes p such that the decimal represen- 
tation of £ has its fundamental period divisible by 3. For every p G S such that 
j has its fundamental period 3r one may write | = 0.a\ ti 2 ■ ■ ■ aj r a\ ci 2 ■ ■ ■ aj r 
. . . , where r = r(p)\ for every pG S and every integer k> 1 define f(k,p ) by 

f(k, p)=a k + a k+r{p) + a k+2r (p) ■ 

(a) Prove that S is infinite. 

(b) Find the highest value of f(k , p) for k > 1 and pG S. 

5. N5 (ARM) Let n,k be positive integers such that n is not divisible by 3 and 
k>n. Prove that there exists a positive integer m that is divisible by n and the 
sum of whose digits in decimal representation is k. 

6. N6 (BLR) Prove that for every real number M there exists an infinite arithmetic 
progression such that: 

(i) each term is a positive integer and the common difference is not divisible 
by 10; 

(ii) the sum of the digits of each term (in decimal representation) exceeds M. 

7. G1 (ARM) Let ABC be a triangle and M an interior point. Prove that 

min{MA , MB,MC} +MA + MB+MC <AB+AC+BC. 

8. G2 (JPN) A circle is called a separator for a set of five points in a plane if it 
passes through three of these points, it contains a fourth point in its interior, and 
the fifth point is outside the circle. 

Prove that every set of five points such that no three are collinear and no four are 
concyclic has exactly four separators. 

9. G3 (EST) IM01 A set S of points in space will be called completely symmetric if 
it has at least three elements and satisfies the following condition: For every two 
distinct points A.B from S the perpendicular bisector of the segment AB is an 
axis of symmetry for S. 

Prove that if a completely symmetric set is finite, then it consists of the vertices 
of either a regular polygon, a regular tetrahedron, or a regular octahedron. 

10. G4 (UNK) For a triangle T = ABC we take the point X on the side (AB) such 
that AX /XB = 4/5, the point Y on the segment ( CX ) such that CY = 2 YX, and, 
if possible, the point Z on the ray (CA such that XCXZ = 180° — /ABC. We 
denote by X the set of all triangles T for which ZXYZ = 45°. 

Prove that all the triangles from E are similar and find the measure of their 
smallest angle. 

11. G5 (FRA) Let ABC be a triangle, Q. its incircle and Q a ,Q b ,Q c three circles 
orthogonal to Q passing through B and C, A and C, and A and B respectively. 
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The circles £2 a ,£2b meet again in C'; in the same way we obtain the points B' and 
A'. Prove that the radius of the circumcircle of A'B'C' is half the radius of £ 2 . 

12. G6 (RUS) im05 Two circles £2i and Q 2 touch internally the circle £2 in M and 
N, and the center of Q 2 is on £2\ . The common chord of the circles £2\ and Q 2 
intersects £2 in A and B. MA and MB intersect £2\ in C and D. Prove that £h_ is 
tangent to CD. 

13. G7 (ARM) The point M inside the convex quadrilateral ABCD is such that 

MA = MC, ZAMB = AM AD + ZMKD, ZCMD = ZMCB+ ZMAB. 
Prove that AB ■ CM = BC- MD and BM ■ AD = MA- CD. 

14. G8(RUS) Points A.B.C divide the circumcircle £2 of the triangle ABC into three 
arcs. Let A be a variable point on the arc AB, and let 0\ , O 2 be the incenters of 
the triangles CAX and CBX. Prove that the circumcircle of the triangle XO 1 O 2 
intersects £2 in a fixed point. 

15. A1 (POL) imo2 Let n> 2 be a fixed integer. Find the least constant C such that 
the inequality 



holds for every xi,...,x n >0 (the sum on the left consists of (") summands). 
For this constant C, characterize the instances of equality. 

16. A2 (RUS) The numbers from 1 to n 2 are randomly arranged in the cells of an 
n x n square (n> 2). For any pair of numbers situated in the same row or in the 
same column, the ratio of the greater number to the smaller one is calculated. 
Let us call the characteristic of the arrangement the smallest of these n 2 {n — 1) 
fractions. What is the highest possible value of the characteristic? 

17. A3 (FIN) A game is played by n girls (n > 2), everybody having a ball. Each 
of the ( 2 ) pairs of players, in an arbitrary order, exchange the balls they have at 
that moment. The game is called nice if at the end nobody has her own ball, and 
it is called tiresome if at the end everybody has her initial ball. Determine the 
values of n for which there exists a nice game and those for which there exists a 
tiresome game. 

18. A4 (BLR) Prove that the set of positive integers cannot be partitioned into three 
nonempty subsets such that for any two integers x,y taken from two different 
subsets, the number x 2 —xy+y 2 belongs to the third subset. 


19. A5 (JPN) ,mo6 Find all the functions / : M — > M that satisfy 

f(x - Ay)) = AM) +xf(y)+ f(x) - 1 


for all x,y e R. 

20. A6 (SWE) For n > 3 and a\ < 02 < ■ ■ ■ < a n given real numbers we have the 
following instructions: 
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(1) place the numbers in some order in a circle; 

(2) delete one of the numbers from the circle; 

(3) if just two numbers are remaining in the circle, let S be the sum of these 
two numbers. Otherwise, if there are more than two numbers in the circle, 
replace (xi,x 2 ,x 3 ,...,x p -i,x p ) with (x\ + x 2: x 2 +x 3 ,... ,x p -\ + x p .x p + 
x\). Afterwards, start again with step (2). 

Show that the largest sum S that can result in this way is given by the formula 



21. Cl (IND) Let n > 1 be an integer. A path from (0,0) to ( n,n ) in the xy plane 
is a chain of consecutive unit moves either to the right (move denoted by E ) or 
upwards (move denoted by AO, all the moves being made inside the half-plane 
x > y. A step in a path is the occurrence of two consecutive moves of the form 


EN. 

Show that the number of paths from (0,0) to ( n,n ) that contain exactly s steps 
(n > s > 1) is 



22. C2 (CAN) (a) If a 5 x n rectangle can be tiled using n pieces like those shown 
in the diagram, prove that n is even. 


(b) Show that there are more than 2 • 3 k ~ 1 ways to tile a fixed 5 x 2k rectan- 
gle ( k > 3) with 2k pieces. (Symmetric constructions are considered to be 
different.) 

23. C3 (UNK) A biologist watches a chameleon. The chameleon catches flies and 
rests after each catch. The biologist notices that: 

(i) the first fly is caught after a resting period of one minute; 

(ii) the resting period before catching the 2mth fly is the same as the resting 
period before catching the mth fly and one minute shorter than the resting 
period before catching the (2m + l)th fly; 

(iii) when the chameleon stops resting, he catches a fly instantly. 

(a) How many flies were caught by the chameleon before his first resting pe- 
riod of 9 minutes? 

(b) After how many minutes will the chameleon catch his 98th fly? 

(c) How many flies were caught by the chameleon after 1999 minutes passed? 

24. C4 (UNK) Let A be a set of N residues (mod N 2 ). Prove that there exists a set B 
of N residues (mod N 2 ) such that the set A + B = {a + b | a G A, b e B} contains 
at least half of all residues (mod N 2 ). 
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25. C5 (BLR) imo3 Let n be an even positive integer. We say that two different cells 
of an n x n board are neighboring if they have a common side. Find the minimal 
number of cells on the nxn board that must be marked so that every cell (marked 
or not marked) has a marked neighboring cell. 

26. C6 (UNK) Suppose that every integer has been given one of the colors red, blue, 

green, yellow. Let x and y be odd integers such that \x\ |y|. Show that there are 

two integers of the same color whose difference has one of the following values: 
x,y,x+y,x — y. 

27. C7 (IRL) Let p > 3 be a prime number. For each nonempty subset T of 
{0, 1,2,3,..., p— 1} let E(T ) be the set of all ( p — l)-tuples (x\,...,x p -\), 

where each xi € T and x\ + 2x2 H + {p — 1 )x p ~\ is divisible by p and let 

|E(r)| denote the number of elements in E(T). 

Prove that 

|£({0,1,3})|>|£({0,1,2})|, 

with equality if and only if p = 5. 
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3.41 The Forty-First IMO 

Taejon, South Korea, July 13-25, 2000 

3.41.1 Contest Problems 

First day (July 18) 

1. Two circles Gi and G 2 intersect at M and N. Let A B be the line tangent to these 
circles at A and B, respectively, such that M lies closer to AB than N. Let CD be 
the line parallel to AB and passing through M, with C on G\ and D on G 2 . Lines 
AC and BD meet at E ; lines AN and CD meet at P\ lines BN and CD meet at Q. 
Show that EP = EQ. 

2. Let a, b, c be positive real numbers with product 1 . Prove that 



3. Let n > 2 be a positive integer and A a positive real number. Initially there are n 
fleas on a horizontal line, not all at the same point. We define a move of choosing 
two fleas at some points A and B, with A to the left of B, and letting the flea from 
A jump over the flea from B to the point C such that BC /AB = A . 

Determine all values of A such that for any point M on the line and for any initial 
position of the n fleas, there exists a sequence of moves that will take them all to 
a position right of M. 

Second Day (July 19) 

4. A magician has one hundred cards numbered 1 to 100. He puts them into three 
boxes, a red one, a white one, and a blue one, so that each box contains at least 
one card. A member of the audience draws two cards from two different boxes 
and announces the sum of numbers on those cards. Given this information, the 
magician locates the box from which no card has been drawn. How many ways 
are there to put the cards in the three boxes so that the trick works? 

5. Does there exist a positive integer n such that n has exactly 2000 prime divisors 
and 2 " + 1 is divisible by n? 

6 . A 1 A 2 A 3 is an acute-angled triangle. The foot of the altitude from A, is Aj, and 
the incircle touches the side opposite A, at L,. The line Aj A 2 is reflected in the 
line Z 4 L 2 . Similarly, the line K 2 K 3 is reflected in L 2 L 3 and AjAj is reflected in 
L 3 L 1 . Show that the three new lines form a triangle with vertices on the incircle. 

3.41.2 Shortlisted Problems 


1. Cl (HUN) im04 A magician has one hundred cards numbered 1 to 100. He puts 
them into three boxes, a red one, a white one, and a blue one, so that each box 
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contains at least one card. A member of the audience draws two cards from two 
different boxes and announces the sum of numbers on those cards. Given this 
information, the magician locates the box from which no card has been drawn. 
How many ways are there to put the cards in the three boxes so that the trick 
works? 

2. C2 (ITA) A brick staircase with three steps of width 2 is made of twelve unit 
cubes. Determine all integers n for which it is possible to build a cube of side n 
using such bricks. 



3. C3 (COL) Let n> 4 be a fixed positive integer. Given a set S = {P\ .If,..., P n } 
of points in the plane such that no three are collinear and no four concyclic, let 
at , 1 < t < n, be the number of circles PiPjPk that contain P t in their interior, and 
let 


m(S) =ai +ai-\ Ya, 


Prove that there exists a positive integer f(n'), depending only on n, such that the 
points of S are the vertices of a convex polygon if and only if m(S) = fin). 

4. C4 (CZE) Let n and k be positive integers such that n/2 < k <2n/3. Find the 
least number m for which it is possible to place m pawns on m squares of an nxn 
chessboard so that no column or row contains a block of k adjacent unoccupied 
squares. 

5. C5 (RUS) In the plane we have n rectangles with parallel sides. The sides of 
distinct rectangles lie on distinct lines. The boundaries of the rectangles cut the 
plane into connected regions. A region is nice if it has at least one of the vertices 
of the n rectangles on its boundary. Prove that the sum of the numbers of the 
vertices of all nice regions is less than 40n. (There can be nonconvex regions as 
well as regions with more than one boundary curve.) 

6. C6 (FRA) Let p and q be relatively prime positive integers. A subset S of 
{0, 1 , 2, . . . } is called ideal if 0 £ S and for each element n £ S, the integers n + p 
and n + q belong to S. Determine the number of ideal subsets of {0, 1 , 2 . . .}. 

7. A1 (USA)™ 02 Let a. b. c be positive real numbers with product 1. Prove that 



8. A2 (UNK) Let a,b,c be positive integers satisfying the conditions b > 2a and 
c > 2b. Show that there exists a real number t with the property that all the three 
numbers ta,tb,tc have their fractional parts lying in the interval (1/3, 2/3]. 

9. A3 (BLR) Find all pairs of functions / : M — » M, g : R — > R such that 


/(* + * 60 ) = xf(y) - yf(x) + g(x) for all x,y £ R. 
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10. A4 (UNK) The function F is defined on the set of nonnegative integers and 
takes nonnegative integer values satisfying the following conditions: For every 
n > 0, 

(i) F(4n)=F(2n)+F(n); 

(ii) F(4n + 2) = F(4n) + 1; 

(iii) F(2n + 1 ) = F(2n) + 1 . 

Prove that for each positive integer m, the number of integers n with 0 < n < 2 m 
and F(4n) = F(3n) is F{ 2 m+1 ). 

11. A5 (BLR ) im03 Let n> 2 be a positive integer and A a positive real number. 
Initially there are n fleas on a horizontal line, not all at the same point. We define 
a move of choosing two fleas at some points A and B, with A to the left of B, 
and letting the flea from A jump over the flea from B to the point C such that 
BC/AB = A. 

Determine all values of A such that for any point M on the line and for any initial 
position of the n fleas, there exists a sequence of moves that will take them all to 
a position right of M. 

12. A 6 (IRL) A nonempty set A of real numbers is called a 63 -set if the conditions 
a\ .< 22 + 3 + 4 + 5+6 € A and a\ + <22 +<23 = 04 + 05 +a^ imply that the sequences 
( 01 , 02 , 03 ) and ( 04 , 05 , 06 ) are identical up to a permutation. Let A = {ao = 0 < 
ai < 02 < ■■■}, B — {bo = 0 < b\ < b 2 < •■■} be infinite sequences of real 
numbers with D(A) = D(B), where, for a set X of real numbers, D(X) denotes 
the difference set { \x — y| | x,y £ X}. Prove that if A is a i^-set, then A = B. 

13. A7 (RUS) For a polynomial P of degree 2000 with distinct real coefficients let 
M{P) be the set of all polynomials that can be produced from P by permutation 
of its coefficients. A polynomial P will be called ^-independent if P(n') = 0 
and we can get from any Q in M(P) a polynomial Q\ such that Q\ ( n ) = 0 by 
interchanging at most one pair of coefficients of Q. Find all integers n for which 
n-independent polynomials exist. 

14. N1 (JPN) Determine all positive integers n> 2 that satisfy the following con- 
dition: For all integers a , b relatively prime to n, 

a = b (mod n ) if and only if ab = 1 (mod n ). 

15. N2 (FRA) For a positive integer n, let d{n) be the number of all positive divisors 
of n. Find all positive integers n such that d(n) 3 = 4 n. 

16. N3 (RUS ) im05 Does there exist a positive integer n such that n has exactly 2000 
prime divisors and 2 " + 1 is divisible by nl 

17. N4 (BRA) Determine all triples of positive integers (a,m,n) such that a m + l 
divides (a+ 1 )". 

18. N5 (BGR) Prove that there exist infinitely many positive integers n such that 
p = nr, where p and r are respectively the semiperimeter and the inradius of a 
triangle with integer side lengths. 
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19. N 6 (ROU) Show that the set of positive integers that cannot be represented as a 
sum of distinct perfect squares is finite. 

20. G1 (NLD) In the plane we are given two circles intersecting at X and Y . Prove 
that there exist four points A,B,C,D with the following property: 

For every circle touching the two given circles at A and B, and meeting the line 
XY at C and D, each of the lines AC,AD,BC,BD passes through one of these 
points. 

21. G2 (RUS )™ 01 Two circles G\ and G 2 intersect at M and N. Let AB be the fine 
tangent to these circles at A and B, respectively, such that M lies closer to AB 
than N. Let CD be the line parallel to AB and passing through M, with C on G\ 
and D on G 2 . Lines AC and BD meet at E\ lines AN and CD meet at P; lines BN 
and CD meet at Q. Show that EP = EQ. 

22. G3 (IND) Let O be the circumcenter and H the orthocenter of an acute triangle 
ABC. Show that there exist points D, E, and F on sides BC, CA, and AB respec- 
tively such that OD + DH = OE + EH = OF + FH and the lines AD, BE, and 
CF are concurrent. 

23. G4 (RUS) Let A\A 2 ■ ■ -A n be a convex polygon, n > 4. Prove that A\A 2 . . .A n 
is cyclic if and only if to each vertex Aj one can assign a pair ( bj,cj ) of real 
numbers, j = 1 , 2 , . . . n, such that 

AjAj = bjCi — biCj for all i, j with 1 < i < j < n. 

24. G5 (UNK) The tangents at B and A to the circumcircle of an acute-angled 
triangle ABC meet the tangent at C at T and U respectively. AT meets BC at 
P, and Q is the midpoint of AP\ BU meets CA at R, and S is the midpoint of 
BR. Prove that ZABQ = ZBAS. Determine, in terms of ratios of side lengths, the 
triangles for which this angle is a maximum. 

25. G 6 (ARG) Let ABCD be a convex quadrilateral with AB not parallel to CD, 
let A be a point inside ABCD such that ZADX = ZBCX < 90° and ZDAX = 
ZCBX < 90°. If Y is the point of intersection of the perpendicular bisectors of 
AB and CD, prove that ZAYB = 2 ZADX. 

26. G7 (IRN) Ten gangsters are standing on a flat surface, and the distances between 
them are all distinct. At twelve o’clock, when the church bells start chiming, each 
of them fatally shoots the one among the other nine gangsters who is the nearest. 
At least how many gangsters will be killed? 

27. G 8 (RUS )™ 06 AiA 2 A 3 is an acute-angled triangle. The foot of the altitude from 
A, is Ku and the incircle touches the side opposite A, at L,. The line K\ K 2 is 
reflected in the line L\ L 2 . Similarly, the line K 2 K 2 is reflected in L 2 L 2 , and K 2 K\ 
is reflected in L 3 L 1 . Show that the three new lines form a triangle with vertices 
on the incircle. 
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3.42 The Forty-Second IMO 

Washington DC, United States of America, July 1-14, 2001 

3.42.1 Contest Problems 

First Day (July 8) 

1. In acute triangle ABC with circumcenter O and altitude AP, /C > /B + 30°. 
Prove that IA + /COP < 90°. 

2. Prove that for all positive real numbers a, b, c. 



3. Twenty-one girls and twenty-one boys took part in a mathematical competition. 
It turned out that 

(i) each contestant solved at most six problems, and 

(ii) for each pair of a girl and a boy, there was at least one problem that was 
solved by both the girl and the boy. 

Show that there is a problem that was solved by at least three girls and at least 
three boys. 

Second Day (July 9) 

4. Let n be an odd integer greater than 1 and let c\ ,C 2 , . . . ,c n be integers. For each 

permutation a = (a\,a 2 , . . . ,a„) of {1,2,... define S(a) = c,a,-. Prove 

that there exist permutations a/fc of {1,2 such that n\ is a divisor of 
S(a)-S(b). 

5. Let ABC be a triangle with /LB AC = 60° . Let AP bisect Z.BAC and let BQ bisect 
/ABC, with P on BC and Q on AC. If AB + BP = AQ + QB, what are the angles 
of the triangle? 

6. Let a> b> c> d be positive integers and suppose 


ac + bd= (b + d + a— c)(b + d—a + c). 


Prove that ab + cd is not prime. 

3.42.2 Shortlisted Problems 

1. A1 (IND) Let T denote the set of all ordered triples ( p,q,r ) of nonnegative 
integers. Find all functions / : T — > K such that 


f{p,q,r) 


I 


0 


1 + g (Ap+hq-hr) + f(p-l,q+l,r) 
+f(p-l,q,r+l)+f(p+l,q,r-l) 

+f(p,q+ 1 ,r— 1 )+f(p,q— l,r+ 1)) otherwise. 


if pqr = 0, 
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2. A2 (POL) Let uq,u\ ,<22 , ... be an arbitrary infinite sequence of positive num- 
bers. Show that the inequality 1 +a n > a „- 1 \/2 holds for infinitely many positive 
integers n. 

3. A3 (ROU) Letxi ,X 2 , . . . ,x n be arbitrary real numbers. Prove the inequality 

X\ X2 Xn r- 

9 + t -(■•■■-( t — < \fn. 

\+x\ l+xf+4 l+x$ + ---+x 1 2 * * * * * * 9 10 11 12 

4. A4 (LTU) Find all functions / : M — + M satisfying 

f(xy)(f(x) —f(y)) = (x-y)f(x)f(y) 

for all x,y. 

5. A5 (BGR) Find all positive integers <2 i,< 22, ....an such that 

99 = Oq + | On - 1 

100 a\ <22 a n ’ 

where a$ = 1 and (a^+i — l)a*-i > cfy(a.k — 1) for k = 1,2, . . . ,n — l. 

6. A6 (KOR) m02 Prove that for all positive real numbers a.b.c, 

a b c ^ . 

. + | + > 1. 

Va 2 + 8 be Vb 2 + %ca. Vc 2 + 8 ab 

1. Cl (COL) Let A = (ai,a2, . . . ,<22001) be a sequence of positive integers. Let m 

be the number of 3-element subsequences (a^cijMk) with 1 < i < j <k< 2001 

such that aj = <2, + 1 and a k = aj + \ . Considering all such sequences A, find the 

greatest value of m. 

8. C2 (CAN) imo4 Let n be an odd integer greater than 1 and let ci,C2, . . . , c n be 

integers. For each permutation a = {a \ , < 12 , . . . , a n ) of { 1 , 2 , . . . , n} , define S(a) = 

X"= 1 c,a,. Prove that there exist permutations <2 7^ Z? of {1.2,..., n} such that n\ 

is a divisor of S{a) — S{b). 

9. C3 (RUS) Define a k-clique to be a set of k people such that every pair of them 
are acquainted with each other. At a certain party, every pair of 3-cliques has at 
least one person in common, and there are no 5-cliques. Prove that there are two 
or fewer people at the party whose departure leaves no 3-clique remaining. 

10. C4 (NZL) A set of three nonnegative integers {x,y,z} with x < y < z is called 
historic if {z — y,y — x} = {1776,2001}. Show that the set of all nonnegative 
integers can be written as the union of disjoint historic sets. 

11. C5 (FIN) Find all finite sequences (xo,X| .... ,x n ) such that for every j , 0 < j < 
n, Xj equals the number of times j appears in the sequence. 

12. C6 (CAN) For a positive integer n define a sequence of zeros and ones to be 
balanced if it contains n zeros and n ones. Two balanced sequences <2 and b are 
neighbors if you can move one of the 2 n symbols of a to another position to form 
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b. For instance, when n = 4, the balanced sequences 01101001 and 00110101 are 
neighbors because the third (or fourth) zero in the first sequence can be moved 
to the first or second position to form the second sequence. Prove that there is a 
set S of at most ( 2 ") balanced sequences such that every balanced sequence 
is equal to or is a neighbor of at least one sequence in S. 

13. C7 (FRA) A pile of n pebbles is placed in a vertical column. This configuration 
is modified according to the following rules. A pebble can be moved if it is at 
the top of a column that contains at least two more pebbles than the column 
immediately to its right. (If there are no pebbles to the right, think of this as a 
column with 0 pebbles.) At each stage, choose a pebble from among those that 
can be moved (if there are any) and place it at the top of the column to its right. 
If no pebbles can be moved, the configuration is called a final configuration. 
For each n, show that no matter what choices are made at each stage, the final 
configuration is unique. Describe that configuration in terms of n. 

14. C8 (GER) ,mo3 Twenty-one girls and twenty-one boys took part in a mathemat- 
ical competition. It turned out that 

(i) each contestant solved at most six problems, and 

(ii) for each pair of a girl and a boy, there was at least one problem that was 
solved by both the girl and the boy. 

Show that there is a problem that was solved by at least three girls and at least 
three boys. 

15. G1 (UKR) Let A\ be the center of the square inscribed in acute triangle ABC 
with two vertices of the square on side BC. Thus one of the two remaining ver- 
tices of the square is on side AB and the other is on AC. Points B\,C\ are defined 
in a similar way for inscribed squares with two vertices on sides AC and AB, 
respectively. Prove that lines AA\,BB\ , CC\ are concurrent. 

16. G2 (KOR)™ 01 In acute triangle ABC with circumcenter O and altitude AP, 
ZC > ZB + 30°. Prove that ZA + ZCOP < 90° . 

17. G3 (UNK) Let ABC be a triangle with centroid G. Determine, with proof, the 
position of the point P in the plane of ABC such that 

APAG + BPBG + CPCG 

is a minimum, and express this minimum value in terms of the side lengths of 
ABC. 

18. G4 (FRA) Let M be a point in the interior of triangle ABC. Let A' lie on BC 
with MA' perpendicular to BC. Define B' on CA and C' on AB similarly. Define 

MA'MB'mC 
~ MA ■ MB ■ MC ■ 

Determine, with proof, the location of M such that p{M) is maximal. Let 
jj. (ABC) denote the maximum value. For which triangles ABC is the value of 
p (ABC) maximal? 
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19. G5 (HEL) Let ABC be an acute triangle. Let DAC, EAB, and FBC be isosceles 
triangles exterior to ABC, with DA = DC, EA = EB, and FB = FC such that 


ZADC = 2ZBAC, ZBEA = 2ZABC , ZCFB = 2ZACB. 


Let D' be the intersection of lines DB and EF, let E' be the intersection of EC 
and DF, and let F' be the intersection of FA and DE. Find, with proof, the value 
of the sum 


DB EC FA 


DD' + EE' + FF ' ' 


20. G6 (IND) Let ABC be a triangle and P an exterior point in the plane of the 
triangle. Suppose AP,BP , CP meet the sides BC, CA,AB (or extensions thereof) in 
D,E,F, respectively. Suppose further that the areas of triangles PBD,PCE,PAF 
are all equal. Prove that each of these areas is equal to the area of triangle ABC 
itself. 


21. G7 (BGR) Let O be an interior point of acute triangle ABC. Let A\ lie on BC 
with OA\ perpendicular to BC. Define B\ on CA and C\ on AB similarly. Prove 
that O is the circumcenter of ABC if and only if the perimeter of A\B\C\ is not 
less than any one of the perimeters of AB\C\,BC\A\, and CA\B\. 

22. G8 (ISR) mo5 Let ABC be a triangle with ZBAC = 60° . Let AP bisect ZBAC and 
let BQ bisect ZABC, with P on BC and Q on AC. If AB + BP = AQ + QB, what 
are the angles of the triangle? 

23. N1 (AUS) Prove that there is no positive integer n such that for k = L 2, .... 9, 
the leftmost digit (in decimal notation) of (n + k ) ! equals k. 

24. N2 (COL) Consider the system 

x + y = z + u , 

2 xy = zu. 

Find the greatest value of the real constant m such that m<x/y for every positive 
integer solution x,y,z, u of the system with x>y. 

25. N3 (UNK) Letai = ll 11 , a 2 = 12 12 , a 3 = 13 13 , and 

a n = |a„-i -a n - 2 \ + \a„-2-a n -3\, n > 4. 

Determine a l4 u. 

26. N4 (YNM) Let p > 5 be a prime number. Prove that there exists an integer a 
with 1 < a < p — 2 such that neither a p ~ x - 1 nor ( a + 1 ) p ~ ] — 1 is divisible by 
P 2 - 

27. N5 (BGR)™ 06 Let a > b > c> d be positive integers and suppose 

ac + bd= (b + d + a — c)(b + d — a+ c) . 

Prove that ab + cd is not prime. 

28. N6 (RUS) Is it possible to find 100 positive integers not exceeding 25,000 such 
that all pairwise sums of them are different? 
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3.43 The Forty-Third IMO 

Glasgow, United Kingdom, July 19-30, 2002 

3.43.1 Contest Problems 

First Day (July 24 ) 

1. Let n be a positive integer. Each point ( x,y ) in the plane, where x and y are 
nonnegative integers with x + y = n, is colored red or blue, subject to the fol- 
lowing condition: If a point (x.y) is red, then so are all points (x',y') with x' <x 
and / < y. Let A be the number of ways to choose n blue points with distinct 
x-coordinates, and let B be the number of ways to choose n blue points with 
distinct y-coordinates. Prove that A=B. 

2. The circle S has center O, and BC is a diameter of S. Let A be a point of S such 
that ZAOB < 120°. Let D be the midpoint of the arc AB that does not contain 
C. The line through O parallel to DA meets the line AC at I. The perpendicular 
bisector of OA meets S at E and at F. Prove that I is the incenter of the triangle 
CEF. 

3. Find all pairs of positive integers m,n> 3 for which there exist infinitely many 
positive integers a such that 

a m + a - 1 
a n + a 2 — 1 

is itself an integer. 

Second Day (July 25 ) 

4. Let n > 2 be a positive integer, with divisors 1 = d\ < d 2 < • • • < = n. Prove 

that d\d 2 + ^2^3 H f is always less than n 2 , and determine when it is 

a divisor of n 2 . 

5. Find all functions / from the reals to the reals such that 

(/(*) + f{z)) (f(y) + /(<)) = /to - zt) + f(xt+yz) 
for all real x.y,z,t. 

6. Let n > 3 be a positive integer. Let C \ , C2 , C3 , . . . , C„ be unit circles in the plane, 
with centers Oi,02,Oy,...,O n respectively. If no line meets more than two of 
the circles, prove that 

V | < (n — 1)k 

1 <fy<n°iOj- 4 ' 


3.43.2 Shortlisted Problems 


1. N1 (UZB) What is the smallest positive integer t such that there exist integers 
Xi,X 2 , ...,x t with 

x 3 ! +4 + ■ ■ ■ +4 = 2002 2002 ? 
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2. N2 (ROU) im04 Let n > 2 be a positive integer, with divisors 1 di < d% < 

■■■ <dk = n. Prove that d\ (I 2 + ^ 2 ^ 3 H b dk~\d k is always less than n 1 , and 

determine when it is a divisor of n 2 . 

3. N3 (MNG) Let pi,p 2 ,- ■ ■ ,p n be distinct primes greater than 3. Show that 
2 PiP2-Pn _|- 1 has at least 4" divisors. 

4. N4 (GER) Is there a positive integer m such that the equation 

1111 m 

— b 7 H 1 — ; — — ; 

a b c abc a + b + c 

has infinitely many solutions in positive integers a,b,c7 

5. N5 (IRN) Let m.n > 2 be positive integers, and let a\ M 2 - ■■■ ,a n be integers, 
none of which is a multiple of m n ~ 1 . Show that there exist integers e\ , e 2 , • • • , e n , 

not all zero, with |e, | < m for all i, such that e\a\ +e 2 « 2 H b e„a n is a multiple 

of m". 

6. N6 (ROU)™ 03 Find all pairs of positive integers m,n> 3 for which there exist 
infinitely many positive integers a such that 

a m + a — 1 
a n + a 2 — 1 

is itself an integer. 

7. G1 (FRA) Let B be a point on a circle Si, and let A be a point distinct from B on 
the tangent at B to S\. Let C be a point not on Si such that the line segment AC 
meets Si at two distinct points. Let S 2 be the circle touching AC at C and touching 
Si at a point D on the opposite side of AC from B. Prove that the circumcenter 
of triangle BCD lies on the circumcircle of triangle ABC. 

8. G2 (KOR) Let ABC be a triangle for which there exists an interior point F such 
that ZAFB = ZBFC = ZCFA. Let the lines BF and CF meet the sides AC and 
AB at D and E respectively. Prove that 

AB+AC>4DE. 

9. G3 (KOR)™ 02 The circle S has center O, and BC is a diameter of S. Let A be 
a point of S such that ZAOB < 120°. Let D be the midpoint of the arc AB that 
does not contain C. The line through O parallel to DA meets the line AC at I. The 
perpendicular bisector of OA meets S at E and at F. Prove that / is the incenter 
of the triangle CEF. 

10. G4 (RUS) Circles Si and S 2 intersect at points P and Q. Distinct points Ai and 
B\ (not at P or Q ) are selected on Si . The lines A\P and B\P meet S 2 again at A 2 
and f ?2 respectively, and the lines A\B\ and A 2 B 2 meet at C. Prove that as Ai and 
B 1 vary, the circumcenters of triangles A 1 A 2 C all lie on one fixed circle. 

11. G5 (AUS) For any set S of five points in the plane, no three of which are 
collinear, let M(S) and m(S) denote the greatest and smallest areas, respectively. 
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of triangles determined by three points from S. What is the minimum possible 
value of M(S) /m{S)l 

12. G 6 (UKR) imo6 Let n > 3 be a positive integer. Let Ci,C 2 ,C 3 ,...,C„ be unit 
circles in the plane, with centers 0\ , O2, 03 , . . . , O n respectively. If no line meets 
more than two of the circles, prove that 

y 1 < ( w ~ 

l<k<n°‘°j ^ 

13. G7 (BGR) The incircle Cl of the acute-angled triangle ABC is tangent to BC at 
K. Let AD be an altitude of triangle ABC and let M be the midpoint of AD. If N 
is the other common point of Cl and KM, prove that Cl and the circumcircle of 
triangle BCN are tangent at N. 

14. G 8 (ARM) Let 5) and S2 be circles meeting at the points A and B. A line through 
A meets Si at C and S2 at D. Points M, N , K lie on the line segments CD, BC, BD 
respectively, with MN parallel to BD and MK parallel to BC. Let E and F be 
points on those arcs BC of 5] and BD of S2 respectively that do not contain A. 
Given that EN is perpendicular to BC and FK is perpendicular to BD, prove that 
lEMF = 90°. 

15. A1 (CZE) Find all functions / from the reals to the reals such that 

f(f(x)+y) = 2x+f(f(y)-x) 


for all real x.y. 

16. A2 (YUG) Let a\ , a2, ■ ■ ■ be an infinite sequence of real numbers for which there 
exists a real number c with 0 < a, < c for all i such that 


| cij — a 



for all i, j with i 7 ^ j. 


Prove that c > 1. 

17. A3 (POL) Let P be a cubic polynomial given by P(x) = ax 3 + bx 2 +cx + d, 
where a,b,c,d are integers and a^O. Suppose that xP(x) = yP(y) for infinitely 
many pairs x,y of integers with x^y. Prove that the equation P(x) = 0 has an 
integer root. 

18. A4 (IND ) mo5 Find all functions / from the reals to the reals such that 


(/« + f{z))(f(y) + m) = f{xy - a ) + f(xt+yz) 


for all real x,y,z,t. 

19. A5 (IND) Let n be a positive integer that is not a perfect cube. Define real 
numbers a,b,c by 


b = 


1 



1 

b^Wr 


a = yji, 


c = 
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where [x] denotes the integer part of x. Prove that there are infinitely many such 
integers n with the property that there exist integers r,s,t, not all zero, such that 
ra + sb + tc = 0. 

20. A6 (IRN) Let A be a nonempty set of positive integers. Suppose that there are 
positive integers b\,...,b n and c\ , . . . , c„ such that 

(i) for each i the set £,A + c, = {b t a + c, 1 a £ A} is a subset of A, and 

(ii) the sets b t A + c, and bjA + Cj are disjoint whenever i ^ j. 

Prove that 



21. Cl (COL)™ 01 Let n be a positive integer. Each point (x,y) in the plane, where 
x and y are nonnegative integers with x + y < n, is colored red or blue, subject 
to the following condition: If a point (x,y) is red, then so are all points (x' .y r ) 
with x! < x and / < y. Let A be the number of ways to choose n blue points with 
distinct x-coordinates, and let B be the number of ways to choose n blue points 
with distinct y-coordinates. Prove that A = B. 

22. C2 (ARM) For n an odd positive integer, the unit squares of an n x n chessboard 
are colored alternately black and white, with the four comers colored black. A 
tromino is an L-shape formed by three connected unit squares. For which values 
of n is it possible to cover all the black squares with nonoverlapping trominos? 
When it is possible, what is the minimum number of trominos needed? 

23. C3 (COL) Let n be a positive integer. A sequence of n positive integers (not 
necessarily distinct) is called full if it satisfies the following condition: For each 
positive integer k> 2, if the number k appears in the sequence, then so does the 
number k— 1, and moreover, the first occurrence of k — 1 comes before the last 
occurrence of k. For each n, how many full sequences are there? 

24. C4 (BGR) Let T be the set of ordered triples (x.y.z), where x,y,z are integers 
with 0 < x,y,z < 9. Players A and B play the following guessing game: Player 
A chooses a triple ( x,y,z ) in T, and Player B has to discover A’s triple in as few 
moves as possible. A move consists of the following: B gives A a triple (a, b, c ) 
in T, and A replies by giving B the number \x + y— a — b\ + \y + z — b — c\ + 
\z + x — c — a\ . Find the minimum number of moves that B needs to be sure of 
determining A’s triple. 

25. C5 (BRA) Let r > 2 be a fixed positive integer, and let & be an infinite family 
of sets, each of size r, no two of which are disjoint. Prove that there exists a set 
of size r — 1 that meets each set in 

26. C6 (POL) Let n be an even positive integer. Show that there is a permutation 
X\,X 2 , ■ ■ ■ ,x n of 1,2, . . . ,n such that for every 1 < i < n the number x /+ i is one of 
2x{,2xj — 1 , 2x, — n. 2x, — n — \ (where we take x„+i = x\ ). 

27. C7 (NZL) Among a group of 120 people, some pairs are friends. A weak quar- 
tet is a set of four people containing exactly one pair of friends. What is the 
maximum possible number of weak quartets? 
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3.44 The Forty-Fourth IMO 
Tokyo, Japan, July 7-19, 2003 

3.44.1 Contest Problems 

First Day ( July 13) 

1. Let A be a 10 1-element subset of the set S= {1,2,. . . , 1000000}. Prove that there 
exist numbers ti,t2, • ■ ■ ,fioo in S such that the sets 


Aj = {x+tj\x GA}, y = 1,2,..., 100, 
are pairwise disjoint. 

2. Determine all pairs ( a,b ) of positive integers such that 

2 


2 ab 2 -b 3 + 1 


is a positive integer. 

3. Each pair of opposite sides of a convex hexagon has the following property: The 
distance between their midpoints is equal to s/3/2 times the sum of their lengths. 
Prove that all the angles of the hexagon are equal. 

Second Day ( July 14) 

4. Let ABCD be a cyclic quadrilateral. Let P, Q, R be the feet of the perpendiculars 
from D to the lines BC.CAAB, respectively. Show that PQ = QR if and only if 
the bisectors of /ABC and /ADC are concurrent with AC. 

5. Let n be a positive integer and let x\ < X 2 < ■ ■ ■ < x n be real numbers. 

(a) Prove that 



(b) Show that equality holds if and only if x \ , . . . ,x n is an arithmetic progres- 


sion. 


6. Let p be a prime number. Prove that there exists a prime number q such that for 
every integer n, the number n p — p is not divisible by q. 

3.44.2 Shortlisted Problems 

1 . A1 (USA) Let Uij, i = 1 , 2, 3, j = 1 , 2, 3, be real numbers such that a,-/ is positive 
for i = j and negative for i / j. 

Prove that there exist positive real numbers ci , C2, C3 such that the numbers 
QllCl +«12C2 + ai3C3, 021C1 +a22C2 + a23C3, «3lCl + U32C2 + «33C3 
are all negative, all positive, or all zero. 
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2. A2 (AUS) Find all nondecreasing functions / : R — ► R such that 

(i) /(0) = 0, /(l) = 1; 

(ii) f(a) + f(b ) = f{a)f{b) + f(a + b — ab) for all real numbers a, b such that 
a < 1 < b. 


3. A3 (GEO) Consider pairs of sequences of positive real numbers a\ > <22 > <23 > 

• • • , b\ > b 2 > £3 > • • • and the sums A n =a\-\ 1 -a n ,B n = b\ H 1 -b n ,n = 

1,2,... . For any pair define c, = min{a ( , b t } and C„ = c\ H f-c n , n= 1.2. 

(a) Does there exist a pair (a,),->i , (&,■);> 1 such that the sequences (A„)„>i and 
{B n ) n > 1 are unbounded while the sequence (C„)„>i is bounded? 

(b) Does the answer to question (1) change by assuming additionally that bi = 
\fi,i = 1 , 2 ,...? 

Justify your answer. 

4. A4 (IRL) imo5 Let n be a positive integer and let xi < x-i < ■ ■ ■ < x n be real 
numbers. 

(a) Prove that 


£ I xt-x 
J = 1 


2(n 2 — 1) ^ 2 

< 3 L (xi-*!) ■ 

3 iJ = 1 


(b) Show that equality holds if and only if x \ , . . . ,x n is an arithmetic progres- 
sion. 


5. A5 (KOR) Let R + be the set of all positive real numbers. Find all functions 
/ : R + — > R + that satisfy the following conditions: 

(i) f(xyz) +f(x) +/(y) +f(z) = /(v^)/(V3^)/(V^) for all x,y,i G R+. 

(ii) f(x) < f(y) for all 1 < x < y. 

6. A6 (USA) Let n be a positive integer and let (xi , . . . . x „ ) , (yi, . . . ,y n ) be two 
sequences of positive real numbers. Suppose ( 22 , 23 , ■ ■ ■ ,Z 2 n) is a sequence of 
positive real numbers such that 

zf + j > xffj for all 1 <i,j <n. 

Let M = max{z 2 , • • • ,Z 2 n}- Prove that 

^ M + Z2~\ |-Z2n ^ 2 > H hX n ^ H 1 

7. C1(BRA) imo1 LetA be a 101-element subset of the set S= {1,2,..., 1000000}. 
Prove that there exist numbers t\ , t 2 , ■ ■ ■ , fioo in S such that the sets 


Aj = {x+tj\xeA}, j = 1,2,..., 100, 
are pairwise disjoint. 

8. C2 (GEO) Let D \ , . . . , D„ be closed disks in the plane. (A closed disk is a region 
bounded by a circle, taken jointly with this circle.) Suppose that every point in 
the plane is contained in at most 2003 disks D,. Prove that there exists a disk Dj, 
that intersects at most 7 • 2003 — 1 other disks Dj. 
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9. C3 (LTU) Let n > 5 be a given integer. Determine the largest integer k for which 
there exists a polygon with n vertices (convex or not, with non-self-intersecting 
boundary) having k internal right angles. 

10. C4 (IRN) Let x\, . . . ,x n and y\,...,y n be real numbers. Let A = («<y) i be 
the matrix with entries 

J 1, iixi + yj > 0; 

a ‘ j \0, if Xi + yj < 0. 

Suppose that B is an n x n matrix whose entries are 0, 1 such that the sum of the 
elements in each row and each column of B is equal to the corresponding sum 
for the matrix A. Prove that A = B. 

11. C5 (ROU) Every point with integer coordinates in the plane is the center of a 
disk with radius 1 / 1000. 

(a) Prove that there exists an equilateral triangle whose vertices lie in different 
disks. 

(b) Prove that every equilateral triangle with vertices in different disks has side 
length greater than 96. 

12. C6 (SAF) Let f(k) be the number of integers n that satisfy the following con- 
ditions: 

(i) 0 < n < 1 0 k , so n has exactly k digits (in decimal notation), with leading 
zeros allowed; 

(ii) the digits of n can be permuted in such a way that they yield an integer 
divisible by 1 1 . 

Prove that /(2m) = 10/(2m — 1) for every positive integer m. 

13. G1 (FIN) mo4 Let ABCD be a cyclic quadrilateral. Let P, Q,R be the feet of the 
perpendiculars from D to the lines BC.CA.AB, respectively. Show that PQ = QR 
if and only if the bisectors of /ABC and /ADC are concurrent with AC. 

14. G2 (HEL) Three distinct points A,B,C are fixed on a line in this order. Let T 
be a circle passing through A and C whose center does not lie on the line AC. 
Denote by P the intersection of the tangents to r at A and C. Suppose r meets 
the segment PB at Q. Prove that the intersection of the bisector of /AQC and the 
line AC does not depend on the choice of T . 

15. G3 (IND) Let ABC be a triangle and let P be a point in its interior. Denote 
by D,E,F the feet of the perpendiculars from P to the lines BC, CA, and AB, 
respectively. Suppose that 

AP 2 + PD 2 = BP 2 + PE 2 = CP 2 + PF 2 . 

Denote by I a ,Ib,Ic the excenters of the triangle ABC. Prove that P is the circum- 
center of the triangle IaIbIc- 

16. G4 (ARM) Let / , L, f), Lt be distinct circles such that Tj , f) are externally 
tangent at P, and f), Lt are externally tangent at the same point P. Suppose that 


3.44 IMO 2003 315 


Tj and I2; J2 and J3; I3 and J4; L) and Tj meet at A,B,C,D, respectively, and 
that all these points are different from P. Prove that 


ABBC _ PB 2 
AD DC ~ Pti 2 ' 


17. G5 (KOR) Let ABC be an isosceles triangle with AC = BC, whose incenter 
is I. Let P be a point on the circumcircle of the triangle AIB lying inside the 
triangle ABC. The lines through P parallel to CA and CB meet AB at D and E, 
respectively. The line through P parallel to AB meets CA and CB at F and G, 
respectively. Prove that the lines DF and EG intersect on the circumcircle of the 
triangle ABC. 

18. G6 (POL) IM ° 3 Each pair of opposite sides of a convex hexagon has the follow- 
ing property: The distance between their midpoints is equal to V3/2 times the 
sum of their lengths. 

Prove that all the angles of the hexagon are equal. 

19. G7 (SAF) Let ABC be a triangle with semiperimeters and inradius r. The semi- 
circles with diameters BC,CA,AB are drawn outside of the triangle ABC. The 
circle tangent to all three semicircles has radius t. Prove that 



20. N1 (POL) Let m be a fixed integer greater than 1 . The sequence xo,xi,X 2 , ■ • • is 
defined as follows: 



2' . if 0 < z' < m — 1 ; 

I7= i if * ^ m - 


Find the greatest k for which the sequence contains k consecutive terms divisible 
by m. 

21. N2 (USA) Each positive integer a undergoes the following procedure in order 
to obtain the number d = d(a): 

(1) move the last digit of a to the first position to obtain the number b; 

(2) square b to obtain the number c; 

(3) move the first digit of c to the end to obtain the number d. 

(All the numbers in the problem are considered to be represented in base 10.) For 
example, for a = 2003, we have b = 3200, c = 10240000, and d = 02400001 = 
2400001 = <7(2003). 

Find all numbers a for which d(a) = a 2 . 


22. N3 (BGR) im02 Determine all pairs (a, b) of positive integers such that 


2 ab 2 -b 3 + 1 


is a positive integer. 
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23. N4 (ROU) Let b be an integer greater than 5. For each positive integer n, con- 
sider the number 

x n = 11^22^5, 

n—1 n 

written in base b. Prove that the following condition holds if and only if b = 10: 
There exists a positive integer M such that for every integer n greater than M, the 
number x n is a perfect square. 

24. N5 (KOR) An integer n is said to be good if \n\ is not the square of an integer. 
Determine all integers m with the following property: m can be represented in 
infinitely many ways as a sum of three distinct good integers whose product is 
the square of an odd integer. 

25. N6 (FRA) imo6 Let p be a prime number. Prove that there exists a prime number 
q such that for every integer n, the number n p — p is not divisible by q. 

26. N7 (BRA) The sequence ci{).a\ .an , ... is defined as follows: 

ao = 2, dk+i = 2 al - 1 for k > 0. 

Prove that if an odd prime p divides a n , then 2” +3 divides p 2 — 1 . 

27. N8 (IRN) Let p be a prime number and let A be a set of positive integers that 
satisfies the following conditions: 

(i) the set of prime divisors of the elements in A consists of p — 1 elements; 

(ii) for any nonempty subset of A, the product of its elements is not a perfect 
pth power. 

What is the largest possible number of elements in A? 
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3.45 The Forty-Fifth IMO 
Athens, Greece, July 7-19, 2004 

3.45.1 Contest Problems 

First Day ( July 12) 

1. Let ABC be an acute-angled triangle with AB 7 ^ AC. The circle with diameter 
BC intersects the sides AB and AC at M and N, respectively. Denote by O the 
midpoint of BC. The bisectors of the angles BAC and MNG intersect at R. Prove 
that the circumcircles of the triangles BMR and CNR have a common point lying 
on the line segment BC. 

2. Find all polynomials P(x) with real coefficients that satisfy the equality 


P(a — b) + P(b — c) +P(c — a ) = 2 P(a + b + c) 


for all triples a. b,c of real numbers such that ab + bc + ca = 0. 

3. Determine all m x n rectangles that can be covered with hooks made up of 6 unit 
squares, as in the figure: 



Rotations and reflections of hooks are allowed. The rectangle must be covered 
without gaps and overlaps. No part of a hook may cover area outside the rectan- 
gle. 

Second Day (July 13) 

4. Let n > 3 be an integer and t\ , t 2 , • • • , t n positive real numbers such that 



Show that ti, tj, tk are the side lengths of a triangle for all i, j, k that satisfy 
1 < i < j <k<n. 

5. In a convex quadrilateral ABCD the diagonal BD does not bisect the angles ABC 
and CDA. The point P lies inside ABCD and satisfies 


ZPBC = ZDBA and ZPDC = ZBDA. 


Prove that ABCD is a cyclic quadrilateral if and only if AP = CP. 

6 . We call a positive integer alternate if its decimal digits are alternately odd and 
even. Find all positive integers n such that n has an alternate multiple. 
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3.45.2 Shortlisted Problems 

1. A1 (KOR) im04 Let n > 3 be an integer and t\ J 2 , ■ ■ ■ - t n positive real numbers 
such that 



Show that U, tj, t k are the side lengths of a triangle for all i, j, k that satisfy 
l<i< j <k<n. 

2. A2 (ROU) An infinite sequence ao, a \ , a 2 , . . . of real numbers satisfies the con- 
dition 


a n = «/,+ ] — a n+ 2 I for every n > 0 


with ao and a\ positive and distinct. Can this sequence be bounded? 

3. A3 (CAN) Does there exist a function s: Q — > {— 1, 1} such that if x and y are 
distinct rational numbers satisfying xy = 1 orx+y € {0, 1}, then s(x)s(y) = — 1? 
Justify your answer. 

4. A4 (KOR) im02 Find all polynomials P(x) with real coefficients that satisfy the 
equality 


P(a-b)+P{b-c)+P{c-a) = 2P(a + b + c) 


for all triples a,b,c of real numbers such that ab + bc + ca = 0. 

5. A5 (THA) Let a,b,c > 0 and ab + bc + ca = 1. Prove the inequality 



6. A6 (RUS) Find all functions / : R — > R satisfying the equation 
/ (x 2 + y 2 + 2f{xy ) ) = (f{x+y)) 2 for all ijgR. 


7. A7 (IRL) Let ai,a 2 , ■ ■ ■ ,a„ be positive real numbers, n > 1. Denote by g n their 
geometric mean, and by A \ A 2 , ■ ■ . ,A„ the sequence of arithmetic means de- 
fined by A k = a i+ a 2 +-+ a k^ = 12 Let G„ be the geometric mean of 

Ai , A 2 , ■ • • , A n . Prove the inequality 



and establish the cases of equality. 

8. Cl (PRI) There are 10001 students at a university. Some students join together 
to form several clubs (a student may belong to different clubs). Some clubs 
join together to form several societies (a club may belong to different societies). 
There are a total of k societies. Suppose that the following conditions hold: 

(i) Each pair of students are in exactly one club. 

(ii) For each student and each society, the student is in exactly one club of the 


society. 
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(iii) Each club has an odd number of students. In addition, a club with 2m + 1 
students (m is a positive integer) is in exactly m societies. 

Find all possible values of k. 

9. C2 (GER) Let n and k be positive integers. There are given n circles in the plane. 
Every two of them intersect at two distinct points, and all points of intersection 
they determine are distinct. Each intersection point must be colored with one of 
n distinct colors so that each color is used at least once, and exactly k distinct 
colors occur on each circle. Find all values of n > 2 and k for which such a 
coloring is possible. 

10. C3 (AUS) The following operation is allowed on a finite graph: Choose an 
arbitrary cycle of length 4 (if there is any), choose an arbitrary edge in that cycle, 
and delete it from the graph. For a fixed integer n > 4, find the least number of 
edges of a graph that can be obtained by repeated applications of this operation 
from the complete graph on n vertices (where each pair of vertices are joined by 
an edge). 

11. C4 (POL) Consider a matrix of size n x n whose entries are real numbers of 
absolute value not exceeding 1, and the sum of all entries is 0. Let n be an 
even positive integer. Determine the least number C such that every such matrix 
necessarily has a row or a column with the sum of its entries not exceeding C in 
absolute value. 

12. C5 (NZL) Let A be a positive integer. Two players A and B, taking turns, write 
numbers from the set { 1 , . . . , N} on a blackboard. A begins the game by writing 1 
on his first move. Then, if a player has written n on a certain move, his adversary 
is allowed to write n + 1 or 2 n (provided the number he writes does not exceed 
N). The player who writes N wins. We say that N is of type A or of type B 
according as A or B has a winning strategy. 

(a) Determine whether N = 2004 is of type A or of type B. 

(b) Find the least N > 2004 whose type is different from that of 2004. 

13. C6 (IRN) For an n X n matrix A, let X t be the set of entries in row i, and 
Yj the set of entries in column j, 1 <i,j <n. We say that A is golden if 
X\ , . . . ,X n ,Y\ , . . . , Y n are distinct sets. Find the least integer n such that there ex- 
ists a 2004 x 2004 golden matrix with entries in the set { 1 , 2, . . . , n}. 

14. C7 (EST) imo3 Determine all m x n rectangles that can be covered with hooks 
made up of 6 unit squares, as in the figure: 



Rotations and reflections of hooks are allowed. The rectangle must be covered 
without gaps and overlaps. No part of a hook may cover area outside the rectan- 
gle. 
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15. C8 (POL) For a finite graph G, let f(G) be the number of triangles and g(G) 
the number of tetrahedra formed by edges of G. Find the least constant c such 
that 

g(G) 3 < c • /(G) 4 for every graph G. 

16. G1 (ROU) IM01 Let ABC be an acute-angled triangle with AB ± AC. The cir- 
cle with diameter BC intersects the sides AB and AC at M and N, respectively. 
Denote by O the midpoint of BC. The bisectors of the angles BAC and MNG 
intersect at R. Prove that the circumcircles of the triangles BMR and CNR have 
a common point lying on the line segment BC. 

17. G2 (KAZ) The circle r and the line £ do not intersect. Let AB be the diameter 
of r perpendicular to l, with B closer to l than A. An arbitrary point C ^ A.B 
is chosen on F. The line AC intersects £ at D. The line DE is tangent to r at 
E, with B and E on the same side of AC. Let BE intersect t at F, and let AF 
intersect F at G A. Prove that the reflection of G in AB hes on the line CF. 

18. G3 (KOR) Let O be the circumcenter of an acute-angled triangle ABC with 
ZB < ZC. The line AO meets the side BC at D. The circumcenters of the triangles 
ABD and ACD are E and F, respectively. Extend the sides BA and CA beyond 
A, and choose on the respective extension points G and H such that AG = AC 
and AH = AB. Prove that the quadrilateral EFGH is a rectangle if and only if 
ZACB - ZABC = 60°. 

19. G4 (POL ) imo5 In a convex quadrilateral ABCD the diagonal BD does not bisect 
the angles ABC and CDA. The point P lies inside ABCD and satisfies 

ZPBC = ZDBA and ZPDC = ZBDA. 

Prove that ABCD is a cyclic quadrilateral if and only if AP = CP. 

20. G5 (SCG) Let A\A 2 . . .A n be a regular n-gon. The points ,B n | are de- 
fined as follows: 

(i) If i = 1 or i = n — 1, then 6, is the midpoint of the side A t A i+ \ . 

(ii) Ift'^l, i^n — 1, and S is the intersection point of AiA i+ i and A n Ai, then 
Bi is the intersection point of the bisector of the angle AfSAi+i with AiA i+1 . 

Prove the equality 

ZA\B\A n + ZAiB 2 A n + ■■■ + ZAiB„^A n = 180°. 

21. G6 (UNK) Let be a convex polygon. Prove that there is a convex hexagon 
that is contained in & and that occupies at least 75 percent of the area of fZ . 

22. G7 (RUS) For a given triangle ABC, let A be a variable point on the line BC 
such that C lies between B and X and the incircles of the triangles ABX and ACX 
intersect at two distinct points P and Q. Prove that the line PQ passes through a 
point independent of X. 

23. G8 (SCG) A cyclic quadrilateral ABCD is given. The fines AD and BC intersect 
at E, with C between B and E\ the diagonals AC and BD intersect at F. Let M 
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be the midpoint of the side CD, and let N M be a point on the circumcircle of 
the triangle ABM such that AN /BN = AM/BM. Prove that the points E, F, and 
N are collinear. 

24. N1 (BLR) Let x(n') denote the number of positive divisors of the positive integer 
n. Prove that there exist infinitely many positive integers a such that the equation 

x(an) = n 

does not have a positive integer solution n. 

25. N2 (RUS) The function \\r from the set N of positive integers into itself is defined 
by the equality 

V(n)=±{k,n% «eN, 
ifc=i 

where ( k , n) denotes the greatest common divisor of k and n. 

(a) Prove that \f/(mn) = \f/(m)\f/(n) for every two relatively prime m.neN. 

(b) Prove that for each a e N the equation i y(x) = ax has a solution. 

(c) Find all a £ N such that the equation i//(x) = ax has a unique solution. 

26. N3 (IRN) A function / from the set of positive integers N into itself is such that 
for all m,n G N the number (m 2 + n) 2 is divisible by f 2 (m) +/(«). Prove that 
f(n) = n for each nsN. 

27. N4 (POL) Let k be a fixed integer greater than 1, and let m = 4k 2 — 5. Show that 
there exist positive integers a and b such that the sequence (x n ) defined by 

xo = a, x\ = b, x n+ 2 =x n+ i+x n for n = 0,1,2,... 
has all of its terms relatively prime to m. 

28. N5 (IRN) im06 We call a positive integer alternate if its decimal digits are al- 
ternately odd and even. Find all positive integers n such that n has an alternate 
multiple. 

29. N6 (IRL) Given an integer n > 1, denote by P„ the product of all positive in- 
tegers x less than n and such that n divides x 2 I . For each n > 1, find the 
remainder of P„ on division by n. 

30. N7 (BGR) Let p be an odd prime and n a positive integer. In the coordinate 
plane, eight distinct points with integer coordinates lie on a circle with diameter 
of length p n . Prove that there exists a triangle with vertices at three of the given 
points such that the squares of its side lengths are integers divisible by p n+l . 
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3.46 The Forty-Sixth IMO 
Merida, Mexico, July 8-19, 2005 

3.46.1 Contest Problems 

First Day ( July 13) 

1 . Six points are chosen on the sides of an equilateral triangle ABC : A\ , A 2 on BC; 
Bi,B 2 on CA; Ci,C 2 on AB. These points are vertices of a convex hexagon 
A 1 A 2 B 1 B 2 C 1 C 2 with equal side lengths. Prove that the lines A 1 B 2 , B 1 C 2 and 
C 1 A 2 are concurrent. 

2. Let a\ , 02 , ■ ■ ■ be a sequence of integers with infinitely many positive terms and 
infinitely many negative terms. Suppose that for each positive integer n, the num- 
bers a \ , a 2 , ■ ■ . , a n leave n different remainders on division by n. Prove that each 
integer occurs exactly once in the sequence. 

3. Let x, y, and z be positive real numbers such that xyz > 1. Prove that 

x? — o? y 5 — y 2 ^-z 2 

x 5 +y 2 + z 2+ y 5 + z 2 +v 2+ z 5 +x 2 + y 2 - 

Second Day (July 14) 

4. Consider the sequence a\,a 2 , . . . defined by 

a„ = 2" + 3” + 6" — 1 («= 1,2,...). 

Determine all positive integers that are relatively prime to every term of the 
sequence. 

5 . Let ABCD be a given convex quadrilateral with sides BC and AD equal in length 
and not parallel. Let E and F be interior points of the sides BC and AD respec- 
tively such that BE = DF. The lines AC and BD meet at P; the lines BD and EF 
meet at Q; the lines EF and AC meet at R. Consider all the triangles PQR as E 
and F vary. Show that the circumcircles of these triangles have a common point 
other than P. 

6. In a mathematical competition, six problems were posed to the contestants. Each 
pair of problems was solved by more than 2/5 of the contestants. Nobody solved 
all six problems. Show that there were at least two contestants who each solved 
exactly five problems. 

3.46.2 Shortlisted Problems 

1. A1 (ROU) Find all monic polynomials p(x) with integer coefficients of degree 
two for which there exists a polynomial q(x) with integer coefficients such that 
p(x)q(x) is a polynomial having all coefficients ±1. 
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2. A2 (BGR) Let M + denote the set of positive real numbers. Determine all func- 
tions / : M + — > R + such that 

f(x)f(y)=2f(x + yf(x)) 

for all positive real numbers x and y. 

3. A3 (CZE) Four real numbers p,q,r,s satisfy 

p + q + r + s = 9 and p 2 + q 2 + r 2 + s 2 = 21. 

Prove that ab — cd> 2 holds for some permutation (a,b, c, d) of (p, q, r, s) . 

4. A4 (IND) Find all functions / : R — > K satisfying the equation 

f(x+y)+f(x)f(y) = f(xy) + 2xy + 1 


5. 


for all real x and y. 

A5 (KOR) imo3 Let x,y and z be positive real numbers such that xyz > 1. Prove 
that 


x 5 -x 2 y 5 -y 2 z 5 -z 2 

x 5 +y 2 + z 2 y 5 +z 2 +x 2 ~ t z 5 +x 2 +y 2 


>0. 


6. Cl (AUS) A house has an even number of lamps distributed among its rooms 
in such a way that there are at least three lamps in every room. Each lamp shares 
a switch with exactly one other lamp, not necessarily from the same room. Each 
change in the switch shared by two lamps changes their states simultaneously. 
Prove that for every initial state of the lamps there exists a sequence of changes 
in some of the switches at the end of which each room contains lamps that are 
on as well as lamps that are off. 


7. C2 (IRN) Let k be a fixed positive integer. A company has a special method 
to sell sombreros. Each customer can convince two persons to buy a sombrero 
after he/she buys one; convincing someone already convinced does not count. 
Each of these new customers can convince two others and so on. If each of the 
two customers convinced by someone makes at least k persons buy sombreros 
(directly or indirectly), then that someone wins a free instructional video. Prove 
that if n persons bought sombreros, then at most n/(k + 2) of them got videos. 

8. C3 (IRN) In an m x n rectangular board of mn unit squares, adjacent squares are 
ones with a common edge, and a path is a sequence of squares in which any two 
consecutive squares are adjacent. Each square of the board can be colored black 
or white. Let N denote the number of colorings of the board such that there exists 
at least one black path from the left edge of the board to its right edge, and let M 
denote the number of colorings in which there exist at least two nonintersecting 
black paths from the left edge to the right edge. Prove that N 2 > 2 mn M. 

9. C4 (COL) Let n > 3 be a given positive integer. We wish to label each side 
and each diagonal of a regular n-gon P\...P n with a positive integer less than or 
equal to r so that: 
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(i) every integer between 1 and r occurs as a label; 

(ii) in each triangle PiPjPk two of the labels are equal and greater than the third. 
Given these conditions: 

(a) Determine the largest positive integer r for which this can be done. 

(b) For that value of r, how many such labelings are there? 

10. C5 (SCG) There are n markers, each with one side white and the other side 
black, aligned in a row so that their white sides are up. In each step, if possible, 
we choose a marker with the white side up (but not one of the outermost mark- 
ers), remove it, and reverse the closest marker to the left and the closest marker 
to the right of it. Prove that one can achieve the state with only two markers 
remaining if and only if n — 1 is not divisible by 3. 

11. C6 (ROU) imo6 In a mathematical competition, six problems were posed to the 
contestants. Each pair of problems was solved by more than 2/5 of the contes- 
tants. Nobody solved all six problems. Show that there were at least two contes- 
tants who each solved exactly five problems. 

12. C7 (USA) Let n > 1 be a given integer, and let a \ , . . . , a n be a sequence of inte- 
gers such that n divides the sum ay -| Ya„. Show that there exist permutations 

<7 and t of 1, 2, ... ,n such that a(i) + r(i) = a, (mod n) for all i = 1,. . . ,n. 

13. C8 (BGR) Let M be a convex n-gon, n > 4. Some n — 3 of its diagonals are 
colored green and some other n — 3 diagonals are colored red, so that no two 
diagonals of the same color meet inside M. Find the maximum possible number 
of intersection points of green and red diagonals inside M. 

14. G1 (HEL) In a triangle ABC satisfying AB + BC = 3 AC the incircle has center 
/ and touches the sides AB and BC at D and E, respectively. Let K and L be the 
symmetric points of D and E with respect to I. Prove that the quadrilateral ACRE 
is cyclic. 

15. G2 (ROU) im01 Six points are chosen on the sides of an equilateral triangle ABC: 
Ai,A 2 on BC; B\,B 2 on CA; Ci,C 2 on AB. These points are vertices of a convex 
hexagon A 1 A 2 B 1 R 2 C 1 C 2 with equal side lengths. Prove that the lines A 1 B 2 , B 1 C 2 
and C 1 A 2 are concurrent. 

16. G3 (UKR) Let ABCD be a parallelogram. A variable line / passing through the 
point A intersects the rays BC and DC at points X and Y, respectively. Let K and 
L be the centers of the excircles of triangles ABX and ADY, touching the sides 
BX and DY, respectively. Prove that the size of angle KCL does not depend on 
the choice of the line /. 

17. G4 (POL)™ 05 Let ABCD be a given convex quadrilateral with sides BC and AD 
equal in length and not parallel. Let E and F be interior points of the sides BC 
and AD respectively such that BE = DF. The lines AC and BD meet at P\ the 
lines BD and EF meet at Q; the lines EF and AC meet at R. Consider all the 
triangles PQR as E and F vary. Show that the circumcircles of these triangles 
have a common point other than P. 
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18. G5 (ROU) Let ABC be an acute-angled triangle with AB ^ AC; let H be its 
orthocenter and M the midpoint of BC. Points D on AB and E on AC are such 
that AE = AD and D,H,E are collinear. Prove that HM is orthogonal to the 
common chord of the circumcircles of triangles ABC and ADE. 

19. G6 (RUS) The median AM of a triangle ABC intersects its incircle coatK and 
L. The lines through K and L parallel to BC intersect co again at X and Y. The 
lines AX and AY intersect BC at P and Q. Prove that BP = CQ. 

20. G7 (KOR) In an acute triangle ABC, let D, E, F, P, Q, R be the feet of perpen- 
diculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DE, respectively. Prove 
that p(ABC)p(PQR) > p(DEF) 2 , where p(T) denotes the perimeter of triangle 
T. 

21. N1 (POL) imo4 Consider the sequence ai,a 2 , ■ ■ ■ defined by 

a„ = 2" + 3" + 6" — 1 (n= 1,2,....)* 

Determine all positive integers that are relatively prime to every term of the 
sequence. 

22. N2 (NLD) im02 Let a\, 02 ,--- be a sequence of integers with infinitely many 
positive terms and infinitely many negative terms. Suppose that for each positive 
integer n, the numbers a\ , < 22 , ■ ■ ■ , a n leave n different remainders on division by 
n. Prove that each integer occurs exactly once in the sequence. 

23. N3 (MNG) Let a, b, c, d, e, and / be positive integers. Suppose that the sum 
S = a + b+c+d+e+f divides both abc+def and ab+bc+ca — de — ef—fd. 
Prove that S is composite. 

24. N4 (COL) Find all positive integers n > 1 for which there exists a unique integer 
a with 0 < a < n\ such that a n + 1 is divisible by n\. 

25. N5 (NLD) Denote by d(n) the number of divisors of the positive integer n. A 
positive integer n is called highly divisible if d(n) > d{m) for all positive integers 
m<n. Two highly divisible integers m and n with m < n are called consecutive 
if there exists no highly divisible integer .v satisfying m<s <n. 

(a) Show that there are only finitely many pairs of consecutive highly divisible 
integers of the form (a, b) with a \ b. 

(b) Show that for every prime number p there exist infinitely many positive 
highly divisible integers r such that pr is also highly divisible. 

26. N6 (IRN) Let a and b be positive integers such that a n + n divides b n + n for 
every positive integer n. Show that a = b. 

27. N7 (RUS) Let P(x) = a n x" +a„-ix" _1 H \-ao, where ao,... ,a n are integers, 

a„ > 0, n > 2. Prove that there exists a positive integer m such that P(m\) is a 
composite number. 
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3.47 The Forty-Seventh IMO 
Ljubljana, Slovenia, July 6-18, 2006 

3.47.1 Contest Problems 

First Day (July 12) 

1. Let ABC be a triangle with incenter I. A point P in the interior of the triangle 
satisfies 

ZPBA + ZPCA = ZPBC + ZPCB. 

Show that AP > AI, and that equality holds if and only if P = I. 

2. Let ZZ be a regular 2006-gon. A diagonal of ZZ is called good if its endpoints 
divide the boundary of ZZ into two parts, each composed of an odd number of 
sides of IZ. The sides of ZZ are also called good. 

Suppose 3Z has been dissected into triangles by 2003 diagonals, no two of which 
have a common point in the interior of Z. Find the maximum number of isosce- 
les triangles having two good sides that could appear in such a configuration. 

3. Determine the least real number M such that the inequality 

| ab(a 2 - b 2 ) + bc(b 2 - c 2 ) + ca(c 2 - a 2 ) \ < M(a 2 +b 2 + c 2 ) 2 
holds for all real numbers a, b, and c. 

Second Day ( July 13) 

4. Determine all pairs (x,y) of integers such that 

1 + 2* + 2 2x+1 = y 2 . 

5. Let P(x) be a polynomial of degree n> 1 with integer coefficients and let k be a 
positive integer. Consider the polynomial 

Q{x) = P(P(,..P(P(x))...)) r 

where P occurs k times. Prove that there are at most n integers t that satisfy the 
equality Q(t)=t. 

6. Assign to each side b of a convex polygon ZZ the maximum area of a triangle that 
has b as a side and is contained in ZZ . Show that the sum of the areas assigned 
to the sides of Z is at least twice the area of fZ . 

3.47.2 Shortlisted Problems 

1 . Al (EST) A sequence of real numbers ao, a \ , « 2 , • • ■ is defined by the formula 
a i+ 1 = [aj\ ■ {a,}, for i > 0; 

here «o is an arbitrary number, [a,-] denotes the greatest integer not exceeding a,-, 
and {«j} = a, — [a,-]. Prove that a,- = a ,- + 2 for i sufficiently large. 
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2. A2 (POL) The sequence of real numbers ao, a\, aj, ... is defined recursively 

by uq = 1 and 

^dL = o, torn > 1. 
k + 1 ’ 

Show that a n > 0 for n > 1. 

3. A3 (RUS) The sequence cq, ci, c„, ... is defined by co = 1, c\ = 0, and 
c „ + 2 = c n + 1 + c„ for n > 0. Consider the set S of ordered pairs (x,y) for which 
there is a finite set J of positive integers such that x = Y,jeJ c j , y = %mj c j - l ■ 
Prove that there exist real numbers a,/3, and M with the following property: an 
ordered pair of nonnegative integers ( x,y ) satisfies the inequality m<ax+fiy< 
M if and only if {x,y) G S. 

Remark: A sum over the elements of the empty set is assumed to be 0. 

4. A4 (SRB) Prove the inequality 

V 1 a i a j ^ n V 

fy a i + a j 2 (a l +a 2 + ---+a n )^ 

for positive real numbers a \ , « 2 , ■ ■ ■ , a n . 

5. A5 (KOR) Let a, b, c be the sides of a triangle. Prove that 

y/b + c — a + \/c + a — b \/a-\-b—c 

Vb+y/c—^/a s/c+s/a-Vb ^+Vb-y/c~ 

6. A6 (IRL) imo3 Determine the smallest number M such that the inequality 

| ab(a 2 — b 2 ) + bc(b 2 — c 2 ) + ca(c 2 — a 2 ) \ < M(a 2 + b 2 + c 2 ) 2 
holds for all real numbers a, b, c 

7. Cl (FRA) We have n> 2 lamps L] ..... 7.,, in a row, each of them being either 
on or off. Every second we simultaneously modify the state of each lamp as 
follows: if the lamp L, and its neighbors (only one neighbor for i === 1 or i = n, 
two neighbors for other i) are in the same state, then L, is switched off; otherwise, 
Li is switched on. 

Initially all the lamps are off except the leftmost one which is on. 

(a) Prove that there are infinitely many integers n for which all the lamps will 
eventually be off. 

(b) Prove that there are infinitely many integers n for which the lamps will 
never be all off. 

8. C2 (SRB) IM ° 2 A diagonal of a regular 2006-gon is called odd if its endpoints 
divide the boundary into two parts, each composed of an odd number of sides. 
Sides are also regarded as odd diagonals. Suppose the 2006-gon has been dis- 
sected into triangles by 2003 nonintersecting diagonals. Find the maximum pos- 
sible number of isosceles triangles with two odd sides. 


I 


328 


3 Problems 


9. C3 (COL) Let S be a finite set of points in the plane such that no three of them 
are on a line. For each convex polygon P whose vertices are in S, let a(P) be 
the number of vertices of P, and let b(P) be the number of points of S that are 
outside P. Prove that for every real number x 

X^ (P) (1-*) 6(P) = 1, 

p 

where the sum is taken over all convex polygons with vertices in S. 

Remark. A line segment, a point, and the empty set are considered convex poly- 
gons of 2, 1, and 0 vertices respectively. 

10. C4 (TWN) A cake has the form of an n x n square composed of n 2 unit squares. 
Strawberries lie on some of the unit squares so that each row and each column 
contains exactly one strawberry; call this arrangement ,»/. 

Let £8 be another such arrangement. Suppose that every grid rectangle with one 
vertex at the top left comer of the cake contains no fewer strawberries of arrange- 
ment SB than of arrangement sZ . Prove that arrangement 3# can be obtained from 
srf by performing a number of switches, defined as follows: 

A switch consists in selecting a grid rectangle with only two strawberries, situ- 
ated at its top right comer and bottom left comer, and moving these two straw- 
berries to the other two corners of that rectangle. 

11. C5 (ARG) An (n,k) -tournament is a contest with n players held in k rounds 
such that: 

(i) Each player plays in each round, and every two players meet at most once. 

(ii) If player A meets player B in round i, player C meets player D in round i, 
and player A meets player C in round j, then player B meets player D in 
round j. 

Determine all pairs ( n,k ) for which there exists an (n,k) -tournament. 

12. C6 (COL) A holey triangle is an upward equilateral triangle of side length 
n with n upward unit triangular holes cut out. A diamond is a 60°-120° unit 
rhombus. Prove that a holey triangle T can be tiled with diamonds if and only if 
the following condition holds: every upward equilateral triangle of side length k 
in T contains at most k holes, for 1 < k< n. 

13. C7 (JPN) Consider a convex polyhedron without parallel edges and without 
an edge parallel to any face other than the two faces adjacent to it. Call a pair 
of points of the polyhedron antipodal if there exist two parallel planes passing 
through these points and such that the polyhedron is contained between these 
planes. 

Let A be the number of antipodal pairs of vertices, and let B be the number of 
antipodal pairs of midpoint edges. Determine the difference A — B in terms of 
the numbers of vertices, edges, and faces. 

14. G1 (KOR) ,m01 Let ABC be a triangle with incenter I. A point P in the interior 
of the triangle satisfies ZPBA + ZPCA = ZPBC + ZPCB. Show that AP > Al 
and that equality holds if and only if P coincides with I. 
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15. G2 (UKR) Let ABC be a trapezoid with parallel sides AB > CD. Points K and 
L lie on the line segments AB and CD, respectively, so that AK/ KB = DL/LC. 
Suppose that there are points P and Q on the line segment KL satisfying ZAPB = 
/.BCD and /CQD = /ABC. Prove that the points P, Q, B, and C are concyclic. 

16. G3 (USA) Let ABCDE be a convex pentagon such that /BAC = /CAD = 
/DAE and /ABC = /ACD = /ADE. The diagonals BD and CE meet at P. 
Prove that the line AP bisects the side CD. 

17. G4 (RUS) A point D is chosen on the side AC of a triangle ABC with /C < 
/A < 90° in such a way that BD = BA. The incircle of ABC is tangent to AB and 
AC at points K and L, respectively. Let J be the incenter of triangle BCD. Prove 
that the line KL intersects the line segment AJ at its midpoint. 

18. G5 (HEL) In triangle ABC, let J be the center of the excircle tangent to side 
BC at A i and to the extensions of sides AC and AB at B\ and C\, respectively. 
Suppose that the lines A\B\ and AB are perpendicular and intersect at D. Let E 
be the foot of the perpendicular from C\ to line DJ. Determine the angles /BEA\ 
and /AEB\ . 

19. G6 (BRA) Circles ft)| and (O 2 with centers 0\ and CL are externally tangent 
at point D and internally tangent to a circle (O at points E and F, respectively. 
Line t is the common tangent of ft); and 0)2 at D. Let AB be the diameter of (0 
perpendicular to t, so that A, E, and 0\ are on the same side of t. Prove that the 
lines AO\, BOn, EF, and t are concurrent. 

20. G7 (SVK) In a triangle ABC, let M a , M b , M c , be respectively the midpoints of 
the sides BC, CA, AB, and let T a , T b , T c be the midpoints of the arcs BC, CA, AB 
of the circumcircle of ABC, not counting the opposite vertices. For i G {a, b, c} 
let to, be the circle with M;7] as diameter. Let p t be the common external tangent 
to ft)/, (Ok ({ i,j,k } = {a.b.c}) such that an lies on the opposite side of p L from 
(Oj, (Ok . Prove that the lines p a , p b . Pc form a triangle similar to ABC and find the 
ratio of similitude. 

21. G8 (POL) Let ABCD be a convex quadrilateral. A circle passing through the 
points A and D and a circle passing through the points B and C are externally 
tangent at a point P inside the quadrilateral. Suppose that /PAB + /PDC < 90° 
and /PBA + /PCD < 90° . Prove that AB + CD>BC+AD. 

22. G9 (RUS) Points A/, B\, Ci are chosen on the sides BC, CA, AB of a triangle 
ABC respectively. The circumcircles of triangles AB\C\, BC\A\, CA\B\ intersect 
the circumcircle of triangle ABC again at points Ai, Bo, C 2 respectively ( A 2 7 ^ A, 
B 2 B, C 2 C). Points A 3 , Bj, C 3 are symmetric to A\, B\, C\ with respect 
to the midpoints of the sides BC, CA, AB, respectively. Prove that the triangles 
A 2 B 2 C 2 and A 3 S 3 C 3 are similar. 

23. G10 (SRB) IM06 Assign to each side b of a convex polygon & the maximum 
area of a triangle that has b as a side and is contained in // . Show that the sum 
of the areas assigned to the sides of & is at least twice the area of . 
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24. N1 (USA) M04 Determine all pairs (x,y) of integers satisfying the equation 1 + 

2 x + 2 2x+ i =y2. 

25. N2 (CAN) For x G (0, 1) let y G (0, 1) be the number whose nth digit after the 
decimal point is the 2"th digit after the decimal point of x. Show that if x is 
rational then so is y. 

26. N3 (SAF) The sequence /( 1), /( 2), /( 3), ... is defined by 



where [x] denotes the integral part of x. 

(a) Prove that f{n + 1) > f(n) infinitely often. 

(b) Prove that f (n + 1 ) < f(n) infinitely often. 

27. N4 (ROU) im05 Let P(x) be a polynomial of degree n > 1 with integer co- 
efficients and let k be a positive integer. Consider the polynomial Q(x) = 
P(P(. . . P(P(x)) ...)), where P occurs k times. Prove that there are at most n 
integers t such that Q(t) = t. 

28. N5 (RUS) Find all integer solutions of the equation 



x- 1 


=y 5 - 1 - 


29. N6 (USA) Let a > b > 1 be relatively prime positive integers. Define the weight 
of an integer c, denoted by H’(c), to be the minimal possible value of |x| + |y| 
taken over all pairs of integers x and y such that ax + by = c. An integer c is 
called a local champion if w{c) > w(c± a) and w(c) > w(c ± b). Find all local 
champions and determine their number. 

30. N7 (EST) Prove that for every positive integer n there exists an integer m such 
that 2 m + m is divisible by n. 


3.48 The Forty-Eighth IMO 
Hanoi, Vietnam, July 19-31, 2007 

3.48.1 Contest Problems 
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First Day (July 25 ) 

1. Real numbers a\,a 2 , ■ ■ ■ ,a„ are given. For each i (1 < i < n) define 

di = maxjay | 1 < j < z} — min {ay | i < j < n} 

and let d = max{c/, | 1 <i<n}. 

(a) Prove that for any real numbers x\ < X 2 < • • • < x n , 

max-fix,- — a,-] 1 1 < i < n} > — ■ . (1) 

(b) Show that there are real numbers x\ <X 2 <---<x n such that equality holds 
in(l). 

2. Consider five points A, B, C, D, and E such that ABCD is a parallelogram and 
BCED is a cyclic quadrilateral. Let £ be a line passing through A. Suppose that 
£ intersects the interior of the segment DC at F and intersects line BC at G. 
Suppose also that EF =EG = EC. Prove that £ is the bisector of angle DAB. 

3. In a mathematical competition some competitors are friends. Friendship is al- 
ways mutual. Call a group of competitors a clique if each two of them are friends. 
(In particular, any group of fewer than two competitors is a clique.) The number 
of members of a clique is called its size. 

Given that in this competition, the largest size of a clique is even, prove that the 
competitors can be arranged in two rooms such that the largest size of a clique 
contained in one room is the same as the largest size of a clique contained in the 
other room. 

Second Day (July 26) 

4. In triangle ABC the bisector of angle BCA intersects the circumcircle again at R, 
the perpendicular bisector of BC at P, and the perpendicular bisector of AC at Q. 
The midpoint of BC is K and the midpoint of AC is L. Prove that the triangles 
RPK and RQL have the same area. 

5. Let a and b be positive integers. Show that if 4 ab — 1 divides (4a 2 — l) 2 , then 
a = b. 

6. Let n be a positive integer. Consider 

S= {(x,y,z) | x,y,z G {0,1,. . . x+y+z>0} 

as a set of ( n+ 1) 3 — 1 points in three-dimensional space. Determine the smallest 
possible number of planes, the union of which contains S but does not include 
(0,0,0). 
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3.48.2 Shortlisted Problems 

1. A1 (NZL) IMO 1 Given a sequence a\,a 2 , ■ ■ ■ ,a„ of real numbers, for each i (1 < 
i < n ) define 


di = max {a j : 1 < j < i} — min{ay : i< j <n} 

and let d = max{c/, : 1 < i < n}. 

(a) Prove that for arbitrary real numbers x\ < Xi < ■■ • < x n , 

max{|jr,- — a,-| : 1 < i < n} > (1) 

(b) Show that there exists a sequence x\ < X 2 < ■ ■ ■ < x n of real numbers such 
that we have equality in (1). 

2. A2 (BGR) Consider those functions / : N — » N that satisfy the condition 

f(m + n) > f(m) +/(/(«)) - 1, for all m,n G N. 

Find all possible values of /( 2007). 

3. A3 (EST) Let n be a positive integer, and let x and y be positive real numbers 
such that x tl +y n = 1 . Prove that 

i+*“\ Aa l+y^N 1 
Vs i +**) \^i 1 +y 4k ) < (i —*)(i ~y)' 

4. A4 (THA) Find all functions / : M + — > R + such that 

f(x+f(y)) = f(x+y)+f(y) 


for all x,y G M+. 

5. A5 (HRY) Let c > 2, and let a(l),a(2), ... be a sequence of nonnegative real 
numbers such that 

a(m + n) < 2 a(m) + 2 a(n) for all m,n > 1 , and 
*(2‘)< for all A: >0. 

Prove that the sequence a(n) is bounded. 

6. A6 (POL) Let ai,a 2 ,..., a i oo be nonnegative real numbers such that af + a? + 
b a ioo = ' ■ Prove that 


a\a.2 + H b «ioo fl t < ^ • 
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7. A7 (NLD) imo6 Let n > 1 be an integer. Consider the following subset of space: 

S = {(x,y,z)\ x ,y,ze{0,l,...,n},x+y+z>0}. 

Find the smallest number of planes that jointly contain all (n + l) 3 — 1 points of 
S but none of them passes through the origin. 

8. Cl (SRB) Let n be an integer. Find all sequences a \ , 02 , • • • , a n 2 +n satisfying the 
following conditions: 

(i) a, € {0, 1} for all 1 <i< n 2 +n; 

(ii) a i+ 1 +a i+2 -\ b a l+n < a i+n+ 1 + a i+n+2 H b a i+2n for all 0 < i < n 2 - n . 

9. C2 (JPN) A unit square is dissected into n> 1 rectangles such that their sides 
are parallel to the sides of the square. Any line parallel to a side of the square 
and intersecting its interior also intersects the interior of some rectangle. Prove 
that in this dissection, there exists a rectangle having no point on the boundary 
of the square. 

10. C3 (NLD) Find all positive integers n for which the numbers in the set S = 
{1,2, ...,n} can be colored red and blue, with the following condition being 
satisfied: the set SxSxS contains exactly 2007 ordered triples (x,y,z) such that 

(i) x,y,z are of the same color, and 

(ii) x + y + z is divisible by n. 

11. C4 (IRN) Let Ag = {ai , . . . , a„} be a finite sequence of real numbers. For each 
k > 0, from the sequence A k = (x 1 , . . . ,x n ) we construct a new sequence A^ + \ in 
the following way: 

(i) We choose a partition {l,...,n}=/U7, where I and J are two disjoint sets, 
such that the expression 

5 >- 5 >/ 

iel jeJ 

attains the smallest possible value. (We allow the set I or J to be empty; in 
this case the corresponding sum is 0.) If there are several such partitions, 
one is chosen arbitrarily. 

(ii) We set Aj + i = (yi , . . . ,y n ), where y,- = jq + 1 if i £ /, and y, = x, — 1 if i £ J. 
Prove that for some k, the sequence A k contains an element x such that |x| >n/2. 

12. C5 (ROU) In the Cartesian coordinate plane define the strip 

S n = {(x,y):n<x<n+ 1} 

for every integer n. Assume that each strip S n is colored either red or blue, and 
let a and b be two distinct positive integers. Prove that there exists a rectangle 
with side lengths a and b such that its vertices have the same color. 

13. C6 (RUS) im03 In a mathematical competition some competitors are friends; 
friendship is always mutual. Call a group of competitors a clique if each two 
of them are friends. The number of members in a clique is called its size. 
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It is known that the largest size of a clique is even. Prove that the competitors 
can be arranged in two rooms such that the largest size of a clique in one room 
is the same as the largest size of a clique in the other room. 

14. C7 (AUT) Let a < - 3 ~^ be a positive real number. Prove that there exist posi- 
tive integers n and p such that p > a ■ 2" and for which one can select 2 p distinct 
subsets Si, . . . ,S p . 7i . . . . . T p of the set (1,2, ... ,n} such that .S',- n Tj ^ 0 for all 
1 <i,j<P- 

15. C8 (UKR) Given a convex n- gon P in the plane, for every three vertices of P, 
consider the triangle determined by them. Call such a triangle good if all its sides 
are of unit length. Prove that there are not more than 2n/3 good triangles. 

16. G1 (CZE) M04 In a triangle ABC the bisector of angle BCA intersects the cir- 
cumcircle again at R, the perpendicular bisector of BC at P, and the perpendicular 
bisector of AC at Q. The midpoint of BC is K and the midpoint of AC is L. Prove 
that the triangles RPK and RQL have the same area. 

1 7 . G2 (CAN) Given an isosceles triangle ABC, assume that AB = AC. The midpoint 
of the side BC is denoted by M. Let A be a variable point on the shorter arc MA 
of the circumcircle of triangle ABM. Let T be the point in the angle domain 
BMA for which ZTMX = 90° and TX = BX. Prove that ZMTB - ZCTM does 
not depend on X. 

18. G3 (UKR) The diagonals of a trapezoid ABCD intersect at point P. Point Q lies 
between the parallel lines BC and AD such that ZAQD = ZCQB, and the line 
CD separates the points P and Q. Prove that ZBQP = ZDAQ. 

19. G4 (LUX) IM02 Consider five points A, B, C, D, and E such that ABCD is a 
parallelogram and BCED is a cyclic quadrilateral. Let £ be a line passing through 
A. Suppose that £ intersects the interior of the segment DC at F and intersects 
line BC at G. Suppose also that EF = EG = EC. Prove that £ is the bisector of 
angle DAB. 

20. G5 (UNK) Let ABC be a fixed triangle, and let A\, B\, C\ be the midpoints 
of sides BC, CA, AB respectively. Let P be a variable point on the circumcircle. 
Let lines PA\, PB\, PC\ meet the circumcircle again at A', B', C' respectively. 
Assume that the points A, B, C, A', B', C' are distinct, and lines AA', BB' , CC' 
form a triangle. Prove that the area of this triangle does not depend on P. 

21. G6 (USA) Let ABCD be a convex quadrilateral, and let points Ai, B\,C\, and 
D\ he on sides AB, BC, CD, and DA respectively. Consider the areas of triangles 
AA\Di, BB 1 4 1 , CC\B\, and DD\C\ ; let S be the sum of the two smallest ones, 
and let S\ be the area of the quadrilateral A\B\C\D\. 

Find the smallest positive real number k such that kS\>S holds for every convex 
quadrilateral ABCD. 

22. G7 (IRN) Given an acute triangle ABC with angles a, J3 , and y at vertices A, B, 
and C respectively such that J3 > y, let I be its incenter, and R the circumradius. 
Point D is the foot of the altitude from vertex A. Point K lies on line AD such 
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that AK = 2 R, and D separates A and K. Finally, lines Dl and KI meet sides AC 
and BC at E and F respectively. Prove that if IE = IF, then j3 < 3y. 

23. G8 (POL) A point P lies on the side AB of a convex quadrilateral ABCD. Let to 
be the incircle of the triangle CPD, and let I be its incenter. Suppose that to is 
tangent to the incircles of triangles APD and BPC at points K and L, respectively. 
Let the lines AC and BD meet at E, and let the lines AK and BE meet at F. Prove 
that the points E, I, and F are collinear. 

24. N1 (AUT) Find all pairs (k,n) of positive integers for which l k — 3" divides 
k 4 +n 2 . 

25. N2 (CAN) Let b,n > 1 be integers. Suppose that for each k> 1 there exists an 
integer a k such that b — is divisible by k. Prove that b = A n for some integer 
A. 

26. N3 (NLD) Let X be a set of 10000 integers, none of which is divisible by 47. 
Prove that there exists a 2007-element subset Y of X such that a — b+c — d + e 
is not divisible by 47 for any a,b,c,d,e GY. 

27. N4 (POL) For every integer k > 2, prove that 2 ik divides the number 



but 2 3 * +1 does not. 

28. N5 (IRN) Find all surjective functions / : N — > N such that for every m.neN 
and every prime p, the number f(m + n) is divisible by p if and only if f(m) + 
f(n) is divisible by p. 

29. N6 (UNK) IM05 Let k be a positive integer. Prove that the number (4k 2 — l) 2 has 
a positive divisor of the form 8 kn — 1 if and only if k is even. 

30. N7 (IND) For a prime p and a positive integer n, denote by v p (n) the exponent 
of p in the prime factorization of n\. Given a positive integer d and a finite set 
{p\,. ■ ■ ,Pk} of primes, show that there are infinitely many positive integers n 
such that d \ v Pi ( n ) for all 1 < i < k. 
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3.49 The Forty-Ninth IMO 
Madrid, Spain, July 10-22, 2008 

3.49.1 Contest Problems 

First Day (July 16) 

1. An acute-angled triangle ABC has orthocenter H. The circle passing through H 
with center the midpoint of BC intersects the line BC at A | and A 2 . Similarly, 
the circle passing through H with center the midpoint of CA intersects the line 
CA at Bi and B 2 , and the circle passing through H with center the midpoint of 
AB intersects the line AB at C\ and C 2 . Show that Aj , A 2 , B \ , B 2 , Ci , C 2 lie on a 
circle. 

2. (a) Prove that 

2 2 2 
x y z 

for all real numbers x, y, z each different from 1 and satisfying xyz = 1. 

(b) Prove that equality holds above for infinitely many triples of rational num- 
bers x, y, z each different from 1 and satisfying xyz = 1 ■ 

3. Prove that there exist infinitely many positive integers n such that n 2 + 1 has a 
prime divisor that is greater than 2 n + V2n. 

Second Day (July 17) 

4. Find all functions / : (0,+°°) — * (0,+°°) (so / is a function from the positive 
real numbers to the positive real numbers) such that 

(/w) 2 +(/w ) 2 _ y +* 2 

f(y 2 )+f(z 2 ) y 2 +z 2 

for all positive real numbers w, x, y, z satisfying wx = yz. 

5. Let n and k be positive integers with k > n and k — n an even number. Let 2 n 
lamps labeled 1, 2, . . . , 2n be given, each of which can be either on or off. Initially 
all the lamps are off. We consider sequence of steps: at each step one of the lamps 
is switched (from on to off or from off to on). 

Let N be the number of such sequences consisting of k steps and resulting in the 
state in which lamps 1 through n are all on, and lamps n + 1 through 2 n are all 
off. 

Let M be the number of such sequences consisting of k steps and resulting in the 
state in which lamps 1 through n are all on, and lamps n + 1 through 2 n are all 
off, but where none of the lamps n + 1 through 2 n is ever switched on. 
Determine the ratio N /M. 
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6. Let ABCD be a convex quadrilateral with \BA\ ^ \BC\. Denote the incircles of 
triangles ABC and ADC by ft)] and ©2 respectively. Suppose that there exists a 
circle © tangent to the ray BA beyond A and to the ray BC beyond C that is also 
tangent to the lines AD and CD. Prove that the common external tangents of ©1 
and ©2 intersect on ©. 

3.49.2 Shortlisted Problems 

1. A1 (KOR) IM04 Find all functions / : (0,+°°) — > (0,+°°) (so / is a function 
from the positive real numbers to the positive real numbers) such that 

(/(w)) 2 +(/(v )) 2 _ y+x 2 

f(y 2 )+f(z 2 ) y 2 +z 2 

for all positive real numbers w, x, y, z, satisfying wx = yz. 

2. A2 (AUT) M02 

(a) Prove that 

r 2 ,,2 _2 

+ ^ + _: >1 

l) 2 ' (j l) 2 ' (.Z 1)2 

for all real numbers x, y, z each different from 1 and satisfying xyz. = 1. 

(b) Prove that equality holds above for infinitely many triples of rational num- 
bers x, y, z each different from 1 and satisfying xyz = 1 . 

3. A3 (NLD) Let S C R be a set of real numbers. We say that a pair (f,g) of 
functions from S to .S' is a Spanish couple on S if they satisfy the following 
conditions: 

(i) Both functions are strictly increasing, i.e., f(x) < f(y) and g(x) < g(y) for 
all x,y € S with x < y; 

(ii) The inequality f(g[g{x)J) < g(f{x)) holds for all x e S. 

Decide whether there exists a Spanish couple 

(a) on the set S = N of positive integers; 

(b) on the set S = {a — \/b : a,b € N}. 

4. A4 (AUT) For an integer m, denote by f(m) the unique number in {1,2,3} 
such that m + t(m) is a multiple of 3. A function / : Z — *• Z satisfies /(— 1) = 0, 
/(0) = l,/(l) = -l,and 

f(2 n + m)=f (2" f(m) for all integers m,n> 0 with 2" > m. 

Prove that f(3p) > 0 holds for all integers p> 0. 

5. A5 (SVK) Let a, b, c, d be positive real numbers such that 

. . . . . . abed 

abed = 1 and a+b + c + d>--\ 1-- + -. 

b c d a 


Prove that 


, , b c d a 

a + b + c+d< - + 7 H F-. 

abed 
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6. A6 (LTU) Let / : K — > N be a function that satisfies 

f ( x+ m)~ f ( y+ m)- foralUjeR - 

Prove that there is a positive integer that is not a value of /. 

7. A7 (GER) Prove that for any four positive real numbers a , b, c, d, the inequality 

{a-b)(a-c) jb-c){b-d) ( c-d){c-a ) {d-a){d-b) > Q 

a+b+c b+c+d c+d+a d+a+b ~ 

holds. Determine all cases of equality. 

8. Cl (NLD) A box is a rectangle in the plane whose sides are parallel to the 
coordinate axes and have positive lengths. Two boxes intersect if they have a 
common point in their interior or on their boundary. 

Find the largest n for which there exist n boxes B i, .... B rl such that /i, and Bj 
intersect if and only if i ^ j± 1 (mod «). 

9. C2 (SRB) For every positive integer n determine the number of permutations 
(fli , . . . , a n ) of the set { 1 , 2 , . . . , n} with the following property: 

2(«i + a .2 H b ak) is divisible by k for k= 1,2 

10. C3 (PER) Consider the set S of all points with integer coordinates in the coor- 
dinate plane. For a positive integer k, two distinct points A, B £ S will be called 
k-friends if there is a point C € S such that the area of the triangle ABC is equal 
to k. A set T C S will be called a k-clique if every two points in T are fc-friends. 
Find the least positive integer k for which there exists a ^-clique with more than 
200 elements. 

11. C4 (FRA) IM ° 5 Let n and k be positive integers with k > n and k—n an even 
number. Let 2 n lamps labeled 1,2, . . . , 2n be given, each of which can be either 
on or off. Initially all the lamps are off. We consider sequence of steps: at each 
step one of the lamps is switched (from on to off or from off to on). 

Let N be the number of such sequences consisting of k steps and resulting in the 
state in which lamps 1 through n are all on, and lamps n + 1 through 2 n are all 
off. 

Let M be the number of such sequences consisting of k steps and resulting in the 
state in which lamps 1 through n are all on, and lamps n + 1 through 2 n are all 
off, but where none of the lamps n + 1 through 2 n is ever switched on. 
Determine the ratio N/M. 

12. C5 (RUS) Let S = {x\,X 2 , ■ ■ ■ .x^+i} be a (k + /(-element set of real numbers 
contained in the interval [0, 1]; k and l are positive integers. A /c-element subset 
ACS is called nice if 



7 I ^ 

xjeS\A 


. k+l 
1 2 kl ' 
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Prove that the number of nice subsets is at least ^ • ( k ~£ l ) . 

13. C6 (NLD) For n > 2, let S lt S 2 , . . . , S 2 n be 2" subsets of A = {1,2,3, . . . ,2 n+1 } 
that satisfy the following property: There do not exist indices a and b with a < b 
and elements x,y,z& A with x <y < z such that y. z 6 S a and x,z G S&. Prove that 
at least one of the sets S\, S 2 , ■ ■ ■ , S 2 « contains no more than 4n elements. 

14. G1 (RUS) imo1 An acute-angled triangle ABC has orthocenter H . The circle 
passing through H with center the midpoint of BC intersects the line BC at A\ 
and A 2 . Similarly, the circle passing through H with center the midpoint of CA 
intersects the line CA at B\ and B 2 , and the circle passing through H with center 
the midpoint of AB intersects the line AB at C\ and C 2 . Show that A\,A 2 ,B\,B 2 , 
C\ , C 2 lie on a circle. 

15. G2(LUX) Given a trapezoid ABCD with parallel sides AB and CD, assume that 
there exist points E on line BC outside the segment BC, and F inside the segment 
AD, such that ZDAE = ZCBF. Denote by I the intersection point of CD and 
EF, and by J the intersection point of AB and EF. Let K be the midpoint of the 
segment EF. Assume that K does not lie on the lines AB and CD. 

Prove that I belongs to the circumcircle of A ABK if and only if K belongs to the 
circumcircle of A CDJ. 

16. G3 (PER) Let ABCD be a convex quadrilateral and let P and Q be the points 
such that PQDA and QPBC are cyclic quadrilaterals. Suppose that there exists a 
point £ on the line segment PQ such that ZPAE = ZQDE and ZPBE = ZQCE. 
Show that the quadrilateral ABCD is cyclic. 

17. G4 (IRN) Let BE and CF be altitudes in an acute triangle ABC. Two circles 
passing through the points A and F are tangent to the line BC at the points P and 
Q so that B lies between C and Q. Prove that the lines PE and QF intersect on 
the circumcircle of AAEF. 

18. G5 (NLD) Let k and n be integers with 0 < k < n — 2. Consider a set L of n lines 
in the plane such that no two of them are parallel and no three have a common 
point. Denote by I the set of intersection points of lines in L. Let O be a point in 
the plane not lying on any line of L. 

A point X £ I is colored red if the open line segment (OX) intersects at most k 
lines from L. Prove that I contains at least j (k + 1 ) (k + 2) red points. 

19. G6 (SRB) Let ABCD be a convex quadrilateral. Prove that there exists a point 
P inside the quadrilateral such that 

ZPAB + ZPDC = ZPBC + ZPAD = ZPCD + ZPBA = ZPDA + ZPCB = 90° 

if and only if the diagonals AC and BD are perpendicular. 

20. G7 (RUS) IM ° 6 Let ABCD be a convex quadrilateral with \BA\ ^ \BC\. Denote 
the incircles of triangles ABC and ADC by co\ and fi )2 respectively. Suppose that 
there exists a circle co tangent to the ray BA beyond A and to the ray BC beyond 
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C that is also tangent to the lines AD and CD. Prove that the common external 
tangents of ©i and ©2 intersect on ft). 

21. N1 (AUS) Let n be a positive integer and let p be a prime number. Prove that if 
a, b, c are integers (not necessarily positive) satisfying the equations 

a n + pb = b n +pc = c" + pa, 

then a = b = c. 

22. N2 (IRN) Let a \ , 02 , ...,a n be distinct positive integers, n > 3. Prove that there 
exist distinct indices i and j such that a,- + aj does not divide any of the numbers 
3a\, 3a 2 , ■■■, 3 a„. 

23. N3 (IRN) Let ao, a\, a 2 be a sequence of positive integers such that the greatest 
common divisor of any two consecutive terms is greater than the preceding term, 
i.e. (a,-.a, + i) > a,_i for all i > 1. Prove that a n > 2" for all n> 0. 

24. N4 (SRB) Let n be a positive integer. Show that the numbers 


(2 n — A 

/2«-A 

(2 n — A 

/2«-!\ 

V 0 ) 

’V 1 )' 

V 2 



are congruent modulo 2" to 1, 3, 5, . . . , 2" — 1 in some order. 

25. N5 (FRA) For every n G N let d(n) denote the number of (positive) divisors of 
n. Find all functions / : N — > N with the following properties: 

(i) d(f(x)) = x for all x e N; 

(ii) f(xy) divides (x - 1 )y xy ~ 1 f(x) for all x,y G N. 

26. N6 (LTU) IM03 Prove that there exist infinitely many positive integers n such 
that n 2 + 1 has a prime divisor that is greater than 2 n + \/2n. 


3.50 The Fiftieth IMO 

Bremen, Germany, July 10-22, 2009 

3.50.1 Contest Problems 
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First Day ( July 15) 

1 . Let n be a positive integer and let a\ , ...,«&(£> 2) be distinct integers in the set 

such that n divides a,(a, + i — 1) for i = 1,... ,k— 1. Prove that n does 
not divide a*(ai — 1). 

2. Let ABC be a triangle with circumcenter O. The points P and Q are interior 
points of the sides CA and AB, respectively. Let K, L and M be the midpoints 
of the segments BP, CQ, and PQ, respectively, and let r be the circle passing 
through K, L, and M. Suppose that the line PQ is tangent to the circle L. Prove 
that OP = OQ. 

3. Suppose that si,S 2 ,S 3 , ■ ■ ■ is a strictly increasing sequence of positive integers 
such that the subsequences 

$si i$s 2 > • • • and >s'i[+i)'S'i 2 +i>^ 3 +i> ■ ■ ■ 

are both arithmetic progressions. Prove that the sequence sj , S 2 , S 3 , . . . is itself an 
arithmetic progression. 

Second Day (July 16) 

4. Let ABC be a triangle with AB = AC. The angle bisectors of ZCAB and ZABC 
meet the sides BC and CA at D and E, respectively. Let K be the incenter of 
triangle ADC. Suppose that Z BEK = 45°. Find all possible values of ZCAB. 

5. Determine all functions / from the set of positive integers to the set of positive 
integers such that, for all positive integers a and b, there exists a nondegenerate 
triangle with sides of lengths 

a, f(b), and f(b + f(a)— 1). 

(A triangle is nondegenerate if its vertices are not collinear.) 

6. Let a\,a 2 , ... , a n be distinct positive integers and let M be a set of n — 1 positive 

integers not containing s = a\+a 2 -\ 1 -a n . A grasshopper is to jump along 

the real axis, starting at the point 0 and making n jumps to the right with lengths 
ai,a 2 ,...,a„ in some order. Prove that the order can be chosen in such a way 
that the grasshopper never lands on any point in M. 

3.50.2 Shortlisted Problems 

1. A1 (CZE) Find the largest possible integer k such that the following statement 
is true: 
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Let 2009 arbitrary nondegenerate triangles be given. In every triangle the three 
sides are colored, such that one is blue, one is red, and one is white. Now, for 
every color separately, let us sort the lengths of the sides. We obtain 

b\ < £>2 < • • • < &2009 the lengths of the blue sides, 

r i < r 2 < ■ ■ ■ < r 2009 the lengths of the red sides, 

and w\ < w >2 < • • • < W 2009 the lengths of the white sides. 

Then there exist k indices j such that we can form a nondegenerate triangle with 
side lengths bj, rj, Wj. 

2. A2 (EST) Let a, b, c be positive real numbers such that \ + \ + \ = a + b + c. 
prove that 

1 1 1 3_ 

(2 a + b + c) 2 (2 b + c + a) 2 (2 c + a + b) 2 ~ 16' 

3. A3 (FRA) M ° 5 Determine all functions / from the set of positive integers to the 
set of positive integers such that for all positive integers a and b, there exists a 
nondegenerate triangle with sides of lengths 

a, f(b), and f(b+f(a)~ 1). 

(A triangle is nondegenerate if its vertices are not collinear.) 

4. A4 (BLR) Let a, b, c be positive real numbers such that ab + bc + ca< 3 abc. 
Prove that 


a 2 +b 2 b 2 + c 2 


a + b 


b + c 


c 2 + a 2 
c + a 


+ 3 < Vl (y/a + b + Vb + c-\ 


5. A5 (BLR) Let / be any function that maps the set of real numbers into the set 
of real numbers. Prove that there exist real numbers x and y such that 

f(x-f{y))>yf{x)+x. 

6. A6 (USA) ™° 3 Suppose that 5 ’i,S 2,S3,... is a strictly increasing sequence of 
positive integers such that the subsequences 


! ■ ■ ■ ^l + l ! ^S2 + l > ^3 + 1 > ■ • • 


are both arithmetic progressions. Prove that the sequence is itself an 

arithmetic progression. 

7. A7 (JPN) Find all functions / from the set of real numbers into the set of real 
numbers that satisfy for all real x, y the identity 


f(xf(x+y))=f(yf(x))+^. 
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8. Cl (NZL) Consider 2009 cards, each having one gold side and one black side, 
lying in parallel on a long table. Initially all cards show their gold sides. Two 
players, standing by the same long side of the table, play a game with alternat- 
ing moves. Each move consists in choosing a block of 50 consecutive cards, 
the leftmost of which is showing gold, and turning them all over, so those that 
showed gold now show black and vice versa. The last player who can make a 
legal move wins. 

(a) Does the game necessarily end? 

(b) Does there exist a winning strategy for the starting player? 

9. C2 (ROU) For any integer n> 2, let N(n) be the maximal number of triples 
(. di,bi,Ci ), i = 1, . . . ,N(n), consisting of nonnegative integers a;, bi, and a such 
that the following two conditions are satisfied: 

(i) di + bi + Ci = n for all i = 1, . . . ,N(n), 

(ii) If i 7^ j, then a, ^ aj, bi 7^ bj, and c, 7^ Cj. 

Determine N(n) for all n> 2. 

10. C3 (RUS) Let n be a positive integer. Given a sequence £1, . . . , £„_i with £; = 0 
or £j = 1 for each i = 1 , . . . , n — 1, the sequences uq,... , a n and bo .... ,b n are 
constructed by the following rules: 


a 0 =b 0 = 1, a\ = b\ =7, 



fori *# 1, 


fori= 1. 


Prove that a„= b n . 

1 1 . C4 (NLD) For an integer m > 1 we consider partitions of a 2 m x 2 m chessboard 
into rectangles consisting of cells of the chessboard in which each of the 2 m 
cells along one diagonal forms a separate rectangle of side length 1 . Determine 
the smallest possible sum of rectangle perimeters in such a partition. 

12. C5 (NLD) Five identical empty buckets of 2-liter capacity stand at the vertices of 
a regular pentagon. Cinderella and her wicked stepmother go through a sequence 
of rounds: At the beginning of every round the stepmother takes one liter of water 
from the nearby river and distributes it arbitrarily among the five buckets. Then 
Cinderella chooses a pair of neighboring buckets, empties them into the river, 
and puts them back. Then the next round begins. The stepmother’s goal is to 
make one of the buckets overflow. Cinderella’s goal is to prevent this. Can the 
wicked stepmother enforce a bucket overflow? 

13. C6 (BGR) On a 999 x 999 board a limp rook can move in the following way: 
From any square it can move to any of its adjacent squares, i.e., a square having 
a common side with it, and every move must be a turn: i.e., the directions of any 
two consecutive moves must be perpendicular. A nonintersecting route of the 
limp rook consists of a sequence of distinct squares that the limp rook can visit 
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in that order by an admissible sequence of moves. Such a nonintersecting route 
is called cyclic if the limp rook can, after reaching the last square of the route, 
move directly to the first square of the route and start over. 

How many squares does the longest possible cyclic, nonintersecting route of a 
limp rook visit? 

14. C7 (RUS) IM06 Let a\,a 2 , ■■■ , a n be distinct positive integers and let M be a set 

of n — 1 positive integers not containing s = a\ + a 2 H b a n . A grasshopper 

is to jump along the real axis, starting at the point 0 and making n jumps to the 
right with lengths a\ , 02 , . . . , a n in some order. Prove that the order can be chosen 
in such a way that the grasshopper never lands on any point in M. 

15. C8 (AUT) For any integer n > 2 we compute the integer h(n ) by applying the 
following procedure to its decimal representation. Denote by r the rightmost 
digit of n. 

1° If r = 0, then the decimal representation of h(n) results from the decimal 
representation of n by removing this rightmost digit 0. 

2° If 1 < r < 9 we split the decimal representation of n into a maximal right 
part R that consists solely of digits not less than r and into the left part L 
that either is empty or ends with a digit strictly smaller than r. Then the 
decimal representation of h[n) consists of the decimal representation of L, 
followed by two copies of the decimal representation of R — 1 . For instance, 
for the number n = 1 7 , 1 5 1 ,345 ,543 we will have L = 1 7 , 1 5 1 , ?? = 345 ,543 , 
and h(n) = 17,151,345,542,345,542. 

Prove that, starting with an arbitrary integer n> 2, iterated application of h pro- 
duces the integer 1 after finitely many steps. 

16. G1 (BEL) IM04 Let ABC be a triangle with All = AC. The angle bisectors of 
/.CAB and /ABC meet the sides BC and CA at D and E, respectively. Let K be 
the incenter of triangle ADC. Suppose that /BEK = 45°. Find all possible values 
of /CAB. 

17. G2 (RUS) IM ° 2 Let ABC be a triangle with circumcenter O. The points P and Q 
are interior points of the sides CA and AB, respectively. Let K, L, and M be the 
midpoints of the segments BP, CQ, and PQ, respectively, and let F be the circle 
passing through K, L, and M. Suppose that the line PQ is tangent to the circle F. 
Prove that OP = OQ. 

18. G3 (IRN) Let ABC be a triangle. The incircle of ABC touches the sides AB and 
AC at the points Z and Y, respectively. Let G be the point where the lines BY and 
CZ meet, and let R and S be the points such that the two quadrilaterals BCYR 
and BCSZ are parallelograms. Prove that GR = GS. 

1 9 . G4 (UNK) Given a cyclic quadrilateral ABCD, let the diagonals AC and BD meet 
at E and the lines AD and BC meet at F. The midpoints of AB and CD are G and 
H, respectively. Show that EF is tangent at E to the circle through the points E, 
G, and H. 
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20. G5 (POL) Let P be a polygon that is convex and symmetric with respect to some 
point O. Prove that for some parallelogram R satisfying PCR we have 


1M<vi 

\Sp\~ 


21. G6 (UKR) Let the sides AD and BC of the quadrilateral ABCD (such that AB 
is not parallel to CD) intersect at point P. Points 0\ and Oi are the circumcen- 
ters and points H\ and Hj are the orthocenters of the triangles ABP and DCP, 
respectively. Denote the midpoints of segments 0\H\ and O 2 H 2 by E\ and £2, 
respectively. Prove that the perpendicular from E\ on CD, the perpendicular from 
£2 on AB, and the line H\ /£ are concurrent. 


22. G7 (IRN) Let ABC be a triangle with incenter / and let X, Y, and Z be the 
incenters of the triangles BIC, CIA, and AIB respectively. Let the triangle XYZ 
be equilateral. Prove that ABC is equilateral too. 

23. G8 (BGR) Let ABCD be a circumscribed quadrilateral. Let g be a line through 
A that meets the segment BC in M and the line CD in N. Denote by I\,h, and 
I 3 the incenters of AABM, AMNC, and ANDA, respectively. Show that the 
orthocenter of A/1/2/3 lies on g. 

24. N1 (AUS) imo1 Let n be a positive integer and let ai, . . . , a* (k > 2) be distinct 
integers in the set { 1 , ... , n} such that n divides «,(«;+ 1 — 1 ) for i = 1 ^ — 1 . 
Prove that n does not divide cik{a\ — 1 ). 

Original formulation: A social club has n members. They have the membership 
numbers 1, 2, ..., n, respectively. From time to time members send presents 
to other members including items they have already received as presents from 
other members. In order to avoid the embarrassing situation that a member might 
receive a present that he or she has sent to other members, the club adds the 
following rule to its statutes at one of its annual general meetings: “A member 
with membership number a is permitted to send a present to a member with 
membership number b if and only if a(b — 1) is a multiple of n.” Prove that if 
each member follows this rule, none will receive a present from another member 
that he or she has already sent to other members. 

Alternative formulation: Let G be a directed graph with n vertices vi,V2, . . . ,v„ 
such that there is an edge going from v a to v\, if and only if a and b are distinct 
and a(b — 1) is a multiple of n. Prove that this graph does not contain a directed 
cycle. 

25. N2 (PER) A positive integer IV is called balanced if N = 1 or if N can be written 
as a product of an even number of not necessarily distinct primes. Given positive 
integers a and b, consider the polynomial P defined by P(x) = (x + a)(x + b). 

(a) Prove that there exist distinct positive integers a and b such that all the 
numbers £(1), £( 2 ), ..., £(50) are balanced. 

(b) Prove that if P(n) is balanced for all positive integers n, then a = b. 

26. N3 (EST) Let / be a nonconstant function from the set of positive integers into 
the set of positive integers, such that a — b divides f(a) — f(b) for all distinct 
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positive integers a and b. Prove that there exist infinitely many primes p such 
that p divides /(c) for some positive integer c. 

27. N4 (PRK) Find all positive integers n such that there exists a sequence of posi- 
tive integers a\,ci 2 , ■ ■ ■ , a n satisfying 


aic + 1 = 


a l+ l 

«i-l + 1 


for every k with 2 < k < n — 1 . 

28. N5 (HUN) Let P(x) be a nonconstant polynomial with integer coefficients. Prove 
that there is no function T from the set of integers into the set of integers such 
that the number of integers x with T n (x) = x is equal to P(n) for every n > 1, 
where T n denotes the n-fold application of T . 

29. N6 (TUR) Let k be a positive integer. Show that if there exists a sequence uq, 
ai, ... of integers satisfying the condition 

«« t + // A .. „ . , 

a„ = tor all n > 1 , 

n 


then k — 2 is divisible by 3. 

30. N7 (MNG) Let a and b be distinct integers greater than 1 . Prove that there exists 
a positive integer n such that (a n — \ ){b n — 1) is not a perfect square. 


4 


Solutions 


4.1 Solutions to the Contest Problems of IMO 1959 

1. The desired result (14n + 3,21n + 4) = 1 follows from 

3(14n + 3)-2(21n + 4)= 1. 

2. For the square roots to be real we must have 2x — 1 > 0 =/- x > 1/2 and x > 
x/2x — 1 => x 2 > 2x — 1 => (x — l) 2 > 0, which always holds. Then we have 
\/l(A^Jlx = l+\/x^/Ix = \ = c <= => 

c 2 = 2x + 2'\/x 2 - V2x-l 2 = 2x+2|x-l| = 

(a) c 2 = 2. The equation holds for 1/2 < x < 1. 

(b) c 2 = 1 . The equation has no solution. 

(c) c 2 = 4. The equation holds for 4x — 2 = 4 =>■ x = 3/2. 

3. Multiplying the equality by 4(acos 2 x — bcosx + c), we obtain 4a 2 cos 4 x + 
2(4ac — 2b 2 )cos 2 x+4c 2 = 0. Plugging in 2cos 2 x = 1 + cos 2.x we obtain (af- 
ter quite a bit of manipulation): 

a 2 cos 2 2x + (2a 2 + 4 ac — 2b 2 ) cos 2x + ( a 2 + 4 ac — 2 b 2 + 4c 2 ) = 0. 

For a = 4, b = 2, and c = — 1 we get 4cos 2 x + 2cosx— 1=0 and 16cos 2 2x + 
8cos2x — 4 = 0 => 4 cos 2 2x + 2cos2x— 1=0. 

4. Analysis. Let a and b be the other two sides of the triangle. From the conditions 
of the problem we have c 2 = o 2 + b 2 and c/2 = \fab <*=> 3/2 c 2 = a 2 + b 2 + 2 ab = 
(a + b) 2 ^ y/3/2c = a + b. Given a desired AABC let D be a point on (AC such 
that CD = CB. In that case, AD = a + b= y/3/2 c, and also, since BC = CD, it 
follows that ZADB = 45°. 

Construction. From a segment of length c we elementarily construct a segment 
AD of length \/3/2 c. We then construct a ray (DX such that ZADX = 45° 
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and a circle k(A,c) that intersects the ray at point B. Finally, we construct the 
perpendicular from B to AD; point C is the foot of that perpendicular. 

Proof. It holds that AB = c, and, since CB = CD, it also holds that AC + CB = 
AC+CD =AD = y/3/2c. From this it follows that VAC ■ CB = c/2. Since BC 
is perpendicular to AD, it follows that ZBCA = 90°. Thus ABC is the desired 
triangle. 

Discussion. Since ABV 2 = \[2c > \j2>/2 c = AD > AB, the circle k intersects 
the ray DX in exactly two points, which correspond to two symmetric solutions. 

5. (a) It suffices to prove that AF _L BC, since then for the intersection points we 

have ZAXC = ZBXF = 90°, implying that X belongs to the circumcircles 
of both squares and thus that X = N. The relation AF _L BC holds because 
from MA = MC, MF = MB, and ZAMC = ZFMB it follows that AAMF 
is obtained by rotating A BMC by 90° around M. 

(b) Since N is on the circumcircle of BMFE, it follows that ZANM = ZMNB = 
45°. Hence MN is the bisector of ZANB. It follows that MN passes through 
the midpoint of the arc AB of the circle with diameter AB (i.e., the circum- 
circle of AABN) not containing N. 

(c) Let us introduce a coordinate system such that A = (0,0), B = (b,0), and 
M = (m, 0). Setting in general W = (x\y,yw) for an arbitrary point W and 
denoting by R the midpoint of PQ, we have y« = (yp + yg)/2 = (m + b — 
m ) /4 =b/ 4 and xr = ( xp + xq ) /2 = [m + m + b)/ 4 = (2m + b) /4, the 
parameter m varying from 0 to b. Thus the locus of all points R is the 
closed segment R 1 R 2 where R\ = ( b/4,b/4 ) and Ri = (b /4,3b/ A). 

6. Analysis. For AB || CD to hold evidently neither must intersect p and hence 
constructing lines r in a through A and s in J3 through C, both being paral- 
lel to p, we get that B e r and D e Hence the problem reduces to a planar 
problem in y, determined by r and s. Denote by A' the foot of the perpen- 
dicular from A to s. Since ABCD is isosceles and has an incircle, it follows 
AD = BC = (AB + CD)/ 2 = A'C. The remaining parts of the problem are now 
obvious. 


4.2 Contest Problems 1960 
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4.2 Solutions to the Contest Problems of IMO 1960 


1 . Given the number acb, since 1 1 | acb, it follows that c = a + b or c = a + b— 11. 
In the first case, a 2 + b 2 + (a + b) 2 = 10 a + b, and in the second case, a 2 + 
b 2 + (a + b — 1 1) 2 = 10(a — 1) + b. In the first case the LHS is even, and hence 
b e {0,2, 4, 6, 8}, while in the second case it is odd, and hence b e {1,3, 5, 7, 9}. 
Analyzing the 10 quadratic equations for a we obtain that the only valid solutions 
are 550 and 803. 

2. The LHS term is well-defined for x > —1/2 and x ^ 0. Furthermore, 4x 2 /(l — 
\/T+2x) 2 = (1 + VT+2x) 2 . Since 

f(x) = (l + Vl+2^) 2 -2t:-9 = 2\/r+2^-7 


is increasing and since /(45 /8) =0, it follows that the inequality holds precisely 
for — 1/2 < x < 45/8 and xy^ 0. 

3. Let B'C' be the middle of the n = 2k + 1 segments and let D be the foot of the 
perpendicular from A to the hypotenuse. Let us assume &(C,D,C' ,B' ,B). Then 
from CD < BD, CD + BD = a, and CD ■ BD = h 2 we have CD 2 — a ■ CD + h 2 = 
0 CD = (a- Va 2 -4h 2 ) /2 . Let us define IDAC' = y and IDAB' = /3 ; 
then tan/3 = DB' /h and tany = DC' /h. Since DB' = CB' -CD= (k+ \ )a/(2k + 
1) - (c - Vc 2 - 4h 2 ) /2 and DC' = ka/(2k+ 1) - (c - Vc 2 - Ah 2 ) /2, we have 


tana = tan(/3 — y) 


tan/3 — tany 
1 +tanj3 • tany 


1 + 


(2k+\)h 

cP—Ah 1 cP_ 

4/i- Ak 1 {2k+\) 2 


Ah{2k+ 1) 4 nh 

Aak(k+ 1) (n 2 — l)a 

The case 8&(C,C' ,D,B' ,B) is similar. 

4. Analysis. Let A' and B' be the feet of the perpendiculars from A and B, respec- 
tively, to the opposite sides, A i the midpoint of BC, and let D' be the foot of the 
perpendicular from A i to AC. We then have AA l =m a , AA' = h a , ZAA'A i = 90° , 
AxD 1 = h b / 2, and ZAD'Ai = 90°. 

Construction. We construct the quadrilateral AD'Ai A' (starting from the circle 
with diameter AAi). Then C is the intersection of A'Ai and AD ' , and B is on the 
line AiC such that CAi =A\B and ,k#(B,A i ,C). 

Discussion. We must have m a > h a and m a >h b /2. The number of solutions is 
0 if m a = h a = h b /2 , 1 if two of m a ,h a ,h b /2 are equal, and 2 otherwise. 

5. (a) The locus of the points is the square EFGH where these four points are the 

centers of the faces ABB' A', BCC'B', CDD'C' and DAA'D'. 

(b) The locus of the points is the rectangle IJKL where these points are on AB ' , 
CB', CD', and AD' at a distance of AA'/3 with respect to the plane ABCD. 
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6. Let E,F respectively be the midpoints of the bases AB, CD of the isosceles trape- 
zoid ABCD. 

(a) The point P is on the intersection of EF and the circle with diameter BC. 

(b) Let x = EP. Since A BEP ~ A PFC, we have x(h-x) = ab/4 => x L2 = 
(h ± Vh 2 — ab) /2 . 

(c) If h 2 > ab there are two solutions, if h 2 = ab there is only one solution, and 
if h. 2 <ab there are no solutions. 

7. Let A be the vertex of the cone, O the center of the sphere, S the center of the 
base of the cone, B a point on the base circle, and r the radius of the sphere. 
Let ZSAB = a. We easily obtain AS = r(l + sina)/sina and SB = r(l + 
sin a) tan a/ sin a and hence Vi = nSB 2 ■ SA/3 = ^(1 + sin a) 2 / [3 sin a (1 — 
sin a)] . We also have V 2 = 2k r 2 and hence 

k = — (1 + s ina) — /j +6&)sin 2 a + 2(1 — 3&)sino: + 1 = 0 . 

6sina(l -sina) 

The discriminant of this quadratic must be nonnegative: (1 — 3k) 2 — (1 + 6k) > 
0 => k > 4/3. Hence we cannot have k = 1. For k = 4/3 we have sina = 1/3, 
whose construction is elementary. 


4.3 Contest Problems 1961 
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4.3 Solutions to the Contest Problems of IMO 1961 

1. This is a problem solvable using elementary manipulations, so we shall state 
only the final solutions. For a = 0 we get ( x,y,z ) = (0,0,0). For a^Owe get 
(x, y, z) G { (ft , t 2 , zo) , (t 2 , h , zo) } , where 

a 2 — b 2 J a 2 + b 2 ± W(3a 2 - b 2 ){3b 2 - a 2 ) 

zo=^ and t l>2 = 

2 a ’ 4 a 

For the solutions to be positive and distinct the following conditions are neces- 
sary and sufficient: 3 b 2 > a 2 > b 2 and a > 0. 

2. Using S = be sin a/2 , a 2 = b 2 + c 2 — 2bccosa and (\/3sino! + cosa)/2 = 
cos(a — 60°) we have 

a 2 + b 2 + c 2 > 4S\/3 b 2 + <? > bc(V3sinoc + cosa) <=> 

& (b — c) 2 + 2bc(l — cos(oc — 60°)) > 0, 

where equality holds if and only if b = c and a = 60°, i.e., if the triangle is 
equilateral. 

3. For n > 2 we have 


1 = cos" x — sin” x < | cos" x — sin" x\ 

< |cos"x| + | sin" < cos 2 x + sin 2 x= 1. 

Hence sin 2 x = | sin";r| and cos 2 x = |cos”x|, from which it follows that sinx, 
cosx e{l,0,-l}^xe 7tZ /2. By inspection one obtains the set of solutions 

{mn | m £ Z} for even n and {2m7T, 2 mn — njl \ m £ Z} for odd n. 

For n= 1 we have 1 = cosx— sinx = — '/2sin(x— 7r /4) , which yields the set of 
solutions 

{2mn,2mn — n/2 \ m e Z}. 

4. Let Xi = PPi/PQi for i = 1,2,3. For all i we have 

1 = PQi_ _ s PP]Pk 

Xi + 1 PiQi SP]P 2 P3 ’ 

where the indices j and k are distinct and different from i. Hence we have 


/(x I,x 2 ,x 3 ) = — — + - 

Xi + l x 2 - 


S(PP 2 P 3 ) + S(PP t P 3 ) + S{PP 2 P 3 ) 
SiPPiP?,) 


= 1 . 


It follows that l/(x, + 1) > 1/3 for some i and l/(x ; + 1) < 1/3 for some j. 
Consequently, Xj < 2 and Xj > 2. 
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5. Analysis. Let C\ be the midpoint of AB. In AAMB we have MC\ = b/2,AB = c, 
and ZAMB = (o. Thus, given AB = c, the point M is at the intersection of the 
circle k(C' ,b/ 2) and the set of points e that view AB at an angle of ( 0 . The 
construction of ABC is now obvious. 

Discussion. It suffices to establish the conditions for which k and e intersect. Let 
E be the midpoint of one of the arcs that make up e. A necessary and sufficient 
condition for k to intersect e is 

c , b . c co (0 

— = C A < — <CE = - cot — b tan — < c <b. 

2 ~ 2 ~ 2 2 2 ~ 

6. Let h(X) denote the distance of a point X from e, X restricted to being on the 
same side of e as A, B, and C. Let G\ be the (fixed) centroid of A ABC and G\ 
the centroid of A A'B'C'. It is trivial to prove that G is the midpoint of G i G\ . 
Hence varying G\ across £, we get that the locus of G is the plane a parallel to 
£ such that 


h(X) = 


MGi) 

2 


h(A) + h{B)+h(C) 
6 
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4.4 Solutions to the Contest Problems of IMO 1962 


1 . From the conditions of the problem we have n = 10x + 6 and An = 6 • 10 m + x 
for some integer x. Eliminating x from these two equations, we get 40n = 6 • 
10 m+1 +n — 6 =>n = 2(10 m+1 — 1)/13. Hence we must find the smallest m such 
that this fraction is an integer. By inspection, this happens for m = 6, and for this 
m we obtain n = 153846, which indeed satisfies the conditions of the problem. 

2. We note that f(x) = y/3—x — y/x+1 is well-defined only for — 1 < x < 3 and 
is decreasing (and obviously continuous) on this interval. We also note that 
/(— 1) = 2 > 1/2 and 


/ 



i V3T 

4 + 4 




1 

2 ' 


Hence the inequality is satisfied for — 1 <x< 1 — -y/31/8. 

3. By inspecting the four different stages of this periodic motion we easily obtain 
that the locus of the midpoints of XY is the edges of MNCQ, where M, N, and 
Q are the centers of ABB' A', BCC'B' , and ABCD, respectively. 

4. Since cos 2.x = 1 +cos 2 x and cos a + cos j3 = 2 cos ^^4 r^J cos we have 

cos 2 x + cos 2 2x-|-cos 2 3x = 1 cos2x+ cos4x + 2cos 2 3x = 2cos3x(cosx + 
cos3jc) = 0 4cos3xcos2xcosx = 0. Hence the solutions are x G {tt/2 + 
mn, n/A + mn/2 , 7t/6 + m7t/3 \ m e Z}. 

5. Analysis. Let ABCD be the desired quadrilateral. Let us assume w.l.o.g. that 
AB > BC (for AB = BC the construction is trivial). For a tangent quadrilateral 
we have AD — DC = AB- BC. Let X be a point on AD such that DX = DC. 
We then have AX = AB - BC and IAXC = XADC+XCDX = 180° - ZABC/ 2. 
Constructing X and hence D is now obvious. 

6. This problem is a special case, when the triangle is isosceles, of Euler’s formula, 
which holds for all triangles. 

7. The spheres are arranged in a similar manner as in the planar case where we 
have one incircle and three excircles. Here we have one “insphere” and four 
“exspheres” corresponding to each of the four sides. Each vertex of the tetra- 
hedron effectively has three tangent lines drawn from it to each of the five 
spheres. Repeatedly using the equality of the three tangent segments from a ver- 
tex (in the same vein as for tangent planar quadrilaterals) we obtain SA + BC = 
SB + CA = SC +AB from the insphere. From the exsphere opposite of S we ob- 
tain SA — BC = SB — CA = SC — AB, hence SA = SB = SC and AB = BC = CA. 
By symmetry, we also have AB = AC = AS. Hence indeed, all the edges of the 
tetrahedron are equal in length and thus we have shown that the tetrahedron is 
regular. 
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4.5 Solutions to the Contest Problems of IMO 1963 

1 . Obviously, x > 0 and p > 0; hence squaring the given equation yields an equiva- 
lent equation 5X 2 — p — 4+4 \J (x 2 - 1 ) ( x 2 — p) = x 2 , i.e., 4 3 / (x 2 - l)(x 2 — p) = 
(p + 4) - 4X 2 . If 4 x 2 < (p + 4), we may square the equation once again to 
get —16 (p + l)* 2 + 16/; = —8 (p + 4)x 2 + (p + 4) 2 , which is equivalent to 
x 2 = (4 — p) 2 / [4(4 — 2 p)\. We immediately get p < 2 hence 

x= 4 -P 

2V^2-p 

Placing this x in the original equation gives 3/; — 4| =4 — 3/; hence 0 < p < |. 
Thus for 0 < p < j we have x = (4 — p) 2 /[4(4 — 2 p)\, otherwise the solution 
doesn’t exist. 

2. Let A be the given point, BC the given segment, and 38 \ , 38 2 the closed balls 
with the diameters AB and AC respectively. Consider one right angle ZAOK with 
K 6 [BC ] . If B', C' are the feet of the perpendiculars from B, C to AO respectively, 
then O lies on the segment B'C 1 , which implies that it lies on exactly one of the 
segments AB\AC'. Hence O belongs to exactly one of the balls 38 \ , 382 ', i.e., 
O G 3&\A88 2 . This is obviously the required locus. 

3. Let OA 1 , 04 2, .... OA n be the vectors corresponding respectively to the edges 
a\,a 2 ,. . . ,a n of the polygon. By the conditions of the problem, these vectors 

satisfy 04 1 q b OA„ = ~0, ZA\ 0A 2 = ZA 2 OA 3 = • • • = ZA„OAi = 2 n/n and 

OA 1 > OA 2 > ■ ■ ■ > 0A n . Our task is to prove that OAi = ■ ■ • = 0A„. 

Let l be the line through O perpendicular to OA n , and B 1 , . . . , B n 1 the projec- 
tions of A 1 ... . ,A„_ 1 onto l respectively. By the assumptions, the sum of the 
OBi s is 0 . On the other hand, since OB, < OB n -t for all ; < n/2, all the sums 
OBj + 0B„ i lie on the same side of the point O. Hence all these sums must 
be equal to 0 . Consequently, OA; = 0A„_,, from which the result immediately 
follows. 

4. Summing up all the equations yields 2(xi +x 2 +xj +X 4 +X5) = y(x 1 +x 2 +X3 + 
X 4 + X 5 ) . If y = 2, then the given equations imply x\ — x 2 = x 2 — X3 = • • • = X 5 — x \ ; 

hence x\ = x 2 = ■ ■ ■ = X 5 , which is clearly a solution. If y / 2, then x\-\ \-xs = 

0, and summing the first three equalities gives x 2 = y{x\ +x 2 +X3). Using that 
Xi+X 3 = yx 2 we obtain x 2 = (y 2 +y)x 2 , i.e., (y 2 +y — \)x 2 = 0. If y 2 +y —1^0, 
then x 2 = 0, and similarly x\ = ■ ■ ■ = X 5 = 0. If y 2 +y — 1 = 0, it is easy to prove 
that the last two equations are the consequence of the first three. Thus choosing 
any values for xi and X5 will give exactly one solution forxy.xy.xi. 

5. The LHS of the desired identity equals S = cos(n/l) + cos( 37 t/ 7 ) + cos( 57 t/ 7). 
Now 

7 r sin 3^ sin — sin 3? sin^-sin^ sin ^ 1 

•Ssmy = - b 2 + 2 ^ ^ = 2 

6. The result is EDACB. 
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4.6 Solutions to the Contest Problems of IMO 1964 

1. Let n = 3k + r, where 0 < r < 2. Then 2" = 2 3k+r = 8* • 2 r = 2 r (mod 7). Thus 
the remainder of 2” modulo 7 is 1,2,4 if n = 0, 1,2 (mod 3). Hence 2" — 1 is 
divisible by 7 if and only if 3 | n, while 2" + 1 is never divisible by 7. 

2. By substituting a=x+y, b = y+z, and c = z+x ( x,y,z > 0) the given inequality 
becomes 

6xyz < .^y + xy 2 + y 2 z + yz 2 + z 2 * + zx 2 , 

which follows immediately by the AM-GM inequality applied to x 2 y, xy 2 , x 2 z, 
xz 2 , y^z, yz 2 . 

3. Let r be the radius of the incircle of AABC, r a ,r b ,r c the radii of the smaller 
circles corresponding to A,B,C, and h a ,hb,h c the altitudes from A.B.C respec- 
tively. The coefficient of similarity between the smaller triangle at A and the 
triangle ABC is 1 — 2 r/h a , from which we easily obtain r a = (h a — 2 r)r/h a = 
{s — a)r/s. Similarly, r b = (s — b)r/s and r c = ( s — c)r/s . Now a straightforward 
computation gives that the sum of areas of the four circles is given by 

2 _ (b + c - a)(c + a - b)(a + b - c)(a 2 + b 2 + c 2 )n 

(i a + b + c ) 3 

4. Let us call the topics T\,T%,T$. Consider an arbitrary student A. By the pigeon- 
hole principle there is a topic, say Tj, he discussed with at least 6 other students. 
If two of these 6 students discussed 7 3, then we are done. 

Suppose now that the 6 students discussed only 7\ and T 2 and choose one of 
them, say B. By the pigeonhole principle he discussed one of the topics, say 
72, with three of these students. If two of these three students also discussed 
T 2 , then we are done. Otherwise, all the three students discussed only 7j , which 
completes the task. 

5. Let us first compute the number of intersection points of the perpendiculars 
passing through two distinct points B and C. The perpendiculars from B to the 
lines through C other than BC meet all perpendiculars from C, which counts to 
3 • 6 = 18 intersection points. Each perpendicular from B to the 3 lines not con- 
taining C can intersect at most 5 of the perpendiculars passing through C, which 
counts to another 3 • 5 = 15 intersection points. Thus there are 18 + 15 = 33 
intersection points corresponding to B, C. 

It follows that the required total number is at most 10 • 33 = 330. But some of 
these points, namely the orthocenters of the triangles with vertices at the given 
points, are counted thrice. There are 10 such points. Hence the maximal number 
of intersection points is 330 — 2 • 10 = 310. 

Remark. The jury considered only the combinatorial part of the problem and 
didn’t require an example in which 310 points appear. However, it is “easily” 
verified that, for instance, the set of points A(l, 1), B(e, n), C(e 2 .n 2 '), D(e 3 , 7T 3 ), 
E(e 4 ,n 4 ) works. 
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6. We shall prove that the statement is valid in the general case, for an arbitrary 
point D\ inside A ABC. Since D\ belongs to the plane ABC, there are real num- 
bers a,b,c such that (a + b + c)DD\ = aDA + bDB + cDC. Since AA \ || DD \ , 
it holds that AA | = kDD\ for some leE. Now it is easy to get DA \ = 
- (i bDB + cDC) / a, DB X =- ( aDA + cDC ) /b, and Dc[ = - ( aDA + bDB ) /c. This 
implies 

a~DA + b(a + 2 b + c)DB+c(a + b + 2 c)DC 
a(a + b + c) 

a(2a + b + c)DA + b 2 D$ + c(a + b+ 2 c)DC 

— — 7 r~ , and 

b(a + b + c) 

a(2a + b + c)DA + b(a + 2b + c)DB+ c 2 DC 
c(a + b + c) 

By using 

6V D]A]Bl c t = | [d^A u D^B u D^ | and 6V DABC = | [nA,DB,Dc\ | 
we get 

a 2 b{a + 2b + c) c(a + b + 2c) 

a(2a + b + c) b 2 c{a + b + 2c) 

a(2a + b + c) b(a + 2 b + c) c 2 

v D\AiB\Ci = 6 abc(a + b + c) 2 

• | | 

= 3 Vdabc- 


DiAi = - 
Drfi = - 
D^Cl = ~ 
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4.7 Solutions to the Contest Problems of IMO 1965 


1. Let us set 5= |\/1 + sin2x — y/\ — sin 2x|. Notice thatS 2 = 2 — 2y/\ — sin 2 2x = 
2 — 2 1 cos 2xj < 2, implying S < \/2. Thus the righthand inequality holds for all 
x. 

It remains to investigate the left-hand inequality. If n/2 < x < 3n/2, then 
cosx < 0 and the inequality trivially holds. Assume now that cosx > 0. Then 
the inequality is equivalent to 2 + 2 cos 2x = 4cos 2 x < .S' 2 = 2 — 2 cos2x|, which 
is equivalent to cos2x < 0, i.e., to x G [tt/4, n/2] U [3n/2,ln/A\. Hence the so- 
lution set is n/A <x< In/ A. 

2. Suppose that (xi,X 2 ,X 3 ) is a solution. We may assume w.l.o.g. that \x\ \ > |x 2 | > 
|x 3 1. Suppose that \x\ \ > 0. From the first equation we obtain that 

0= |xi|- Ln+ai 2 — +ai3— > |xi|-(an-|a 12 |-|ai 3 |) >0, 

| xi xi | 


which is a contradiction. Hence |xi | = 0 and consequently x\ = X 2 = xj, = 0. 

3. Let d denote the distance between the lines AB and CD. Being parallel to AB 
and CD, the plane n intersects the faces of the tetrahedron in a parallelogram 
EFGH. Let X G AB be a point such that HX || DB. 

Clearly Vaehbfg = Vaxeh + Vxehbfg- 


Let MN be the common perpendic- 
ular to lines AB and CD (M G AB, 
N G CD) and let MN,BN meet the 
plane n at Q and R respectively. Then 
it holds that BR/RN = MQ/QN = k 
and consequently AX jXB = AE /EC = 
AH/HD = BF/FC = BG/GD = k. 
Now we have Vaxeh /Vabcd =k?/{k+ 
l) 3 . Furthermore, if h = 3Vabcd/Sabc 
is the height of ABCD from D, then 

1 k 

Vxehbfg = 2^ XB, ’ ! ' : k+ 1 ^ anC ^ 
Sxbfe = Sabc ~ Saxe ~ Sefc 


D 



(k+l) 2 -l-k 2 2k 
{k+ 1) 2 _ (1 +k) 2 ' 


These relations give us Vxehbfg /Vabcd = 3C 2 / (1 +k) 2 . Finally, 


Vaehbfg _ k? + 3 k 2 
Vabcd ~ (k+ 1) 3 ' 


Similarly, Vcefdhg /Vabcd = (3k + 1 )/(k+ l) 3 , and hence the required ratio is 
(k? +3k 2 )/(3k+ 1). 
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4. It is easy to see that all x,- are nonzero. Let X1X2X3X4 = p. The given system of 
equations can be rewritten as x* + p/x,- = 2, i = 1 , 2 , 3 , 4. The equation x+p/x = 2 
has at most two real solutions, say y and z. Then each x, is equal either to y or to 
z. There are three cases: 

(i) x\ = X2 = X3 = X4 = y. Theny + y 3 = 2 and hence y = 1. 

(ii) x\ = X2 = X3 = y, X4 = z. Then z + y 3 = y + y 2 z = 2. It is easy to obtain that 
the only possibilities for (y,z) are (—1,3) and (1,1). 

(iii) x\ = X2 = y, X3 = X4. In this case the only possibility is y = z = 1. 

Hence the solutions for (xi,X2,X3,X4) are (1,1, 1,1), (— 1, — 1, — 1,3), and the 
cyclic permutations. 

5. (a) Let A' and B' denote the feet of the perpendiculars from A and B to OB 

and OA respectively. We claim that H £ A'B' . Indeed, since MPHQ is a 
parallelogram, we have B'P/B'A = BM/BA = MQ/AA' = PH / AA' , which 
implies by Thales’s theorem that H £ A'B 1 . It is easy to see that the locus 
of H is the whole segment A'B'. 

(b) In this case the locus of points H is obviously the interior of the triangle 
OA'B' . 

6. We recall the simple statement that every two diameters of a set must have a 
common point. 

Consider any point B that is an endpoint of k > 2 diameters BC\ , BCo, . . . ,BC*. 
We may assume w.l.o.g. that all the points Ci, . . . ,C* lie on the arc C| Q, whose 
center is B and measure does not exceed 60°. We observe that for 1 < i < k any 
diameter with the endpoint Q has to intersect both the diameters C\ B and Qfi. 
Hence QB is the only diameter with an endpoint at C, if i = 2, . . . , k — 1 . In other 
words, with each point that is an endpoint of k > 2 we can associate k—2 points 
that are endpoints of exactly one diameter. 

We now assume that each A, is an endpoint of exactly k- t > 0 diameters, and that 
k \ , ■ • • , k s > 2, while k s+ \ ,...,k n < 1 . The total number D of diameters satisfies 

the inequality 2D < k\ + &2 H 1 -k s + (n — s). On the other hand, by the above 

consideration we have (k\ — 2) H b (k s — 2) <n — s, i.e., k\ H b k s < n + s. 

Hence 2D < (n + s) + (n — s) = 2 n, which proves the result. 
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4.8 Solutions to the Contest Problems of IMO 1966 

1 . Let N a ,Nb,N c ,Nab,N ac ,Nbc,Nabc denote the number of students who solved ex- 
actly the problems whose letters are stated in the index of the variable. From the 
conditions of the problem we have 


N a +Nb + N c + N ab +Nb c +Nac+N a bc — 25, 

N b +N bc = 2(N c +N bc ), N a -l=N ac +N abc +N ab , N a =N b +N c . 

From the first and third equations we get 2 N a +N b +N c +N bc = 26, and from the 
second and fourth we get 4N b +N C = 26 and thus N b < 6. On the other hand, we 
have from the second equation N b = 2N C + N bc => N c < N b /2 => 26 < 9N b /2 => 
Nb > 6; hence N b = 6. 

2. Angles a and J3 are less than 90°, otherwise if w.l.o.g. a > 90° we have 
tan(y/2) • (atana + fitan/3) < fctan(y/2)tan/3 < Man(y/2)cot(y/2) = b < a + 
b . Since a > b 44- tana > tan b, Chebyshev’s inequality gives a tan a + b tan fi > 
(a + b)(tana + tanj3)/2. Due to the convexity of the tan function we also have 
(tana + tan j3)/2 > tan[(a + j3)/2] = cot(y/2). Flence we have 

Y 1 y 

tan^(fltana + &tan/3) > -tan^(a + ^)(tana + tan/3) 

y y 

> tan — (a q- b) cot — = a + b. 

— 2 2 

The equalities can hold only if a = b. Thus the triangle is isosceles. 

3. Consider a coordinate system in which the points of the regular tetrahedron 
are placed at A(— a, — a,— a), B(—a,a,a), C(a,—a,a) and D{a,a , —a). Then 
the center of the tetrahedron is at 0(0, 0,0). For a point X(x.y.z) we see that 
the sum XA + XB + XC + X D by the QM-AM inequality does not exceed 
2 VXA 2 + XB 2 + XC 2 + XD 2 . Now, since XA 2 = (x- a ) 2 + (y + a ) 2 + (z + a ) 2 
etc., we easily obtain 

XA 2 +XB 2 +XC 2 +XD 2 = 4(x 2 +y 2 +Z 2 ) + 12a 2 

> 12a 2 = OA 2 + OB 2 + OC 2 + OD 2 . 

Hence XA+XB+XC+XD> 2 VOA 2 + OB 2 + OC 2 + OD 2 = OA + OB+OC+ 
OD. 

4. It suffices to prove 1 / sin 2*x = cot2 i_1 x— cot2^x for any integer k and real x, 
i.e., 1 /sin2x = cotx — cot2x for all real x. We indeed have 

cot 2 x-l (^) 2 + l 1 1 

cotx — cot2x = cotx = TTHTT = ^ • 

2coU 2 i5I 2sinxcosx sin2x 

5. We define L\ = |ai — a 2 |xi + |ai — 03) X3 + |ai — a4|x4 and analogously Lj, Lj, 
and L 4 . Let us assume w.l.o.g. that a\ < 02 < 03 < 04. In that case, 
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2|ai— a 2 \\a 2 -a 3 \x 2 = \a 3 -a 2 \L\ -|a, -a 3 \L 2 + \a [ -a 2 \L 3 
= |«3 - a 2 \ - (ai - 03 ] + |ai - a 2 \ = 0, 

2\a 2 — < 23 1 1«3 — «4|jC3 = |«4 — £231^2 — |«2 — ^4^3 + |«2 — 03^4 
= |a 4 -a 3 | - |a 2 -«4] + 1^2-031 =0. 

Hence it follows that x 2 = *3 = 0 and consequently xi = x 4 = l/|ai — 04 1. This 
solution set indeed satisfies the starting equations. It is easy to generalize this 
result to any ordering of a \ , a 2 , a 2 , 04 . 

6 . Let 5 denote the area of A ABC. Let A\,B\ ,C\ be the midpoints of BC,AC,AB 
respectively. We note that S Al B t c = Sa , «c, = Sab iCi = Sa 1 b 1 c 1 = 5/4. Let us 
assume w.l.o.g. that M e [ACi]. We then must have K e [BA 1 ] and L G [CB\\. 
However, we then have S(KLM) > S(KLQ ) > S(KB\C\) = S{A\B\C\) = S/4. 
Hence, by the pigeonhole principle one of the remaining three triangles A MAL, 
A KBM, and ALCK must have an area less than or equal to 5/4. This completes 
the proof. 
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4.9 Solutions to the Longlisted Problems of IMO 1967 


1. Let us denote the nth term of the given sequence by a„. Then 


1 / 10 3n+3 - 10 2n+3 10 2n+2 - 10 n+1 10"+ 2 - 1 


- + 7- 


- + - 


= ^(10 3n+3 — 3 • 10 2n+2 + 3 ■ 10” +1 — 1) = 


10 n+1 - 1 


2. (n!) 2 /" = ((1 •2---n) 1 /”) 2 < ( 1+2+-+" ) 2 = («+i) 2 < i„2 + i„ + 1 

3. Consider the function / : [0,7 t/ 2] — ► M defined by f(x) = 1 — x 2 /2 + x 4 /16 — 
cos*. 

It is easy to calculate that /' (0) = f" (0) = f" (0) = 0 and f"" (x) = 3/2 — cosx. 
Since > 0, f" (x) is increasing. Together with f"( 0) = 0, this gives 

f"'[x) > 0 for x > 0; hence f" (x) is increasing, etc. Continuing in the same 
way we easily conclude that f[x) > 0. 

4. (a) Let ABCD be a parallelogram, and K,L the midpoints of segments BC and 

CD respectively. The sides of AAKL are equal and parallel to the medians 
of AABC. 

(b) Using the formulas 4m 2 = 2 b 2 + 2 c 2 — a 2 etc., it is easy to obtain that m 2 + 
ml = m 2 is equivalent to a 2 + b 2 = 5 c 2 . Then 

5 {a 2 + b 2 - c 2 ) = 4(a 2 + b 2 ) > 8 ab. 


5. If one of x,y,z is equal to 1 or —1, then we obtain solutions (—1,-1, —1) and 
(1,1,1). We claim that these are the only solutions to the system. 

Let f(t) = t 2 + t — 1. If among x,y,z one is greater than 1, say x > 1, we have 
x < f{x) = y< f(y) =z< f(z) = x, which is impossible. It follows that x,y,z < 

1. 

Suppose now that one of x,y, z, say x, is less than — 1 . Since min, /(f) = — 5/4, 
we have x = f(z) e [— 5/4, — 1). Also, since /([— 5/4, — 1)) = (-1,-11/16) C 
(-1,0) and /((— 1,0)) = [—5/4, -1), it follows that y = f(x) e (-1,0), z = 
/(y) e [—5/4, —1), and x = f(z) S (—1,0), which is a contradiction. Therefore 
— 1 <x,y,z< 1. 

If — 1 <x,y,z < 1, then x > f(x) = y> f(y) = z > f(z ) = x, a contradiction. 
This proves our claim. 

6. The given system has two solutions: (-2,-1) and (—14/3, 13/3). 

7. Let Sk = x j +X 2 H |-x)j and let Ojt, k = 1,2, . . . ,n denote the /cth elementary 

symmetric polynomial in x \ , . . . ,x„. The given system can be written as Sk = a k , 
k = Using Newton’s formulas 


kok = S’lOjfe-i — 5 2 o*_ 2 H 1- (— 1)*5*_i(7i + l S k , k= l,2,...,n, 
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the system easily leads to G\ =a and = 0 for k = 2, . . . , n. By Vieta’s formulas, 
x\ , xi , . . . , x„ are the roots of the polynomial x" — ax n ~ ] , i.e., a, 0, 0, . . . , 0 in some 
order. 

Remark. This solution does not use the assumption that the x/s are real. 

8. The circles K a ,Kb,Kc,Kd cover the parallelogram if and only if for every point 
X inside the parallelogram, the length of one of the segments XA,XB,XC,XD 
does not exceed 1. 

Let O and r be the center and radius of the circumcircle of AABD. For every 
point X inside AABD, it holds that XA < r or XB < r or XD < r. Similarly, for 
X inside A BCD, XB < r or XC < r or XD < r. Hence K A ,K B ,K C ,K D cover 
the parallelogram if and only if r < 1, which is equivalent to ZABD > 30°. 
However, this last is exactly equivalent to a = AB = 2rsin ZADB < 2sin(a + 
30°) = v^Jsina + cosa. 

9. The incenter of any such triangle lies inside the circle k. We shall show that every 
point S interior to the circle S is the incenter of one such triangle. If S lies on the 
segment AB, then it is obviously the incenter of an isosceles triangle inscribed 
in k that has AB as an axis of symmetry. Let us now suppose S does not lie on 
AB. Let X and Y be the intersection points of lines AS and BS with k, and let 
Z be the foot of the perpendicular from S to AB. Since the quadrilateral BZSX 
is cyclic, we have ZZXS = ZABS = ZSXY and analogously ZZYS = ZSYX, 
which implies that S is the incenter of A XYZ. 

10. Let n be the number of triangles and let b and i be the numbers of vertices on the 
boundary and in the interior of the square, respectively. 

Since all the triangles are acute, each of the vertices of the square belongs to at 
least two triangles. Additionally, every vertex on the boundary belongs to at least 
three, and every vertex in the interior belongs to at least five triangles. Therefore 
3«> 8 + 36 + 5*. (1) 

Moreover, the sum of angles at any D C 

vertex that lies in the interior, on the 
boundary, or at a vertex of the square 
is equal to 2 n,n, n/2 respectively. The 
sum of all angles of the triangles equals 
nn, which gives usMt = A-n/2 + bn+ 

2 in, i.e., n = 2 + b + 2i. This relation 
together with (1) easily yields that i > 

2. Since each of the vertices inside the 
square belongs to at least five triangles, 
and at most two contain both, it follows 
that n > 8. 

A B 

It is shown in the figure that the square can be decomposed into eight acute 
triangles. Obviously one of them can have an arbitrarily small perimeter. 
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11. We have to find the number p n of triples of positive integers ( a,b,c ) satisfying 
a<b<c<n and a + b> c. Let us denote by p n (k) the number of such triples 

with c = k, k= 1,2, ... ,n. For k even, p n {k) =k+(k-2) + (k — 4)-\ \-2 = 

(, k 2 + 2k) / 4, and for k odd, p n (k) = (k 2 + 2k + l)/4. Hence 

J n(« + 2)(2« + 5)/24, for2|n, 

Pn=Pn(l) + Pn(2) + --- + Pn{n) = < 

[ (n+l)(n + 3)(2n + l)/24, for2fn. 

12. Let us denote by M n the set of points of the segment AB obtained from A and B 
by not more than n iterations of (*). It can be proved by induction that 


M n = 


3k 3k— 2 
X € AB I AX = — or — for some IsN 

' 4 n 4 n 


Thus (a) immediately follows from M = (J M n . It also follows that ifa.fr G N and 
a/b e M, then 3 | a(b — a). Therefore 1/2 gM. 

13. The maximum area is 3\f3r 2 /4 (where r is the radius of the semicircle) and 
is attained in the case of a trapezoid with two vertices at the endpoints of the 
diameter of the semicircle and the other two vertices dividing the semicircle into 
three equal arcs. 

14. We have that 

\ P — l pl ~ 2 /| > » (1) 

I <7 I <7 q(p + qV 2) q{p + qV 2) 

because \p 2 — 2q 2 \ > 1. 

The greatest p,q < 100 satisfying the equation \p 2 — 2q 2 \ = 1 are (p,q) = 
(99,70). It is easy to verify using (1) that ^ best approximates \[2 among the 
fractions p/q with p,q < 100. The numbers ^ = 1.41428 . . . and y/2 coincide 
up to the fourth decimal digit: indeed, (1) gives 7 • 10~ 5 < | — \/2 < 8 • 10 -5 . 
Second solution. By using some basic facts about Farey sequences, one can find 
that ^ < s/2 < ^ and that ^5 < | < 75 implies p > 41 + 99 > 100 because 
99 • 29 — 41 • 70 = 1 . Of the two fractions ^ and the latter is closer to s/2. 

1 5 . Given that tan a £ Q, we have that tan j3 is rational if and only if tan y is rational, 
where y = J3 — a and 2y = a. Putting t = tan y we obtain | = tan2y = 
which leads to the quadratic equation pt 2 + 2 qt — p = 0. This equation has ra- 
tional solutions if and only if its discriminant 4 (p 2 + q 2 ) is a perfect square, and 
the result follows. 


16. First let us notice that all the numbers Zm l ,m 2 = win + 012^2 (mi, m 2 G Z ) are 
distinct, since n/n is irrational. Thus for any n G N the interval {—n{\r\ \ + 
|r2|))«(|n| + |n|)] contains (2n+l) 2 numbers z mi , m2 , where | m 1 1 , | m2 1 < n. 
Therefore some two of these (2n + 1 ) 2 numbers, say z mi|)n2 ,z ni)B2 , differ by 
at most = ' ^2(^+1)^ • taking n large enough we can achieve that 

z qi ,q 2 = \zmi,m 2 ~ z n] ,n 2 \ < P- If now k is the integer such that kz quq2 < x < 
(k + 1 )z qi m , then Zk qi ,k q2 = kz qi m differs from x by at most p, as desired. 
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17. Using c r — c s = (r— ^)(r + i+ 1) we can easily get 

(c m+ i - c k ) ■ ■ • ( c m+ n - c k ) _ (. m-k + n)\ _ (m + k + n + 1)! 

c\C 2 ---c n (m — k)\n\ (m + k+ l)!(n+ 1)! 

The first factor "Jl = ( m ~~* +n ) is clearly an integer. The second factor is 
also an integer because by the assumption, m + k+1 and (m + k) ! (n + 1) ! are 
coprime, and (m + k + n+ 1 )! is divisible by both; hence it is also divisible by 
their product. 

18. In the first part, it is sufficient to show that each rational number of the form 
m/nl, m,n G N, can be written uniquely in the required form. We prove this by 
induction on n. 

The statement is trivial for n = 1 . Let us assume it holds for n — 1, and let there be 
given a rational number m/n ! . Let us take a„ G {0, . . . , « — 1 } such that m — a n = 
nm\ for some m\ G N. By the inductive hypothesis, there are unique ai G No, 
a,- G {0, — 1} (i = 1, ... ,n— 1) such that m\/(n — 1)! = a,-//!, and then 

m m\ a n -A 
n\ ~ (n — 1)! + u! “ " Tf 


as desired. On the other hand, if m/n ! = £"= , a,-/i!, multiplying by n ! we see that 
m — a n must be a multiple of «, so the choice of a n was unique and therefore the 
representation itself. This completes the induction. 

In particular, since a, | i\ and V./cii >(/—!)!> (i — l)!/«,_i, we conclude that 
each rational q, 0 < q < 1, can be written as the sum of different reciprocals. 
Now we prove the second part. Let x > 0 be a rational number. For any integer 

m > 10 6 , let n > m be the greatest integer such thaty = x— ^ i > 0. 

Then y can be written as the sum of reciprocals of different positive integers, 
which all must be greater than n. The result follows immediately. 

19. Suppose n< 6. Let us decompose the disk by its radii into n congruent regions, 
so that one of the points Pj lies on the boundaries of two of these regions. Then 
one of these regions contains two of the n given points. Since the diameter of 
each of these regions is 2 sin we have d n < 2sin|. This value is attained if 
Pi are the vertices of a regular n-gon inscribed in the boundary circle. Hence 
D n = 2sinf. 

For n = 7 we have D-j < Dg = 1. This value is attained if six of the seven points 
form a regular hexagon inscribed in the boundary circle and the seventh is at the 
center. Hence £>7 = 1. 

20. The statement so formulated is false. It would be true under the additional as- 
sumption that the polygonal line is closed. However, from the offered solution, 
which is not clear, it does not seem that the proposer had this in mind. 

21. Using the formula cosxcos2xcos4x- • •cos2" _1 x = which is shown by 

simple induction, we obtain 


k In 4 n In n 2n 47c 8n 

cos — cos — cos — cos — = — cos — cos — cos — cos — = 


1 

16 ’ 
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3k 6n 1 5n 1 

cos — cos— C ° S TJ _ 2" 

Multiplying these equalities, we get that the required product P equals 1/128. 

22. Let 0\ and CL be the centers of circles k\ and &2 and let C be the midpoint of the 
segment AS. Using the well-known relation for elements of a triangle, we obtain 

PA 2 + PB 2 = 2PC 2 + 2CA 2 > 20\C 2 + 2CA 2 = 20, A 2 = 2r 2 . 


Equality holds if P coincides with 0\ or if A and B coincide with Oj- 

23. Suppose that a > 0, c > 0, 4ac > b 2 . If a = 0, then b = 0, and the inequality 
reduces to the obvious eg 2 > 0. Also, if a > 0, then 

9 , i ( b \ 2 4ac — b 2 r, 

af +bfg + cg 2 = a[f+—gj + — — — g 2 >0. 


Suppose now that af 2 + bfg + eg 2 > 0 holds for an arbitrary pair of vectors /, g. 
Substituting / by tg (t e R) we get that (at 2 + bt + c)g 2 > 0 holds for any real 
number t. Therefore a > 0, c > 0, 4ac > b 2 . 

24. Let m be the total number of coins and suppose that the kth child receive coins. 

By the condition of the problem, the number of coins that remain after him was 
6(xk — k). This gives us a recurrence relation 


Xk + 1 = 

which, together with the 
Xk = 


condition x\ = \ + (m — 
6 k-\ 

—r- (m — 36) + 6 for 
1 K 


l)/7, yields 
1 <k<n. 


Since we are given x n = n, we obtain 6" 1 (m — 36) = 7"(n — 6). It follows that 
6" -1 | n — 6, which is possible only for n = 6. Hence, n = 6 and m = 36. 

25. The answer isi? = (4 + V3)d/6. 

26. Let L be the midpoint of the edge AB. Since P is the orthocenter of AABM and 
ML is its altitude, P lies on ML and therefore belongs to the triangular area LCD. 
Moreover, from the similarity of triangles ALP and MLB we have 


LPLM = LALB = a 2 / 4, 


where a is the side length of tetrahedron ABCD. It easily follows that the lo- 
cus of P is the image of the segment CD under the inversion of the plane LCD 
with center L and radius a/2. This locus is the arc of a circle with center L and 
endpoints at the orthocenters of triangles ABC and ABD. 
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27. Regular polygons with 3, 4, and 6 sides 
can be obtained by cutting a cube with 
a plane, as shown in the figure. A poly- 
gon with more than 6 sides cannot be 
obtained in such a way, for a cube has 
6 faces. Also, if a pentagon is obtained 
by cutting a cube with a plane, then its 
sides lying on opposite faces are paral- 
lel; hence it cannot be regular. 

28. The given expression can be transformed into 

4cos2m + 2 
^ cos 2m — cos2x 

It does not depend on x if and only if cos2 u = — 1/2, i.e., u = ±n/3 + kn for 
some k£ Z. 

29. Let arc l a be the locus of points A lying on the opposite side from Ao with respect 
to the line BqCq such that ZBqACq = ZA'. Let k a be the circle containing l a , and 
let S a be the center of k a . We similarly define It, l c , kt, k c , Sb, S c . It is easy to 
show that circles k a , kb, k c have a common point S inside A ABC. Let A\,B\, 
Cj be the points on the arcs l a , lb, l c diametrically opposite to S with respect 
to S a , Sb, S c respectively. Then A 0 € B\C\ because ZB\A 0 S = ZC\AqS = 90°; 
similarly, Bq e AiCi and Cq£A\B\. Hence the triangle A\B\Ci is circumscribed 
about AAqBqCo and similar to AA'B'C'. 

Moreover, we claim that AA\B\C\ is the triangle ABC with the desired proper- 
ties having the maximum side BC and hence the maximum area. Indeed, if ABC 
is any other such triangle and S' b , S' c are the projections of Sb and S c onto the line 
BC, it holds that 

BC = 2 S' b S' c < 2 S b S c = B\C\, 
which proves the maximality of B\C\ . 

30. We assume without loss of generality that m<n. Let r and 5 be the numbers of 
pairs for which i — j>k and of those for which j — i> k. The desired number is 
r + s. We easily find that 

_ f (m — k)(m — k+ 1)/2, k < m, 
r ~ \ 0, k>m , 

{ m(2n — 2k — m+ l)/2, k <n — m, 

(« — k)[n — k+ 1)/2, n — m<k<n, 

0, k> n. 

31. Suppose that «i < «2 < • • • < Ujt- If n.k < m, there is no solution. Otherwise, the 
solution is 

1 + (m— 1 )(k — s+ 1) + 5/6, 

i<s 

where s is the smallest i for which m < iti holds. 
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32. Let us denote by V the volume of the given body, and by V a , V b , V c the 
volumes of the parts of the given ball 
that lie inside the dihedra of the given 
trihedron. It holds that V a = 2R 3 a/3, 

V b = 2R 3 P /3, V c = 2R i y/3. It is easy 
to see that 2(V a + V b + V c ) = 4V + 

AnR 3 /3, from which it follows that 


V = -R 3 (a- 


P + y-n). 



33. If m £ {—2, 1}, the system has the unique solution 


b + a— (l+m)c a + c— (l+m)b b + c—(l+m)a 

(2 + m) ( 1 — m) ’ (2 + m)(l — m) ’ Z= (2 + m)(l-m) 


The numbers x,y,z form an arithmetic progression if and only if a,b,c do so. 
For m = 1 the system has a solution if and only if a = b = c, while for m = —2 
it has a solution if and only if a + b + c = 0. In both these cases it has infinitely 
many solutions. 

34. Each vertex of the polyhedron is a vertex of exactly two squares and triangles 
(more than two is not possible; otherwise, the sum of angles at a vertex exceeds 
360°). By using the condition that the trihedral angles are equal it is easy to 
see that such a polyhedron is uniquely determined by its side length. The poly- 
hedron obtained from a cube by “cut- 
ting” its vertices, as shown in the fig- 
ure, satisfies the conditions. 

Now it is easy to calculate that the ratio 
of the squares of volumes of that poly- 
hedron and of the ball whose boundary 
is the circumscribed sphere is equal to 
25/(87 1 2 ). 

35. The given sum can be rewritten as 



I 

k=0 


“D + £ 


Ml 

( 2tan2 f V 

W 1 

l l-tan 2 ! ) 


.Since = above sum is transformed using the binomial for- 

mula into 


( 1 + tan' 


■§)‘ 


+ 1 


1 — cosx\" 
cosx / 


= sec 2 " - + sec"x. 


36. Suppose that the skew edges of the tetrahedron ABCD are equal. Let K, L, M, P, 
Q, R be the midpoints of edges AB, AC, AD, CD, DB, BC respectively. Segments 
KP,LQ,MR have the common midpoint T. 


368 


4 Solutions 


We claim that the lines KP, LQ and 
MR are axes of symmetry of the tetra- 
hedron ABCD. From LM || CD || RQ 
and similarly LR || MQ and LM = 

CD/2 = AB/2 = LR it follows that 
LMQR is a rhombus and therefore 
LQ _L MR. We similarly show that KP 
is perpendicular to LQ and MR, and 
thus it is perpendicular to the plane 
LMQR. Since the lines AB and CD are parallel to the plane LMQR, they are 
perpendicular to KP. Hence the points A and C are symmetric to B and D with 
respect to the line KP, which means that KP is an axis of symmetry of the tetra- 
hedron ABCD. Similarly, so are the lines LQ and MR. 

The centers of circumscribed and inscribed spheres of tetrahedron ABCD must 
lie on every axis of symmetry of the tetrahedron, and hence both must coincide 
with T. 

Conversely, suppose that the centers of circumscribed and inscribed spheres of 
the tetrahedron ABCD coincide with some point T. Then the orthogonal pro- 
jections of T onto the faces ABC and ABD are the circumcenters 0\ and O 2 
of these two triangles, and moreover, TO\= TO 2 . Pythagoras’s theorem gives 
AO\ = AO 2 , which by the law of sines implies ZACB = ZADB. Now it easily 
follows that the sum of the angles at one vertex of the tetrahedron is equal to 
180°. Let D' , D" , and D'" be the points in the plane ABC lying outside AABC 
such that AD' BC = A DBC, A D"CA = A DCA, and A D"'AB = ADAB. The 
angle D"AD"' is then straight, and hence A, B, C are midpoints of the segments 
D" D'" , D'" D' , D' D" respectively. Hence AD = D" D'" / 2 = BC, and analogously 
AB = CD and AC = BD. 

37. Using the A-G mean inequality we obtain 

8a 2 Z? 3 c 3 < 2a 8 + 3Z> 8 + 3c 8 , 

8 aVc 3 < 3a 8 +22> 8 + 3c 8 , 

8a?b 3 c 2 < 3a s + 3Z> 8 + 2c 8 . 

By adding these inequalities and dividing by 3 a 3 b 3 c 3 we obtain the desired one. 

38. Suppose that there exist integers n and m such that m 3 = 3 n 2 + 3n + 7. Then from 
m 3 = 1 (mod 3) it follows that m = 3k + 1 for some kGZ. Substituting into the 
initial equation we obtain 3k(3k 2 + 3k + 1 ) = n 2 + n + 2. It is easy to check that 
n 2 + n + 2 cannot be divisible by 3, and so this equality cannot be true. Therefore 
our equation has no solutions in integers. 

39. Since sin 2 A + sin 2 B + sin 2 C + cos 2 A + cos 2 B + cos 2 C = 3, the given equality 
is equivalent to cos 2 A + cos 2 B + cos 2 C = 1 , which by multiplying by 2 is trans- 
formed into 

0 = cos2A +cos2B + 2cos 2 C = 2cos(A + B)cos(A — B) +2cos 2 C 
= 2cosC(cos(A — B) — cosC). 
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It follows that either cosC = 0 or cos (/l —B) = cosC. In both cases the triangle 
is right-angled. 

40. Suppose CD is the longest edge of the tetrahedron ABCD, AB = a, CK and DL 
are the altitudes of the triangles ABC and ABD respectively, and DM is the alti- 
tude of the tetrahedron ABCD. Then CK 2 < 1 — a 2 / 4, since CK is a leg of the 
right triangle whose other leg has length not less than a/2 and whose hypotenuse 
has length not greater than 1 ( AKC or BKC). In the similar way we can show that 
DL 2 < 1 — a 2 /4. Since DM < DL, then DM 2 < 1 — a 2 / 4. It follows that 

V = J (j CK ) DM < '-a (l - i.) = L a (2-a)(2+a) 

= i[l-(-in(2 + «)<i-1.3 = i. 

41. It is well known that the points K, L, M, symmetric to H with respect to 
BC,CA,AB respectively, lie on the circumcircle k of the triangle ABC. For K, 
this follows from an elementary calculation of angles of triangles HBC and 
noting that ZKBC = ZHBC = ZKAC. For other points the proof is analogous. 
Since the lines l a , lb pass through K and 
L and lb is obtained from l a by rota- 
tion about C for an angle 2y = ZLCK, 
it follows that the intersection point P 
of l a and lb is at the circumcircle of 
KLC, that is, k. Similarly, and l c 
meet at a point on k\ hence they must 
pass through the same point P. 

42. E = (1 — sinx)(l — cosx)[3 + 2(sinx + cosx) + 2sinxcosx + sinxcosx(sinx + 
cosx)]. 

43. We can write the given equation in the form 

x 5 — x 3 — 4X 2 — 3x — 2 + A (5x 4 + ax 2 — 8x + a) = 0. 

A root of this equation is independent of A if and only if it is a common root of 
the equations 

x 5 — x 3 — 4x 2 — 3x — 2 = 0 and 5x 4 + ax 2 — 8x + a = 0. 

The first of these two equations is equivalent to (x — 2) (x 2 + x + 1 ) 2 = 0 and has 
three different roots: x\ = 2, X 2,3 = (— 1 ± i\f 3) /2. 

(a) For a = —64/5, x\ = 2 is the unique root independent of A. 

(b) For a = — 3 there are two roots independent of A : x\ = co and xo = <xr. 

44. (a) S(x,n)=n(n-l)[x 2 + (n+l)x+(n+l)(3n-|-2)/12]. 
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(b) It is easy to see that the equation S(x, n) = 0 has two roots 

*1,2= (-(n+l)±y/(»+ 1 )/ 3 ) / 2 - 

They are integers if and only if n = 3k 2 — 1 for some k £ N. 

45. (a) Using the formula 4sin 3 x = 3 sinx— sin3x one can easily reduce the given 

equation to sin 3x = cos 2x. Its solutions are given by x = (4k + 1 )7r/ 1 0, 

lez. 

(b) ( 1 ) The point B corresponding to the solution x = (4 k + 1 )7t/l 0 is a vertex 
of the regular dodecagon if and only if (4 k+ 1)tt/10 = 2mn/ 1 2, i.e., 
3 (4k + 1 ) = 5m for some m £ Z. This is possible if and only if 5 1 4&+ 1, 
i.e., k = 1 (mod 5). 

(2) Similarly, if the point B corresponding to x = (4k + 1 ) 7T / 1 0 is a vertex 
of a polygon P, then (4k + 1 )n = 20 m for some meN, which implies 
that 4 | n. 

46. Let us set arc tan x = a, arctany = b, arctanz = c. Then tan (a + b) = and 

tan (a + b + c) = = 1, which implies that 

(x- l)(y- l)(z- 1) = xyz-xy-yz-zx+x + y + z-l = 0. 


One of x,y,z is equal to 1, say z = 1, and consequently x+y = 0. Therefore 
x2n+l +y 2n+1 +z 2n+1 =X 2n+1 + (-X ) 2n+1 + l 2fl+1 = 1. 

47. Using the A-G mean inequality we get 

(; n + k - 1 )xjX 2 ' ' 'X k < nx n l +k - l +x n 2 +k - 1 4t**--+x% +k - 1 , 

(; n + k - 1 ) xij *5 - x k< rf_ +k ~ l +n^+ k ~ l + ■■■ +4 +k ~ 1 , 


|»+ k - 1 )xiX 2 ■ ■ ■ 4 < x ?+ k ~ 1 + x % +k ~ 1 + • • • + mr + k ~ 1 . 

By adding these inequalities and dividing by n + k — 1 we obtain the desired one. 
Remark. This is also an immediate consequence of Muirhead’s inequality. 

48. Put /(x) = xlnx. The given equation is equivalent to /(x) = /(1/2), which 
has the solutions x\ = 1/2 and X 2 = 1 /4. Since the function / is decreasing 
on (0, 1/e), and increasing on (1/e, +°°), this equation has no other solutions. 

49. Since sin l,sin2, . . . ,sin(JV+ 1) £ (—1,1), two of these N + 1 numbers have dis- 
tance less than 2/N. Therefore sinn — sin&| < 2//V for some integers 1 < k.n< 
N+hn^k. 

50. Since <p(x,y,z) =/(x+y,z) = <p(0,x+y, z) = g(0,x + y+z), it is enough to put 

h(t) = g(0,t). 

51. If there exist two numbers ab,bc £ S, then one can fill a crossword puzzle as 
^ . The converse is obvious. Hence the set S has property A if and only if 


fab 
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the set of first digits and the set of second digits of numbers in S are disjoint. 
Thus the maximum size of S is 25. 


52. This problem is not elementary. The solution offered by the proposer was not 
quite clear and complete (the existence was not proved). 

53. (a) We can construct two lines parallel to the rays of the angle, at equal dis- 

tances from the rays. The intersection of these two lines lies on the bisector 
of the angle. 

(b) If the length of a segment AB exceeds the breadth of the ruler, we can 
construct parallel lines through A and B in two different ways. The diagonal 
in the resulting rhombus is the perpendicular bisector of the segment AB. 

If the segment AB is too short, we can construct a line l parallel to AB 
and centrally project AB onto l from a point C chosen sufficiently close to 
the segment, thus obtaining an arbitrarily long segment A'B' || AB. Then 
we construct the midpoint D 1 of A'B ' as above. The line D'C intersects 
the segment AB at its midpoint D. By means of lines parallel to DC the 
segment AB can be prolonged symmetrically, and then the perpendicular 
bisector can be found as above. 

(c) follows immediately from part (b). 

(d) Let there be given a point P and a line /. We draw an arbitrary line through 
P that intersects Z at A, and two lines l\ and h parallel to AP, at equal 
distances from AP and on either side of AP. Line l\ intersects l at B. We 
can construct the midpoint C of AP. If BC intersects h at D, then PD is 
parallel to l. 

54. Let S be the given set of points on the cube. Let x,y,z denote the numbers of 
points from S lying at a vertex, at the midpoint of an edge, at the midpoint of a 
face of the cube, respectively, and let u be the number of all other points from S. 
Either there are no points from S at the vertices of the cube, or there is a point 
from S at each vertex. Hence x is either 0 or 8. Similarly, y is either 0 or 12, and 
z is either 0 or 6. Any other point of S has 24 possible images under rotations 
of the cube. Hence u is divisible by 24. Since n=x + y + z + u and 6 | y.z.u, it 
follows that either 6 | n or 6 | n — 8, i.e., n = 0 or n = 2 (mod 6). Thus n = 200 is 
possible, while n = 100 is not, because n = 4 (mod 6). 

55. It is enough to find all x from (0, 2n\ such that the given inequality holds for all 
integers n. 

Suppose 0 < x < 2n/3. If n is the maximum integer for which nx < 2n/3, we 
have n/3 <nx< 2n/3, and consequently sinnx > y/3/2. Thus sinx + sin2x + 
b sinnx > V3/2. 

Suppose now that 2n/3 <x <2 n. We have 


cos | — cos = 
2sinS 


cos ^ 1 

2 sin | 


cot l -y/3 
2 “ 2 


For x = 2n the given inequality clearly holds for all n. Hence, the inequality 
holds for all n if and only if 2k / 3 + 2kn <x<2n+ 2kn for some integer k. 
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56. We shall prove by induction on n the following statement: If in some group of 
interpreters exactly n persons, n> 2, speak each of the three languages, then it 
is possible to select a subgroup in which each language is spoken by exactly two 
persons. 

The statement of the problem easily follows from this: it suffices to select six 
such groups. 

The case n = 2 is trivial. Let us assume n> 2, and let Nj, N m , Nf, Nj m , Njf, N m f, 
Nj m f be the sets of those interpreters who speak only Japanese, only Malay, 
only Farsi, only Japanese and Malay, only Japanese and Farsi, only Malay and 
Farsi, and all the three languages, respectively, and nj, n m , nf, nj m ,njf, n m f, nj m f 
the cardinalities of these sets, respectively. By the condition of the problem, 
nj + n jm + Hj f + nj m f = n m +n jm + n m f + n jm f = »/ + ny/ + »m/ + »;m/ = 24, 
and consequently 


nj - n m f = n m -njf = nf-n jm = c. 

Now if c < 0, then nj m ,njf,n m f > 0, and it is enough to select one interpreter 
from each of the sets Nj m , Njf , N m f . If c > 0, then nj,n m . Hf > 0, and it is enough 
to select one interpreter from each of the sets Nj,N m ,Nf and then use the induc- 
tive assumption. Also, if c = 0, then w.l.o.g. nj = n m f > 0, and it is enough to 
select one interpreter from each of the sets Nj,N m f and then use the inductive 
hypothesis. This completes the induction. 

57. Obviously c„ > 0 for all even n. Thus c n = 0 is possible only for an odd n. Let 

us assume a\ particular, a\ < 0 < a%. 

If \a\\ < |ag|, then there exists no such that for every odd n > no, 7|«i |” < 

=> a \- 1 f a" + ag > la" + af > 0, contradicting the condition that c n = 0 

for infinitely many n. Similarly \a-\ \ > |ag| is impossible, and we conclude that 
a x = -a». 

Continuing in the same manner we can show that «2 = — «7, <23 = —ae and <24 = 
—05. Hence c n = 0 for every odd n. 

58. The following sequence of equalities and inequalities gives an even stronger 
estimate than needed. 

|Z(*)| = |Az+B| = i|(z+I)(4+B) + (z-l)(A-fl)| 

= ^ + l)/(l) + (z-l)/(-l)l 

< ^(|z+ 1| • l/(i)l + |z- 1| • l/(— i)|) 

< i(|z + l| + |z-l|)M = ipM. 

59. By the arc AB we shall always mean the positive arc AB. We denote by \AB\ the 
length of arc AB. Let a basic arc be one of the n + 1 arcs into which the circle is 
partitioned by the points Aq, A \ , . . . ,A n , where n £ N. 
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Suppose that A p A$ and A$A q are the basic arcs with an endpoint at Aq, and that 
x n ,y n are their lengths, respectively. We show by induction on n that for each n 
the length of a basic arc is equal tox n , y n , or x n + y„ . 

The statement is trivial for n = 1. Assume that it holds for n, and let A,A„ + ] , 
A n+ \Aj be basic arcs. We shall prove that these two arcs have lengths x„, y„, or 
x n +yn ■ If i, j are both strictly positive, then |A,Ak+i | = |A;_iA„ | and \A n+ iAj \ = 
\A n Aj -\ | are equal to x n , y n , or x n +y n by the inductive hypothesis. 

Let us assume now that i = 0, i.e., that A p A n+ \ and A n+ iAo are basic arcs. Then 
|ApA„ + i | = |A 0 A„ + i_ p | > |AoA ? | = y n and similarly |A„+iA 9 | > x n , but \ApA q \ = 
Xn+yn , from which it follows that |ApA n+ i| = |AoA 9 | = y n and consequently 
n + 1 = p + q. Also, x n+ \ = |A n+ iAo| =y n —x n and y n +i = y n ■ Now, all basic 
arcs have lengths y n — x„, x n , y n , x n +y n . A presence of a basic arc of length 
x n +y n would spoil our inductive step. However, if any basic arc AjA/ has length 
Xn+yn , then we must have l — q = k — p because 2n is irrational, and therefore 
the arc AjA/ contains either the point A^_ p (if k > p) or the point A^ +? (if k < p), 
which is impossible; hence, the proof is complete for i = 0. The proof for j = 0 
is analogous. This completes the induction. 

It can be also seen from the above considerations that the basic arcs take only 
two distinct lengths if and only if n = p + q — 1 . If we denote by the sequence 
of ns for which this holds, and by pk, qk the sequences of the corresponding p. q, 
we have p\ = q\ = 1 and 


{pk+iAk+i) 


ipk + 9k,9k)y if {Pk/(2n)} + {q k /(2n)} > 1, 

(. Pk,p k +q k ), if{W( 27r )}+W( 27 0} < !• 


It is now “easy” to calculate that p 19 = P 20 = 333, qig = 377, qio = 710, and 
thus nig = 709 < 1000 < 1042 = «20- It follows that the lengths of the basic arcs 
for n = 1000 take exactly three different values. 
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4.10 Solutions to the Shortlisted Problems of IMO 1968 

1. Since the ships are sailing with constant speeds and directions, the second ship 
is sailing at a constant speed and direction in reference to the first ship. Let A be 
the constant position of the first ship in this frame. Let B\, B 2 , B 3 , and B on line 
b defining the trajectory of the ship be positions of the second ship with respect 
to the first ship at 9:00, 9:35, 9:55, and at the moment the two ships were closest. 
Then we have the following equations for distances (in miles): 

AB\ = 20, AB 2 = 15, AB 3 = 13, 

B X B 2 : B 2 B 3 =7:4, AB 2 = AB 2 + BB 2 . 

Since BB\ > BB 2 > BB 3 , it follows that £8(B 3 ,B,B 2 ,B\) or £tf{B.B 3 ,B 2 . B \ ). 
We get a system of three quadratic equations with three unknowns: AB, BB 3 and 
B 3 B 2 {BB 3 being negative if .S#(B 3 ,B,B\ ,B 2 ), positive otherwise). This can be 
solved by eliminating AB and then BB 3 . The unique solution ends up being 

AB = 12, BB 3 = 5, B 3 B 2 = 4, 

and consequently, the two ships are closest at 10:20 when they are at a distance 
of 12 miles. 

2. The sides a,b,c of a triangle ABC with /ABC = 2/BAC satisfy b 2 = a(a + c) 
(this statement is the lemma in (SL98-7)). Taking into account the remaining 
condition that a, b, c are consecutive integers with a <b, we obtain three cases: 

(i) a = n,b = n+ 1, c = n+2. We get the equation ( n + 1) 2 = n(2n+2), giving 
us (a, b, c) = (1 , 2, 3), which is not a valid triangle. 

(ii) a = n, b = n+2, c = n+l. We get (n + 2) 2 = n(2n + 1) =>■ (n — 4)(n+l) = 
0, giving us the triangle ( a,b,c ) = (4,6,5). 

(iii) a = n+l,& = n + 2, c = n. We get (n + 2) 2 = (n+ l)(2n+ 1) => n 2 — n — 
3 = 0, which has no positive integer solutions for n. 

Hence, the only solution is the triangle with sides of lengths 4, 5, and 6. 

3. A triangle cannot be formed out of three lengths if and only if one of them is 
larger than the sum of the other two. Let us assume this is the case for all triplets 
of edges out of each vertex in a tetrahedron ABCD. Let w.l.o.g. AB be the largest 
edge of the tetrahedron. Then AB > AC +AD and AB > BC + BD, from which it 
follows that 2 AB > AC + AD + BC + BD. This implies that either AB > AC + BC 
or AB > AD + BD, contradicting the triangle inequality. Hence the three edges 
coming out of at least one of the vertices A and B form a triangle. 

Remark. The proof can be generalized to prove that in a polyhedron with only 
triangular surfaces there is a vertex such that the edges coming out of this vertex 
form a triangle. 

4. We will prove the equivalence in the two directions separately: 

(=>) Suppose (x 1 , . . . ,x n } is the unique solution of the equation. Since {x n , x\, 
x 2 , ■■■, x n - 1 } is also a solution, it follows that x\=x 2 = ••• =x„=x and 
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the system of equations reduces to a single equation ax 2 + (£> — 1 )x+c = 0. 
For the solution for x to be unique the discriminant (b — l) 2 — 4ac of this 
quadratic equation must be 0. 

(4=) Assume (b — l) 2 — 4 ac = 0. Adding up the equations, we get 

£ f(x t ) = 0, where f(x) = ax 2 + (b-l)x+c. 

i=i 

But by the assumed condition, f(x) = a (x+ ^r) 2 . Hence we must have 
f(xi) = 0 for all i, and x,- = — which is indeed a solution. 

5. We have = rcos{n/k) for all /: G N. Using cosx 1 — 2sin 2 (x/2) and cosx = 
2/(1+ tan 2 (x/2) ) — 1 and tanx > x > sinx for all 0 < x < n/2, it suffices to prove 

<” + 1 >( 1 - 2 4(^ip)-"(l + J/(^)- 1 ) >1 

+> 1 + 2n ( 1 — . ] — — — > 1 

\ l+7T 2 /(4« 2 )/ 2(n+l) 

^ 2 (n + 7T 2 /(4n) n+l) > 

where the last inequality holds because n 2 < 4n. It is also apparent that as n 
tends to infinity the term in parentheses tends to 0, and hence it is not possible 
to strengthen the bound. This completes the proof. 

6. We define fix) = H b Let us assume w.l.o.g. a\ < a 2 < 

tt\ X C12 X Clfi X 

■■■ <a„. We note that for all 1 <i<n the function / is continuous in the interval 
(a,-,cq + i ) and satisfies lim *_> ai /(x) = — oo and lim x -^a i+1 f(x) = Hence the 
equation /(x) = n will have a real solution in each of the n — 1 intervals (a,-,a !+ i). 
Remark. In fact, this equation has exactly n solutions, and hence they are all real. 
Moreover, the solutions are distinct if all a; are of the same sign, since x = 0 is 
an evident solution. 


7. Let r a , rb,r c denote the radii of the exscribed circles corresponding to the sides of 
lengths a, b, c respectively, and R, p and S denote the circumradius, semiperime- 
ter, and area of the given triangle. It is well-known that r a (p — a) = r\,(jp — b) = 
rc(p-c) = S=y/p(p-a)(p-b)(p-c)= Hence, the desired inequality 
r a rb r c < ^j^-abc reduces to p < ^^-R, which is by the law of sines equivalent to 

. . . 3\/3 

sina + sinp + siny< — — ■ 

This inequality immediately follows from Jensen’s inequality, since the sine is 
concave on [0, n] . Equality holds if and only if the triangle is equilateral. 

8. Let G be the point such that BCDG is a parallelogram and let H be the midpoint 
of AG. Obviously HEFD is also a parallelogram, and thus DH = EF = l. If 
AD 2 + BC 2 = m 2 is fixed, then from the Stewart theorem we have 
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DH 2 


2DA 1 + 2DG 1 — AG 2 
4 


2m 2 -AG 2 
4 


which is fixed. 

Thus G and H are fixed points, and from here the locus of D is a circle with 
center H and radius l. The locus of B is the segment (GI ] , where I £ A is a point 
in the positive direction such that A/ = a. Finally, the locus of C is a region of the 
plane consisting of a rectangle sandwiched between two semicircles of radius l 
centered at points H and H', where H' is a point such that IH' = GH. 

9. We note that S a = ad a /2, Sb = bdb/2, and S c = cd c /2 are the areas of the tri- 
angles MBC, MCA, and MAB respectively. The desired inequality now follows 
from 

1 S 2 

S a S b + s b s c + s c s a < -(s a + s b + Sc) 2 = — . 

Equality holds if and only if S a = Sb = S c , which is equivalent to M being the 
centroid of the triangle. 

10. (a) Let us set k = a/b > 1. Then a = kb and c = Vkb, and a> c > b. The 

segments a,b,c form a triangle if and only if k < \fk + 1, which holds if 
and only if 1 < k < 3+ 2 v ^ . 

(b) The triangle is right-angled if and only if a 2 = b 2 + c 2 4=> k 2 = k + 1 4=> k = 
l+ 2 v/3 . Also, it is acute-angled if and only if k 2 <k+\-^\ <k< -4/^ 
and obtuse-angled if <k< 

11. Introducing y, = j, we transform our equation to 

0 = i+yi + (l+yi)y2 + --- + (l+yi)---(i+yn-i)y« 

= (l +yt)(l + 3 ^ 2 ) - - - (l +y„). 

The solutions are n-tuples (yi, . . . ,y„) with y, 7^0 for all i andyy = -1 for at least 
one index j. Returning to x,-, we conclude that the solutions are all the n-tuples 
(xi , . . . ,x„) with x; / 0 for all i, and Xj = — 1 for at least one index j. 

12. The given inequality is equivalent to (a + b) m j b m + (a + b) m /a m > 2 m+1 , which 

can be rewritten as 1/1 1 \ f 2 \' n 

2 \a m + b m ) ~ \a + b) 

Since /(x) = l/x™ is a convex function for every m £ Z, the last inequality 
immediately follows from Jensen’s inequality (/(a) + f(b ) ) /2 > f ((a + b)/2). 

13. Translating one of the triangles if necessary, we may assume w.l.o.g. that 
B\ =A\. We also assume that 62 ^ A 2 and B 3 ^ A 3 , since the result is obvi- 
ous otherwise. 

There exists a plane n through A 1 that is parallel to both A 2 B 2 and A 3 B 3 . Let 
denote the orthogonal projections of A 2 , A 3 , onto n, and let 

h 2 ,hj, denote the distances of A 2 JI 2 and of A 3 , B 3 from n. By the Pythagorean 
theorem, A! 2 A! 2 =A 2 A 2 — (hj + hj,) 1 = B 2 B 2 — (h 2 +h 2 ) 2 = B' 2 B' 2 , and similarly 


4.10 Shortlisted Problems 1968 


377 


A\A' 2 =A\B' 2 and AiA' 3 =A t B' 3 ; hence AAiA' 2 A' 3 and AA)B' 2 B 3 are congruent. If 
these two triangles are equally oriented, then we have finished. Otherwise, they 
are symmetric with respect to some line a passing through Aj, and consequently 
the projections of the triangles A1A2A3 and /1 1 B 2 B) onto the plane through a 
perpendicular to n coincide. 

14. Let 0,D,E be the circumcenter of A ABC and the midpoints of AB and AC, and 
given arbitrary X £ AB and Y e AC such that BX = CY, let 0\,D\,E\ be the 
circumcenter of A AXY and the midpoints of AX and AY, respectively. Since 
AD = AB/ 2 and AD 1 =AX/ 2, it follows that DD\ = BX /2 and similarly EE\ = 
CY /2. Hence 0\ is at the same distance BX /2 = CY /2 from the lines OD and 
OE and lies on the half-line bisector l of ZDOE. 

If we let X, Y vary along the segments AB and AC, we obtain that the locus of 0\ 
is the segment OP, where Pel is a point at distance min (AB, AC) /2 from OD 
and OE. 


15. Set 


/(«) = 



+ ■•• + 


+ .... 


We prove by induction that /(«) = n. This obviously holds for n = 1. Let us 
assume that f(n — 1) = n — 1. Define 


g(i,n) = 



n — l + 2‘ 
2 i+1 


We have that f(n) — f(n + 1) = £°L 0 g(f n )- We also note that g(i,n) = 1 if 
and only if 2 ,+1 | n + 2'; otherwise, g{i,n) = 0. The divisibility 2 ,+1 « + 2' is 
equivalent to 2' | n and 2' +1 { n, which for a given n holds for exactly one i £ Nq. 
Thus it follows that /(n) — fin — 1) = 1 => f(n) = n. The proof by induction is 
now complete. 

Second solution. It is easy to show that [x + 1 /2] = [2x] — [x] for ieK. Now 
f(x) = ([x\- [jc/2]) + ([jc/2] - [x/4])+ ••■ = [*]. Hence, f(n) = n for all n e N. 

16. We shall prove the result by induction on k. It trivially holds for k = 0. Assume 
that the statement is true for some k — 1, and let p(x) be a polynomial of degree 
k. Let us set p\{x) = p(x+ 1) — p{x). Then p\(x) is a polynomial of degree 
k — 1 with leading coefficient keg). Also, m \pi{x) for all x £ Z and hence by the 
inductive assumption m \ (k— 1)! • keg) = k\ao, which completes the induction. 
On the other hand, for any ao, k and m \ k\ao, p(x) = klaoQ is a polynomial 
with leading coefficient ao that is divisible by m. 


17. Let there be given an equilateral triangle ABC and a point O such that OA = x, 
OB = y, OC = z. Let X be the point in the plane such that A CXB and A CCA are 
congruent and equally oriented. Then BX = x and the triangle X OC is equilateral, 
which implies OX = z. Thus we have a triangle OBX with BX = x, BO = y, and 
OX=z. 

Conversely, given a triangle OBX with BX = x, BO = y and OX = z it is easy to 
construct the triangle ABC. 
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18. The required construction is not feasible. In fact, let us consider the special case 
/.BOC = 135°, ZAOC = 120°, ZAOB = 90°, where AA' D BB' n CC = {O}. 
Denoting OA! , OB', OC' by a.b.c respectively we obtain the system of equations 

a 2 + b 2 = a 2 + c 2 + ac = b 2 + c 2 + \flbc. 

Assuming w.l.o.g. c = 1 we easily obtain a 3 — a 2 — a— 1 =0, which is an ir- 
reducible equation of third degree. By a known theorem, its solution a is not 
constructible by ruler and compass. 

19. We shall denote by d n the shortest curved distance from the initial point to the 
nth point in the positive direction. The sequence d n goes as follows: 0, 1,2, 3, 4, 
5, 6,0.72, 1.72, ...,5.72, 0.43, 1.43, ..., 5.43, 0.15 = d 19 . Hence the required 
number of points is 20. 

20. Let us denote the points A \ , A 2 , . . . ,A n in such a manner that A\A n is a diameter 
of the set of given points, and 4 142 < A\A^ < ■■■ <A\A n . 

Since for each 1 < i < n it holds that 4 1 4, < 4 14„, we have /AiA\A n < 120° and 
hence ZA,AiA n < 60° (otherwise, all angles in A4 ]4,-4„ are less than 120°). It 
follows that for all 1 < i < j <n, /4,-4 |4y < 120°. Consequently, the angle in 
the triangle 4 1 4,4 y that is at least 120° must be Z4 \AiAj. Moreover, for any 1 < 
i < j <k<n it holds that Z A t AjA k > ZA\AjA k — /A\AjAi > 120° — 60° = 60° 
(because ZAiAjAj < 60°); hence ZAjAjA k > 120°. This proves that the denota- 
tion is correct. 

Remark. It is easy to show that the diameter is unique. Hence the denotation is 
also unique. 

21 . The given conditions are equivalent to y — ao being divisible by ao-«o +«i -«o + 
02 , • • • , flo + a n , i.e., to y = k[ao, ao + fli , . . . , ao + a«] + ao, k e No. 

22. It can be shown by induction on the number of digits of x that p(x) < x for 
all x e N. It follows that x 2 — lOx — 22 < x, which implies x < 12. Since 0 < 
x 2 — 10x — 22 = (x — 12) (x + 2) + 2, one easily obtains x > 12. Now one can 
directly check that x= 12 is indeed a solution, and thus the only one. 

23. We may assume w.l.o.g. that in all the factors the coefficient of x is 1. Suppose 

that x + ay + bz is one of the linear factors of p(x.y.z) = x 3 + y 3 + z 3 + mxyz, 
Then p{x) is 0 at every point (x,y, z) with z = —ax — by. Hence x 3 +y 3 + (—ax — 
by) 3 +mxy(-ax-by) = (1 -a 3 )x 3 - {3ab + m)(ax + by)xy+ (1 -b 3 )y 3 = 0. 
This is obviously equivalent to a 3 = b 3 = 1 and m = —3 ab, from which it follows 
that m £ {— 3,— 3(0,— 3co 2 }, where (0 = 1 Conversely, for each of the 

three possible values for m there are exactly three possibilities ( a,b ). Hence 
—3, —3co, —3 (O 2 are the desired values. 

24. If the ith digit is 0, then the result is 

if i> k — j, 

1 9k i ^W7Y-' otherwise ' 
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If the ith digit is not 0, then the above results are multiplied by 8. 
25. The answer is 



26. (a) We shall show that the period of / is 2a. From (/(x + a) — 1 /2) 2 = f(x) — 

f(x) 2 we obtain 


(/« - /W 2 ) + (/(* + «) - f(x+a) 2 ) = J. 


Subtracting the above relation for x + a in place of x we get f(x) — f(x) 2 = 
f(x+2a)-f(x+2a) 2 , which implies (/(x) - 1/2) 2 = (/(x + 2a) - 1/2) 2 . 
Since /(x) >1/2 holds for all x by the condition of the problem, we con- 
clude that /(x + 2a) = /(x). 

(b) The following function, as is directly verified, satisfies the conditions: 



1/2 if 2« < x < 2n + 1 , 

1 if 2« + 1 < x < 2n + 2, 


for n = 0,1, 2,... . 
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4.11 Solutions to the Contest Problems of IMO 1969 

1. Set a = 4m 4 , where me N and m > 1. We then have z = n 4 + 4 m 4 = (« 2 + 
2 m 2 ) 2 - (2mn) 2 = (n 2 + 2 m 2 + 2mn) (n 2 + 2m 2 - 2mn) . Since n 2 + 2 m 2 - 2mn = 
(n — m) 2 +m 2 > m 2 > 1, it follows that z must be composite. Thus we have found 
infinitely many a that satisfy the condition of the problem. 

2. Using cos(a + x) = cosacosx — sin a sin x, we obtain y(x) = A sinx + ficosx 

where A = — sinai — sina2/2 sina„/2” _1 and B = cosai + cosa2/2 + 

••• + cosa n /2" _1 . Numbers A and B cannot both be equal to 0, for other- 
wise y would be identically equal to 0, while on the other hand, we have 

y(— a{) =cos(ai — ai) + cos(a2 — a{)/2-\ |-cos(a„ — ai)/2" _1 >1 — 1/2 — 

1/2" -1 = 1/2" -1 > 0. Setting A = Ccos0 and B = Csin0, where C ^ 0 

(such C’ and <p always exist), we gety(x) = Csin(x+0). It follows that the zeros 
of y are of the form xo € ~(f> + 7tZ, from which y(xi) = y(x 2) => x\ — X 2 = mn 
immediately follows. 

3. We have several cases: 

1 0 k—\. W.l.o.g. let AB = a and the remaining segments have length 1 . Let M 
be the midpoint of CD. Then AM = BM = \/3/2 ( ACDA and A CDB are 
equilateral) and 0 < AB < AM + BM = \/3, i.e., 0 < a < v/3. It is evident 
that all values of a within this interval are realizable. 

2° k= 2. We have two subcases. 

First, let AC = AD = a. Let M be the midpoint of CD. We have CD = 1, 
AM = \/a 2 — 1 /4, and BM = \f2>j2. Then we have \ — y/3/2 =AB—BM< 
AM < AB + BM = 1 + y/3/2, which gives us \/2— y/3 <a< \^2 + V^- 
Second, let AB = CD = a. Let M be the midpoint of CD. From A MAB we 
get a < \/2. 

Thus, from y/2— \/3 < \[2 < v2+yf it follows that the required con- 
dition in this case is 0 < a < V 2 + V3 . All values for a in this range are 
realizable. 

3° k = 3. We show that such a tetrahedron exists for all a. Assume a > 1. 
Assume AB = AC = AD = a. Varying A along the line perpendicular to 
the plane BCD and through the center of A BCD we achieve all values of 
a > 1/V3. For a < l/y/% we can observe a similar tetrahedron with three 
edges of length 1 /a and three of length 1 and proceed as before. 

4° k = 4. By observing the similar tetrahedron we reduce this case to k = 2 
with length 1 la instead of a. Thus we get a > y/2— \/3. 

5° k = 5. We reduce to k = 1 and get a > 1 /\/3. 

4. Let O be the midpoint of AB, i.e., the center of y. Let 0 \ , O 2 , and O3 respec- 
tively be the centers of yi ,ji, and 73 and let r \ respectively be the radii 
of Yu Yi an d 73- Let Ci, C2, and C3 respectively be the points of tangency 
of yi, 72 and 73 with AB. Let ZL and D3 respectively be the points of tan- 
gency of 72 and 73 with CD. Finally, let G 2 and G3 respectively be the points 
of tangency of ji and 73 with 7. We have dS{G2,02,0), G 2 O 2 = O 2 D 2 , and 
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G 2 0 = OB. Hence, G2,D 2 ,B are collinear. Similarly, G?,D?,A are collinear. 
It follows that AG2D2D and BG?D?D are cyclic, since ZAG2D2 = ZD 2 DA = 
ZD?DB = ZBG?D? = 90°. Hence BC\ = BD 2 ■ BG 2 = BD ■ BA = BC 2 = 4 - BC 2 = 
BC and hence AC2 = AB — BC. Similarly, AC?, = AC. We thus have AC\ = 
(AC+AB — BC)/2 = (AC 3 +AC 2 V 2 . Hence, C\ is the midpoint of C 2 C 3 . We 
also have r 2 + r? = C 2 C 3 = AC + BC — AB = 2r \ , from which it follows that 
0 1,02,0? are collinear. 

Second solution. We shall prove the statement for arbitrary points A,B, C on y. 
Let us apply the inversion t \r with respect to the circle yi . We denote by X the 
image of an objects under yr. Also, y/ maps lines BC, CA,AB onto circles a, b,c, 
respectively. Circles a,b,c pass through the center 0\ of yi and have radii equal 
to the radius of y. Let P, Q, R be the centers of a, b, c respectively. 

The line CD maps onto a circle k through C and 0\ that is perpendicular to c. 
Therefore its center K lies in the intersection of the tangent t to c and the line 
PQ (which bisects CO\ ). Let O be a point such that RO\KO is a parallelogram 
and Y 2 ,Y? the circles centered at O tangent to k. It is easy to see that Yi and Y? 
are also tangent to c, since OR and OK have lengths equal to the radii of ^and 
c. Hence Yi and Y? are the images of Ji and y 3 under yi . Moreover, since QAOK 
and PBOK are parallelograms and Q,P,K are collinear, it follows that A, B, O are 
also collinear. Hence the centers of yi , Yi are collinear, lying on the line 0\ O, 
and the statement follows. 

Third solution. Moreover, the statement holds for an arbitrary point D G BC. Let 
E,F,G,H be the points of tangency of y> with AB,CD and of y? with AB,CD, 
respectively. Let Oi be the center of y , i = 1,2,3. As is shown in the third so- 
lution of (SL93-3), EF and GH meet at 0\ . Hence the problem of proving the 
collinearity of 0 \ , 02,0 3 reduces to the following simple problem: 

Let D,E,F,G,H be points such that D G EG, F G DEL and DE = DF, 
DG = DH. Let Oi, O2, 0? be points such that Z0 2 ED = ZO2FD = 90°, 
ZO?GD = ZO?HD = 90°, and 0\ = EF (T GH. Then the points 0 \ , O2, 
and O 3 are collinear. 

Let K 2 = D0 2 n EF and K? = DO 3 H GH. Then 0 2 K 2 /0 2 D = DK?/DO 3 = 
K 2 0\/D0 3 and hence by Thales’ theorem Oi G O 2 O 3 . 

5. We first prove the following lemma. 

Lemma. If of five points in a plane no three belong to a single line, then there 
exist four that are the vertices of a convex quadrilateral. 

Proof. If the convex hull of the five points A,B,C,D,E is a pentagon or a 
quadrilateral, the statement automatically holds. If the convex hull is a tri- 
angle, then w.l.o.g. let AABC be that triangle and D,E points in its interior. 
Let the fine DE w.l.o.g. intersect [AB] and [AC], Then B,C,D,E form the 
desired quadrilateral. 

We now observe each quintuplet of points within the set. There are Q such 
quintuplets, and for each of them there is at least one quadruplet of points 
forming a convex quadrilateral. Each quadruplet, however, will be counted 
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up to n — 4 times. Hence we have found at least (”) quadruplets. Since 
^=4 (5) > ("j 3 ) 4=> (n — 5) (n — 6) (n + 8) > 0, which always holds, it follows 
that we have found at least ("j 3 ) desired quadruplets of points. 

6 . Define mi = yjx\y\ +zi,U2 = ^xiyi+zi, vi = y/x\y\ - z\ , and V2 = \fX2yi — zi ■ 
By expanding both sides of the equation we can easily verify (xi +x 2 ) (>’1 +y 2 ) — 
(Z1+Z2) 2 = (mi + m 2 ) (vi + v 2 ) + (y/m- s/*mf > (»t + «2)(vt + v 2 ). Since 
xffi — Zj= UiVi for i = 1 , 2, it suffices to prove 


8 


< + 


(mi + m 2 )(vi+v 2 ) Ml Vi m 2 v 2 

4=> 8miM 2 ViV 2 < (mi + M 2 )(vi +V 2 )(miVi + m 2 v 2 ). 


This follows from the AM-GM inequalities 2 v /mi m 2 < mi + m 2 , 2^/vi v 2 < Vi + v 2 
and 2^/miVim 2 v 2 <u\v 1 + m 2 v 2 . 

Equality holds if and only if xiy 2 = x 2 yi , u\ = n 2 and vi = v 2 , i.e. if and only if 
xi = X 2 , yi = yi and z\= 12 - 

Second solution. Let us define f(x,y,z) = l/(xy — z 2 ). The problem actually 
states that 



<f{xi,yi,zi)+f{x 2 ,y2,Z2), 


xi+x 2 yi+y 2 Z1+Z2 
2 ’ 2 ’ 2 


i.e., that the function / is convex on the set D = {(x.y.z) gl 2 | xy — z 2 > 0}. It 
is known that a twice continuously differentiable function f{t\ ,f 2 , . . . ,t„) is con- 
vex if its Hessian [/y]" J=1 is positive definite, or equivalently (by Sylvester’s 
criterion), if its principal minors D k = det [/y]y =1 , k= 1,2, ...,n, are posi- 
tive. In the case of our / this is directly verified: D\ = 2y 2 / {xy — z 2 ) 3 , D 2 = 
3xy + z 1 / (xy — z 2 ) 5 , D3 = 6/(xy — z 2 ) 6 are obviously positive. 
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4.12 Solutions to the Shortlisted Problems of IMO 1970 


1. Denote respectively by R and r the radii of the circumcircle and incircle, by 
A\ , . . . ,A n ,B\ .. . . ,B n ,the vertices of the 2/z-gon and by O its center. Let P' be 
the point symmetric to P with respect to O. Then A t P' B t P is a parallelogram, and 
applying cosine theorem on triangles and PP'Bj yields 

4 R 2 = PA] + PB] - 2 PAi ■ PBi cos a, 

4 r 2 = PB] + P’B] - 2PBi ■ P'Bi cos ZPBtP' . 


Since AiP'BiP is a parallelogram, we have that P'Bi = PAj and ZPBiP' =n — at. 
Subtracting the expression for 4r 2 from the one for 4 R 2 yields 4(R 2 — r 2 ) = 
—4 PAi ■ PBi cos a, = — SSAA^pcotcn, hence we conclude that 


tan 2 a ; 


45 A AiBiP 

[R 2 — r 2 ) 2 ' 


(1) 


Denote by Mi the foot of the perpendicular from P to A t B, and let m, = PM t . 
Then Saa,b ; p = R m i- Substituting this into (1) and adding up these relations for 
i = 1 , 2, . . . , n, we obtain 


^ tan 2 a,- = 


4 R 2 

(R 2 ~r 2 ) 2 



Note that all the points M, lie on a circle with diameter OP and form a regular 
n-gon. Denote its center by F. We have that m] = |/7W;|| 2 = \\FMi — ~FP\\ 2 = 
||F4^ 2 || + ||FF 2 || - 2 (FMi,FP) =^{2- 2 (FMi,FP). From this it follows that 


^m 2 = 2n(r/2) 2 - 2^(FMi,FP) = 2n{r/2) 2 - 2(f j FM i ,FP) = 2n(r/2) 2 , 

i= 1 i= 1 /=1 


because XI =1 = 0 . Thus 

4 R 2 


^tan 2 aj = 


{R 2 - r 2 ) 


; 2n 




2 n- 


0 r/R ? 


(1 -{r/R) 2 Y 


T = 2n- 


Remark. For n = 1 there is no regular 2-gon. However, if we think of a 2-gon as 
a line segment, the statement will remain true. 

2. Suppose that a > b. Consider the polynomial P(X) = x\X n ~ l +X 2 X n ~ 2 -\ 1- 

x n -iX +x„. We have A n = P(a), B n = P(b), A n+ \ = xo a n + P(a), and B n+ \ = 
xo b n +P{b). The inequality A n /A n+ \ < B n /B n+ i becomes P(a) / (xo a n + P(a)) < 
P(b)/(x 0 b n +P(b)),i.e., 

b n P(a) < a n P(b). 

Since a> b, we have that a 1 > b‘ and hence xt a n b n ~‘ > Xib n a n ~ l (also, for i > 1 
the inequality is strict). Summing up all these inequalities for i = 1, . . . , n we get 
a n P{b) > b n P(a), which completes the proof for a > b. 
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On the other hand, for a < b we analogously obtain the opposite inequal- 
ity A n /A n+ \ > B n /B n+ i, while for a = b we have equality. Thus A n /A n+ \ < 
B n /B n+ 1 <&a>b. 

3. We shall use the following lemma 

Lemma. If an altitude of a tetrahedron passes through the orthocenter of the 
opposite side, then each of the other altitudes possesses the same property. 

Proof. Denote the tetrahedron by SABC and let a = BC, b = CA, c = AB, m = 
SA, n = SB, p = SC. It is enough to prove that an altitude passes through the 
orthocenter of the opposite side if and only if a 2 + m 2 = b 2 + n 2 = c 2 + p 2 . 
Suppose that the foot S' of the altitude from S is the orthocenter of ABC. 
Then SS' _L ABC SB 2 - SC 2 = S' B 1 - S'C 2 . But from AS' _L BC it fol- 
lows that AB 2 — AC 2 = S'B 2 — S'C 2 . From these two equalities it can be 
concluded that n 2 — p 1 = c 2 — b 2 , or equivalently, n 2 + b 2 = c 2 + p 2 . Anal- 
ogously, a 2 +m 2 =n 2 +b 2 , so we have proved the first part of the equiva- 
lence. 

Now suppose that a 2 + m 2 = b 2 + n 2 = c 2 +p 2 . Defining S' as before, we get 
n 2 — p 2 = S'B 2 — S'C 2 . From the condition n 2 — p 2 = c 2 — b 2 (<=> b 2 + n 2 = 
c 2 + p 2 ) we conclude that AS' _L BC. In the same way CS' _L AB, which 
proves that S' is the orthocenter of AABC. The lemma is thus proven. 

Now using the lemma it is easy to see that if one of the angles at S is right, than 
so are the others. Indeed, suppose that ZASB = n/2. From the lemma we have 
that the altitude from C passes through the orthocenter of A ASB, which is S, so 
CS _L ASB and ZCSA = ZCSB = n/2. 

Therefore nf -|- n 2 = c 2 , n 2 + p 2 = a 2 , and p 2 +m 2 = b 2 , so it follows that 
m 2 +n 2 +p 2 = ( a 2 + b 2 + c 2 )/2. By the inequality between the arithmetic and 
quadric means, we have that (a 2 + b 2 +c 2 )/ 2 > 2,v 2 /3, where s denotes the 
semiperimeter of AABC. It remains to be shown that 2s 2 /3 > ISr 2 . Since 
Saabc — sr > this is equivalent to 2s 4 /3 > 1 8.S'^ /;C = 1 8,s(.s' — a) (s — b)(s — c) 
by Heron’s formula. This reduces to s 3 > 27 (s — a)(s — b)(s — c), which is an 
obvious consequence of the AM-GM mean inequality. 

Remark. In the place of the lemma one could prove that the opposite edges of 
the tetrahedron are mutually perpendicular and proceed in the same way. 

4. Suppose that n is such a natural number. If a prime number p divides any of the 
numbers n, n + 1 , . . . , n + 5, then it must divide another one of them, so the only 
possibilities are p = 2,3,5. Moreover, n + l,« + 2,n + 3,n + 4 have no prime 
divisors other than 2 and 3 (if some prime number greater than 3 divides one 
of them, then none of the remaining numbers can have that divisor). Since two 
of these numbers are odd, they must be powers of 3 (greater than 1). However, 
there are no two powers of 3 whose difference is 2. Therefore there is no such 
natural number n. 

Second solution. Obviously, none of n,n + 1 , . . . ,n + 5 is divisible by 7; hence 
they form a reduced system of residues. We deduce that n(n + 1) • • • (n + 5) = 
1 - 2 - - - 6 = — 1 (mod 7). If {«,..., n + 5} can be partitioned into two subsets with 
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the same products, both congruent to, say, p modulo 7, then p 2 = — 1 (mod 7), 
which is impossible. 

Remark. Erdos has proved that a set n, n + 1 , . . . , n + m of consecutive natural 
numbers can never be partitioned into two subsets with equal products of ele- 
ments. 


5. Denote respectively by A\,B\,C\ and D\ the points of intersection of the 
lines AM, BM, CM, and DM with the opposite sides of the tetrahedron. Since 
vol (MBCD) = vo\(ABCD)MA\/AA\, the relation we have to prove is equivalent 
to 


— t MA\ — ■> MB i — > MC i — ► MD\ 

MA ■ -=4- +MB ■ -=4- +MC ■ -=1 +MD ■ =4 = 0. 
AA\ BB, 


(1) 

CCi DD\ 

There exist unique real numbers a, j3, y, and 5 such that a + j3 + y+ 5 = 1 and 
for every point O in space 


0M = a0A + p0B + y0C+80D. (2) 


(This follows easily from OM = OA +AM = OA + kAB + 1 AC + mAD = AB + 
k(OB — OA) + l(OC — OA) + m(OD — OA) for some k.l.m 6 M.) Further, from 
the condition that A \ belongs to the plane BCD we obtain for every O in space 
the following equality for some j3', /, S': 


OA\ = p'oB + yoc + s'oD. 


( 3 ) 


However, for A = MA\/AA\, OM = XOA + (1 — X)OA\\ hence substituting 


(2) and (3) in this expression and equating coefficients for OA we obtain 
A = MAi/AAi = a. Analogously, J3 = MB\/BB\, y = MC\/CC\, and 5 = 
MD\ /DD \ ; hence (1) follows immediately for 0 = M. 


Remark. The statement of the problem actually follows from the fact that 
M is the center of mass of the system with masses vol {MBCD), vol {MACD), 
vol (MABD), vol (MABC) at A,B,C,D respectively. Our proof is actually a for- 
mal verification of this fact. 


6. Let F be the midpoint of B'C', A' the midpoint of BC, and I the intersection 
point of the line HF and the circle circumscribed about A BHC' . Denote by M 
the intersection point of the line AA' with the circumscribed circle about the 
triangle ABC. Triangles HB'C' and ABC are similar. Since AC' IF = AABC = 
AA'MC, AC' FI = AAA'B = AMA'C, 2 C'F = C'B', and 2A'C = CB, it follows 
that A C'IBi ~ A CMB, hence AFIB' = AA'MB = AACB. Now one concludes 
that I belongs to the circumscribed circles of AAB'C' (since AC' IB' = 180° — 
AC'AB') and A HCB' . 

Second Solution. We denote the angles of AABC by a, J3, y. Evidently AABC ~ 
A HC'B' . Within AH C'B' there exists a unique point I such that AHIB' = 1 80° — 
y, AHIC' = 1 80° — J3 , and AC' IB' = 1 80° — a, and all three circles must contain 
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this point. Let HI and B'C' intersect in F. It remains to show that FB' = FC'. 
From ZHIB' + ZHB'F = 180° we obtain ZIHB' = ZIB'F. Similarly, ZIHC' = 
ZIC'F. Thus circles around A IHC' and A IHB' are both tangent to B'C', giving 
us FB' 2 — FI ■ FH = FC' 2 . 

7. For a = 5 one can take n = 10, while for a = 6 one takes n= 11. Now assume 
a $ {5,6}. 

If there exists an integer n such that each digit of n(n + l)/2 is equal to a, then 
there is an integer k such that n(n + 1 )/2 = (10* — 1 )a/9. After multiplying both 
sides of the equation by 72, one obtains 36n 2 + 36 n = 8a • 1 0* — 8 a, which is 
equivalent to 

9(2«+l) 2 = 8a-10*-8a + 9. (1) 

So 8a- 10* — 8a + 9 is the square of some odd integer. This means that its last 
digit is 1, 5, or9. Thereforea 6 {1,3, 5, 6, 8}. 

If a = 3 or a = 8, the number on the RHS of (1) is divisible by 5, but not by 25 
(for k> 2), and thus cannot be a square. It remains to check the case a = 1 . In that 
case, ( 1 ) becomes 9(2n+ 1 ) 2 = 8 ■ 10*+ 1, or equivalently [3 (2n + 1 ) — 1 ] [3 (2« + 
1) + 1] = 8- 10* =>■ (3n+ l)(3n + 2) =2 - 10*. Since the factors 3n + l,3n + 2are 
relatively prime, this implies that one of them is 2* +1 and the other one is 5*. It 
is directly checked that their difference really equals 1 only for k = 1 and n = 1 , 
which is excluded. Hence, the desired n exists only for a G {5,6}. 

8. Let AC = b,BC = a, AM = x. BM = y,CM = l. Denote by l\ the incenter and by 
.S'; the center of the excircle of AAMC. Suppose that Pi and Q\ are feet of perpen- 
diculars from/i and Si, respectively, to the line AC. Then A/|CP| ~ ASiCgi, 
hence n/pi = CP\/CQ\. We have CPi = (. AC + MC-AM)/2 = (b + l-x)/2 
and CQi = {AC + MC + AM) /2 = (b + l+x)/2. Hence 


We similarly obtain 


r\ _ b + l—x 
pi b + l + x 


r 2 b + 1 — y , r a + b — x — y 

— = — - and - = - 

p 2 b + l+y p a + b+x+y 


What we have to prove is now equivalent to 

(b + l-x)(a + l-y) _ a + b-x-y 
{b + l+x) {a + l + y) ~ a + b + x + y' 


(1) 


Multiplying both sides of ( 1 ) by (a + 1 + y ) {b + 1 + x) (a + b + x + y ) we obtain an 
expression that reduces to l 2 x + l 2 y+ x 2 y + xy 2 = b 2 y + a 2 x. Dividing both sides 
by c = x+y, we get that (1) is equivalent to Z 2 = b 2 y/ {x + y)+a 2 x/ (x + y) — xy, 
which is exactly Stewart’s theorem for /. This finally proves the desired result. 

9. Let us set a = u 2 and b = v/x? i vf- By Minkowski’s inequality (for p = 

2) we have X"=i ( u i + v,-) 2 < (a + b) 1 . Hence the LHS of the desired inequality 
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is not greater than 1 + ( a + b ) 2 , while the RHS is equal to 4(1 +a 2 )(l +b 2 )/3. 
Now it is sufficient to prove that 

3 + 3(a + h) 2 < 4(1 +a 2 )(l +b 2 ). 

The last inequahty can be reduced to the trivial 0 < (a — b) 2 + (2 ab — l) 2 . The 
equality in the initial inequality holds if and only if w,-/v; = c for some c G M and 
a = b= 1/V2. 

10. (a) Since a n -\ < a n , we have 



1 = ak-ak-i 

V^ic a 3 / 2 


< 


2{Vak-y/ak-i)Vak 


= 2 




Summing up all these inequalities for k = 1 , 2, . . . , n we obtain 


b n <2 




<2. 


(b) Choose a real number q > 1 , and let a k = q k , k = 1 , 2, Then we deduce 

(1 — ak-i/ak) / \/ak = (1 — l/q) /q k ^ 2 , and consequently 


b n 



n 1 


q 



Since (^q+ 1 )/q can be arbitrarily close to 2, one can set q such that 
{y/q + 1 )/q> b. Then b n > b for all sufficiently large n. 

Second solution. 

(a) Note that 


k=\ V a k ) s/ai k=1 r ?' 2 


hence b n represents exactly the lower Darboux sum for the function f(x) = 
x“ 3 / 2 on the interval [a (h a„]. Then b n < Qx~ 3 ' 2 dx < f^x~ 3 / 2 dx = 2. 
(b) For each b <2 there exists a number a > 1 such that /“ x~ 3/2 dx > b + 
(2 — b)/ 2. Now, by Darboux’s theorem, there exists a sequence 1 = ao < 
a i < ■ ■ ■ < a n = a such that the corresponding Darboux sums are arbitrarily 
close to the value of the integral. In particular, there is a sequence ao,...,a n 
with b n > b. 

11 . LetS'(x) = (x— x\){x— X 2 ) • • • (x—x n ). We haver 3 — x% = (x—Xi)((Ox—Xi)(co 2 x— 
Xi), where to is a primitive third root of 1. Multiplying these equalities for i = 
1, . . . ,n we obtain 
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T(x?) = (x 3 -xrfitf -4) ■■■{*? -4) = S(x)S(( 0 x)S{( 0 2 x). 

Since S(cox) = P(x 3 ) + (OxQ(x 3 ) + (6 1 x l R(x 3 ) and S' (co 2 x) = P{x 3 ) + ( 0 1 xQ{x i ) + 
mx 2 R(x 3 ), the above expression reduces to 

T(x 3 ) = P 3 (^) +x 3 Q 3 (x } ) +x 6 R 3 (x 3 ) - 3P(x } )Q{^)R(x 3 ). 

Therefore the zeros of the polynomial 

T(x) = P 3 {x) +xQ 3 (x) +x 2 R 3 {x ) - 3P(x)Q(x)R(x) 

are exactly Xj, . . . .x 3 . It is easily verified that degT = deg S = n, and hence T is 
the desired polynomial. 

12. Lemma. Five points are given in the plane such that no three of them are 
collinear. Then there are at least three triangles with vertices at these points 
that are not acute-angled. 

Proof. We consider three cases, according to whether the convex hull of these 
points is a triangle, quadrilateral, or pentagon. 

(i) Let a triangle ABC be the convex hull and two other points D and E 
lie inside the triangle. At least two of the triangles ADB. BDC and CDA 
have obtuse angles at the point D. Similarly, at least two of the triangles 
AEB.BEC and CEA are obtuse-angled. Thus there are at least four non- 
acute-angled triangles. 

(ii) Suppose that ABCD is the convex hull and that £ is a point of its in- 
terior. At least one angle of the quadrilateral is not acute, determining 
one non-acute-angled triangle. Also, the point E lies in the interior of 
either AABC or ACZM; hence, as in the previous case, it determines 
another two obtuse-angled triangles. 

(iii) It is easy to see that at least two of the angles of the pentagon are 
not acute. We may assume that these two angles are among the angles 
corresponding to vertices A, B, and C. Now consider the quadrilateral 
ACDE. At least one of its angles is not acute. Hence, there are at least 
three triangles that are not acute-angled. 

Now we consider all combinations of 5 points chosen from the given 100. There 
are ( 1 ™) such combinations, and for each of them there are at least three non- 
acute-angled triangles with vertices in it. On the other hand, vertices of each of 
the triangles are counted ( 9 2 7 ) times. Hence there are at least 3 ( 1 j°) / ( 9 2 ) non- 
acute-angled triangles with vertices in the given 100 points. Since the number of 
all triangles with vertices in the given points is ( 1 3 °) , the ratio between the num- 
ber of acute-angled triangles and the number of all triangles cannot be greater 
than 
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4.13 Solutions to the Shortlisted Problems of IMO 1971 

1. Assuming that a,b,c in (1) exist, let us find what their values should be. Since 
P 2 (x) = x 2 -2, equation (1) for n = 1 becomes (x 2 -4) 2 = [a(x 2 -2) + bx+2c\ 2 . 
Therefore, there are two possibihties for ( a,b,c ): (1,0, — 1) and (—1,0,1). In 
both cases we must prove that 

(* 2 - 4) [P n {xf - 4] = [P n+] (X) - Pn-l (x)f. (2) 

It suffices to prove (2) for all x in the interval [— 2, 2] . In this interval we can set 
x = 2 cos t for some real t. We prove by induction that 

P n (x) = 2cosnt for all n. (3) 

This is trivial for n = 0,1. Assume (3) holds for some n— 1 and n. Then 
Pn+l(x) = 4cost cosnf — 2cos(n — l)f = 2cos(n + l)f by the additive formula 
for the cosine. This completes the induction. 

Now (2) reduces to the obviously correct equality 

16 sin 2 f sin 2 nt = (2cos(« + l)t — 2cos(« — l)f) 2 . 

Second solution. If x is fixed, the linear recurrence relation P n+ \ (x) + P n - 1 (x) = 
xP n {x) can be solved in the standard way. The characteristic polynomial t 2 — xt + 
1 has zeros t\ <2 with t\ +t 2 =x and 1 1 1 2 = 1 ; hence, the general P„ (x) has the form 
at" + bt% for some constants a, b. From Pq = 2 and P\ = x we obtain that 


P n (x) — t" + 1 2 . 


Plugging in these values and using t\t 2 = 1 one easily verifies (2). 

2. We will construct such a set S m of 2 m points. 

Take vectors u\, ■ ■ -,u m in a given plane such that |w,| = 1/2 and 0 ^ \c\u\ + 

C 2 «2 H h c n u n \ 1 /2 for any choice of numbers c, equal to 0 or ± 1 (where 

two or more of the numbers c, are nonzero). Such vectors are easily constructed 
by induction on m: For u\,.. . . u m - ] fixed, there are only finitely many vector 
values u m that violate the upper condition, and we may set u m to be any other 
vector of length 1 /2. 

Let S m be the set of all points Mo +£i«i + e 2 u 2 H b £ m u m , where Mo is any 

fixed point in the plane and £; = ±1 for i = 1 , . . . , m. Then S m obviously satisfies 
the condition of the problem. 

3. Let x,y, z be a solution of the given system with x 2 +y 2 + z 2 = ct < 10. Then 

(x+y + z) 2 — {x 2 +y 2 + £) 9- a 

xy+yz+zx=± 

Furthermore , 3xyz = x 3 + y 3 + z 3 — (x + y + z) (x 2 + y 2 + z 2 — xy — yz — zx), which 
gives us xyz = 3 (9 — a)/2 — 4. We now have 
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35 = x 4 +y 4 +z 4 = (x 3 +y 3 + z 3 )(x+y+z) 

~(x 2 +y 2 + z 1 )(xy+yz + zx)+xyz{x+y + z) 

= 45 _g( 9-«) + 9(9-«)_ 12 

The solutions in a are a = 7 and a = 11. Therefore a = 7, xyz = — 1 , xy +xz + 
yz = 1, and 

.t^+Z + z 5 = (x 4 +y 4 + z 4 )(x+y + z) 

- (x 3 + y 3 + z 3 ) (xy + xz+yz ) + xyz(x 2 + y 2 + z 2 ) 

= 35 - 3 — 15 - 1+7- (—1) = 83. 

4. In the coordinate system in which the x-axis passes through the centers of the 
circles and the y-axis is their common tangent, the circles have equations 

x 2 +y 2 + 2rix = 0, x z + y 2 -2r 2 x = 0. 

Let p be the desired line with equation y = ax + b. The abscissas of points of 
intersection of p with both circles satisfy one of 

(1 + a 2 )x 2 + 2(ab + r\)x + b 2 =0, (1 +a 2 )x 2 + 2(a& — r 2 )x + b 2 = 0. 

Let us denote the lengths of the chords and their projections onto the x-axis by d 
and di, respectively. From these equations it follows that 

j2 4(ab + n) 2 4 b 2 4 (ab-r 2 ) 2 4b 2 

1 (1 +a 2 ) 2 l+a 2_ (1+a 2 ) 2 1+a 2 ' 1 j 

Consider the point of intersection of p with the y-axis. This point has equal 
powers with respect to both circles. Hence, if that point divides the segment 
determined on p by the two circles into two segments of lengths x and y, this 
power equals x(x + d)= y(y + d), which implies x = y = d/2. Thus each of the 
equations in (1) has two roots, one of which is thrice the other. This fact gives us 
(ab+ r\) 2 = 4(1 +a 2 )b 2 / 3. We can now use (1) to obtain 

ab = r2 ~ n , 4b 2 + a 2 b 2 = 3 [(ab + n ) 2 - «V] = 3r t r 2 ; 

a 2_ 4(r 2 -ri) 2 b2 14nr 2 -rf-rj 

\4r\r 2 — r\ — r\' 16 

,2_ (14rir 2 -r 2 -^) 2 

1 36(n + r 2 ) 2 

Finally, since d 2 = d 2 (l+ a 2 ), we conclude that 

d 2 = ^(14rir 2 -rf-^), 

and that the problem is solvable if and only if 7 — 4y/3 < ^ < 7 + 4\/3. 
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5. Without loss of generality, we may assume that a>b>c>d>e. Then a — b = 
— (b — a)> 0 ,a — c>b — c> 0 ,a — d>b — d >0 and a — e>b — e> 0, and 
hence 


(a—b)(a—c)(a — d)(a — e) + (b — a)(b — c){b — d)(b — e) > 0. 

Analogously, (d — a) (d — b) (d — c) (d — e) + (e — a) (e — b) (e — c) (e — d) > 0. 
Finally, (c — a')(c — b)(c — d)(c — e) > 0 as a product of two nonnegative num- 
bers, from which the inequality stated in the problem follows. 

Remark. The problem in an alternative formulation, accepted for the IMO, asked 
to prove that the analogous inequality 

(at - a 2 )(ai - a 2 ) ■ ■ ■ (at - a „ | + ( a 2 - ai)(a 2 -a 3 ) • • • (a 2 ~a n ) + ■ ■ • 

+(a„ - a\){a„ - a 2 ) ■ ■ ■ (a n - a„_i) > 0 

holds for arbitrary real numbers a, if and only if n = 3 or n = 5. 

The case n = 3 is analogous to n = 5. For n = 4, a counterexample is a\ = 0, 
«2 = «3 = = 1, while for n > 5 one can take a\ = a 2 = ■ • • = a n - 4 = 0, a n _ 3 = 

a n - 2 = a n - 1 = 2, a n = 1 as a counterexample. 

6. The proof goes by induction on n. For n = 2, the following labeling satisfies the 
conditions (i)-(iv): C\ = 1 1 , C 2 = 12, C 3 = 22, C 4 = 21. 

Suppose that n> 2, and that the numeration C \ , C 2 , . . . ,C 2 »-i of a regular 2" _1 - 
gon, in cyclical order, satisfies (i)-(iv). Then one can assign to the vertices of a 
2"-gon cyclically the following numbers: 

\C[JC 2l . . . ,1C^T,2C^T, . . . ,2Q,2Q. 

The conditions (i), (ii) obviously hold, while (iii) and (iv) follow from the induc- 
tive assumption. 

7. (a) Suppose that X,Y,Z are fixed on segments AB. BC.CD. It is proven in a 

standard way that if ZATX / Z.ZTD , then ZT + TX can be reduced. It 
follows that if there exists a broken line XYZTX of minimal length, then 
the following conditions hold: 

ZDAB = K- ZATX - ZAXT, 

ZABC =71- ZBXY - ZBYX = 71- ZAXT - ZCYZ, 

ZBCD = n- ZCYZ - ZCZY , 

ZCDA = n- ZDTZ - ZDZT = n- ZATX - ZCZY. 

Thus a = 0. 

(b) Now let <7 = 0. Let us cut the surface of the tetrahedron along the edges 
AC, CD, and DB and set it down into a plane. Consider the plane figure 
SZ = ACD'BD"C' thus obtained made up of triangles BCD' ABC, ABD " , 
and AC'D", with Z! ,T' ,Z" respectively on CD'. AD",C'D" (here C' corre- 
sponds to C, etc.). Since ZC'D"A + ZD"AB + ZABC + ZBCD 1 = 0 as an 


392 


4 Solutions 


oriented angle (because a = 0), the lines CD' and C'D" are parallel and 
equally oriented; i.e., CD I D"C' is a parallelogram. 

The broken line XYZTX has minimal length if and only if Z". T'.X. Y. Z! 
are collinear (where Z'Z" || CC ' ), 
and then this length equals Z'Z" = 

CC' = 2ACsin(a/2). There is an in- 
finity of such lines, one for every 
line Z'Z" parallel to CC' that meets 
the interiors of all the segments 
CB, BA, AD". Such Z'Z" exist. 

Indeed, the triangles CAB and D"AB are acute-angled, and thus the seg- 
ment AB has a common interior point with the parallelogram CD' D"C' . 
Therefore the desired result follows. 

8. Suppose that a,b,c,t satisfy all the conditions. Then abc / 0 and 

cab 

X\X2 = X2X3 = -, X3X1 = -. 

abc 

Multiplying these equations, we obtain xfx^x^ = 1 , and hence x 1x2X3 = e = ±1 . 
From the above equalities we getxi = eb/a, X 2 = ec/b, X3 = ea/c. Substituting 
xi in the first equation, we get ab 2 /a 2 + teb 2 /a + c = 0, which gives us 

b 2 (l+te) = —ac. (1) 

Analogously, c 2 (l +te) = —ab and a 2 (l -Re) = —be, and therefore (1 +te) 3 = 
— 1; i.e., 1 +te = — 1, since it is real. This also implies together with (1) that 
b 2 = ac, c 2 = ab, and a 2 = be, and consequently 

a = b = c. 

Thus the three equations in the problem are equal, which is impossible. Hence, 
such a,b,c,t do not exist. 

9. We use induction. Since T\ = 0 , T 2 = 1, T 3 = 2,T\ = 3, T 5 — 5, T 6 = 8, the 
statement is true for n = 1,2,3. Suppose that both formulas from the problem 
hold for some n > 3. Then 

T 2n+ 1 = l+T ln + 2 n - 1 = Jn 2 "- 1 +2"- 1 ] = [y2 n ] , 

T 2n+ 2 = l + 72„_3+2 n+1 = ^2 n - 2 +2 n+1 ] = [y2 n ] . 

Therefore the formulas hold for n + 1, which completes the proof. 

10. We use induction. Suppose that every two of the numbers a\ = 2 ni — 3,02 = 
2" 2 — 3 , . . . ,a* = 2"* — 3, where 2 = n\ < n .2 < ■ ■ ■ < n^, are coprime. Then one 
can construct tq. + i = 2" k + 1 — 3 in the following way: 
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Set .v = a\ci 2 ...a k . Among the numbers 2°. 2 1 ..... 2 s , two give the same residue 
upon division by s, say s \ 2“ — 2^. Since s is odd, it can be assumed w.l.o.g. that 
/3 = 0 (this is actually a direct consequence of Euler’s theorem). Let 2“ — 1 = 
qs, q e N. Since 2 a+2 — 3 = 4 qs + 1 is then coprime to s, it is enough to take 
n k+ \ = « + 2. We obviously have n k+ i > n k . 

11. We use induction. The statement for n = 1 is trivial. Suppose that it holds for 
n = k and consider n = k + 1 . From the given condition, we have 

A 

X \ a j,i*l H f a jtk x k + a jjk+ 1 1 

jRf 

+ a k . \_\x\ H h 0 a+i,a*a + a k+i,k +\ I < Af, 

k 

X l«/\l*l Hi ^ a j,k x k~ a j,k+l\ 

+|«a+i,i*H F %«,*** - fl*+t,fc+l I ^ ^ 

for each choice of xt = ±1. Since \a + b\ + \a — b\> 2\a\ for all a,b, we obtain 
k 

2 £ [ 0 , 1*1 + • • • + 2|a* + i jJt +i| < 2M, that is, 

' A* 

X I <2/1*1 d \-a jk Xk\ < M- |a t+1)t+1 |. 

7=1 

Now by the inductive assumption Xl.i |oyy| <M— \a k+ ] ik+ \ |, which is equiva- 
lent to the desired inequality. 

12. Let us start with the case A = A'. If the triangles ABC and A'B'C' are oppositely 
oriented, then they are symmetric with respect to some axis, and the statement is 
true. Suppose that they are equally oriented. There is a rotation around A by 60° 
that maps ABB' onto ACC'. This rotation also maps the midpoint Bq of BB' onto 
the midpoint Co of CC', hence the triangle ABqCq is equilateral. 

In the general case, when A ^ A', let us denote by T the translation that maps A 
onto A'. Let X' be the image of a point X under the (unique) isometry mapping 
ABC onto A'B'C', and X" the image of X under T. Furthermore, let X 0 ,Xq be 
the midpoints of segments XX',X'X". Then Ay is the image of Xq under the 
translation — (1 /2)T. However, since it has already been proven that the triangle 
A' 0 B' 0 C' 0 is equilateral, its image AqBqCq under (1/2 )T is also equilateral. The 
statement of the problem is thus proven. 

13. Let p be the least of all the sums of elements in one row or column. If p > n/ 2, 
then the sum of all elements of the array is s > np > n 2 / 2. Now suppose that 
p <n/2. Without loss of generality, one can assume that the sum of elements in 
the first row is p, and that exactly the first q elements of it are different from zero. 
Then the sum of elements in the last n — q columns is greater than or equal to 
(n — p){n — q). Furthermore, the sum of elements in the first q columns is greater 
than or equal to pq. This implies that the sum of all elements in the array is 
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s>(n-p)(n-q) + pq= ^n 1 + ^(n- 2p){n~2q) > i n 2 , 
since n>2p> 2 q. 

14. Denote by V the figure made by a circle of radius 1 whose center moves along 
the broken line. From the condition of the problem, V contains the whole 50 x 50 
square, and thus the area S(V) of V is not less than 2500. 

Let L be the length of the broken line. We shall show that S(V) <2 L+n, from 
which it will follow that L > 1250 — n/2 > 1248. For each segment /, = A,-A,- + i 
of the broken line, consider the figure V obtained by a circle of radius 1 whose 
center moves along it, and let Vj be obtained by cutting off the circle of radius 
1 with center at the starting point of /, . The area of Vi is equal to 2AjA i+ \ . It is 
clear that the union of all the figures Vi together with a semicircle with center in 
A i and a semicircle with center in A n contains V completely. Therefore 

S(V) <n + 2 A x A 2 + 2A 2 A 3 + • • • + 2A n _ 1 A„ = n + 2 L. 

This completes the proof. 

15. Assume the opposite. Then one can numerate the cards 1 to 99, with a number m 
written on the card i, so that ngg 7^ U99. Denote by x,- the remainder of n\ +n 2 + 

bn, upon division by 1 00, for i = 1 , 2, .... 99. All x,- must be distinct: Indeed, 

if x,- = Xj, i < j, then n- [+ \ H b n/ is divisible by 100, which is impossible. 

Also, no x, can be equal to 0. Thus, the numbers xi,X2, . . . ,X99 take exactly the 
values 1 , 2, . . . , 99 in some order. 

Let x be the remainder of n\ + n 2 H \-ng 2 +ngg upon division by 100. It is not 

zero; hence it must be equal to x^ for some k G {1,2,..., 99}. There are three 
cases: 

(i) x = X£, k < 97. Then n^ + 1 + n^ + 2 H b «97 + «99 is divisible by 100, a 

contradiction; 

(ii) x = X98. Then >U)% = nyg, a contradiction; 

(iii) x = X99. Then ngs is divisible by 100, a contradiction. 

Therefore, all the cards contain the same number. 

16. Denote by P' the polyhedron defined as the image of P under the homothety with 
center at Ai and coefficient of similarity 2. It is easy to see that all Pi, im 1 , . . . , 9, 
are contained in P' (indeed, if Me Pk, then 

^MM=^{MA k +MM') 

for some M' e P, and the claim follows from the convexity of P). But the volume 
of P 1 is exactly 8 times the volume of P, while the volumes of /( add up to 9 times 
that volume. We conclude that not all P, have disjoint interiors. 

17. We use the following obvious consequences of ( a + b ) 2 > 4ab: 


(ai+a 2 )(a 3 + a4) (ai +a 2 + a 3 +a4) 2 ’ 
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1 > 4 

(oi + a 4 ){a 2 + a 3 ) ~ (oi + o 2 + a 3 + a 4 ) 2 ' 

Now we have 

ai+03 02 + 04 03+01 04 + 02 

Ol+fl2 02+03 03+04 04 + fll 

_ (oi +03) (01 +02 + 03 + 04) | (Q2 + 04)(Q1+02 + 03 + «4) 
(ai +o 2 ) (03 + 0 4 ) (0l+0 4 )(0 2 +03) 

> 4 (o 1 +a 3 ) 4(02 + 04) _ /| 

“ Oi + 02 + 03 + 04 fli + 02 + 03 + 04 
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4.14 Solutions to the Shortlisted Problems of IMO 1972 


1. Suppose that f(x o) ^ 0 and for a given y define the sequence x k by the formula 

x = { x k+y, if \f(xk+y ) I > \f(xk-y)\-, 

k 1 1 \ x k — y, otherwise. 


It follows from (1) that \f(x k+ i) \ > |<p(y)[|/C*k)l> hence by induction, \f(x k )\ > 
|<p(y)| fe |/(xo)|. Since \f{x k )\ < 1 for all k, we obtain |<p(y)| < 1. 

Second solution. Let M = sup \f(x) | < 1, and x k any sequence, possibly constant, 
such that \f(x k )\ — > M, k — > Then for all k. 


IpMI 


\f{xk+y)+f(x k -y)\ < 2 M 

2\f(xk)\ ~ 2\f(x k )\ 


2. We use induction. For n = 1 the assertion is obvious. Assume that it is true for 
a positive integer n. LetAi,A 2 , . . . ,Aj n+ ^ be given 3n + 3 points, and let w.l.o.g. 
A 1 A 2 ...A m be their convex hull. 

Among all the points A,- distinct from Ai,A 2 , we choose the one, say A k , for 
which the angle ZA k A\A 2 is minimal (this point is uniquely determined, since 
no three points are collinear). The line A\A k separates the plane into two half- 
planes, one of which contains A 2 only, and the other one all the remaining 3 n 
points. By the inductive hypothesis, one can construct n disjoint triangles with 
vertices in these 3 n points. Together with the triangle A\A 2 A k , they form the 
required system of disjoint triangles. 

3. We have for each k = 1,2, . . . , n that m<x k < M, which gives (M —x^im-x^) < 
0. It follows directly that 


0> Y i {M-x k )(m-x k )=nmM- {m + M)^ j x k - 

fc=t fc=t iss 


But XjJLi x k = 0, implying the required inequality. 

4. Choose in £ a half-line s beginning at a point O. For every a in the interval 
[0,180°], denote by s(a) the line obtained by rotation of s about O by a, and 
by g(a) the oriented line containing s(a ) on which s(a) defines the positive 
direction. For each P in Mi, i = 1,2, let P(oc) be the foot of the perpendicular 
from P to g(oc), and lp(c() the oriented (positive, negative or zero) distance of 
P(a) from O. Then for i = 1,2 one can arrange the lp(a) (P £ M t ) in ascending 
order, as l\ {a). hip.), . . . ,/ 2 „,(a). Call i,(a) the interval [l nj (a),l„ i+ i(a)\. It is 
easy to see that any line perpendicular to g(a) and passing through the point 
with the distance l in the interior of i,-(a) from O, will divide the set M, into two 
subsets of equal cardinality. 

Therefore it remains to show that for some a, the interiors of intervals J\(<x) 
and J 2 (a) have a common point. If this holds for a = 0, then we have finished. 
Suppose w.l.o.g. that J\ (0) lies on g( 0) to the left of ^ 2 (0) ; then J\ (180°) lies to 
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the right of 72(180°). Note that 7i and J 2 cannot simultaneously degenerate to a 
point (otherwise, we would have four collinear points in M\ UM 2 ); also, each of 
them degenerates to a point for only finitely many values of a. Since 7i (a) and 
72 (a) move continuously, there exists a subinterval I of [0, 180°] on which they 
are not disjoint. Thus, at some point of I, they are both nondegenerate and have 
a common interior point, as desired. 

5. Lemma. If X, Y,Z , T are points in space, then the lines XZ and YT are perpen- 

dicular if and only if XY 2 +ZT 2 = YZ 2 + TX 2 . 

Proof. Consider the plane n through XZ parallel to YT. If Y',T' are the feet of 
the perpendiculars to n from Y, T respectively, then 

XY 2 + ZT 2 = XY' 2 + ZT' 2 + ZYY ' 2 , 
and YZ 2 + TX 2 = Y'Z 2 + T'X 2 + ZYY' 2 . 

Since by the Pythagorean theorem XY' 2 +ZT' 2 = Y'Z 2 + T'X 2 , i.e., XY' 2 - 
Y'Z 2 = XT' 2 - T'Z 2 , if and only if Y'T _L XZ, the statement follows. 
Assume that the four altitudes intersect in a point P. Then we have DP _L ABC => 
DP _L AB and CP _L ABD => CP _L AB, which implies that CDP _L AB, and CD _L 
AB. By the lemma, AC 2 + BD 2 = AD 2 + BC 2 . Using the same procedure we 
obtain the relation AD 2 + BC 2 = AB 2 + CD 2 . 

Conversely, assume that AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 . The lemma 
implies that AB _L CD, AC _L BD, AD _L BC. Let n be the plane containing CD 
that is perpendicular to AB, and let ho be the altitude from D to ABC. Since 
n _L AB, we have n _L ABC =>hoCK and n _L ABD =>hc<Zn. The altitudes ho 
and he are not parallel; thus they have an intersection point Pen- Analogously, 
hsC\hc = {Pbc} and ha fl ho = {Pbd}, where both these points belong to n. On 
the other hand, h/s doesn’t belong to 7t; otherwise, it would be perpendicular to 
both ACD and AB c n, i.e. AB c ACD, which is impossible. Hence, hn can have 
at most one common point with n, implying Pbd = Pcd ■ Analogously, Pab = 
Pbd = Pcd = Pabcd- 

6. Let n = 2 a 5^m, where a = 0 or /3 = 0. These two cases are analogous, and we 
treat only a = 0,n = 5^m. The case m = 1 is settled by the following lemma. 

Lemma. For any integer J3 > 1 there exists a multiple Mp of 5^ with j3 digits 
in decimal expansion, all different from 0. 

Proof. For /3 = 1, M\ = 5 works. Assume that the lemma is true for /3 = k. There 
is a positive integer Q < 5 such that Q2 4 + mt = 0 (mod 5), where 5 k mk = 
M k , i.e. C k 10 k +Mk = 0 (mod 5 k+1 ). Then M k+ \ = C k l0 k + M k satisfies the 
conditions, and proves the lemma. 

In the general case, consider, the sequence 1,10^,10 2 ^, — It contains two 
numbers congruent modulo (10^ — 1 )m, and therefore for some k > 0, \0 k P = 
1 (mod (10^ — 1 )m) (this is in fact a consequence of Fermat’s theorem). The 
number 

lQP-l ^/ 1 = 10ik ~ l)PM P + l ° {k ~ 2)PM P + ■■■ + M P 
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is a multiple of n = 5^m with the required property. 

(a) Consider the circumscribing cube 
0Q\PR\0\QP\R (that is, the cube 
in which the edges of the tetra- 
hedron are small diagonals), of 
side b = a\/2/2. The left-hand 
side is the sum of squares of the 
projections of the edges of the 
tetrahedron onto a perpendicular 
/ to n. On the other hand, if l 



forms angles <pi , <P2, <?3 with 00 \ , OQ \ , OR\ respectively, then the projec- 
tions of OP and QR onto l have lengths h(cos<p2 + cos 93) and b\ cos 92 — 
cos <p3 1 . Summing up all these expressions, we obtain 

4b 2 (cos 2 <pi -(- cos 2 (pi + cos 2 93) = 4 b 2 = 2a 2 . 


(b) We construct a required tetrahedron of edge length a given in (a). Take O 
arbitrarily on 71 q, and let p,q,r be the distances of O from 714,7^,713. Since 
a > p,q,r,\p— q\, we can choose P on n\ anywhere at distance a from 

O, and Q at one of the two points on 7t2 at distance a from both O and 

P. Consider the fourth vertex of the tetrahedron: its distance from jto will 
satisfy the equation from (a); i.e., there are two values for this distance; 
clearly, one of them is r, putting R on 7:3. 

8. Let f(m,n ) = • Then it is directly shown that 


f(m,n)=4f(m,n-l)-f(m+l,n-l), 


and thus n may be successively reduced until one obtains f(m, n) = Y, r c rf(r, 0) . 
Now f(r, 0) is a simple binomial coefficient, and the c/s are integers. 

Second solution. For each prime p, the greatest exponents of p that divide the 
numerator (2m ) ! (2 n ) ! and denominator m In ! (m + n ) ! are respectively 



hence it suffices to show that the first exponent is not less than the second one 
for every p. This follows from the fact that for each real x, [2 x] + [2 y\ > [x] + 
[y] + [x + y], which is straightforward to prove (for example, using [2x] = [x] + 
[x+1/2]). 

9. Clearly xi = X2 = X3 = X4 = X5 is a solution. We shall show that this describes 
all solutions. 

Suppose that not all x, are equal. Then among X3,X5,X2,X4,xi two consecutive 
are distinct: Assume w.l.o.g. that X3 7^ X5 . Moreover, since (1/xi , . . . , I/X5) is a 
solution whenever (xi ..... X5 ) is, we may assume thatX3 < X5. 
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Consider first the case x\ <X2- We infer from (i) that x\ < ^3X5 < X5 and X2 > 
^7x3X5 > X3. Then x^ > X1X3, which together with (iv) gives X4 < X1X3 < X3X5; 
but we also have x\ < X5X2; hence by (iii), X4 > X5X2 > X5X3, a contradiction. 
Consider next the case x\ > X2. We infer from (i) that xi > ^fx 3X5 > X3 and 
X2 < ^Jx 3X5 < X5. Then by (ii) and (v), 

X1X4 < max(x2,X3) < X3X5 and X2X4 > m\n(x].xf) > X3X5, 

which contradicts the assumption x\ > X2. 

Second solution. 

0 > L\ = (xf — X3X5 ) (x| — X3X5 ) = XjX2 + X3X5 — (xf + X2 )x 3 X5 
> X1X2 + X3X5 - ^ (X1X3 + X1X5 + X2X3 + X2X5 ) , 

and analogously for La , . . . , L5 . Therefore Li + L2 + L3 + L4 + L5 >0, with the 
only case of equality xi = X2 = X3 = X4 = X5 . 

10. Consider first a triangle. It can be decomposed into k = 3 cyclic quadrilaterals by 
perpendiculars from some interior point of it to the sides; also, it can be decom- 
posed into a cyclic quadrilateral and a triangle, and it follows by induction that 
this decomposition is possible for every k. Since every triangle can be cut into 
two triangles, the required decomposition is possible for each n > 6. It remains 
to treat the cases n = 4 and n = 5. 

n = 4. If the center O of the circumcircle is inside a cyclic quadrilateral ABCD, 
then the required decomposition is effected by perpendiculars from O to 
the four sides. Otherwise, let C and D be the vertices of the obtuse angles 
of the quadrilateral. Draw the perpendiculars at C and D to the lines BC 
and AD respectively, and choose points P and Q on them such that PQ || 
AB. Then the required decomposition is effected by CP,PQ,QD and the 
perpendiculars from P and Q to AB. 

n = 5. If ABCD is an isosceles trapezoid with AB || CD and AD = BC, then it 
is trivially decomposed by lines parallel to AB. Otherwise, ABCD can be 
decomposed into a cyclic quadrilateral and a trapezoid; this trapezoid can 
be cut into an isosceles trapezoid and a triangle, which can further be cut 
into three cyclic quadrilaterals and an isosceles trapezoid. 

Remark. It can be shown that the assertion is not true for n = 2 and n = 3. 

11. Let ZA = 2x, /LB = 2y, ZC = 2 Z . 

(a) Denote by M t the center of K t , i = 1,2, If N\,N% are the projec- 

tions of M\,M2 onto AB, we h ave AN\ = r\ cotx, NjB = ?"2 coty, and 
N1N2 = \/ (r\ + r2) 2 — (r\ — rj) 1 = 2^Jr\ rj. The required relation between 
r \ , r 2 follows from AB = AN\ + N1N2 + N2B. 

If this relation is further considered as a quadratic equation in ^Jri, then its 
discriminant, which equals 

A = 4(r(cotx + coty)coty— ri(cotxcoty— 1)), 
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must be nonnegative, and therefore r\ < rcotycotz. Then exist, 

and we can assume that t L G [0, n/2] . 

(b) Substituting r\ = rcotycotzsin 2 ?] , r 2 = rcotzcotxsin 2 ^ in the relation of 
(a) we obtain that sin 2 t\ + sin 2 t 2 + k 2 + 2k sin r | sin ?2 = 1 , where we set k = 
vTanxtany. It follows that (k + sin r | sinf 2 ) 2 = (1 — sin 2 r i )(1 — sin 2 f 2 ) = 
cos 2 fi cos 2 f 2 , and hence 

cos(ti + ? 2 ) = cosfi cos ?2 — sinti sinf 2 = k = ^/tanxtany, 

which is constant. Writing the analogous relations for each we con- 
clude that t\ + 12 = ?4 + ts, t 2 + h= t$ + 1 („ and t 3 + 1 4 = t 6 + tj. It follows 
that t\ = tj, i.e., K\ = Kj. 

12. First we observe that it is not essential to require the subsets to be disjoint (if 
they aren’t, one simply excludes their intersection). There are 2 10 — 1 = 1023 
different subsets and at most 990 different sums. By the pigeonhole principle 
there are two different subsets with equal sums. 
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4.15 Solutions to the Shortlisted Problems of IMO 1973 

1. The condition of the point P can be written in the form AB P p Al + B p P p Bl + 

C p P BCi + D p P p Dl = 4. All the four denominators are equal to R 2 — OP 2 , i.e., to 
the power of P with respect to S. Thus the condition becomes 

AP 2 + BP 2 + CP 2 + DP 2 = 4{R 2 -OP 2 ). (1) 

Let M and N be the midpoints of segments AB and CD respectively, and G the 
midpoint of MN, or the centroid of ABCD. By Stewart’s formula, an arbitrary 
point P satisfies 

AP 2 + BP 2 + CP 2 + DP 2 = IMP 2 + 2 NP 1 + ] -AB 2 + ^ CD 2 
= 4 GP 2 + MN 2 + {AB 2 + CD 2 ) . 

Particularly, for P = 0 we get 4 R 2 = 40G 2 + MN 2 + \{AB 2 +CD 2 ), and the 
above equality becomes 

AP 2 + BP 2 + CP 2 + DP 2 = 4GP 2 +4R 2 -40G 2 . 

Therefore (1) is equivalent to OG 2 = OP 2 + GP 2 4=> ZOPG = 90°. Hence the 
locus of points P is the sphere with diameter OG. Now the converse is easy. 

2. Let D' be the reflection of D across A. Since BCAD' is then a parallelogram, 
the condition BD > AC is equivalent to BD > BD', which is in turn equivalent 
to ZB AD > ZBAD' , i.e. to ZBAD > 90°. Thus the needed locus is actually the 
locus of points A for which there exist points B,D inside K with ZBAD = 90°. 
Such points B,D exist if and only if the two tangents from A to K, say AP and 
AQ, determine an obtuse angle. Then if P. Q e K, we have ZPAO = ZQAO = 
(p > 45°; hence OA = ZZ < OP\fl. Therefore the locus of A is the interior of 
the circle K' with center O and radius \/2 times the radius of K. 

3. We use induction on odd numbers n. For n = 1 there is nothing to prove. Suppose 
that the result holds for n — 2 vectors, and let us be given vectors vi, V2, . . . , v„ 

arranged clockwise. Set V = V2 + V3 H + v„_i, u = v 1 + v„, and v = vi + 

V2 H 1- v n = V + u. By the inductive hypothesis we have |v'| > 1. Now if the 

angles between v' and the vectors vi, v„ are a and J3 respectively, then the angle 
between u and v' is \a — j3|/2 < 90°. Hence v' + m > |v'| > 1. 

Second solution. Again by induction, it can be easily shown that all possible 
values of the sum v = vi + V2 H 1- v„, for n vectors vi , . . . , v„ in the upper half- 

plane (with y > 0), are those for which |v| < n and \v—ke\ > 1 for every integer 
k for which n — k is odd, where e is the unit vector on the x axis. 

4. Each of the subsets must be of the form {a 2 ,ab,ac,ad} or {a 2 ,ab,ac,bc\. It is 
now easy to count up the partitions. The result is 26460. 
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5. Let O be the vertex of the trihedron, Z the center of a circle k inscribed in the 
trihedron, and A,B,C points in which the plane of the circle meets the edges of 
the trihedron. We claim that the distance OZ is constant. 

Set OA = x, OB = y, OC = z, BC = a, CA = b, AB = c, and let S and r = 1 
be the area and inradius of A ABC. Since Z is the incenter of ABC, we have 
(a + b + c) OZ = aOA + bOB + cOC. Hence 

(a + b + c) 2 OZ 2 = {aOA + bOB + cOC) 2 = a 2 x 2 +b 2 y 2 + c 2 z 2 . (1) 

But since y 2 +z 2 = a 2 , z l +x 1 = b 2 and x 2 +y 2 = c 2 , we obtain x 2 = '![ <2 , 

y 2 = a2 ~k~ +g2 , z 2 = fl2 +^ 2 ~ c2 . Substituting these values in (1) yields 


(, a + b + c) 2 OZ 2 


2 a 1 b 2 + 2b 1 c 2 + 2 c 2 a 2 - a 4 -b 4 -c 4 
2 

8S 2 = 2(a + b + c) 2 r z . 


Hence OZ = r\fl = \J2, and Z belongs to a sphere a with center O and radius 

V2. 

Moreover, the distances of Z from the faces of the trihedron do not exceed 1 ; 
hence Z belongs to a part of o that lies inside the unit cube with three faces 
lying on the faces of the trihedron. It is easy to see that this part of c is exactly 
the required locus. 

6. Yes. Take for the set of vertices of a cube ABCDEFGH and two points I. J 
symmetric to the center O of the cube with respect to the laterals ABCD and 
EFGH. 

Remark. We prove a stronger result: Given an arbitrary finite set of points 5A , 
then there is a finite set D 5Z with the described property. 

Choose a point Agy and any point O such that AO || BC for some two points 
B,C € SA . Now let X' be the point symmetric to X with respect to O, and = 
{X,X' | X e 5}. Finally, take ./£ = {X.X \ X G 5'}, where X denotes the point 
symmetric to X with respect to A. This ■//, has the desired property: If X, Y G ,/M 
and Y ^ X, then XY || XY ; otherwise, XX, i.e., XA is parallel to X'A' if X ^ A', 
or to BC otherwise. 


7. The result follows immediately from Ptolemy’s inequality. 

8. Let f n be the required total number, and let /„ (k) denote the number of sequences 
a\,...,a n of nonnegative integers such that a\ = 0, a n = k, and a, — a l+ \ \ = 1 
for i = 1, ... ,n — 1. In particular, /i (0) = 1 and f n (k) = 0 if k< 0 ork> n. Since 
a n - 1 is either k — 1 or k + 1, we have 


fn{k)=fn-i(k+l)+fn-i(k-l) fork>l. (1) 

By successive application of (1) we obtain 


/»(*) = ! 


i-k-l 


f n - r (k+r—2i). 


(2) 


4.15 Shortlisted Problems 1973 


403 


This can be verified by direct induction. Substituting r = n — 1 in (2), we get 
at most one nonzero summand, namely the one for which i = ku ' 2 1 . Therefore 
—2j)= ("T 1 ) — ("~J) . Adding up these equalities for j = 0, 1 , ... , [^jp] 
we obtain /„ = ([ 2 ^ 1 ]) > as required. 

9. Let a,b,c be vectors going along Ox, Oy, Oz, respectively, such that OG = a + 
b + c. Now let A £ Ox, B £ Oy, C £ Oz and let OA = aa, OB = fib, OC = yc, 
where a , /3 , y > 0. Point G belongs to a plane ABC with A £ Ox, B £ Oy, C £ Oz 
if and only if there exist positive real numbers A.q, v with sum 1 such that 
A OA + JJ.OB + vOC = OG, which is equivalent to Aa = q/3 = vy = 1 . Such 
A , /i , v exist if and only if 

a,/3,y>0 and — + ~ + i = l. 

a P y 

Since the volume of OABC is proportional to the product a/3 y, it is minimized 
when A • ^ ■ 1 is maximized, which occurs when a = /3 = y= 3 and G is the 
centroid of A ABC. 

10. Let 


bk = aiq k 1 H \-ak~iq + ak + ak+iq-\ 1- a n q n , k = 1,2, . . . ,n. 

We show that these numbers satisfy the required conditions. Obviously h/, > a/,. 
Further, 

bk + 1 - qbk = -[( q 2 ~ 1 )a k +\ H (- tf” - * -1 (q 2 - 1 )a„] > 0 ; 

we analogously obtain qbk + 1 ~bk< 0. Finally, 

^l+^2H b&n = «,(£/" 1 r q+ 1)- ... 

-\-ak(q n \-q-\-\-\- q-\ \-q k ^jHt* ...... 

*s (fli + U2 + ' ' ' T - ^n)(l T - 2^ + 2<^ -p • • • + 2^” 

< ««)• 

1-9 

11. Putting x + 1 = t we also get x 2 + \ = t 1 — 2, and the given equation reduces 

to t 2 + at + b — 2 = 0. Since x = <±v ^ 2 ~ 4 , x will be real if and only if |tj > 2, 
f G M. Thus we need the minimum value of a 2 + b 2 under the condition at + b = 
—{t 2 — 2), |f| > 2. 

However, by the Cauchy-Schwarz inequality we have 

(a 2 + b 2 ) (t 2 + 1) > (at + b) 2 = (i f 2 - 2) 2 . 

It follows that a 2 + b 2 > h(t) = . Since h(t) = (t 2 + 1) + ^ - 6 is in- 

creasing for t > 2, we conclude that a 2 + b 2 > h( 2) = 
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The cases of equality are easy to examine: These are a = ±| and b = —l. 
Second solution. In fact, there was no need for considering x = t + l/t. By the 
Cauchy-Schwarz inequality we have ( a 2 + 2 b 2 + a 2 )(x 6 + x A /2 + x 2 ) > ( ax 3 + 
bx 2 + ax) 2 = (x 4 + 1) 2 . Hence 


hb 2 > 


(* 4 +l) 2 -.4 

2x 6 +x 4 + 2x 2 ~ 5’ 


with equality for x = 1 . 

12. Observe that the absolute values of the determinants of the given matrices are 
invariant under all the admitted operations. The statement follows from detA = 
16 ^ det£ = 0. 

13. Let 51,52,53,54 denote the areas of the faces of the tetrahedron, V its volume, 
h\ , &2, /13 , /?4 its altitudes, and r the radius of its inscribed sphere. Since 

3V = S\h\ = S 2 I 12 = 53^3 = 54/14 = (5i +52 + 53 +54)7-, 


it follows that 

j_ j_ J_ J_ _ 1 

hi h,2 hi /i4 r 

In our case, /ii,/i2,/i3,/4 > 1, hence r > 1/4. On the other hand, it is clear that 
a sphere of radius greater than 1/4 cannot be inscribed in a tetrahedron all of 
whose altitudes have length equal to 1. Thus the answer is 1/4. 

14. Suppose that the soldier starts at the 
vertex A of the equilateral triangle ABC 
of side length a. Let cp, if/ be the arcs of 
circles with centers B and C and radii 
aV 3/4 respectively, that lie inside the 
triangle. In order to check the vertices 
B, C, he must visit some points D G (p 
and E £ \f/. Thus his path cannot be 
shorter than the path ADE (or A ED) itself. 

The length of the path ADE is AD + DE > AD + DC — a\/3/ 4. Let F be the 
reflection of C across the line MN, where M,N are the midpoints of AB and BC. 
Then DC > DF and hence AD + DC > AD + DF > AF. Consequently 



V5 (Vi 

AD + DE >AF-a—^- = a ( 



with equality if and only if D is the midpoint of arc <p and E = (CD) n y/. 
Moreover, it is easy to verify that, in following the path ADE, the soldier will 
check the whole region. Therefore this path (as well as the one symmetric to it) 
is the shortest possible path that the soldier can take in order to check the entire 
field. 
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15. If z = cost? -Hsin0, then z~ z 1 = 2isin0. Now put z = cos + tsinj^y ■ 
Using de Moivre’s formula we transform the required equality into 


A = H{z k -z~ k )=i n V2^+l. 

k= 1 


(1) 


On the other hand, the complex numbers z 2k (k = — n, — n + 1 , . . . , n) are the roots 
of x 2n+ 1 - 1 , and hence 

n v 2n+l _ 1 

ri(- y ~ ^ k ){x-Z 2k ) = — — j - X 2n !-A - I. (2) 

k= 1 x 1 

Now we go back to proving (1). We have 


(— 1 )V (n+1)/2 A = f[( l - z 2k ) and z -"(»+i)/ 2 a = f[(l - z ~ 2k ). 
k= 1 k=l 

Multiplying these two equalities, we get (— 1 ) n A 2 = n*=i (1 — z 2t )(l — z ~ 2k ) = 
2 n+ 1, by (2). Therefore A = ±i~ n y/2n + 1. This actually implies that the re- 
quired product is ±\/2 n+ 1, but it must be positive, since all the sines are, and 
the result follows. 

16. First, we have P(x) = Q(x)R(x) for Q(x) = x™ - \a\ m e w and R(x) = x m - 
\a\ m e~‘ e , where e l,p means of course cos cp + f sin cp. It remains to factor both Q 
and R. Suppose that Q(x) = (x — q\ ) - ■ ■ (x — q m ) and R(x) = (x — r\ ) ■ ■ ■ (x — r m ) . 
Considering Q(x), we see that \q™\ = |a| m and also \q^\ = \a\ for k 1, ... ,/m. 
Thus we may put qk = \a\e l ^ k and obtain by de Moivre’s formula q™ = \a\ m e im ^ k . 
It follows that mft = 0 +2jn for some j £ Z, and we have exactly m possibilities 
for ft modulo 2n\ ft = e+2 ^ 1 '> n for k = 1,2, ... : m. 

Thus qk = |a|e‘^; analogously we obtain for R(x) that r\ = \a\e~'^ k . Conse- 
quently, 

- \a\ m e w = f[(x- |a|e*) and xT - \a\ m e~ ie = f[(x- \a\e~ ipk ). 
k l t-i 

Finally, grouping the kth factors of both polynomials, we get 


P(x) = f[(x- \a\e il5k )(x- \a\e ~ ipk ) = f[(x 2 -2|a|xcosft + a 2 ; 


tt/ 2 , d + 2(k-l)n 

= 1 1( ;t — 2|u|xcos \-a‘ 


17. Let /i ( x ) = ax + b and /2 (x) = cx + d be two functions from ,'F. We define 
g(x) = f\ o f 2 (x) = acx + (ad + b) and h(x) = fi° f\ (x) = acx + (be + d) . 
By the condition for & , both g(x) and h(x) belong to Moreover, there exists 


h~\x) = 


_ x-(bc+d) 


, and 
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,1 , . acx + (ad + b) - (bc + d) (ad + b) - (be + d) 

h o g(x) = =*H 

ac ac 

belongs to Now it follows that we must have ad + b = bc + d for every 
fi,fi € which is equivalent to = 7^7 = k. But these formulas exactly 
describe the fixed points of f\ and fi'. f\(x) =ax+b = x=>x= . Hence all 

the functions in & fix the point k. 
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4.16 Solutions to the Shortlisted Problems of IMO 1974 

1 . Denote by n the number of exams. We have n(A+B+C) = 20 +10 + 9 = 39, and 
since A,B,C are distinct, their sum is at least 6; therefore n = 3 and A + B + C = 
13. 

Assume w.l.o.g. that A > B > C. Since Betty gained A points in arithmetic, 
but fewer than 13 points in total, she had C points in both remaining exams 
(in spelling as well). Furthermore, Carol also gained fewer than 13 points, but 
with at least B points on two examinations (on which Betty scored C), including 
spelling. If she had A in spelling, then she would have at least A + B + C = 13 
points in total, a contradiction. Hence, Carol scored B and placed second in 
spelling. 

Remark. Moreover, it follows that Alice, Betty, and Carol scored B + A +A, 
A + C + C, and C + B + B respectively, and that A = 8, B = 4, C = 1. 

2. We denote by <?, the square with side 4. Let us divide the big square into 
rectangles r,- by parallel lines, where the size of r, is | x ~ for i = 2,3,... 
and | x 1 for i = 1 (this can be done because 1 + X/I 2 57 = §)■ In rectan- 
gle r\, one can put the squares < 71 , # 2 ># 3 , as is done on the figure. Also, since 

Jjr4 (- 2 , + i_ 1 < 2‘ • 4. = 1 < J, in each 77 , i > 2, one can put q 2 i, ■ ■ -,q 2 i+i-i- 

This completes the proof. 



<12 


Remark. It can be shown that the squares q \ , q 2 cannot fit in any square of side 
less than §. 

3. For deg(P) < 2 the statement is obvious, since n(P) < deg(P 2 ) = 2deg(P) < 
deg(F) + 2. 

Suppose now that deg(P) > 3 and n(P) > deg(P) +2. Then there is at least one 
integer b for which P(b') = — 1 , and at least one x with P(x) = 1 . We may assume 
w.l.o.g. that b = 0 (if necessary, we consider the polynomial P(x + b) instead). If 
k\,...,k m are all integers for which P(ki) = 1 , then P(x) = Q(x) {x-k\)---(x — 
k m ) + 1 for some polynomial Q(x) with integer coefficients. Setting x = 0 we 
obtain (— l) m £2(0)&i • • • k m = 1 — P( 0) = 2. It follows that k\---k m \2, and hence 
m is at most 3. The same holds for the polynomial —P(x), and thus P(x) = — 1 
also has at most 3 integer solutions. This counts for 6 solutions of P 2 (x) = 1 in 
total, implying the statement for deg(F) > 4. 

It remains to verify the statement for n = 3. If deg(P) = 3 and n(P) = 6, then it 
follows from the above consideration that P(x) is either — (x 2 — 1 ) (x — 2) + 1 or 
(x 2 — l)(x + 2) + 1. It is directly checked that n(P') equals only 4 in both cases. 


408 


4 Solutions 


4. Assume w.l.o.g. that a\ < a .2 < <23 < <24 < a$. If m is the least value of a,- — a j\, 
i / 7, then a, + 1 — aZ>m for i = 1 , 2, . . . , 5, and consequently a, — aj > (i — j)m 
for any i.j £ { 1 . . . . . 5}, i > j. Then it follows that 

XOi - ft) 2 > m 2 £(i - 7') 2 = 50m 2 . 

<>j i>j 

On the other hand, by the condition of the problem, 

X( a >- - ft) 2 = 5 X « 2 - ( a ! + • • • + «5) 2 < 5. 
i>j i= 1 

Therefore 50m 2 < 5; i.e., m 2 < 

5. All the angles are assumed to be oriented and measured modulo 180°. Denote 
by a ( ,ft,y, the angles of triangle A,-, at Ai,Bi,Q respectively. Let us deter- 
mine the angles of A/ + i . If £), is the intersection of lines 1 and QQ+j , 
we have ZB i+] A i+l C i+i = ZDiBiQ+i = ZB^C^ + ZDiC i+ s B t = ZB l D i C l - 
ZBiQ. iQ = —IZBiAiQ. We conclude that 


(Xi+i = —2 cm, and analogously /3, + i = — 2/3/ , y+i = — 2y,-. 

Therefore oc,-h = (—2)' a,-. However, since (— 2) 12 = 1 (mod 45) and conse- 
quently (— 2) 14 = (— 2) 2 (mod 180), it follows that 0:15 = a?,, since all values are 
modulo 180°. Analogously, fts = ft and 715 = 73, and moreover, A3 and A15 
are inscribed in the same circle; hence A3 = A15. 

6. We set 


*=2 

k=0 

k = 0 


2n + 1 

2k +1 
2n + 1 
2k 


2n + 1 


1 n 

2 3i = iy , 
y8(“ 0 V 2 ^+ 1 


2 3 *=£ 

Ar=0 


2 n + 1 

2k 




Both x and y are positive integers. Also, from the binomial formula we obtain 

y+W8 = Y ^ 1 )^‘ = 0+ ^) 2 " +1 , 

and similarly y — xV& = ( 1 — \/8) 2 " +1 . 

Multiplying these equalities, we get y 2 — 8x 2 = (1 + \/8) 2 " +l (1 — ^8) 2,1+1 = 
— 7 2n+1 . Reducing modulo 5 gives us 

3x 2 — y 2 = 2 2n+1 = 2- (—1)". 

Now we see that if x is divisible by 5, then y 2 = ±2 (mod 5), which is impossible. 
Therefore x is never divisible by 5. 
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Second solution. Another standard way is considering recurrent formulas. If we 



then since Q = (%') + (£_}), it follows that x m+1 = x m +y m and y m + l = 
8x m + y m ; therefore x m+ \ = 2x m + 7x m _ i . We need to show that none of x 2n +\ 
are divisible by 5. Considering the sequence {x m } modulo 5, we get that x m = 

0, 1,2, 1, 1,4, 0,3, 1,3, 3, 2, 0,4, 3, 4, 4, 1, Zeros occur in the initial position 

of blocks of length 6, where each subsequent block is obtained by multiplying 
the previous one by 3 (modulo 5). Consequently, x m is divisible by 5 if and only 
if m is a multiple of 6, which cannot happen if m = 2n + 1. 

7. Consider an arbitrary prime number p. If p \ m, then there exists 6, that is divis- 
ible by the same power of p as m. Then p divides neither nor a,, because 
{cii.bj) = 1 . If otherwise p \ m, then ^ is not divisible by p for any i, hence p di- 
vides at and a t ^ to the same power. Therefore (a \ , . . . .a.],) and - a kf^j 

have the same factorization; hence they are equal. 

Second solution. For k = 2 we can easily verify the formula 

= ■7^r-(a\b2,a 2 bi) = -^—[bubt}{ai,a 2 ){bi,b 2 ) = (ai,a 2 ), 

\ b i b 2 J b\b 2 b\b 2 

since [b\ ,b 2 ] ■ (b\, b 2 ) = b\b 2 . We proceed by induction: 


ai — ....,ak—,a k+ i- 

b l b k b k+ 1 


= {ai,---,a k ,a k+ i). 


8. It is clear that 


- + 


- + 


+ - 


a+b+c+d a+b+c+d a+b+c+d a+b+c+d 


; < S 


and S < 


a b 

a+b a+b 


c d 
c+d c+d ’ 


or equivalently, 1 < S < 2. 

On the other hand, all values from (1 , 2) are attained. Since S = 1 for (a, b, c, d) = 
(0,0, 1, 1) and S' = 2 for ( a,b,c,d ) = (0, 1,0, 1), due to continuity all the val- 
ues from (1,2) are obtained, for example, for ( a,b,c,d ) = (x(l —x),x, 1 —x. 1), 
where x goes through (0,1). 


Second solution. Set 


S, =- 


- + - 


a+b+d b+c+d 


and S 2 = 


a+b+c a+c+d 


We may assume without loss of generality that a+b + c+d = 1. Putting a+c = x 
and b + d = y (then x + y = 1), we obtain that the set of values of 
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$ a ^ c 2ac+x — x 2 

1 — c 1 — a ac+l—x 

is (■*■ rry] ■ Having the analogous result for S 2 in mind, we conclude that the 
values that S = S\ + S 2 can take are (^x + y, ^ ■ Since x + y = 1 and 

2x 2y _ 4 - 4ry ^ o 
2-x + 2-y ~ 2+xy 

with equahty for xy = 0 , the desired set of values for is ( 1 . 2 ). 

9. There exist real numbers a,b,c with tana = x, tanb = y, tanc = z. Then using 
the additive formula for tangents we obtain 

/ , x x+y+z— xyz 

tan(a + o + c) = . 

l—xy — xz—yz 

We are given that xyz = x + y + z. In this case xy + yz + zx = 1 is impossible; 
otherwise, x,y,z would be the zeros of a cubic polynomial t 3 — At 2 + 1 — A = 
(f 2 + l)(f — A) (where A = xyz), which has only one real root. It follows that 

x+y + z = xyz -<=>■ tan(a + b + c) = 0 . ( 1 ) 

Hence a + b + c = kn for some isZ. We note that 3t 3 j actually expresses 
tan 3a. Since 3a + 3fo + 3c = 3kn, the result follows from (1) for the numbers 

10. If we set ZACD = yi and ZBCD = 72 for a point D on the segment AS, then by 
the sine theorem, 

CD 2 CD CD _ sina sin/3 

ADBD AD BD sin 71 sin 75 

The denominator of the last fraction is 

sinyi sin 72 = ^ (cos(yi - y 2 ) - cos(y! + 72 )) 

1 , . ,1 — cosy . , 7 

= 2 ( cos (7i -Yi)~ cos 7 ) < = sm 2 -. 

Now we deduce that the set of values of f(D) is the interval +°°) ■ 

Hence f(D) = 1 (equivalently, CD 2 = AD ■ BD) is possible if and only if 
sin a sin /3 < sin 2 1, i.e., 

yj sin a sin /3 < sin 

Second solution. Let E be the second point of intersection of the line CD with the 
circumcircle k of ABC. Since AD ■ BD = CD ■ ED (power of D with respect to k), 
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CD 2 = AD ■ BD ie equivalent to ED = CD. Clearly the ratio (De AB ) takes 
a maximal value when E is the midpoint of the arc AB not containing C. (This 
follows from ED : CD = E'D : C'D when C' and E' are respectively projections 
from C and E onto AB.) On the other hand, it is directly shown that in this case 

ED _ sin 2 \ 

CD sin a sin /3 ’ 


and the assertion follows. 

11. First, we notice that a\ +ci 2 H \-a p = 32. The numbers at are distinct, and 

consequently a,- > i and a\ -\ 1 -a p > p(p + 1)/2. Therefore p<l. 

The number 32 can be represented as a sum of 7 mutually distinct positive inte- 
gers in the following ways: 


( 1 ) 

32 = 

(2) 

32 = 

( 3 ) 

32 = 

( 4 ) 

32 = 

( 5 ) 

32 = 


1+2 + 3 + 4 + 5 + 6+11; 
1 + 2 + 3+4 + 5 + 7 + 10; 
1 + 2 + 3+4 + 5 + 8 + 9; 

1 + 2 + 3+4 + 6 + 7 + 9; 
1+2 + 3 + 5 + 6 + 7 + 8. 


The case (1) is eliminated because there is no rectangle with 22 cells on an 8 x 8 
chessboard. In the other cases the partitions are realized as below. 



Case (2) Case (3) Case (4) Case (5) 

12. We say that a word is good if it doesn’t contain any nonallowed word. Let a n be 
the number of good words of length n. If we prolong any good word of length n 
by adding one letter to its end (there are 3 a n words that can be so obtained), we 
get either 

(i) a good word of length n + 1 , or 

(ii) an (n + l)-letter word of the form XY, where X is a good word and Y a 
nonallowed word. 

The number of words of type (ii) with word Y of length k is exactly a n+ i-p, 

hence the total number of words of kind (ii) doesn’t exceed a n -\ -\ b a\ + ao 

(where ao = 1). Hence 

a n+ i > 3a n ~(a n -i -\ bfli+flo), a 0 = l,ai=3. (1) 

We prove by induction that a n+ \ > 2 a„ for all n. For n = 1 the claim is trivial. If 
it holds for i < n, then m < 2 l ~ n a n \ thus we obtain from (1) 
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a n + 1 > a n 


> 2 a n . 


i-k-b- 


Therefore a n > 2" for all n (moreover, one can show from (1) that a n > (n + 
2)2" _1 ); hence there exist good words of length n. 

Remark. If there are two nonallowed words (instead of one) of each length 
greater than 1, the statement of the problem need not remain true. 
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4.17 Solutions to the Shortlisted Problems of IMO 1975 

1. First, we observe that there cannot exist three routes of the form ( A,B,C ), 
(A, B, D) , (A, C, D), for if E. F are the remaining two ports, there can be only one 
route covering A, E, namely, ( A,E,F ). Thus if (A,B,C), (A.B. D) are two routes, 
the one covering A, C must be w.l.o.g. (. A,C,E ). The other roots are uniquely de- 
termined: These are (A,D,F), ( A,E,F ), ( B,D,E ), {B,E,F), ( B,C,F ), ( C,D,E ), 
(C.D.F). 

2. Since there are finitely many arrangements of the Zi s, assume that zi,---,z n is 
the one for which X"=i ( x i ~ Zi) 2 is minimal. We claim that in this case if i < j 
and Xi / xj then zi > Zj, from which the claim of the problem directly follows. 
Indeed, otherwise we would have 

(Xi - Zj) 2 + (xj - Zi) 2 = {x i - Zi) 2 + (Xj - Zj) 2 

+2 (xtZi+XjZj-XiZj -XjZi) 

= ( x i - Zi) 2 + {Xj - Zj) 2 + 2( Xi - Xj) ( Zi - Zj) 

< {Xi-Zi) 2 + lxj-Zj) 2 , 

contradicting the assumption. 

3. From ((jfc+ lf/ 3 + (jfc+ 1) 1 ^ 1 / 3 +0 3 ) ((*+ i)^ 3 -k 1 ^) = 1 and 30 3 < 
(k+ 1) 2 / 3 + (lc+ 1) 1 / 3 * 1 / 3 + A 2 / 3 < 3 (k+ 1) 2 / 3 we obtain 

3 ((it+ 1) 1/3 - & 1/3 ) < /T 2/3 < 3 ( k 1/3 - {k— 1) 1/3 ) . 

Summing from 1 to n we get 

1 + 3 ((n+ 1) 1 / 3 - 2 1 / 3 ) < £ k~ 2 ! 3 < 1+3 (n 1 / 3 - 1). 

V ' k=\ 

In particular, for n = 10 9 this inequality gives 

10 9 

2997 <1 + 3 ((10 9 + l) 1 / 3 — 2 1 ' 3 J < X k~ 2 ! 3 < 2998. 

V ' k= 1 

Therefore k~ 2 ^ = 2991. 

4. Put Aa n =a n — a n+ 1 . By the imposed condition, Aa n > Aa„ + i . Suppose that for 
some n, Aa n < 0: Then for each k>n, Aa k < Aa n \ hence a n — a n+m = Aa n + 

b Aa n+m -\ < mAa n . Thus for sufficiently large m it holds that a n — a n+m < 

— 1, which is impossible. This proves the first part of the inequality. 

Next one observes that 

n > X«* = na n+ i + X kAa-k > (1 +2-| \-n)Aa„ = ^ Aa„. 

k=i k=i 2 


Hence (n+ l)Aa„ < 2. 
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5. There are exactly 8 • 9 k ~ 1 k-digit numbers in M (the first digit can be chosen in 8 
ways, while any other position admits 9 possibilities). The least of them is 10*) 
and hence 


y - 

xj<lO^ X j 


1 

i= 1 


I 

10 , - 1 <jCj<!0‘' 


1 ^ ^ 1 

x . < X X 10 t-i 

m pill u 


=x 

i= 1 


8 • 9 1 1 
10'- 1 


= 80 



<80. 


6. Let us denote by C the sum of digits of B. We know that 16 16 = A = B = C 
(mod 9). Since 16 16 = 2 64 = 2 610 + 4 = 2 4 = 7, we get C = 7 (mod 9). Moreover, 
16 16 < 100 16 = 1 0 32 , hence A cannot exceed 9-32 = 288; consequently, B cannot 
exceed 19 and C is at most 10. Therefore C = 7. 

7. We use induction on m. Denote by S,„ the left-hand side of the equality to be 

proved. First So = (1 —>’)(! + y-l by") +y" +1 = 1, since x = 1 — y. Further- 

more, 


$m + 1 Sf 
m + n+l 
m - F 
m + n+l 
m + 1 


+ i y +y+ . +y , + . | ((” + _‘ + -')v-(”}')y) 


x m+1 y" + 


7=o 


m+l-b / 
j 


yj- 


m + j\ j (m+\+ j 


= x m+1 ( m + n + 1 

= 0 ; 

i.e., S m+ \ =S m = 1 for every m. 


^ +1 +X U/ _1 

j=o\\J 1 


w + Z^y _ fm+j+1 


,J+1 


Second solution. Let us be given an unfair coin that, when tossed, shows heads 
with probability x and tails with probability y. Note thatx m+1 ( m y i )y / is the prob- 
ability that until the moment when the {m + l)th head appears, exactly j tails 
(J <n + 1) have appeared. Similarly, y" +1 is the probability that exactly 

i heads will appear before the (n + 1 )th tail occurs. Therefore, the above sum 
is the probability that either m+1 heads will appear before n + 1 tails, or vice 
versa, and this probability is clearly 1. 


8. Denote by K and L the feet of perpendiculars from the points P and Q to the 
lines BC and AC respectively. 
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Let M and N be the points on AB (or- 
dered A — N — M — B) such that the tri- 
angle RMN is isosceles with ZR = 90°. 

By sine theorem we have • 

BR _ sin 15° y BK_ _ sin45°sin30° _ 

BA ~ sin45° ' ° 1IK ' C BC ~ cos 15° — 

we deduce that MK || AC 
and MK = AL. Similarly, NL || BC 
and NL = BK. It follows that the vectors RN, NL, and LQ are the images of RM, 
KP, and MK respectively under a rotation of 90°, and consequently the same 
holds for their sums RQ and RP. Therefore, QR = RP and ZQRP = 90°. 

Second solution. Let ABS be the equilateral triangle constructed in the exterior 
of AABC. Obviously, the triangles BPC, BRS, ARS, AQC are similar. Let / be the 
rotational homothety centered at B that maps P onto C, and let g be the rotational 
homothety about A that maps C onto Q. The composition h = g o f is also a 
rotational homothety; its angle is ZPBC + ZCAQ = 90°, and the coefficient is 
|p • ^ = 1. Moreover, R is a fixed point of h because f(R) = S and g(S) = R. 
Hence R is the center of h, and the statement follows from h(P) = Q. 

Remark. There are two more possible approaches: One includes using complex 
numbers and the other one is mere calculating of RP,RQ,PQ by the cosine the- 
orem. 

Second remark. The problem allows a generalization: Given that ZCBP = 
ZCAQ = a, ZBCP = ZACQ = /3, and ZRAB = ZRBA = 90° - a - j3, show 
that RP = RQ and ZPRQ = 2a. 

9. Suppose n is the natural number with na < 1 < (n+l)a. Let f a (x) = f(x — a). 
If a function / with the desired properties exists, then f a (a) = 0 and let w.l.o.g. 
f(a) > 0, or equivalently, let the graph of f a lie below the graph of /. In this 
case also /(2a) > /(a), since otherwise, the graphs of / and f a would intersect 
between a and 2a. Continuing in this way we are led to 0 = /( 0) < /(a) < 
/(2a) < • • • < f(na). Thus if na = 1, i.e., a = \/n, such an / does not exist. On 
the other hand, if a 1/n, then we similarly obtain /( 1) > /(I — a) > /(I — 
2a) > • • • > /(I — na). Choosing values of / at ia, 1 — ia, i = 1, . . . ,n, so that 
they satisfy f{\—na) <■■■ </(l— a) <0 </(a) < ••• <f(na), we can extend 
/ to other values of [0, 1] by linear interpolation. A function obtained this way 
has the desired property. 

10. We shall prove that for all x,y with x + y = 1 it holds that f(x,y) = x — 2 y. In 
this case f(x,y) = fix, 1 —x) can be regarded as a polynomial in z = x — 2y = 
3x— 2, say f(x, 1 — x) = F(z). Putting in the given relation a = b = x/2, c = 
1 -x, we obtain /(x, 1 -x) +2/(1 -x/2, x/2) = 0; hence F(z) +2F{-z/2) = 0. 
Now F(l) = 1, and we get that for all k, F((-2) k ) = (~2) k . Thus F(z) = z for 
infinitely many values of z; hence F(z) = z. Consequently f(x,y) = x — 2y if 
x + y = 1. 
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For general x, y with x + y ^ 0, since / is homogeneous , we have f{x,y) = (x + 


y) n f(^,^)=(x+y) n ( 


■) = (x+y) n ~ l (x-2y).The 



same is true 


for x + y = 0, because / is a polynomial. 

11. Let (a*.) be the subsequence of (a^) consisting of all a^’s that give remainder r 

upon division by a \ . For every i > 1, a*. = (mod ai); hence +ya\ for 

some integer y > 0. It follows that for every r = 0, 1 , . . . , a\ — 1 there is exactly 
one member of the corresponding ) ( > i that cannot be represented as xa\ + 

ya m , and hence at most a\ + 1 members of (a^) in total are not representable in 
the given form. 

12. Since sin 2x, = 2sinx,cosx, and sin (x,- + x,- + i ) + sin (x,- — x, + \ ) = 2sinx, cosx,- + i , 
the inequality from the problem is equivalent to 


(cosxi — COSX2) sinxi + (cosx2 — COSX3) sinx2 H 

|-(cosx v _i — cosx v )sinx v _i < 


(1) 


Consider the unit circle with center at 0(0,0) and points M,(cosx,-,sinx,) on 
it. Also, choose the points A((cosx,.0) and Af'(cosx, + i.sinx,). It is clear that 
(cosx, — cosx, + i ) sinx, is equal to the area of the rectangle MjNiNj + \ M( . Since all 
these rectangles are disjoint and lie inside the quarter circle in the first quadrant 
whose area is inequality (1) follows. 

13. Suppose that AjtA^ + i HA m A m+ i 7^ 0 for some k,m> k+ 1. Without loss of gen- 
erality we may suppose that k = 0,m = n—l and that no two segments A^A^+i 
and A m A m+ i intersect for 0 < k < m — 1 <n — 1 except for k = 0, m = n — 1 . 
Also, shortening A0A1, we may suppose that Ao G A„_ \A n . Finally, we may re- 
duce the problem to the case that Ao . . .A„_ 1 is convex: Otherwise, the segment 
A„_iA„ can be prolonged so that it intersects some A^A^+i, 0 < k < n — 2. 

If n = 3, thenAiA2 > 2 AqAi implies A0A2 > AqAj, hence ZA0A1A2 > ZA1A2A3, 
a contradiction. 

Let n = 4. From A3A2 > A1A2 we conclude that ZA3A1A2 > ZA1A3A2. Using the 
inequality ZA0A3A2 > ZA0A1A2 we obtain that ZA0A3A1 > ZAqA^At, implying 
AqAi > A0A3. Now we have A2A3 < A3A0 + A0A1 + A1A2 < 2AoAi + A1A2 < 
2A1A2 < A2A3, which is not possible. 

Now suppose n > 5. If a, is the exterior angle at A,, then ai > ••• > a„_ 1 ; 
hence a n -\ < < 90°. Consequently ZA„_2 A„_iAo > 90° and AoA„_2 > 

A„_iA„_ 2. On the other hand, /LA«-2 < A0A1 +A1A2 H +A„_3A n _2 < 

(yhi + 2^? +■*** + 5 j A„_iA„_2 < A„_iA„_ 2, which contradicts the previous 
relation. 

14. We shall prove that for every n e N, y/2n + 25 <x„< \j2n-\-25 + 0.1. Note that 
for n = 1000 this gives us exactly the desired inequalities. 

First, notice that the recurrent relation is equivalent to 


2xk{xk+i ~ Xk ) = 2. 


(1) 
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Since jc 0 <*i <■■■<**<••• , from (1) we get x% +l ~x\ = (x k +i + x k )(x k+] - 
x k )>2. Adding these up we obtain x^>x% + 2 n, which proves the first inequal- 
ity. 

On the other hand, x k +\ = x k + — < x k + 0.2 (for x k > 5), and one also de- 

x k 

duces from ( 1 ) thatx^ +| -x\-Q.2{x k+ \ -x k ) = (x k+l +x k - 0.2)(x k+l -x k ) < 2. 
Again, adding these inequalities up, (k = 0, . . . , n — 1) yields 

x% < 2n +Xq + 0.2(x n — jto) = 2n + 24 + 0.2x n . 

Solving the corresponding quadratic equation, we obtain 

x n <0.1 + y/2n + 24.01 <0.1 + s/2n + 25. 

15. Assume that the center of the circle is at the origin 0(0,0), and that the points 
A i ,A 2 - . . . , A 1 975 are arranged on the upper half-circle so that ZA t OA \ = a, (ai = 
0). The distance A{Aj equals 2 sin ’ 0 = 2 sin -j- cos — cos -j- sin and it 

will be rational if all sin ^ , cos ^ are rational. 

Finally, observe that there exist infinitely many angles a such that both sin a, 
cos a are rational, and that such a can be arbitrarily small. For example, take a 
so that sin a = and cos a = Jjt} for any t G Q. 
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4.18 Solutions to the Shortlisted Problems of IMO 1976 


1 . Let r denote the common inradius. Some two of the four triangles with the in- 
radii p have cross angles at M: Suppose these are AAMB\ and ABMA\. We 
shall show that AAMB\ = ABM A \ . Indeed, the altitudes of these two triangles 
are both equal to r, the inradius of A ABC, and their interior angles at M are 
equal to some angle <p . If P is the point of tangency of the incircle of AA\MB 
with MB, then j = Am+bm+a ^ , which a|so implies £z |P = a.m+bm-a^b = 

mp _ 2 rcoi(<[>/ 2 ) . ^j nce siujjiaj-iy LzlR = Zrcot(<p/2 ) , wg 0 5 ta j n a x B = B\A and 
consequently A AMB\ = ABM A \ . Thus ZBAC = ZABC and CC\ A AB. There 
are two alternatives for the other two incircles: 

(i) If the inradii of AMC\ and AMB\ are equal to r, it is easy to obtain that 
A AMCi = AAMBi. Hence ZAB,M = ZAC X M = 90°, and AABC is equi- 
lateral. 

(ii) The inradii of AMB\ and CMB\ are equal to r. Put x = ZMAC\ = ZMBC\ . 

In this case (p = 2x and ZB\MC = 90° — x. Now we have = 

r 1 CB i Scmb 1 

AM+MB\+AB\ AM+MB\— AB\ cot* 4 .u p n 4 .u pr V»anH wp havp 

cm + mbi+cbi ~ cm - mb , -c/i| — cot(45' j -x/2) ■ Un the otlier hand, we have 

/ ^ L = = 2cos2x. Thus we have an equation for x: tan (45° — x/2) = 

2 cos 2x tan x, or equivalently 

2tan ^45° — ^ sin ^45° — cos ^45° — ^ = 2cos2xsinx. 


Hence sin3x— sinx = 2shr (45° — | ) = 1 — sinx, implying sin3x = 1, i.e., 
x = 30°. Therefore AABC is equilateral. 


2. Let us put bi = i(n + 1 — i) /2, and let c, = a, — £>,,;= 0, 1 1. It i.s easy to 
verify that bo = b n+ \ = 0 and bi - 1 — 2 bi + b l+ \ = — 1 . Subtracting this inequahty 
from a,i-i — 2a,- +t/;+i > — 1, we obtain c,_i — 2c,- + Cj-|-i > 0, i.e., 2c,- < c,_i + 
cj+i. We also have co = c n + \ = 0. 

Suppose that there exists i € {1 ,n) for which c,- > 0, and let be the max- 

imal such a. Assuming w.l.o.g. that c^_i < c>, we obtain c&_ i + q + 1 < 2c>, 
which is a contradiction. Hence c, < 0 for all i\ i.e., a, < b,. 

Similarly, considering the sequence c\ = a, + b t one can show that c\ > 0, i.e., 
a,- > —bi for all i. This completes the proof. 


3. 


(a) Let ABCD be a quadrangle with 16 = d = AB + CD + AC, and let S be its 
area. Then 5 < (AC ■ AB +AC ■ CD) /2 = AC(d — AC)/2< d 2 /% = 32, where 
equality occurs if and only if AB _L AC A CD and AC = AB + CD = 8. In 
this case BD = 8^2- 


(b) Let A 1 be the point with DA’ = AC. The triangular inequality implies AD + 
BC > AA! = 8\/5. Thus the perimeter attains its minimum for AB = CD = 


4. 


(c) Let us assume w.l.o.g. that CD < AB. Then C lies inside A BDA' and hence 
BC + AD = BC + CA' < BD + DA' . The maximal value BD + DA' of BC + 
AD is attained when C approaches D, making a degenerate quadrangle. 
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4. The first few values are easily verified to be 2 r " + 2 ~ r " , where r$ = 0, r\ = = 1 , 

r$ = 3, rq = 5, r$ = 11.... . Let us put u n = 2 r " + 2~ r " (we will show that r n 
exists and is integer for each n). A simple calculation gives us u n (u 2 _ , — 2) = 
2 r „+ 2r n-i _^2~ rn ~ 2r "-i + 2 r "~ 2r "- 1 + 2~ rn+2r "~ 1 . If an array q n , with qo = 0 and 
qi = 1, is set so as to satisfy the linear recurrence q n + 1 = q n + 2q n . then it also 
satisfies q n - 2q n -i = ~{q n - 1 - 2 q n -i) = ■■■ = (-1 ) n ~\q\ - 2 q 0 ) = (-l) n_1 . 
Assuming inductively up to n r- t = </,-, the expression for u n (u 2 _ x —2) = u n+ \+u\ 
reduces to 2 ?n+1 + 2~ q "+ l + u\. Therefore, r n+ \ = q n+ \ . The solution to this linear 
recurrence with r$ = 0, ri = 1 is r n = q n = - — y-^-, and since [u n ] = 2 r " for 
n > 0, the result follows. 

Remark. One could simply guess that u n = 2 r " +2 _r " for r n = 2 ' 3 1 ^ , and 
then prove this result by induction. 

5. If one substitutes an integer (/-tuple (x\ ... . .x q ) satisfying |x, | < p for all i in an 
equation of the given system, the absolute value of the right-hand member never 
exceeds pq. So for the right-hand member of the system there are (2 pq+ 1 ) p 
possibilities There are (2p+\) q possible (/-tuples (x\, . . . ,x q ). Since (2p+ \ ) q > 
(2 pq+ 1 ) p , there are at least two ^-tuples (y i ..... ) and (zi ,z q ) giving 
the same right-hand members in the given system. The difference (jq . . . . ,x q ) = 
(y i —?,!■■■■ ,y q — z q ) thus satisfies all the requirements of the problem. 

6. Suppose ai<a2< a 3 are the dimensions of the box. If we set 7>, = [a,-/ v^2], the 
condition of the problem is equivalent to jj- • || ■ || = 5. We list some values of 
a, b = [a/ 3/2] and a/b\ 


a 

2 

3 

4 

5 

6 

7 

8 

9 

10 

6 

1 

2 

3 

3 

4 

5 

6 

7 

7 

a/b 

2 

1.5 

1.33 

1.67 

1.5 

1.4 

1.33 

1.29 

1.43 


We note that if a > 2, then a/b < 5/3, and if a > 5, then a/b < 3/2. If a\ > 2, 
then jp ■ jp ■ jp: < (5/3) 3 < 5, a contradiction. Hence ai = 2. If also 02 = 2, then 
03 /7>3 = 5/4 < \/2, which is impossible. Also, if «2 > 6, then < (1 .5) 2 < 
2.5, again a contradiction. We thus have the following cases: 

(i) ai = 2,a2 = 3, then 03/63 =5/3, which holds only if 03 = 5; 

(ii) o 1 = 2,02 = 4, then <23/63 = 15/8, which is impossible; 

(iii) ai = 2,02 = 5, then 03/63 =3/2, which holds only if 03 = 6. 

The only possible sizes of the box are therefore (2, 3,5) and (2,5,6). 

7. The map T transforms the interval (0,o] onto (1 — a, 1] and the interval (a, 1] onto 
(0, 1 — a] . Clearly T preserves the measure. Since the measure of the interval 
[0, 1] is finite, there exist two positive integers k,l> k such that T k (J) and T l (J) 
are not disjoint. But the map T is bijective; hence T l ~ k (J) and J are not disjoint. 

8. Every polynomial with real coefficients can be factored as a product of linear and 
quadratic polynomials with real coefficients. Thus it suffices to prove the result 
only for a quadratic polynomial P(x) = x 2 — 2 ax + 6 2 , with a > 0 and 6 2 > a 2 . 
Using the identity 
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2n- 1 

(x 2 + b 2 ) 2n - (2 ax) 2n = (x 2 - lax + b 2 ) £ (x 2 + b 2 ) k {2ax) 2n - k ~ x 

k=0 


we have solved the problem if we can choose n such that b 2n ( 2n ) > l? n a 2n . 
However, it is is easy to show that 2 «('") < 2 2n ; hence it is enough to take n 
such that ( b/a) 2n > In. Since lim„_ tM (2 = 1 < b/a , such an n always 
exists. 

9. The equation P n (x) = x is of degree 2", and has at most 2" distinct roots. If x > 2, 
then by simple induction P n (x) > x for all n. Similarly, if x < — 1 , then Pi (x) >2, 
which implies P n (x) > 2 for all n. It follows that all real roots of the equation 
P n (x) = x lie in the interval [—2,2], and thus have the formx = 2 cost. 

Observe that Pi (2 cost) = 4cos 2 t — 2 = 2 cos 2 1, and in general P„(2cosf) = 
2 cos 2"/. Our equation becomes 


cos2 n f = cost, 

which indeed has 2" different solutions t = zzzj (m = 0,1,.. . ,2" _1 — 1) and 
f = Irpi (m=l,2,...,2«~ 1 ). 

10. Let ai < a 2 < • • • < a„ be positive integers whose sum is 1976. Let M denote the 
maximal value of aia 2 ■■■«„. We make the following observations: 

(1) ai = 1 does not yield the maximum, since replacing l,a 2 by 1 +a 2 in- 
creases the product. 

(2) aj — at > 2 does not yield the maximal value, since replacing a,, ay by a,- + 
\,aj — 1 increases the product. 

(3) ai > 5 does not yield the maximal value, since 2 (a,- — 2) = 2 a,- — 4 > ay. 
Since 4 = 2 2 , we may assume that all ay are either 2 or 3, and M = 2 k 7> 1 , where 
2k+ 31 = 1976. 

(4) k > 3 does not yield the maximal value, since 2 • 2 • 2 < 3 • 3. 

Hence k < 2 and 2k = 1976 (mod 3) gives us k = 1, / = 658 and M = 2 • 3 658 . 

11. We shall show by induction that 5 2 * — 1 = 2 k+2 qk for each k = 0, 1, ... , where 
qk G N. Indeed, the statement is true for k = 0, and if it holds for some k then 
5 2 * +1 — 1 = ^5 2 * + 1 j — 1 j = 2 k+3 dk+\ where <4+i = ^5 2 * + 1^ dk/2 is an 
integer by the inductive hypothesis. 

Let us now choose n = 2 k + k+ 2. We have 5” = 10 A+2 ^ + 5 A+2 . It follows from 
5 4 < 10 3 that 5 a+2 has at most [3(k + 2)/4] + 2 nonzero digits, while I0 k+2 q k 
ends in k + 2 zeros. Hence the decimal representation of 5” contains at least 
[(k + 2)/4] — 2 consecutive zeros. Now it suffices to take k > 4- 1978. 

12. Suppose the decomposition into k polynomials is possible. The sum of coeffi- 
cients of each polynomial a\x + a 2 X 2 -| (- a„x" equals 1 \-n = n(n+ 1 )/2 

while the sum of coefficients of 1976(x+x 2 H fx") is 1 976 /j. Hence we must 

have 1 97 6n = kn(n+ 1)/2, which reduces to (n+ 1) | 3952 = 2 4 - 13- 19. In other 
words, n is of the forma = 2 a 13^19 r — 1, withO < a <4, 0<j3<l,0< y< 1. 
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We can immediately eliminate the values n = 0 and n = 3951 that correspond to 
a = J3 = y = 0 and a = 4, /3 = y= 1. 

We claim that all other values n are permitted. There are two cases. 
a < 3. In this case k = 3952 /{n + 1) is even. The simple choice of the poly- 
nomials P = x + 2x 2 -) b nx" and P' = nx + (n — l)x 2 -\ b x” suffices, 

since k(P + P’)/2 = I916(x + x 2 + •••+ *") . 
a =4. Then k is odd. Consider (k— 3)/2 pairs (P. P r ) of the former case and 

Pi = [nx - b (n - l)x 3 + ■ ■ ■ + 

+ [^x 2 + ^x 4 H bx” -1 ] ; 

P 2 = [^x-b^ix 3 -b----bx”] 

+ [nx 2 + (n - l)x 4 + • • • + ']. 

Then P + Pi + P 2 = 3 (n + 1 ) (x ■ + x 2 + • • • + x") /2 and therefore (fc-3)(P + 

P')/2+ (P+Pi +P 2 ) = 1976(x + x 2 H bx"). 

It follows that the desired decomposition is possible if and only if 1 < n < 3951 
andn+ 1 1 2 - 1976. 
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4.19 Solutions to the Longlisted Problems of IMO 1977 

1. Let P be the projection of S onto the plane ABCDE. Obviously BS > CS is 
equivalent to BP > CP. The conditions of the problem imply that PA > PB and 
PA > PE. The locus of such points P is the region of the plane that is determined 
by the perpendicular bisectors of segments AB and AE and that contains the point 
diametrically opposite A. But since AB < DE, the whole of this region lies on 
one side of the perpendicular bisector of BC. The result follows immediately. 
Remark. The assumption BC < CD is redundant. 

2. We shall prove by induction on n that f(x) > f(n) whenever x > n. The case 
n = 0 is trivial. Suppose that n > 1 and that x > k implies fix) > fik) for all 
k < n. It follows that f(x) > n holds for all x>n. Let /(m) = min X > n f(x). If we 
suppose that m> n, then m — 1 > n and consequently f{m — 1) > n. But in this 
case the inequality f(m ) > /(/(m — 1)) contradicts the minimality property of 
m. The inductive proof is thus completed. 

It follows that / is strictly increasing, so f(n + 1 ) > /(/(«)) implies that n + 1 > 
f(n). But since /(«) >nwe must have /(«) = n. 

3. Let vi,V 2 , • • • ,v* be k persons who are not acquainted with each other. Let us 
denote by m the number of acquainted couples and by dj the number of acquain- 
tances of person Vj. Then 


m < dk + 1 -(- dk +2 H 1 -d n <d(n — k)< k{n — k)< 


k+(n — k) 


n 


2 


4 ' 


4. Consider any vertex v n from which the maximal number d of segments start, 
and suppose it is not a vertex of a triangle. Let sf = {vi , V 2 , - - . , v^} be the set of 
points that are connected to v„, and let SB = {v^+i, v^+ 2 , . . . ,v„} be the set of the 
other points. Since v„ is not a vertex of a triangle, there is no segment both of 
whose vertices he in i.e., each segment has an end in SB. Thus, if dj denotes 
the number of segments at vj and m denotes the total number of segments, we 

have m < dj + 1 + d^+i H + d n < d(n — d) < [n 2 / 4] = m. This means that 

each inequality must be equality, implying that each point in SB is a vertex of d 
segments, and each of these segments has the other end in srf . Then there is no 
triangle at all, which is a contradiction. 


5. Let us denote by I and E the sets 
of interior boundary points and exte- 
rior boundary points. Let ABCD be 
the square inscribed in the circle k 
with sides parallel to the coordinate 
axes. Lines AB,BC,CD,DA divide the 
plane into 9 regions: Si, &a, S%b, Sic, 
Sic, &ab, Si B c, SicD > SioA- There is 
a unique pair of lattice points A/ £ &, 
Ae £ SiA that are opposite vertices of a 
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unit square. We similarly define S/.C/. D/, B E ,C E ,D E . Let us form a graph G by 
connecting each point from E lying in &ab (respectively &bc,&cd,&da) to its 
upper (respectively left, lower, right) neighbor point (which clearly belongs to 
I). It is easy to see that: 

(i) All vertices from / other than A/ , B/ , Q , D/ have degree 1 . 

(ii) A e is not in E if and only if A/ £ I and deg A/ = 2. 

(iii) No other lattice points inside Ma belong to E. 

Thus if m is the number of edges of the graph G and s is the number of points 
among A E , B E , C E , and D E that are in E, using (i)-(iii) we easily obtain \E\ = 
m + s and |/| = m — (4 — s) " \E | + 4. 

6. Let (y) denote the distance from y e R. to the closest even integer. We claim that 


(1 + cos*} < sin* for all * £ [0, n\ . 


Indeed, if cos* > 0, then (1 + cosx) = 1 — cos* < 1 — cos 2 * = sin 2 * < sin*; the 
proof is similar if cos* < 0. 

We note that (*+y) < (*) + (y) holds for all *,y € K. Therefore 



7. Let us suppose that c\ < C 2 < ■ ■ ■ < c n and that ci < 0 < c n . There exists k, 
1 <k <n, such that q < 0 < c^ + \ . Then we have 

(n— 1)(c 2 + c 2 H he 2 ) > k(ci + --- + cl) + {n-k)(4 +1 + ---+cl) 


> (ci H 1- C k ) 2 + (c k + 1 ih' ■ + Cn ) 2 

= (cH hc„) 2 


— 2(ci H 1 -Ck){c k+ i H bc„), 


from which we obtain (ci H b c k ) (c k+ \ 4 1 -c n ) > 0, a contradiction. 

Second solution. By the given condition and the inequality between arithmetic 
and quadratic mean we have 


(ci H b c n ) 2 — (n— l)(c 2 H b c n-l) + ( n — 1 ) c n 


> (c 1 -bf «-bc„_i) 2 + (n- l)c 2 


which is equivalent to 2(ci +C 2 H b c n )c„ > nc 2 . Similarly, 2(ci + cj H b 

c n )ci > nc 2 for all i = 1 , . . . , n. Hence all c, are of the same sign. 

8. There is exactly one point satisfying the given condition on each face of the 
hexahedron. Namely, on the face ABD it is the point that divides the median 
from D in the ratio 32:3. 

9. A necessary and sufficient condition for ,.<# to be nonempty is that 1 / vTf) <t< 

1 . 
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10. Integers a,b,q,r satisfy 

a 2 + b 2 = (a + b)q + r, 0 <r<a + b, cf + r=\911. 

From q 2 < 1977 it follows that q < 44, and consequently a 2 + b 2 < 45 (a + b). 
Having in mind the inequality (a+b) 2 <2(a 2 + b 2 ), we get (a + b) 2 < 90 (a+b), 
i .e.,a+b < 90 and consequently r < 90. Now from q 2 = 1977 — r > 1977 — 90 = 
1887 it follows that q > 43; hence q = 44 and r = 41. It remains to find positive 
integers a and b satisfying a 2 + b 2 = 44 (a + b) + 41, or equivalently 

(a — 22) 2 + (b — 22) 2 = 1009. 

The Diophantine equation A 2 +B 2 = 1009 has only two pairs of positive so- 
lutions: (15,28) and (28,15). Hence (\a-22\,\b -22\) E {(15,28), (28,15)}, 
which implies (a,b) E {(7,50), (37,50), (50,7), (50,37)}. 

11. (a) Suppose to the contrary that none of the numbers zo,Zi,... : z n -i is divisible 

by n. Then two of these numbers, say z.k and zi (0 < k < l < n — 1), are 
congruent modulo n, and thus n \ zi — Zk = z k+1 zi-k - 1 • But since (n.z.) = I , 
this implies n \ Zi-k-i, which is a contradiction. 

(b) Again suppose the contrary, that none of zo,zi, ■ ■ ■ ,z «-2 is divisible by n. 
Since (z — 1 , n) = 1 , this is equivalent to n \ (z — 1 )zj, i.e., z k ^ 1 (mod n) 
for all k= 1,2, ... ,n — 1. But since (z,n) = 1, we also have that z k ^ 0 (mod 
n). It follows that there exist k. I, 1 <k<l<n—\ such that z k = z l , i.e., 
Z l ~ k = 1 (mod n), which is a contradiction. 

12. According to part (a) of the previous problem we can conclude that T = {n E N | 
(n,z) = 1}. 

13. The figure <t> contains two points A and B having maximum distance. Let h be 
the semicircle with diameter AB that lies in 0, and let k be the circle containing 
h. Consider any point M inside k. The line passing through M that is orthogonal 
to AM meets h in some point P (because ZAMB > 90°). Let h' and h’ be the two 
semicircles with diameter AP, where M Eh'. Since h' contains a point C such that 
BC > AB , it cannot be contained in 0, implying that h! C 0. Hence M belongs 
to 0. Since 0 contains no points outside the circle k, it must coincide with the 
disk determined by k. On the other hand, any disk has the required property. 

14. We prove by induction on n that independently of the word wo, the given algo- 
rithm generates all words of length n. This is clear for n 1. Suppose now the 
statement is true for n — 1 , and that we are given a word wo = C\C 2 - ■ ■ c n of length 
n. Obviously, the words wo, wq,. . . , w 2 «-i . , all have the nth digit c n , and by the 
inductive hypothesis these are all words whose nth digit is c„. Similarly, by the 
inductive hypothesis w 2 n - i , . . . , wi" - \ are all words whose nth digit is I c: n , and 
the induction is complete. 

15. Each segment is an edge of at most two squares and a diagonal of at most one 
square. Therefore pk = 0 for k > 3, and we have to prove that 


P0=P2 + 2P3- 


(1) 
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Let us calculate the number q(ri) of considered squares. Each of these squares 
is inscribed in a square with integer vertices and sides parallel to the coordinate 
axes. There are ( n — s ) 2 squares of side s with integer vertices and sides parallel 
to the coordinate axes, and each of them circumscribes exactly s of the consid- 
ered squares. It follows that q(n) = (n — s) 2 s = n 2 (n 2 — 1) / 12. Computing 
the number of edges and diagonals of the considered squares in two ways, we 
obtain that 

pi+2p 2 + 3p 3 = 6q{n). (2) 

On the other hand, the total number of segments with endpoints in the considered 
integer points is given by 

(n 2 \ n 2 [n 2 — 1) 

Po + Pi+Pi+P?, = ( 2 J = — 1 =6 q(n). (3) 

Now (1) follows immediately from (2) and (3). 

16. For i = k and j = l the system is reduced to 1 < i. j < n, and has exactly n 2 
solutions. Let us assume that ij^koi j 7^ l. The points A(i, j), B(k, l), C(—j +k+ 
l,i — k+l), D(i— j+l,i+ j — k ) are vertices of a negatively oriented square with 
integer vertices lying inside the square [l,n] x [l,n], and each of these squares 
corresponds to exactly 4 solutions to the system. By the previous problem there 
are exactly q{n) = n 2 (n 2 — 1 ) / 1 2 such squares. Hence the number of solutions 
is equal to n 2 + 4 q(n) = n 2 (n 2 + 2) /3. 

17. Centers of the balls that are tangent to K are vertices of a regular polyhedron 
with triangular faces, with edge length 2 R and radius of circumscribed sphere 
r + R. Therefore the number n of these balls is 4, 6, or 20. It is straightforward 
to obtain that: 

(i) If n = 4, then r + R = 2R{+H/4), whence R = r( 2 + ^6). 

(ii) If n = 6, then r+R = 2R{y/2/2), whence R = r(l +\/2). 

(iii) If n = 20, then r + R = 2R \/ 5 + \/5/8. In this case we can conclude that 
R = r[V 5-2V5+ (3 — V5)/2] . 

18. Let U be the midpoint of the segment AH. The point M belongs to CU and 
CM = (V5 - l)CU/2, r = CUVV5-2. 

19. We shall prove the statement by induction on m. For m = 2 it is trivial, since 

each power of 5 greater than 5 ends in 25. Suppose that the statement is true for 
some m> 2, and that the last m digits of 5” alternate in parity. It can be shown 
by induction that the maximum power of 2 that divides 5 2 ”' " — 1 is 2 m , and 
consequently the difference 5 n+2 ” — 5" is divisible by 10 m but not by 2 • 10 m . 

It follows that the last m digits of the numbers 5 n + 2 " 1 and 5" coincide, but the 
digits at the position m+ 1 have opposite parity. Hence the last m+1 digits of one 
of these two powers of 5 alternate in parity. The inductive proof is completed. 
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20. There exist u,v such that a cosx + &sinx = rcos(x — m) and Acos2x + Bsin2x = 
f?cos2(x— v), where r = V a 2 + b 2 and R = \/A 2 +B 2 . Then 1 — f(x) = rcos(x— 
u) + /?cos2(x — v) < 1 holds for allx € R. 

There exists r£l such that cos(x — u)> 0 and cos2(x — v) = 1 (indeed, either 
x = vorx = v + 7t works). It follows that R < 1 . Similarly, there exists reR such 
that cos (x—u) = \/\/2 and cos2(x — v) > 0 (either x = u-n/Aovx = u-\-n/A 
works). It follows that r < \fl. 

Remark. The proposition of this problem contained as an addendum the follow- 
ing, more difficult, inequality: 

Va 2 + b 2 + y/A 2 +B 2 < 2. 

The proof follows from the existence of x G R such that cos(x — u)> 1/2 and 
cos2(x — v) > 1/2. 

21. Let us consider the vectors v\ = (xi,X2,X3), V 2 = (y i , y2 , >’3 ) , V3 = (1,1,1) in 
space. The given equalities express the condition that these three vectors are 

mutually perpendicular. Also, -j— 3 — j , 2 y \ — 7 , and 1 /3 are the squares of the 

xf+x$+x$ y t +y2+y3 

projections of the vector (1,0,0) onto the directions of vi,V2,V3, respectively. 
The result follows from the fact that the sum of squares of projections of a unit 
vector on three mutually perpendicular directions is 1 . 

22. Since the quadrilateral OA\BB\ is cyclic, AOA \B\ = ZOBC. By using the analo- 
gous equalities we obtain ZOA 4 B 4 = ZOB 3 C 3 = ZOC 2 D 2 = ZODiA\ = ZOAB, 
and similarly ZOB 4 A 4 = ZOBA. Hence AOA 4 B 4 ~ A OAB. Analogously, we 
have for the other three pairs of triangles AOB 4 C 4 ~ A OBC, AOC 4 D 4 ~ 
A OCD, AOD 4 A 4 ~ A ODA, and consequently ABCD ^ A 4 B 4 C 4 D 4 . 

23. Every polynomial q(x \ .... .x„) with integer coefficients can be expressed in the 
form q = ri+x\r 2 , where r\ , r 2 are polynomials in x\, . . . ,x n with integer co- 
efficients in which the variable x\ occurs only with even exponents. Thus if 
q\=r\— x\ r 2 , the polynomial qq\ =r\— x 2 r\ contains x\ only with even expo- 
nents. We can continue inductively constructing polynomials qj, j — 2,3. ... . n, 
such that qqiq 2 ■qj contains each of the variables x\,x 2 , ■ ■ ■ ,Xj only with even 
exponents. Thus the polynomial qq\ ■ ■ ■ q n is a polynomial in x \ , . . . ,x%. 

The polynomials / and g exist for every n £ N. In fact, it suffices to construct 
qi,...,q n for the polynomial g =X\ H \-x„ and take / = q\q 2 ■ ■ ■ q n - 

24. Setting x = y = 0 gives us /( 0) = 0. Let us put g(x) = arctan/(x). The given 
functional equation becomes tang(x+y) = tan(g(x) +g(y)); hence 

g(x+y) = g(x)+g(y) + k(x,y) n, 

where k(x,y) is an integer function. But k(x,y) is continuous and k(O.O) = 0, 
therefore k(x,y) = 0. Thus we obtain the classical Cauchy’s functional equation 
g(x+y) = g(x) + g(y) on the interval (—1, 1), all of whose continuous solutions 
are of the form g(x) = ax for some real a. Moreover, g(x') 6 (—n.n) implies 
\a\ < n/ 2 . 
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Therefore f(x) = tan ax for some \a\<n/2, and this is indeed a solution to the 
given equation. 

25. Let 



We shall prove by induction on n that f n {z) = (z + a) n . This is trivial for n = 1. 
Suppose that the statement is true for some positive integer n — 1 . Then 

fh(z) = «z" -1 +a"x (jJ (n - k)(a - kb) k ~' (z + kb) n ~ k -' 

= nf-'+naZ ^ {a-kb) k ~\z + kbf~ k ~ l 
= nf n - 1 (z) = n(z + a) n ~ l . 

It remains to prove that /„(—«) = 0. For z=—a we have by the lemma of (SL8 1 - 
13), 


fn(-a) = (-a) n +aZ H)" k (a-kb) n 1 

= a±(^(-ir k (a-kbr 1 =0. 

26. The result is an immediate consequence (for G = { — 1 , 1 }) of the following gen- 
eralization. 

(1) Let G be a proper subgroup of Z* (the multiplicative group of residue 
classes modulo n coprime to n), and let V be the union of elements of 
G. A number m GV is called indecomposable in V if there do not exist 
numbers p,q G V, p,q £ {—1,1}, such that pq = m. There exists a number 
r e V that can be expressed as a product of elements indecomposable in V 
in more than one way. 

First proof. We shall start by proving the following lemma. 

Lemma. There are infinitely many primes not in V that do not divide n. 

Proof. There is at least one such prime: In fact, any number other than ± 1 not in 
V must have a prime factor not in V, since V is closed under multiplication. 
If there were a finite number of such primes, say pi,P 2 ,---,Pfr then one of 
the numbers P 1 P 2 ■ ■ ■ Pk + n, p\P 2 • • • Pk + n is not in V and is coprime to n 
and pi,...,Pk, which is a contradiction. 

[This lemma is actually a direct consequence of Dirichlet’s theorem.] 

Let us consider two such primes p, q that are congruent modulo n. Let p k be the 
least power of p that is in V. Then p k , q k , p k ~ 1 q, pq k ~ l belong to V and are 
indecomposable in V. It follows that 


r = p k -q k = p k - ] q-pq k - ] 


428 


4 Solutions 


has the desired property. 

Second proof. Let p be any prime not in V that does not divide n, and let p k be 
the least power of p that is in V. Obviously p k is indecomposable in V. Then the 
number 

r = p k - (p k ~ l +n){p + n) = p{p k ~ l + n ) • p k ~\p + n ) 
has at least two different factorizations into indecomposable factors. 

27. The result is a consequence of the generalization from the previous problem for 

G={1}. 

Remark. There is an explicit example: r=(n— 1 ) 2 • (2 n — l) 2 = [(n — 1)(2 n — 

l)] 2 . 

28. The recurrent relations give us that 


On the other hand, if x,- > [\fn] for some i, then we have x l+ \ < x,-. This follows 
from the fact that x,-+( < x,- is equivalent to x; > (x, +n/x,)/2, i.e., to x 2 > n. 
Therefore x* = [\fn\ holds for at least one i<n — [\fn\ + 1 . 

Remark. If n + 1 is a perfect square, then x,- = [\fn\ imphes x i+ i = [\fn\ + 1. 
Otherwise, x, = [</n] implies x i+ i = [\/n\. 

29. Let us denote the midpoints of segments LM, AN, BL, MN, BK, CM, NK, CL, 



OLM and ALN, we deduce OP\ = 
LM/ 2, OP 2 = AL/2 and OP 2 || AL. 


Hence OP\ = OP 2 , /P, OP 2 = ZP\AL = 30° and ZP 2 OM = ZLAD =15°. The 
desired result follows from symmetry. 

30. Suppose ZSBA = x. By the trigonometric form of Ceva’s theorem we have 

sin(96° -x) sinl8° sin6° 
sinx sinl2°sin48° 

We claim that x = 12° is a solution of this equation. To prove this, it is enough 
to show that sin 84° sin 6° sin 18° = sin 48° sin 12° sin 12°, which is equivalent to 
sin 18° = 2sin48°sinl2° = cos 36° — cos 60°. The last equality can be checked 
directly. 
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Since the equation is equivalent to 

(sin96°cotx — cos96°)sin6° sin 18° = sin48°sinl2 0 , 
the solution x 6 [0, n) is unique. Hence x = 12°. 

Second solution. We know that if a,b,c,a',b',c' are points on the unit circle in 
the complex plane, the lines aa! , bb', cd are concurrent if and only if 

(■ a — b')(b — c')(c — a ') = (a — c')(b — a')(c — b'). (1) 

We shall prove that x = 12°. We may suppose that ABC is the triangle in the 
complex plane with vertices a = 1, b = e 9 , c = e 14 , where e = cos yj + ;sin yj. 
If d = £ 12 , b' = e 28 , d = e, our task is the same as proving that lines aa', bb', 
cd are concurrent, or by (1) that 

(1 - £ 28 )(£ 9 - £)(£ 14 - £ 12 ) - (1 - £)(£ 9 - £ 12 )(£ 14 - £ 28 ) = 0. 

The last equality holds, since the left-hand side is divisible by the minimum 
polynomial of e: z 8 + z 7 — z 5 — z 4 — z 3 + z + 1. 

31. We obtain from (1) that /(l,c) = /(l,c)/(l,c); hence /(l,c) = 1 and conse- 
quently /(— l,c)/(— l,c) = /(l,c) = l,i.e. /(— l,c) = 1. Analogously, /(c, 1) = 

/(c,-l) = l. 

Clearly /(l, 1) = /(— 1, 1) = /(l, — 1) = 1. Now let us assume that 1. Ob- 
serve that f(x~ l ,y) = f(x,y~ 1 ) = f(x,y)~ 1 . Thus by (1) and (2) we get 

1 =/(«,!- a)f(\ [ a, 1 — 1 /a) 

= /(«, 1 - a)/ (a, = / (a. = f{a, -a). 

We now have f{a,a ) = f(a, — l)f(a,—a) = 1-1 = 1 and 1 = f(ab,ab) = 
f{a,ab)f(b,ab)=f(a,a)f(a,b)f(b,a)f{b,b)=f(a,b)f(b,a). 

32. It is a known result that among six persons there are 3 mutually acquainted or 3 
mutually unacquainted. By the condition of the problem the last case is excluded. 
If there is a man in the room who is not acquainted with four of the others, then 
these four men are mutually acquainted. Otherwise, each man is acquainted with 
at least five others, and since the sum of numbers of acquaintances of all men 
in the room is even, one of the men is acquainted with at least six men. Among 
these six there are three mutually acquainted, and they together with the first one 
make a group of four mutually acquainted men. 

33. Let r be the radius of K and .v >V2/r an integer. Consider the points A^kai — 
[ka\],ka 2 — [^ 2 ]), where k = 0, 1,2, . . . , s 2 . Since all these points are in the unit 
square, two of them, say A p ,A q , q > p, are in a small square with side l/s, and 
consequently A p A q < V2/s < r. Therefore, for n = q — p, m\ = [ qa \ ] — [pa\\ 
and m 2 = [qai\ — [pai] the distance between the points n(a\ , 02 ) and (mi, m 2 ) is 
less then r, i.e., the point (mi, m 2 ) is in the circle K + n(a\,a 2 ). 
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34. Let A be the set of the 2" sequences of n terms equal to ±1. Since there are k 2 
products ab with a,b £ B, by the pigeonhole principle there exists c £ A such 
that ab = c holds for at most k 1 /2 n pairs (a, b) GBxB. Then cb G B holds for at 
most k 2 / 2" values bGB, which means that \BC\cB\ < k 1 /2 n . 

35. The solutions are 0 and N k = 10 99 „ .9 89, where k = 0,1,2, 

k 

Remark. If we omit the condition that at most one of the digits is zero, the 
solutions are numbers of the form Nk 2 . . .Nk r , where k\ = k r , k 2 = k r ~\ etc. 
The more general problem k ■ a\U 2 - ■ - a n = a„... a 2 a\ has solutions only for k = 9 
and for k = 4 (namely 0, 2199 . . . 978 and combinations as above). 

36. It can be shown by simple induction that S m (ai, . . . ,a 2 n) = {bi, ■ • • ,b 2 n), where 

h = Il4-H ( assumin g tha t a k+2 n = a k ). 

(=0 

If we take m = 2" all the binomial coefficients ('”) apart from i = 0 and i = m 
will be even, and thus b k = a k ak+ m = 1 for all k. 

37. We look for a solution with x*' =■■■= 4" = n A ' A2 ' A ’‘ x and x n+] = n y . In order 
for this to be a solution we must have A^A 2 ■ ■ -A n x+ 1 = A n+ \y. This equation 
has infinitely many solutions {x.y) inN, since A\A 2 - ■ -A n andA„ + i are coprime. 

38. The condition says that the quadratic equation f(x) = 0 has distinct real solu- 
tions, where 

f(x) = 3x 2 £ my -2 x^mj ( aj + bj + cj) + £ mj ( ajbj + bjcj + cjaj) . 
j= i j= i j= i 

It is easy to verify that the function / is the derivative of 

F (x) = Z m ) ( x ~ a j) ( x ~ bj) {x -cj). 
j= i 

Since F(a{) < 0 < F(a„), F(b x ) < 0 < F(b n ) and F(ci) < 0 < F(c„), F(x) has 
three distinct real roots, and hence by Rolle’s theorem its derivative f(x) has two 
distinct real roots. 

39. By the pigeonhole principle, we can find 5 distinct points among the given 37 
such that their x-coordinates are congruent and their y-coordinates are congruent 
modulo 3. Now among these 5 points either there exist three with ^-coordinates 
congruent modulo 3, or there exist three whose ^-coordinates are congruent to 0, 
1, 2 modulo 3. These three points are the desired ones. 

Remark. The minimum number n such that among any n integer points in space 
one can find three points whose bary center is an integer point is n = 19. Each 
proof of this result seems to consist in studying a great number of cases. 


4.19 Longlisted Problems 1977 431 


40. Let us divide the chessboard into 16 squares Qi,Q 2 , -, Q\6 of size 2x2. Let s k 
be the sum of numbers in Q k , and let us assume that si > sj > • • • > Si6- Since 

54 + 55 H 1- ii 6 > 1 + 2 H V 52 = 1378, we must have 54 > 100 and hence 

si ,S 2 ,sj > 100 as well. 

41. The considered sums are congruent modulo N to S k = (i +&)«,-, k = 

0,1 .N 1 . Since S k = Sq + k(a t 4 1 -a n ) = Sq + k, all these sums give 

distinct residues modulo N and therefore are distinct. 

42. It can be proved by induction on n that 

{a„, k | 1 < k < 2 n j = {2 m | m = 3" + 3 n_1 5i + • • • + 3 1 5„_ 1 +*„ (s,- = ±1)}. 

Thus the result is an immediate consequence of the following lemma. 

Lemma. Each positive integer s can be uniquely represented in the form 

5 = 3" + 3" _1 5iH where e {— 1, 0, 1 }. (1) 


Proof. Both the existence and the uniqueness can be shown by simple induction 
on s. The statement is trivial for s = 1, while for s > 1 there exist q £ BJ, 
rg{- 1,0, 1 } such that s = 3q + r, and q has a unique representation of the 
form (1). 

43. Since^+l)---(^ + j p) = (p+l)!(^) =(p+l)l[(W)- £$], it fol- 
lows that 


i Kk+ 1) • • • (k+p) = (p+l )'. ( n + p p + + 2 


n(n + 1) • • • (n + p+ 1) 

J+2 


44. Let d[X,a) denote the distance from a point X to a plane a. Let us consider the 
pair (A, n) where A e E and 7t is a plane containing some three points B.C.D e E 
such that d(A, n) is the smallest possible. We may suppose that B,C,D are se- 
lected such that A BCD contains no other points of E. Let A' be the projection 
of A on k, and let hJc-Jd be lines through B. C.D parallel to CD,DB,BC re- 
spectively. If A' is in the half-plane determined by 1^ not containing BC, then 
d(D,ABC) < d(A'.ABC) < d(A,BCD), which is impossible. Similarly, A' lies 
in the half -planes determined by /&, l c that contain D, and hence A' is inside the 
triangle bordered by lb,l c fd- The minimality property of (A,n) and the way in 
which BCD was selected guarantee that E(1T = {A,B.C,D}. 

45. As in the previous problem, let us choose the pair ( A,n ) such that d(A. n) is 
minimal. If it contains only three points of E, we are done. If not, there are four 
points in EC\P, say A\, A2, A3, A4, such that the quadrilateral Q = A1A2A3A4 
contains no other points of E. Suppose Q is not convex, and that w.l.o.g. A\ 
is inside the triangle A2A3A4. If Aq is the projection of A on P, the point A\ 
belongs to one of the triangles A0A2A3, A0A3A4, A0A4A2, say A0A2A3. Then 
d(A 1 . AA2A3) < d(AQ,AA2Af) < AAo, which is impossible. Hence Q is convex. 
Also, by the minimality property of (A, it) the pyramid AAi A2A 3A4 contains no 
other points of E. 
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46. We need to consider only the case t > \x\. There is no loss of generality in as- 
suming x > 0. 

To obtain the estimate from below, set 


«3 = /(^W(0), 


«i -/(-(*+*)), «2 = m-f . 


fl 4 =/(Jc+o-/( f #V 


Since — (x + f) <x — t andx< (x + f)/2, we have /(x) — f(x— t) <a\+a 2 + a^. 
Since 2 _1 < aj+i/aj < 2, it follows that 


S(x,t) > - 


«4 


- > - 


a 3 /2 


at +<22 + 03 4a 3 +2a 3 + a 3 

To obtain the estimate from above, set 


- = 14“ 


( x + t\ 



b2=f {— ) 


b 3 =f 


2(x + t) 


h=f(x+t)-f 


2 [x + t] 


If t < 2x, then x — f < — (x + f)/3 and therefore f(x) — f{x — t) 
then {x + t )/ 3 < x and therefore f(x) — f(x — t) > bj. Since 2 _1 
we get 


gM < < h±2h±^i _ i4. 


minj^i,^} 


*>2/2 


>*i.Iff >2x, 
< < 2 , 


47. M lies on AB and N lies on BC. If CQ < 2CD/3, then BM = CQ/2. If CQ > 
2CD/3, then N coincides with C. 


48. Let a plane cut the edges AB,BC, CD, DA at points K.L.M.N respectively. 

Let D 1 , A' ,B' be distinct points in the plane ABC such that the triangles BCD', 
CD 1 A', D'A'B' are equilateral, and 
M' G [CD'], N' G [D'A 1 ], and K' G 
[A'B'\ such that CM' = CM, A'N' = 

AN, and A'K' = AK. The perimeter 
P of the quadrilateral KLMN is equal 
to the length of the polygonal line 
KLM'N'K', which is not less than KK' . 

It follows that P > 2a. 

Let us consider all quadrilaterals KLMN that are obtained by intersecting the 
tetrahedron by a plane parallel to a fixed plane a. The lengths of the segments 
KL,LM,MN,NK are linear functions in AK, and so is P. Thus P takes its max- 
imum at an endpoint of the interval, i.e., when the plane KLMN passes through 
one of the vertices A,B,C,D, and it is easy to see that in this case P < 3 a. 
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49. If one of p,q, say p, is zero, then —q is a perfect square. Conversely, {p, q) = 
(0, — t 2 ) and (p,q) = (— f 2 , 0) satisfy the conditions for t G Z. 

We now assume that p,q are nonzero. If the trinomial x 2 + px+q has two integer 
roots then \q\ = \x\X 2 \ > |*i| + l^l — 1 > \p\ — 1- Similarly, if x 2 +qx+p 
has integer roots, then \p\ > |^| — 1 and q 2 — 4p is a square. Thus we have two 
cases to investigate: 

(i) \p\ = \q\. Then p 1 — 4q = p 2 ±4p is a square, so ( p,q ) = (4,4). 

(ii) \p\ = \q\ ± 1. The solutions for ( p,q ) are (t, — 1 — t ) for t £ Z and (5,6), 
(6,5). 

50. Suppose that P n (x) = n for v 6 {xi,X 2 , . . . ,x n j. Then 

P„(x) = (x-xi)(x-x 2 )---(x-x n )+n. 

From P n ( 0) = 0 we obtain n = \x\x 2 ■■■x„\ > 2 n ~ 2 (because at least n — 2 factors 
are different from ±1) and therefore n > 2 n ~ 2 . It follows that n < 4. 

For each positive integer n < 4 there exists a polynomial P„. Here is the list of 
such polynomials: 

n=l:±x, n = 2\ 2 j? , x 2 ±x, -x 2 ±3x, 

n = 3:±(x i -x) + 3x 2 , n = 4:-x 4 + 5x 2 . 

51. We shall use the following algorithm: 

Choose a segment of maximum length (“basic” segment) and put on it un- 
used segments of the opposite color without overlapping, each time of the 
maximum possible length, as long as it is possible. Repeat the procedure 
with remaining segments until all the segments are used. 

Let us suppose that the last basic segment is black. Then the length of the used 
part of any white basic segment is greater than the free part, and consequently at 
least one-half of the length of the white segments has been used more than once. 
Therefore all basic segments have total length at most 1.5 and can be distributed 
on a segment of length 1.51. 

On the other hand, if we are given two white segments of lengths 0.5 and two 
black segments of lengths 0.999 and 0.001, we cannot distribute them on a seg- 
ment of length less than 1 .499. 

52. The maximum and minimum are 2R\J\ — 2k 2 and 2 R ^1 + \/\ — k 1 ^ respec- 
tively. 

53. The discriminant of the given equation considered as a quadratic equation in b is 
196 -75a 2 . Thus 75a 2 < 196 and hence — 1 < a < 1. Now the integer solutions 
of the given equation are easily found: (—1,3), (0,0), (1,2). 

54. We shall use the following lemma. 

Lemma. If a real function / is convex on the interval / and x,y,z& I, x<y < z, 
then 


(y ~ z)f(x) + (z- x)f{y) + {x- y)f(z) < 0. 
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Proof. The inequality is obvious forx = y = z. If x < z, then there exist p, r such 
that p + r = 1 and y = px + rz. Then by Jensen’s inequality f(px + rz) < 
pf(x) + r/(z), which is equivalent to the statement of the lemma. 

By applying the lemma to the convex function — lnx we obtain x y y z zf > yV'x 2 
for any 0 < x < y < z. Multiplying the inequalities a b b c c a > b a c b a c and a c c d d a > 
c a d c a d we get the desired inequality. 

Remark. Similarly, for 0 < a\ < ai < • • • < a n it holds that a a fa a f ■■■an 1 > 

n ai n ° 2 . ■ . n an 

a 2 a 3 a j . 

55. The statement is true without the assumption that O e BD. Let BPHDN = {/f}. 
If we denote A 5 = a, AD = b and AO = aa+ fib for some a, /f eR, l/a+l/j3 f 
1, by straightforward calculation we obtain that 

AK = —a H ^ -b = -1 -AO. 

a + j3-aj3 a + /3-a/3 a + j3-aj3 

Hence A, A", O are collinear. 

56. See the solution to (LL67-36). 

57. Suppose that there exists a sequence of 17 terms a\,a 2 , ■ ■ ■ ,an satisfying the 
required conditions. Then the sum of terms in each row of the rectangular array 
below is positive, while the sum of terms in each column is negative, which is a 
contradiction. 

a\ a .2 ... «ii 

02 «3 ••• 0\2 


a-j a% ... an 

On the other hand, there exist 16-term sequences with the required property. 
An example is 5,5, — 13,5,5,5,— 13,5,5,— 13,5,5,5, — 13,5,5 which can be ob- 
tained by solving the system of equations ° a i = 1 (k = 1,2,..., 6) and 
% l £fat = -l (I = 1,2,..., 10). 

Second solution. We shall prove a stronger statement: If 7 and 1 1 in the question 
are replaced by any positive integers m,n, then the maximum number of terms 
is m + n — ( m , n) — 1 . 

Let ai,a 2 , . . . ,a; be a sequence of real numbers, and let us define .vo = 0 and 

Sf c = a\ 1- Ojt (k = 1 , . . . , /). The given conditions are equivalent to > ^ +m 

for 0 <k<l — m and < Sk +n foxQ<k<l — n. 

Let d = (m, n) and m = m'd, n = n'd. Suppose that there exists a sequence («/,) of 
length greater than or equal to l = m + n — d satisfying the required conditions. 
Then the m! + n' numbers so,Sd, ■ ■ ■ ,^(m'+n'-i )4 satisfy n' inequalities Sk +m < s/, 
and m' inequalities < Sk+ n - Moreover, each term s^d appears twice in these 
inequalities: once on the left-hand and once on the right-hand side. It follows that 
there exists a ring of inequalities .v (1 < ,v, 2 < • • • < s- lk < si t , giving a contradiction. 
On the other hand, suppose that such a ring of inequalities can be made also for 
/ = m + n — d 1, say <%<••■< \ . If there are p inequalities of 
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the form a* +m < a* and q inequalities of the form cii, +n > a<, in the ring, then 
qn = rm, which implies m! \ q, n! \ p and thus k = p + q>m' +n'. But since all 
i \ , « 2 , . . . , h are congruent modulo d, we have k < m! + n! — 1, a contradiction. 
Hence there exists a sequence of length m + n — d— 1 with the required property. 

58. The following inequality (Finsler and Hadwiger, 1938) is sharper than the one 
we have to prove: 


2ab + 2bc + 2ca — a 2 — b 2 — c 2 > 4Ss/3. (1) 

First proof. Let us set 2x = b + c — a, 2y = c + a — b, 2 z = a + b — c. Then 
x,y,z> 0 and the inequality (1) becomes 

yV + z 2 * 2 + x 2 y 2 > xyz(x + y + z ) , 

which is equivalent to the obvious inequality ( xy — yz) 2 + ( yz — zx) 2 + (zx — 
xy) 2 > 0. 

Second proof. Using the known relations for a triangle 

a 2 +b 2 + c 2 = 2s 2 — 2r 1 — 8rR, 
ab + bc + ca = s 2 + r 2 + 4 rR, 

S = rs, 


where r and R are the radii of the incircle and the circumcircle, s the semiperime- 
ter and S the area, we can transform (1) into 

sV3<4R + r. 


The last inequality is a consequence of the inequalities 2 r<R and s 2 < 4 R 2 + 
4 Rr + 3r 2 , where the last one follows from the equality HI 2 = 4 R 2 + 4Rr+3r 2 — 
s 2 ( H and I being the orthocenter and the incenter of the triangle). 

59. Let us consider the set R of pairs of coordinates of the points from E reduced 
modulo 3. If some element of R occurs thrice, then the corresponding points are 
vertices of a triangle with integer barycenter. Also, no three elements from E can 
have distinct x-coordinates and distinct y-coordinates. By an easy discussion we 
can conclude that the set R contains at most four elements. Hence \E\ < 8. 

An example of a set E consisting of 8 points that satisfies the required condition 
is 

£ = {(0,0), (1,0), (0,1), (1,1), (3,6), (4,6), (3, 7), (4, 7)}. 

60. By Lagrange’s interpolation formula we have 


F{x) = j^Fixj) 
j = o 


W ¥ j{x-Xj) 

U ¥ j(Xi-XjY 


Since the leading coefficient in F (x) is 1 , it follows that 
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t-x 


F(xj) 


Since 


we have 


IE*-*/) 

¥J 


i=0 <=j+l 


i<X 




i ^ 


-|n w (»-, j )| s ^|„y |Ffe)|s iT m “ |Ffe)l ' 


Now the required inequality follows immediately. 
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4.20 Solutions to the Shortlisted Problems of IMO 1978 

1. There exists an M s that contains at least 2 n/k = 2 (k 2 + 1) elements. It follows 

that M s contains either at least k 2 + 1 even numbers or at least k 2 + 1 odd num- 
bers. In the former case, consider the predecessors of those k 2 + 1 numbers: 
among them, at least i.e., at least k+ 1, belong to the same subset, say 

M t . Then we choose s,t. The latter case is similar. 

Second solution. For all i,j £ {1,2 ,...,k}, consider the set Ny = {r \ 2r e 
Mi, 2r — 1 G Mj}. Then {Ny | i,j} is a partition of {1,2 ,...,«} into k 2 sub- 
sets. For n > k 3 + 1 one of these subsets contains at least A: + 1 elements, and the 
statement follows. 

Remark. The statement is not necessarily true when n = k : 3 . 

2. Consider the transformation <j> of the plane defined as the homothety with 
center B and coefficient 2 followed by the rotation Si about the center O through 
an angle of 60°. Being direct, this 
mapping must be a rotational homo- 
thety. We also see that maps S 
into the point symmetric to S with 
respect to OA, and Si takes it back 
to S. Hence S is a fixed point, and 
is consequently also the center of 
<j). Therefore 0 is the rotational ho- 
mothety about S with the angle 60° 
and coefficient 2. (In fact, this could also be seen from the fact that <j> preserves 
angles of triangles and maps the segment SR onto SB, where R is the midpoint 
of AB.) 

Since <j)(M) = B', we conclude that /.MSB! = 60° and SB' /SM = 2. Similarly, 
/NSA 1 = 60° and SA'/SN = 2, so triangles MSB' and NS A 1 are indeed similar. 
Second solution. Probably the simplest way here is using complex numbers. 
Put the origin at O and complex numbers a, a' at points A, A', and denote the 
primitive sixth root of 1 by ( 0 . Then the numbers at B, B' , S and N are (Da, 
(Da! , ( a + (Da)/ 3, and (a + (Da')/2 respectively. Now it is easy to verify that 
(« — s) = (D(a' — s)/2, i.e., that /NSA' = 60° and SA'/SN = 2. 

3. What we need are m,n for which 1978™(1978 n_m — 1) is divisible by 1000 = 
8 • 125. Since 1978”“™ — 1 is odd, it follows that 1978™ is divisible by 8, so 
m > 3. 

Also, 1978 n_m — 1 is divisible by 125, i.e., 1978"“™ = 1 (mod 125). Note that 
1978 = —2 (mod 5), and consequently also — 2” _m = 1 . Hence 4 | n — m = 4k, k > 
1. It remains to find the least k such that 1978 4i = 1 (mod 125). Since 1978 4 = 
(— 22) 4 = 484 2 = (- 16) 2 = 256 = 6, we reduce it to 6 k = 1 . Now 6* = (1 + 5)* = 
1 + 5^4-25(2) (mod 125), which reduces to 125 | 5k(5k — 3). But 5k — 3 is not 
divisible by 5, and so 25 | k. Therefore 100 | n — m, and the desired values are 
m = 3,n= 103. 
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4. Let y, 9 be the angles of T\ and T 2 opposite to c and w respectively. By the cosine 
theorem, the inequality is transformed into 

a 2 (2v 2 — 2uv cos 9) + b 2 (2 m 2 — 2 mv cos 9) 

+2(cr + b 2 — lab cosy)uv cos (p > 4abuvsinysin(p. 

This is equivalent to 2(a 2 v 2 + b 2 u 2 ) — 4abuv(cos ycos 9 + sinysin9) > 0, i.e., 
to 

2{av — bu) 2 + 4abuv(\ — cos(y — 9)) > 0, 

which is clearly satisfied. Equality holds if and only if 7 = 9 and a/b = u/v, i.e., 
when the triangles are similar, a corresponding to u and b to v. 

5. We first explicitly describe the elements of the sets Mi, M2. 

x^Mi is equivalent tox = a+(a+l)-| \-(a + n— 1) = n(2a + n— l)/2 

for some natural numbers n,a,n>2. Among n and 2a + n— 1 , one is odd 
and the other even, and both are greater than 1; so x has an odd factor > 3. 
On the other hand, for every x with an odd divisor p > 3 it is easy to see 
that there exist corresponding a, n. Therefore Mi = {2 k \ k = 0, 1,2, . . . }. 

x qL M2 is equivalent to x = a + (a + 2) H + (a + 2 (n — 1)) = n{a + n — 

1), where n > 2, i.e. to x being composite. Therefore Mj = {1} U [p 
p = prime}. 

x $ M3 is equivalent to x = a + {a + 3) H b {a + 3 (n — 1 )) = n(2a + 3 (n — 

l))/2. 

It remains to show that every c € M3 can be written as c = 2 k p with p prime. 
Suppose the opposite, that c = 2 k pq, where p,q are odd and q> p> 3. Then 
there exist positive integers a,n (n> 2) such that c = n{2a + 3(n — l))/2 and 
hence c ^ M3. Indeed, if k = 0, then n = 2 and 2a + 3 = pq work; otherwise, 
setting n = p one obtains a = 2 k q — 3(p~ l)/2>2q — 3(p— l)/2> (p+ 3)/2> 
1 . 

6. For fixed n and the set {9(1),..., (p(n)}, there are finitely many possibilities 
for a mapping 9 on (1, . . . ,«}. Suppose 9 is the one among these for which 
SLi<p«A 2 is mini mal. If i < j and (p(i') > (p(j) for some i,j G {1, . . . ,n}, 
define 9 as \j/(i) = (p(j), 9(7) = 9(2), and \f/(k) = (p(k) for all other k. Then 


I 


9(*) 

k 2 



^ 9(0 + 9 _ ^9^) + 9(7) ^ 
(' - j) (9 (j) - <p (0 ) jji > 


which contradicts the assumption. This shows that 9(1) < ■ ■ • < 9(22), and con- 
sequently (p(k)>k for all k. Hence 
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7. Let x = OA, y = OB, z = OC, a = ZBOC, /3 = Z COA, y = ZAOB. The conditions 
yield the equation x + y + \J x 2 + y 2 — 2xy cos 7 = 2 p, which transforms to ( 2 p — 
x — y) 2 = x 1 +y 2 — Zxycosy, i.e. {p — x)(p — y) =xy( 1 — COS 7 ). Thus 


p~ x p-y - 1 

x y 


— cos 7 , 


and analogously ^ ^ = 1 — cos a, ^ • L-i = l — cos /3 . Setting tt = 
v = w = 2^, the above system becomes 

uv = 1 — cos 7 ? vw=l — cosa, wu=l — cos/3. 


This system has a unique solution in positive real numbers u, v, w: 


'1 — cos/3)(l — cosy) 
1 — cos a 

'1 — cosoc)(l — cos/3) 
1 — cosy 


(1 — cosy)(l — cosa) 


1 — COS P 


Finally, the values of x,y, z are uniquely determined from u,v,w. 

Remark. It is not necessary that the three lines be in the same plane. Also, there 
could be any odd number of lines instead of three. 

8 . Take the subset {a,} = {1,7, 11, 13, 17, 19,23,29, . . .,30 m— 1} of S containing 
all the elements of S that are not multiples of 3. There are 8 m such elements. 
Every element in S can be uniquely expressed as 3* a, for some i and t > 0. In a 
subset of S with 8 m + 1 elements, two of them will have the same a„ hance one 
will divide the other. 

On the other hand, for each i = 1 , 2, . . . , 8 m choose t > 0 such that 10m < bi = 
3 ‘at < 30m. Then there are 8 m bi s in the interval (10m, 30m), and the quotient 
of any two of them is less than 3, so none of them can divide any other. Thus the 
answer is 8 m. 

9. Since the nth missing number (gap) is f(f(n)) + 1 and /(/(n)) is a member of 
the sequence, there are exactly n — 1 gaps less than /(/(n)). This leads to 


/(/(»)) =/(")+«-!■ ( 1 ) 


Since 1 is not a gap, we have /( 1) = 1. The first gap is /(/( 1)) + 1=2. Two 
consecutive integers cannot both be gaps (the predecessor of a gap is of the 
form /(/(m))). Now we deduce /( 2) = 3; a repeated application of the formula 
above gives /(3) =3 + 1=4, /( 4) =4+2 = 6, /( 6) = 9, /( 9) = 14, /(14) = 22, 
/( 22) = 35, /(35) = 56, /( 56) = 90, /(90) = 145, /( 145) = 234, /(234) = 378. 
Also, /(/( 35)) + 1 = 91 is a gap, so /(57) = 92. Then by (1), /( 92) = 148, 
/(148) = 239, /( 239) = 386. Finally, here /(/(148)) + 1 = 387 is a gap, so 
/(240) = 388. 
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Second solution. As above, we arrive at formula (1). Then by simple induction 
it follows that /(F„ + 1) = F n+ \ + 1, where F k is the Fibonacci sequence (F\ = 
F 2 = 1). 

We now prove by induction (on n) that f(F n + x) = F n+ \ + f(x) for all x with 
1 < x < F n i . This is trivially true for n = 0, 1 . Supposing that it holds for n — 1 , 
we shall prove it for n: 

(i) If x = f(y) for some y, then by the inductive assumption and (1) 

f(F n +x) = f(F n + f(y)) = /(/(F n _! +y)) 

= F n + f(y)+F n . l+ y-l = F n+1 + /(x ) . 

(ii) If x = /(/(y)) + 1 is a gap, then f{F n +x- 1) + 1 = F n+ i +f(x- 1) + 1 is 
a gap also: 

Fn+i+f(x) + 1 = F n+ 1 +f (fifty))) + 1 

= f(Fn+ fifty))) + 1 = fiftFn - 1 +f(y))) + 1. 

It follows that f(F n +x)= F n+l +f(x- 1) + 2 = F n+ i + f{x). 

Now, since we know that each positive integer x is expressible as x = F k] +F&, + 

b F kr , where 0 < k r f 2, ki > k i+ 1 +2, we obtain /(x) =F kl+ i +F kl+l H b 

F kr+l . Particularly, 240 = 233 + 5 + 2, so /(240) = 377 + 8 + 3 = 388. 

Remark. It can be shown that /(x) = [ax], where a = (1 + \/5)/2. 

10. Assume the opposite. One of the countries, say A, contains at least 330 members 
a \ , a 2 , ■ ■ ■ , +330 of the society ( 6 ■ 329 = 1974). Consider the differences 0/330 — a h 
i= 1,2, ... , 329: the members with these numbers are not in A, so at least 66 of 
them, c/330 — fl/i , • • • ,0/330 — c/, 66 , belong to the same country, say B. Then the 
differences (c/,- 66 — 0/330) — (c/< ( —0/330) = a i 66 — //,-,, j = 1,2, . ..,65, are neither in 
A nor in B. Continuing this procedure, we find that 17 of these differences are in 
the same country, say C, then 6 among 16 differences of themselves in a country 
D, and 3 among 5 differences of themselves in E ; finally, two differences of these 
3 differences belong to country F, so that the difference of themselves cannot be 
in any country. This is a contradiction. 

Remark. The following stronger ([6!e] = 1957) statement can be proved in the 
same way. 

Schur’s lemma. If n is a natural number and e the logarithm base, then for 
every partition of the set {1,2, ... , [en!]} into n subsets one of these subsets 
contains some two elements and their difference. 

11. Set F{x) = f\ (x) f 2 (x) ■ ■ ■ f n (x) : we must prove concavity of F 1 /". By the as- 
sumption, 

F(0x+ (1 - d)y) > fl [6fi(x) + (1 - 6)f(y)] 

i= 1 

= I e\\ - ey- k Zf h (x) . ..f k {x)f iM (y)f„(y), 

jfc=0 
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where the second sum goes through all (") ^-subsets of {1 

The inequality between the arithmetic and geometric means now gives us 

^fh(.x)fi 2 {x)---f ik (x)f ik+l (y)f in (y) > (^jF(x) k/n F(y) (n - k ^ n . 

Inserting this in the above inequality and using the binomial formula, we finally 
obtain 


F(6x+(\ - e)y) > i 0*(1 - e) n - k (^F{x) k l n F(yf n - k )l' 
= (eF{x) l i n +{\-e)F( y yi n ')\ 


which proves the assertion. 


12. Let O be the center of the smaller circle, T its contact point with the circumcircle 
of ABC, and J the midpoint of segment BC. The figure is symmetric with respect 
to the line through A, 0,J, T. 

A homothety centered at A taking T into J will take the smaller circle into 
the incircle of ABC, hence will take O into the incenter I. On the other hand, 
ZABT = Z. ACT = 90° implies that the quadrilaterals ABTC and APOQ are simi- 
lar. Hence the above homothety also maps O to the midpoint of PQ. This finishes 
the proof. 

Remark. The assertion is true for a nonisosceles triangle ABC as well, and this 
(more difficult) case is a matter of SL93-3. 


13. Lemma. If MNPQ is a rectangle and O any point in space, then OM 2 + OP 2 = 
ON 2 + OQ 2 . 

Proof. Let 0\ be the projection of O onto MNPQ, and m,n,p,q denote the 
distances of 0\ from MN, NP, PQ, QM, respectively. Then OM 2 = 00 2 + 
q 2 + m 2 , ON 2 = 00\ + m 2 + n 2 , OP 2 = 00\ +n 2 +p 2 , OQ 2 = 00\ + p 2 + 
q 2 , and the lemma follows immediately. 

Now we return to the problem. Let O be the center of the given sphere S, and 
X the point opposite P in the face of the parallelepiped through P,A,B. By the 
lemma, we have OP 2 + OQ 2 = OC 2 + OX 2 and OP 2 + OX 2 = OA 2 + OB 2 . Hence 
2 OP 2 + OQ 2 = OA 2 + OB 2 + OC 2 = 3 R 2 , i.e. OQ = V3R 2 - OP 2 > R. 

We claim that the locus of Q is the whole sphere (O. \/3R 2 — OP 2 ). Choose any 
point Q on this sphere. Since OQ > R > OP, the sphere with diameter PQ in- 
tersects S on a circle. Let C be an arbitrary point on this circle, and X the point 
opposite C in the rectangle PCQX. By the lemma, OP 2 + OQ 2 = OC 2 + OX 2 , 
hence OX 2 = 2R 2 — OP 2 > R 2 . The plane passing through P and perpendicular 
to PC intersects S' in a circle y; both P. X belong to this plane, P being inside 
and X outside the circle, so that the circle with diameter PX intersects y at some 
point B. Finally, we choose A to be the point opposite B in the rectangle PBXA: 
we deduce that OA 2 + OB 2 = OP 2 + OX 2 , and consequently A e S. By the con- 
struction, there is a rectangular parallelepiped through/ 5 , A, B,C,X, Q . 
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14. We label the cells of the cube by («i ,< 22 , < 23 ), < 2,6 {1 . 2, . . . , 2n + 1}, in a natural 
way: for example, as Cartesian coordinates of centers of the cells ((1, 1, 1) is one 
corner, etc.). Notice that there should be {In + 1 ) 3 — 2n(2n + 1) • 2(n+ 1 ) = 2n + 1 
void cells, i.e., those not covered by any piece of soap. 

n = 1 . In this case, six pieces of soap 1x2x2 can be placed on the following 
positions: [(1, 1, 1), (2,2, 1)], [(3, 1, 1), (3,2,2)], [(2,3, 1), (3,3,2)] and the 
symmetric ones with respect to the center of the box. (Here [A, B] denotes 
the rectangle with opposite comers at A,B.) 
n is even. Each of the 2n + 1 planes P k = {{a\,ai,k) \ ai = 1,. . . ,2n+ 1} can 
receive 2 n pieces of soap: In fact, I\ can be partitioned into four n x {n + 1) 
rectangles at the corners and the central cell, while an n x (n + 1 ) rectangle 
can receive n/2 pieces of soap. 

n is odd, n > 1. Let us color a cell (a i ,< 22 , 03 ) blue, red, or yellow if exactly 
three, two or one a, respectively is equal to n + 1. Thus there are 1 blue, 6 n 
red, and 12n 2 yellow cells. We notice that each piece of soap must contain 
at least one colored cell (because 2 (n +1) > 2« + 1). Also, every piece of 
soap contains an even number (actually, 1 • 2, 1 (« + 1 ), or 2 (n + 1 )) of cells 
in P k . On the other hand, 2n + 1 cells are void, i.e., one in each plane. 
There are several cases for a piece of soap S: 

(i) S consists of 1 blue, n + 1 red and n yellow cells; 

(ii) S consists of 2 red and 2 n yellow cells (and no blue cells); 

(iii) S contains 1 red cell, n + 1 yellow cells, and the rest are uncolored; 

(iv) S contains 2 yellow cells and no blue or red ones. 

From the descriptions of the last three cases, we can deduce that if S con- 
tains r red cells and no blue, then it contains exactly 2 + {n — \)r red 
ones. (*) 

Now, let B \ , . . . ,B k be all boxes put in the cube, with a possible exception 
for the one covering the blue cell: thus k = 2n{2n+ 1 ) if the blue cell is 
void, or k = 2n(2n + 1) I otherwise. Let r, and y,- respectively be the 

numbers of red and yellow cells inside B t . By (*) we have y\-\ by t = 

2 k+ {n— 1) (rj H \- r k ). If the blue cell is void, then ri -| \-r k = 6n 

and consequently yi H \-y k = An{2n + 1) + 6 n(n — 1) = 14« 2 — 2 n, which 

is impossible because there are only 1 2n 2 < 14n 2 — 2 n yellow cells. Oth- 
erwise, r\-\ b r k > 5n — 2 (because n + 1 red cells are covered by 

the box containing the blue cell, and one can be void) and consequently 

yi H by* > An(2n + 1) — 2 + (n — l)(5n — 2) = 13n 2 — 3 n\ since there 

are n more yellow cells in the box containing the blue one, this counts for 
13n 2 — 2 n> 12 n 2 (n > 3), again impossible. 

Remark. The following solution of the case n odd is simpler, but does not work 
for n = 3. For k = 1,2,3, let m k be the number of pieces whose long sides are 
perpendicular to the plane n k {a k =n+ 1). Each of these m k pieces covers exactly 
2 cells of n k , while any other piece covers n + 1, 2 {n + 1), or none. It follows 
that An 2 + An — 2m k is divisible by n + 1, and so is 2 m k . This further implies that 
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2m\ + 2 ni 2 + 2ms = 4n(2n + 1) is a multiple of n + 1, which is impossible for 
each odd n except n = 1 and n = 3. 

15. Let C n = {a\ , . . ,,a n } (C 0 = 0) and P„ = {/(B) \ B C C„}. We claim that P„ 
contains at least n+ 1 distinct elements. First note that Pq = { 0 } contains one 
element. Suppose that Pn+l=Pn for some n. Since P n+ i 3 {a n+ \ + r \ r G P n }, it 
follows that for each r G P n , also r + a n+ i G P n . Then obviously 0 G P„ implies 
ka n+ 1 G P n for all t, therefore P„ = P has at least p > n + 1 elements. Otherwise, 
if P n+ 1 D P n for all n, then \P n +i > \P n \ + 1 and hence \P n \ > n + 1, as claimed. 
Consequently, \P p ~i\ > p . (All the operations here are performed modulo p.) 

16. Clearly |x| < 1. As x runs over [—1,1], the vector u = (ax, ay/ 1 — x 2 ) runs over 
all vectors of lengt h a in the plane having a nonnegative vertical component. 
Putting v = ( by,b\J 1 — y 2 ), w = ( cz,cV 1 — z 2 ), the system becomes u + v = w, 
with vectors u,v,w of lengths a,b,c respectively in the upper half-plane. Then 
a,b,c are sides of a (possibly degenerate) triangle; i.e, \a — b\ < c < a + b is a 
necessary condition. 

Conversely, if a,b,c satisfy this condition, one constructs a triangle OMN with 
OM = a, ON = b, MN = c. If the vectors OM , ON have a positive nonnegative 
component, then so does their sum. For every such triangle, putting u = OM, 
v = ON, and w = OM + ON gives a solution, and every solution is given by 
one such triangle. This triangle is uniquely determined up to congruence: a = 
Z MON = Z(u,v) and j3 = Z(u,w). 

Therefore, all solutions of the system are 

x = cost, y = cos(t + a), z = y = cos(f + j3), fG[0,7r — a] or 

x = cos t, y = cos(t — a), z = y = cos(f — j3), t&[a,n\. 

17. Let zo > 1 be a positive integer. Supposing that the statement is true for all triples 
(x,y,z) with z < zo, we shall prove that it is true for z = zo too. 

If zo = 1, verification is trivial, while xq = yo is obviously impossible. So let 
there be given a triple (xo,yo,zo) w'^ Zo > 1 and xo < yo, and define another 
triple ( x,y,z ) by 

x = zo, y = xo + yo~2zo, and z = zo~x 0 . 

Then x, y, z are positive integers. This is clear for x, z, while y = xo + >’o — 2 zq > 
2(^0 - zo) > 2(zo - zo) = 0. Moreover, xy-z 2 = x 0 (x 0 +yo - 2z 0 ) - (zo - 
xo) 2 = xoyo — Zo = 1 and z < zo, so that by the assumption, the statement holds 
for x,y,z. Thus for some nonnegative integers a,b,c,d we have 

x = a 2 + b 2 , y = c 2 + d 2 , z = ac + bd. 

But then we obtain representations of this sort forxo,yo,zo too: 

x 0 =a 2 + b 2 , y 0 = (a + c) 2 + (b + d) 2 , zjq = a(a + c) + b(b + d). 

For the second part of the problem, we note that for z = (2 q)\. 
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z 2 = ( 2 <?)!(2^)(2i?— 1)1 = (2q)\-(-(2q+l)){-(2q + 2))---{-4q) 

= {-\) lq {4q)\ = -1 (mod p), 

by Wilson’s theorem. Hence p | z 2 + 1 = py for some positive integer y > 0. Now 
it follows from the first part that there exist integers a , b such that x = p = a 2 +b 2 . 
Second solution. Another possibility is using arithmetic of Gaussian integers. 
Lemma. Suppose m,n,p,q are elements of Z or any other unique factorization 
domain, with mn = pq. then there exist elements a,b,c,d such that m = ab, 
n = cd, p = ac, q = bd. 

Proof is direct, for example using factorization of a,b,c,d into primes. 

We now apply this lemma to the Gaussian integers in our case (because Z[i] has 
the unique factorization property), having in mind that xy = z 2 + 1 = (z + i) (z — 
i). We obtain 

(1) x = ab, (2) y = cd, (3) z + i = ac, (4) z — i = bd 

for somefl,£>,c,d £ Z '[*]. Let a = a\ +r *2 i, etc. By (3) and (4), gcd(ai,a 2 ) = • • • = 
gcd(<ii ,d 2 ). Then (1) and (2) give us b = a,c = d. The statement follows at once: 
x = ab = ad = a\ + a\, y = dd = d\ + d\ and z + i = {aid\ + 02 ^ 2 ) + i(p-idi — 
a\df) => z = a\d\ + 02 ^ 2 - 
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4.21 Solutions to the Shortlisted Problems of IMO 1979 

1. We prove more generally, by induction on n, that any 2n-gon with equal edges 

and opposite edges parallel to each other can be dissected. For n = 2 the only 
possible such 2n-gon is a single lozenge, so our theorem holds in this case. We 
will now show that it holds for general n. Assume by induction that it holds 
for n — 1. Let A\Ao . . . A2« be an arbitrary 2n-gon with equal edges and opposite 
edges parallel to each other. Then we can construct points for i = 3,4, . . . ,n 
such that A, = AjA\ =A n+ \A n+ 2 . We set £2 =^2«+i = A 1 and B n+ \ =A n+ j. 
It follows that AiBiB i+ iA i+ i for i = 2,3,4, ... ,n are all lozenges. It also follows 
that for i = 2. 3.4, ... ,n are equal to the edges of A\Ao . . .A 2 n and parallel 

to AjA i+ 1 and hence to A n+( A„ +(+ 1 . Thus Bi . ■ ■ B n+ \A n+ j . . .A 2 n is a 2 (n — 1)- 
gon with equal edges and opposite sides parallel and hence, by the induction 
hypothesis, can be dissected into lozenges. We have thus provided a dissection 
for A1A2 . . -A 2 „. This completes the proof. 

2. The only way to arrive at the latter alternative is to draw four different socks in 
the first drawing or to draw only one pair in the first drawing and then draw two 
different socks in the last drawing. We will call these probabilities respectively 
Pi, P 2 , Pi- We calculate them as follows: 

_ (l) 2 4 _ 8 _ 5Q2 2 _ 4 _ 4 _ 4 

Pl ('4°) 21’ P2 (10) V P3 (6) 15' 

We finally calculate the desired probability: P = p\ + P 2 P 1 = yj . 

3. An obvious solution is /(x) = 0. We now look for nonzero solutions. We note 
that plugging in x = 0 we get /( 0) 2 = /( 0); hence /( 0) = 0 or /( 0) = 1. If 
/( 0) = 0, then / is of the form /( x) = x k g(x), where g(0) 7^ 0. Plugging this 
formula into /(*)/( 2x 2 ) = /(2x 3 +x) we get 

2 k x lk g(x)g(2x 2 ) = (2x 2 +l) k g(2x 3 +x). 

Plugging in x = 0 gives us g(0) = 0, which is a contradiction. Hence /( 0) = 1 . 
For an arbitrary root a of the polynomial /, 2a 3 + a must also be a root. Let a 
be a root of the largest modulus. If |a| > 1 then |2a 3 + a\ > 2|a| 3 — |a| > |a|, 
which is impossible. It follows that | a \ < 1 and hence all roots of / have modules 
less than or equal to 1. But the product of all roots of / is |/(0)| = 1, which 
implies that all the roots have modulus 1. Consequently, for a root a it holds that 
|a| = 2a 3 — a | = 1. This is possible only if a = ± 1 . Since the coefficients of 
/ are real it follows that / must be of the form f(x) = (x 2 + 1 ) k where k G No. 
These polynomials satisfy the original formula. Hence, the solutions for / are 
/(x) = 0 and /(x) = (x 2 + 1)*, k G N 0 . 

4. Let us prove first that the edges AiA 2,A2A3, . . . ,AsAi are of the same color. 
Assume the contrary, and let w.l.o.g. A1A2 be red and A2A3 be green. Three of 
the segments A2B; (l = 1,2, 3, 4, 5), say A2^,- , A 2^/, ^ 2^* , have to be of the same 
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color, let it w.l.o.g. be red. Then A\B;.A\Bj,Ai must be green. At least one 
of the sides of triangle BjBjB *, say BjBj, must be an edge of the prism. Then 
looking at the triangles A\BiBj and AjBfij we deduce that BjBj can be neither 
green nor red, which is a contradiction. Hence all five edges of the pentagon 
A1A2A3A4A5 have the same color. Similarly, all five edges of B1B2B3B4B5 have 
the same color. 

We now show that the two colors are the same. Assume otherwise, i.e., that 
w.l.o.g. the A edges are painted red and the B edges green. Let us call segments 
of the form AjBj diagonal (i and j may be equal). We now count the diagonal 
segments by grouping the red segments based on their A point, and the green 
segments based on their B point. As above, the assumption that three of AiBj for 
fixed i are red leads to a contradiction. Hence at most two diagonal segments out 
of each A, may be red, which counts up to at most 10 red segments. Similarly, 
at most 10 diagonal segments can be green. But then we can paint at most 20 
diagonal segments out of 25, which is a contradiction. Hence all edges in the 
pentagons A 1 A2A 3A4A5 and B1B2B3B4B5 have the same color. 

5. Let A = {x | (x,y) £ M} and B = {y \ (x.y) £ M. Then A and B are disjoint and 
hence 



These cardinalities can be achieved for M = {( a,b ) | a = 1,2, ..., [re/2], b = 
[re/2] + 1,..., re}. 

6. Setting q = x 2 + x — p, the given equation becomes 



(1) 


Taking squares of both sides we get 2^/((x+ 1 ) 2 — 2q)((x + 2} 2 — q) = 2(x + 
l)(x + 2). Taking squares again we get 


q(2q-2{x + 2) 2 -(x+l) 2 ) = 0. 


If 2q = 2(x + 2) 2 + (x + 1 ) 2 , at least one of the expressions under the three square 
roots in (1) is negative, and in that case the square root is not well-defined. Thus, 
we must have q = 0. 

Now (1) is equivalent to |x+ 1| + |x + 2| = |2x + 3|, which holds if and only if 
x 0 (-2,-1). The number of real solutions x of q = x 2 +x — p = 0 which are 
not in the interval (-2,-1) is zero if p < — 1/4, one if p = — 1/4 or 0 < p <2, 
and two otherwise. 

Hence, the answer is — 1/4 < p < 0 or p > 2. 

7. We denote the sum mentioned above by S. We have the following equalities: 
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1 i i 1 1 

_ 2 + 3 _ 4 + 1318 + 1319 


— 1 


= ! + - + ••• + 


1319 

1 

1319 




1318 ) 


1 1 

“ 660 + 661 + ‘ 
989 i 

■I ■ 


- l+«+— ■+ 


1979 


659 


1 

1319 

989 

2 77 


1979 — i (1979-i) 


Since no term in the sum contains a denominator divisible by 1979 (1979 is a 
prime number), it follows that when S is represented as p/q the numerator p will 
have to be divisible by 1979. 

8. By the definition of /, it holds that f(0.bib 2 ■■■) = 3&i/4 + f(Q.b 2 b 3 . . .)/4 = 
0.b\b\ + f{0.b 2 b 3 • • • )/4. Continuing this argument we obtain 

m.blb 2 b 3 ...) = 0 .bibi . . . b n b n + ^f(0.b n+l b n+2 ...). (1) 

The binary representation of every rational number is eventually periodic. Let 
us first determine f(x) for a rational x with the periodic representation x = 
0.b\b 2 ...bn. Using (1) we obtain f(x) = Q.b\b\ . . . b n b n + f(x) /2 2 ", and hence 
f{x) = ^-y0.b\b\ . . . b n b n = Q-b\b\ . . . b n b n . 

Now let x = ().ci\a. 2 . . . aib\b 2 ...b n be an arbitrary rational number. Then it fol- 
lows from (1) that 


f(x) = O.aioi . . . a k a k + ^ f(0.bib 2 ...b„) = O.aicn . . . a k a k bib\ . . . b n b n - 

Hence f{0.b\b 2 ■■■) = 0.b\b]b 2 b 2 ... for every rational number ().b\b 2 .... 

9. Let us number the vertices, starting from S and moving clockwise. In that case 
S = 1 and F = 5. After an odd number of moves to a neighboring point we can 
be only on an even point, and hence it follows that a 2n -\ = 0 for all n G N. Let 
us define respectively z n and w„ as the number of paths from S to S in 2 n moves 
and the number of paths from S to points 3 and 7 in 2 n moves. We easily derive 
the following recurrence relations: 


«2n+2 = Wn, w n+ i = 2w n + 2z n , z„+i = 2z„ + w n , n = 0,1,2,.... 


By subtracting the second equation from the third we get z n +i = w«+i — w n . By 
plugging this equation into the formula for w n + 2 we get vv „ + 2 — 4vv„ + i + 2w„ = 0 . 
The roots of the characteristic equation r 2 — 4r + 2 = 0 are x = 2 + \/2 and 
y = 2— \/2. From the conditions wo = 0 and wi = 2 we easily obtain a 2n = 
w n ^ = {x n ~ l -r- l )/y/2. 
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10. In the cases a = 0 , b = 0 , and a || b the inequality is trivial. Otherwise, let us 
consider a triangle ABC such that CB = a and CA = b. From this point on we 
shall refer to a , J3 , y as angles of ABC. Since \axb\ = \a\ \b\ siny, our inequality 
reduces to \a\\b\ sin 3 y < 3 V3|c| 2 /8, which is further reduced to 

• ■ « ■ / 3 V3 

sin a sin p sin y< — — 

8 

using the sine law. The last inequality follows immediately from Jensen’s in- 
equality applied to the function f(x) = In sinx, which is concave for 0 < x < n 
because f{x) = cotx is strictly decreasing. 

11. Let us define y,- = xj. We thus have yi +y 2 H by n = 1 , y< > 1/n 2 , and P = 

y/y\yi---y n . 

The upper bound is obtained immediately from the AM-GM inequality: P < 
1 / n n ' 2 , where equality holds when x,- = ^/y\ = 1 / ^Jn. 

For the lower bound, let us assume w.l.o.g. that yi > yz > ■•■ > y«. We note 
that if a > b > 1 /n 2 and s = a + b > 2/n 2 is fixed, then ab = (s 1 — (a — b) 2 ) /4 
is minimized when | a — b\ is maximized, i.e., when b = I /n 2 . Hence yiy 2 ■■■yn 
is minimal when V 2 = yi = • • • = yn = 1 /« 2 - Then y\ = (n 2 — n + 1 )/rr and 
therefore P mm = Vn 2 — n+l/n n . 

12. The first criterion ensures that all sets in an 5-family are distinct. Since the num- 
ber of different families of subsets is finite, h has to exist. In fact, we will show 
that h= 11. First of all, if there exists X e F such that |X| > 5, then by (3) there 
exists Y £ F such that X U Y = R. In this case F is at most 2. Similarly, for 
|X| =4, for the remaining two elements either there exists a subset in F that 
contains both, in which case we obtain the previous case, or there exist different 
Y and Z containing them, in which case X U Y U Z = R, which must not happen. 
Hence we can assume |X| < 4 for all X £ F. 

Assume \X \ = 1 for some X . In that case other sets must not contain that subset 
and hence must be contained in the remaining 5-element subset. These elements 
must not be subsets of each other. From elementary combinatorics, the largest 
number of subsets of a 5-element set of which none is subset of another is @ = 
10. This occurs when we take all 2-element subsets. These subsets also satisfy 
(2). Hence |F| max = 1 1 in this case. 

Otherwise, let us assume \X \ = 3 for some X. Let us define the following families 
of subsets: G = {Z = Y \X j Y £ F} and H = {Z = Y HX | F e F}. Then no two 
sets in G must complement each other in R \X, and G must cover this set. Hence 
G contains exactly the sets of each of the remaining 3 elements. For each element 
of G no two sets in FI of which one is a subset of another may be paired with it. 
There can be only 3 such subsets selected within a 3 -element set X. Hence the 
number of remaining sets is smaller than 3-3 = 9. Hence in this case |F| max = 10. 
In the remaining case all subsets have two elements. There are (®) = 15 of them. 
But for every three that complement each other one must be discarded; hence 
the maximal number for F in this case is 2 • 15/3 = 10. 

It follows that h= 11. 
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13. From elementary trigonometry we have sin 3t = 3 sin? — 4 sin 3 1. Hence, if we 
denote y = sin 20°, we have V3/2 = sin 60° = 3y — 4y 3 . Obviously 0 < y < 
1/2 = sin30°. The function f(x) = 3x — 4x 3 is strictly increasing on [0,1/2) 
because /'(x) = 3 — lZx 2 > 0 for 0 < x < 1/2. Now the desired inequality = 
j < sin 20° < 55 = 55 follows from 



which is directly verified. 

14. Let us assume that a e R\ { 1 } is such that there exist a and x such that x = log a x, 
or equivalently /(x) := lnx/x = In a. Then a is a value of the function /(x) for 
x £ R + \ { 1 }, and the converse also holds. 

First we observe that /(x) tends to — as x — ► 0 and /(x) tends to 0 as x — > 1. 
Since /(x) > 0 for x > 1, the function /(x) takes its maximum at a point x for 
which f(x) = (1 - lnx)/x 2 = 0. Hence 

ma xf(x)=f(e) = e^ e . 

It follows that the set of values of /(x) for x e R + is the interval (— °°, e x / e ), and 
consequently the desired set of bases a of logarithms is (0, 1) U 

15. We note that 

5 5 5 5 

^ i(a — i 2 ) 2 Xi = a 2 ^ ixi — 2a ^ i 3 x,- + ^ i 5 x/ = a 2 ■ a — 2a ■ a 2 + a 3 = 0. 

i=i i=i i=i i=i 

Since the terms in the sum on the left are all nonnegative, it follows that all the 
terms have to be 0. Thus, either x, = 0 for all i, in which case a = 0, or a = j 2 for 
some j and x, = 0 for i ^ j. In this case, Xj = a/ j = j. Hence, the only possible 
values of a are {0, 1,4,9, 16,25}. 

16. Obviously, no two elements of F can be complements of each other. If one of the 
sets has one element, then the conclusion is trivial. If there exist two different 

2- element sets, then they must contain a common element, which in turn must 
then be contained in all other sets. Thus we can assume that there exists at most 
one 2-element subset of K in F. Since there can be at most 6 subsets of more 
than 3 elements of a 5-element set, it follows that at least 9 out of 10 possible 

3- element subsets of K belong to F. Let us assume, without loss of generality, 
that all sets but {c.d.e} belong to F. Then sets {a. b. c}, {a,d,e}, and {b. c.d} 
have no common element, which is a contradiction. Hence it follows that all sets 
have a common element. 

17. Let K, L, and M be intersections of CQ and BR, AR and CP, and AQ and BP, 
respectively. Let ZX denote the angle of the hexagon KQMPLR at the vertex X, 
where X is one of the six points. By an elementary calculation of angles we get 


ZK = 140°, ZL = 130°, ZM= 150°, ZF= 100°, = 95°, ZR = 105° . 
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Since ZKBC = ZKCB, it follows that K is on the symmetry line of ABC through 
A. Analogous statements hold for L and M. Let K R and Kq be points symmetric 
to K with respect to AR and AQ, respectively. Since ZAKqQ = ZAKqK r = 70° 
and ZAKrR = ZAKrKq = 70°, it fol- c 

lows that the points K R , R, Q, and 
Kq are collinear. Hence ZQRK = 

2ZR - 180° and ZRQK = 2ZQ - 
180°. In the same way we conclude 
that ZPRL = 2ZR— 1 80°, ZRPL = 

2ZP- 180°, ZQPM = 2ZP — 180° 
and ZPQM = 2ZQ — 1 80° . From these 
formulas we easily get ZRPQ = 60°, 

ZRQP = 75°, and ZQRP = 45°. 

18. Let us write all a, in binary representation. For S C {1,2, ... ,m} let us define 
b(S') as the number in whose binary representation ones appear in exactly the 
slots where ones appear in all a t where i C S and don’t appear in any other 
a,. Some b(S), including b{%), will equal 0, and hence there are fewer than 2 m 
different positive b(S). We note that no two positive b[S i) and b( S 2 ) (S\ / S 2 ) 
have ones in the same decimal places. Hence sums of distinct b(S)’s are distinct. 
Moreover 

a i = '£b(S) 
ieS 

and hence the positive b(S) are indeed the numbers b\,. . . ,b n whose existence 
we had to prove. 

19. Let us define ij for two positive integers i and j in the following way: i\ = i 
and ij+\ = i'i for all positive integers j. Thus we must find the smallest m such 
that 100 m > 3 ioo- Since 100i = 100 > 27 = 32 , we inductively have 1 00/ = 
1 0 1 00 j-i > 3 100 /-i > 3 3 j = 3 y+1 and hence m < 99. We now prove that m = 99 
by proving IOO 98 < 3ioo- We note that (IOO 1) 2 = 10 4 < 27 4 = 3 12 < 3 27 = 33 . 
We also note for d > 12 (which trivially holds for all d = 100,) that if c> d 2 , 
then we have 

3 C > 3 d2 > 3 12d = (3 12 ) d > 10000 d = (100 d ) 2 . 

Hence from 33 > (IOO 1) 2 it inductively follows that 3/ > (100/_2) 2 > 100/_2 
and hence that IOO 99 > 3 100 > IOO 98 . Hence m = 99. 

20. Let Xk = max{xi,X 2 , . . . ,x n }. Then x,x ,- + 1 < XiX/, for i = l,2,...,k— 1 and 
XjXi + 1 < x/cXi+i for i = k,. . . ,n — 1. Summing up these inequalities for i = 
l, 2 ,...,n— 1 we obtain 

«- 1 fl 2 

X < Xk{x 1 + • • • +x k -i +x k+i A Vx n ) = x k (a-x k ) < — . 

:piii 4 

We note that the value a 2 /4 is attained for x\ = X 2 = a/2 and *3 = • • • = x n = 0. 
Hence a 2 /4 is the required maximum. 



4.21 Shortlisted Problems 1979 451 


21. Denote m = 10 6 and let f(n) be the number of different ways n G N can be 
expressed as x 2 + y 3 with x,y G {0,1... . ,mj. Clearly /(« ) = 0 for n < 0 or 
n > m 2 + m 3 . The first equation can be written as x 2 + 1 3 = y 1 + z 3 = n, whereas 
the second equation can be written as x 2 + 1 3 = n + 1 , y 2 + z 3 = n. Hence we 
obtain the following formulas for M and N: 


M=±f(!)\ N= X /(«')/(*'+ !)■ 
s=o i=o 

Using the AM-GM inequality we get 

m - 1 

* = X /(0/(*'+ 1) 


- < M . 


The last inequality is strict, since /( 0) = 1 > 0. This completes our proof. 

22. Let the centers of the two circles be denoted by O 
radii by r and r\ , and let the positions 
of the points on the circles at time t be 
denoted by M(t) and N(t). Let Q be 
the point such that OAO\Q is a paral- 
lelogram. We will show that Q is the 
point P we are looking for, i.e., that 
QM(t) = QN(t) for all t. We note that 
OQ = 0\A = r\, 0\Q = OA = r and 
ZQOA = Z.QO\A = <j). Since the two points return to A at the same time, it 
follows that ZM{t)OA = ZN{t)O x A = at. Therefore ZQOM(t) = ZQO x N(t) = 
0 + at, from which it follows that A QOM{t) = AQO\N(t). Hence QM(t ) = 
QN{t), as we claimed. 

23. It is easily verified that no solutions exist for n < 8. Let us now assume that 
n > 8. We note that 2 8 + 2 11 + 2" = 2 8 ■ (9 + 2” -8 ). Hence 9 + 2 n-8 must also 
be a square, say 9 + 2" -8 =x 2 , x G N, i.e., 2" -8 =x 2 — 9 = (x — 3)(x + 3). Thus 
x — 3 and x + 3 are both powers of 2, which is possible only for x = 5 and n = 12. 
Hence, n = 12 is the only solution. 

24. Clearly O is the midpoint of BC. Let M and N be the points of tangency of 
the circle with AB and AC, respectively, and let ZBAC = 2(p. Then ZBOM = 
ZCON = tp. 

Let us assume that PQ touches the circle in X. If we set ZPOM = ZPOX = x and 
ZQON = ZQOX = y, then 2x + 2y = ZMON = 1 80° - 2<p, i.e., y = 90° - tp - x. 
It follows that ZOQC = 180° - ZQOC-ZOCQ = 180° - {(p+y) - (90° -<?>) = 
90° — y = x + tp = ZBOP. Hence the triangles BOP and CQO are similar, and 
consequently BPCQ = BOCO= (BC/2) 2 . 
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Conversely, let BP ■ CQ = ( BC/2 ) 2 and let Q' be the point on {AC) such that PQ' 
is tangent to the circle. Then BP ■ CQ ' = {BC/2) 2 , which implies Q = Q'. 

25. Let us first look for such a point R on a ray l in n going through P. Let ZQPR = 
26. Consider a point Q' on the extension of l beyond P such that Q'P = QP. 
Then we have 

QP + PR _ RQ ' _ sin ZQ'QR 
QR ~l2R~ sin ZQQ'R ' 

Since ZQQ'R is fixed, the maximum of the expression occurs when ZQ'QR = 
90°, i.e., when PR = PQ. In this case, {QP+PR)/QR = 1/sinfL Looking at all 
possible rays Z, we see that 6 is minimal when l contains the projection of PQ 
onto n. Hence, if PQ / 7t, the desired point R is the point on the projection of ray 
PQ onto k such that PR = PQ; otherwise, R is any point of the circle k{P,PQ). 

26. Let us assume that f{x+y) = f(x) + f(y) for all reals. In this case we trivially 
apply the equation to get f{x+y +xy) = f{x+y)+f{xy) = f{x) +f(y) +f{xy). 
Hence the equivalence is proved in the first direction. 

Now let us assume that f{x+y+xy) = f{x) +f{y) +f(xy) for all reals. Plugging 
in x = y = 0 we get /( 0) = 0. Plugging in y = -1 we get f{x) = -f(-x). 
Plugging iny = 1 we get f{2x + 1 ) =2 f{x) +/(1) and hence /(2(m + v + uv) + 
1) = 2f{u + v+uv) +/(1) = 2f{uv) +2/(m) +2/(v) +/(1) for all real u and v. 
On the other hand, plugging in x = u and y = 2v + 1 we get /(2(w+v+ «v) + 1) = 
f{u + (2v + 1 ) + u(2v + 1 ) ) = f{u) + 2/(v) +/( 1 ) +f{2uv + u). Hence it follows 
that 2 f{uv) + 2f{u) + 2f{v) + f{l) = f{u) + 2 f{v) + f{ 1 ) + f{2uv + u) , i.e., 

f{2uv + u) =2f{uv)+f{u). (1) 

Plugging in v = —1/2 we get0 = 2/(— u/2)+f{u) = —2f{u/2)+f{u). Hence, 
f{u) = 2f{u/2) and consequently /( 2x) = 2 f{x) for all reals. Now (1) reduces 
to f{2uv + u)= f{2uv) +/(«). Plugging in u = y and x = 2uv, we obtain f{x) + 
f{y) = f{x+y) for all nonzero reals x and y. Since /( 0) = 0, it trivially holds 
that f{x+y) = f(x) +f{y) when one of x and y is 0. 

Second solution. Assume that f{x+y +xy) = f{x) +f(y) +f{xy) for all x.y. 
Substituting ( x , —y) in the functional equation and adding it to the original equa- 
tion yields 


f{x-t)+f{x+t) = 2f{x), where t = y{x+ 1). (2) 

Thus (2) holds whenever x^—l. Similarly, for t ^ — 1 we have fit—x) + f{x + 
t) = 2 f{t). Summing these two equalities and using f{y) = —f{—y) as shown 
above we obtain f{x) +f{t) = f{x + t) for all x,t ^ — 1. The case x = — 1 or 
t = — 1 is easy to handle with, as /(— 1) = 2/(— i). 
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4.22 Solutions to the Shortlisted Problems of IMO 1981 

1. Assume that the set {a — n + l, a — n + 2, . . . ,a} of n consecutive numbers 
satisfies the condition a | lcm[a — n + 1, . . . ,a — 1], Let a = p^Pj 1 ■ ■ ■ p’r' be 
the canonic representation of a, where p\ < pi < ■ ■ ■ < p r are primes and 
oq, • • • ,a r > 0. Then for each j = 1,2,..., r, there exists m, m= 1,2, . . . ,n— 1, 
such that pj J | a — m, i.e., such that Pj J \ m. Thus Pj J < n — 1. If r = 1, then 
a = p < n — 1, which is impossible. Therefore r> 2. But then there must exist 
two distinct prime numbers less than n; hence n > 4. 

For n = 4, we must have , p“ 2 < 3, which leads to p\ = 2, p 2 = 3, a.\ = a .2 = 
1. Therefore a = 6, and {3, 4, 5, 6} is a unique set satisfying the condition of the 
problem. 

For every n > 5 there exist at least two such sets. In fact, for n = 5 we easily 
find two sets: {2, 3, 4, 5, 6} and {8,9, 10,11,12}. Suppose that n > 6. Let r,s,t be 
natural numbers such that 2 r <n— 1 < 2 r+1 , 3 s < n— 1 < 3 S+1 , 5‘ <n 1 < 5 ,+ l . 
Taking a = 2 r ■ 3 s and a = 2 r ■ 5' we obtain two distinct sets with the required 
property. Thus the answers are (a) n > 4 and (b) n = 4. 

2. Lemma. Let E,F,G, H, I, and K be points on edges AB, BC, CD, DA, AC, and 

BD of a tetrahedron. Then there is a sphere that touches the edges at these 
points if and only if 

AE = AH = AI, BE = BF = BK, , , 

CF = CG = Cl, DG = DH = DK. W 

Proof. The “only if” side of the equivalence is obvious. 

We now assume (*). Denote by 
£,0,y,T?,i, and k planes through 
E, F, G, H, I, K perpendicular to 
AB, BC, CD, DA, AC and BD re- 
spectively. Since the three planes e, 
tj, and t are not mutually parallel, 
they intersect in a common point O. 

Clearly, A AEO = AAHO = A AIO\ 
hence OE = OH = OI = r, and the sphere o(0,r) is tangent to AB, AD, AC. 
To prove that (7 is also tangent to BC, CD,BD it suffices to show that planes 
(j), y, and k also pass through O. Without loss of generality we can prove 
this for just (j). By the conditions for E,F,I, these are exactly the points 
of tangency of the incircle of A ABC and its sides, and if S is the incenter, 
then SE A AB, SF A BC, SI A AC. Hence £, l, and (j) all pass through 
S and are perpendicular to the plane ABC, and consequently all share the 
line l through S perpendicular to ABC. Since l = e fl i, the point O will be 
situated on l, and hence <j> will also contain O. This completes our proof of 
the lemma. 

Let AH =AE= x, BE = BF = y, CF = CG = z, and DG = DH = w. If the 
sphere is also tangent to AC at some point I, then AI = x and IC = z. Using the 
stated lemma it suffices to prove that if AC = x + z, then BD = y + w. 
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Let EF = FG = GH = HI = t, /.BAD = a, / ABC = j3, /BCD = y, and 
/ADC = 8. We get 

t 2 = EH 2 = AE 2 +AH 2 - 2 • AE ■ AH cos a = 2X 2 ( 1 - cos a) . 

We similarly conclude that t 2 = 2y 2 (l — cos/3) = 2z 2 (l — cosy) = 2w 2 (l — 
cos 5). Further, using thatAB = jc+y, BC = y+z, cosj3 = 1 — f 2 /2y 2 , we obtain 

AC 2 = AB 2 + BC 2 - 2AB ■ BC cos j3 = (x — zf + 1 2 ^ + 1 

Analogously, from the triangle ADC we get AC 2 = (x— z) 2 +t 2 {x/w+ l)(z/w + 
1), which gives {x/y+ ^){z/y + 1) = {x/w+\){z/w+\). Since f(s) = (. x/s + 
1 )(z/.s'+ 1 ) is a decreasing function in s, it follows that y = w; similarly x = z. 
Hence CF = CG = x and DG = DH = y. Hence AC j| EF and AC : t = AC : 
EF = AB : EB = (x + y) :y\ i.e., AC = t{x + y)/y. Similarly, from the triangle 
ABD, we get that BD = t{x+y) /x. Hence if AC = x+z = 2x, it follows that 2x = 
t(x + y)/y => 2xy = t(x + y) => BD = t(x+y)/x = 2y = y + w. This completes 
the proof. 

Second solution. Without loss of generality, assume that EF = 2. Consider 
the Cartesian system in which points 0,E,F,G,H respectively have coordi- 
nates (0,0,0), (-1,-1, a), (1,-1, a), (1,1, a), (—1,1, a). Line AD is perpen- 
dicular to OH and AE is perpendicular to OE\ hence from Pythagoras’s theo- 
rem AO 2 = AH 2 + HO 2 = AE 2 + EO 2 = AE 2 + HO 2 , which implies AH = AE. 
Therefore the y-coordinate of A is zero; analogously the x-coordinates of B 
and D and the y-coordinate of C are 0. Let A have coordinates (xo,0,zi): then 
EA(x o + l, l,zi — a) /EO(l,l,—a),i.e.,EA-EO = xo + 2+a(a — zi) =0. Sim- 
ilarly, for B( 0 ,yo,Z 2 ) we have yo + 2 + a (a — Z 2 ) =0. This gives us 

x 0 + a 2 + 2 y 0 + a 2 + 2 

Zl = , Z2 = • (1) 

a a 

We haven’tused yet that A(xo,0,zi), E(— 1, — l, a) and #(0,yo,Z2) are collinear, 
so let A',B',E' be the feet of perpendiculars from A.B. E to the plane xy. The 
line A'B', given by yox + xoy = xoyo, z = 0, contains the point E'(— 1, — 1,0), 
from which we obtain 

(*o + l)(jo+l) = 1- (2) 

In the same way, from the points B and C we get relations similar to (1) and 
(2) and conclude that C has the coordinates C(— xo,0,zi). Similarly we get 
D(0, — yo,Z 2 )- The condition that AC is tangent to the sphere cr(0, OE) is equiv- 
alent to z\ = Va 2 + 2, i.e., to xq = a \Ja 2 + 2— (a 2 + 2) . But then (2) imphes that 
yo = — as/ a 2 + 2 — ( a 2 + 2) and Z 2 = — Va 2 + 2, which means that the sphere o 
is tangent to BD as well. This finishes the proof. 

3. Denote max(a + b + c,b + c + d,c + d+ e,d + e+f, e + f+g) by P ■ We have 
(a + b + c) + (c + d+e) + (e + f+g) = l+c + e<3p, 
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which implies that p > 1/3. However, p = 1/3 is achieved by taking (a, b, c, d, 
e , /, g ) = (1/3, 0, 0, 1/3, 0, 0, 1/3). Therefore the answer is 1/3. 

Remark. In fact, one can prove a more general statement in the same way. Given 
positive integers n,k, n > k, if ai,a 2 , ■ ■ ■ ,a n are nonnegative real numbers with 

sum 1, then the minimum value of max i=li _ .., n -jfc+i{ a ; + a i+i H ^ a i+k-\} is 

1 /r, where r is the integer with k(r — 1) < n < kr. 

4. We shall use the known formula for the Fibonacci sequence 

f n = 73 («"-(-! where a = (1) 

(a) Suppose that af„ + bf n+ 1 = fa n for all n, where k n > 0 is an integer de- 
pending on n. By (1), this is equivalent to a(a n — (— 1 ) n a~ n )+b(a n+1 + 
(- l)"or" -1 ) = a kn - (-l) kn a~ kn , i.e., 

a k "~ n =a + ba- a~ 2n (-l) n (a-ba~ l - (-a) n ~ kn ) —> a + ba (2) 

as n — * <*>. Hence, since k„ is an integer, k„ — n must be constant from some 
point on: k n = n + k and a k = a + ba. Then it follows from (2) that a k = 
a — ba 1 , and from (1) we conclude that af„+bf n+ 1 = fk+ n holds for every 
n. Putting n = 1 and n = 2 in the previous relation and solving the obtained 
system of equations we get a = \ , b = fa. It is easy to verify that such a 

and b satisfy the conditions. 

(b) As in (a), suppose that + v// + , = fa n for all n. This leads to 

u + va 2 - V5a l "~ 2n = 2(u- v)(-l)"a -2 ” 

-{ua~ 4n + va~ 4n ~ 2 + (-1)'" V5a- ln ~ 2n ) 

-> 0, 

as n — > oo. Thus u + voc 2 = V5a ln ~ 2n , and /„ —2n = k is equal to a constant. 
Putting this into the above equation and multiplying by a 2n we get m — v — > 
0 as n — > °°, i.e., u = v. Finally, substituting n = 1 and n = 2 in uf 2 + 
u fn+i = fin we easily get that the only possibility is u = v = 1 and k = 1. It 
is easy to verify that such u and v satisfy the conditions. 

5. There are four types of small cubes upon disassembling: 

(1) 8 cubes with three faces, painted black, at one corner; 

(2) 12 cubes with two black faces, both at one edge; 

(3) 6 cubes with one black face; 

(4) 1 completely white cube. 

All cubes of type (1) must go to corners, and be placed in a correct way (one 
of three): for this step we have 3 8 • 8! possibilities. Further, all cubes of type (2) 
must go in a correct way (one of two) to edges, admitting 2 12 • 12! possibilities; 
similarly, there are 4 6 • 6! ways for cubes of type (3), and 24 ways for the cube 
of type (4). Thus the total number of good reassemblings is 3 8 8! • 2 12 12! • 4 6 6! • 
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24, while the number of all possible reassemblings is 24 27 -27!. The desired 
probability is 3 It is not necessary to calculate these numbers to 

find out that the blind man practically has no chance to reassemble the cube in a 
right way: in fact, the probability is of order 1.8 • 10 -37 . 

6. Assume w.l.o.g. that n = deg P > degg, and let Pq = ■ ■ ■ ,Zk}, Pi = 

{zk+hZk+h ■ ■ -Zk+m}- The polynomials P and Q match at k + m points zi, zi, 
. . . , Zk+m\ hence if we prove that k + m> n, the result will follow. 

By the assumption, 

p{x) = (x-Zl) ai ---(x-Zk) ak = {x-Zk+l) ak+1 ---(x-Zk+m) ak+m +l 

for some positive integers OCi , . . . , C/.k+ m . Let us consider P' (x). As we know, it is 
divisible by {x — z,) ai_1 for i = 1,2 ,...,k+m; i.e., 

n \x-zir~ i \p\x). 

i=i 


Therefore 2n—k—m = deg nf= J” ( x ~ z ‘) a ‘ 1 ^ deg P' =n— 1 , i.e., k+m > n+ 1, 
as we claimed. 

7. We immediately find that /(1,0) = /( 0, 1) = 2. Then f(l,y+ 1) = /(0,/(l,y)) 
= /(l,y) + 1; hence /(l,y) = y + 2 for y > 0. Next we find that /(2,0) = 
/(1,1) = 3 and f(2,y+ 1) = /(l,/(2,y)) = f(2,y) + 2, from which f(2,y) = 
2y + 3. Particularly, /( 2,2) = 7. Further, /( 3,0) = /( 2, 1) = 5 and /(3,y + 1) = 
/(2,/(3,y)) = 2/(3, y) + 3. This gives by induction /(3,y) = 2?+ 3 - 3. For 
y = 3, /(3,3) = 61. Finally, from /(4,0) = /(3,1) = 13 and /(4,y+l) = 
/(3,/(4,y)) = 2^ 4,3, ) +3 — 3, we conclude that 

2 

/( 4,y)=2 2 ’ —3 (y + 3twos). 


8. Since the number k, k = 1,2, . . . ,« — r + 1, is the minimum in exactly ("_J) r- 
element subsets of { 1 , 2 , . . . , n } , it follows that 


1 n—r+l 

/(«> r ) = 7HT X k 

k= 1 



Using the equality 


n-r+l 


I * 


(T) = l/=o(^ 1 ).weget 


i 3 s 

1 

1! 

Mi 

t(r 

r) 

v J 7=o 

V«=o V r 

1 n 

= I( 

7=o 

;r)-i 

fn+ r 

[r+K 


n + 1 /n\ 

7TTW' 


Therefore f(n,r) = («+l)/(r+l). 
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9. If we put 1 + 24a„ = b 2 , the given recurrent relation becomes 




2 

3 


3 b n 

2 + T 


2 



(1) 


where b\ = 5. To solve this recurrent equation, we set c„ = 2" l b n . From (1) we 
obtain 


c n+t = c n + 3 • 2" -1 = • • • = ci + 3(1 + 2 + 2 2 + 2” _1 ) 

= 5 + 3(2”— 1) = 3-2" + 2. 

Therefore = 3 + 2~ n+2 and consequently 



10. It is easy to see that partitioning into p = 2k squares is possible for k >2 (Fig. 
1). Furthermore, whenever it is possible to partition the square into p squares, 
there is a partition of the square into p + 3 squares: namely, in the partition into 
p squares, divide one of them into four new squares. 

\ x ~y 

y 

P = 8 * y 

Fig. 1 Fig. 2 


This implies that both p = 2k and p = 2k + 3 are possible if k >2, and therefore 
all p > 6 are possible. 

On the other hand, partitioning the square into 5 squares is not possible. As- 
suming it is possible, one of its sides would be covered by exactly two squares, 
which cannot be of the same size (Fig. 2). The rest of the big square cannot be 
partitioned into three squares. Hence, the answer is n = 6. 

1 1 . Let us denote the center of the semicircle by O, and ZAOB = 2a, ZBOC = 2/3 , 
AC = m, CE = n. 

We claim that a 2 +b 2 +n 2 + abn = 4. Indeed, since a = 2 sin a, b = 2sinj3, 
n = 2cos(a-|- J3), we have 


+ b 2 + n 2 + abn 

= 4(sin 2 0!-Psin 2 /3-Fcos 2 (a-t-/3)+2sinasinj3cos(a-|-j3)) 


= 4 + 4 - 


cos2a cos2/3 


+ cos(a + j3 ) cos(a — j3 ) 


= 4 + 4(cos(a + /3)cos(a — J3) — cos(a + j3)cos(a — J3)) = 4. 
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Analogously, c 2 + d 2 + m 2 + cdm = 4. By adding both equalities and subtracting 
m 2 + n 2 = 4 we obtain 

a 2 + b 2 + c 2 + d 2 + abn + cdm = 4. 


Since n> c and m>b, the desired inequality follows. 

12. We will solve the contest problem (in which m,n£{ 1,2,..., 1981}). For m= 1 , 
n can be either 1 or 2. If m > 1, then n(n — m) = m 2 ± 1 > 0; hence n — m > 0. 
Set p = n — m. Since m 2 — mp — p 2 = m 2 — p(m + p) = —(n 2 — nm — m 2 ), we 
see that (m,n) is a solution of the equation if and only if ( p,m ) is a solution 
too. Therefore, all the solutions of the equation are given as two consecutive 
members of the Fibonacci sequence 


1, 1,2, 3, 5, 8, 13,21,34,55,89, 144,233,377,610,987, 1597,2584, .... 
So the required maximum is 987 2 + 1597 2 . 

13. Lemma. For any polynomial P of degree at most n, 

y /n+ 1 N 


n+i 

K-iy 


P(i)=o. 


(1) 


Proof. We shall use induction on n. For n = 0 it is trivial. Assume that it is 
true for n = k and suppose that P(x) is a polynomial of degree k + 1 ■ Then 
P(x) — P(x + 1) clearly has degree at most k\ hence (1) gives 


it+i 

o=I(-i)‘ 


i(M 


(p(i)-p(i+i)) 
k+ 2 




= XHJ 


P(i). 


This completes the proof of the lemma. 

Now we apply the lemma to obtain the value of P(n + 1). Since P(i) = ("I" 1 } 
for i = 0, 1 , . . . , n, we have 
(n+ 


n + 1 

o=i(-iy 


F(0 = (-lf +1 F(n + l) + 


1, 2 | n; 

0, 2 \n. 


It follows that P{n + 1) = 


'1, 2 | n; 

[0, 2 jn. 

14. We need the following lemma. 

Lemma. If a convex quadrilateral PQRS satisfies PS = QR and ZSPQ > ZRQP, 
then ZQRS > ZPSR. 
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Proof. If the lines PS and QR are parallel, then this quadrilateral is a par- 
allelogram, and the statement is trivial. Otherwise, let X be the point of 
intersection of lines PS and QR. 

Assume that ZSPQ + ZRQP > 180°. Then ZXPQ < ZXQP implies that 
XP > XQ, and consequently AS > XR. Hence, ZQRS = ZXRS > ZXSR = 
ZPSR. 

Similarly, if ZSPQ + ZRQP < 180°, then ZXPQ > ZXQP, from which it 
follows that XP < XQ, and thus XS < XR; hence ZQRS = 1 80° — ZXRS > 
180° - ZXSR = ZPSR. 

Now we apply the lemma to the quadrilateral ABCD. Since ZB > ZC and AB = 
CD, it follows that ZCDA > ZBAD, which together with ZEDA = ZEAD gives 
ZD > ZA. Thus ZA = ZB = ZC = ZD. Analogously, by applying the lemma to 
BCDE we obtain ZE > ZB, and hence ZB = ZC = ZD = ZE. 

15. Set BC = a,CA = b, AB = c, and denote the area of AABC by P, and a/PD + 
b / PE + c /PF by S. Since a ■ PD + b ■ PE + c- PF = 2P, by the Cauchy-Schwarz 
inequality we have 

2PS=(a-PD + bPE + c-PF)(j^ + -^ + -^)>(a+b + c) 2 , 

with equality if and only if PD = PE = PF, i.e., P is the incenter of AABC. In 
that case, S attains its minimum: 

_ (, a + b + c ) 2 

mm 2p 

16. The sequence {u„} is bounded, whatever u\ is. Indeed, assume the opposite, and 
let u m be the first member of the sequence such that \u m \ > max{2, |«i |}. Then 
\u m -\\ = \irf- 15/64 > u m | , which is impossible. 

Next, let us see for what values of u m , u m+ \ is greater, equal, or smaller, respec- 
tively. 

If u m + 1 = u m , then u m = u^ +i — 15/64 = u^ n — 15/64; i.e., u m is a root of x 3 — 
x — 15/64 = 0. This equation factors as (x + 1/4) (x 2 — x/A — 15/16) = 0, and 
hence u m is equal to x\ — (1 — y / 6T)/8, X 2 = — 1/4, or X 3 = (1 +\/6T)/8, and 
these are the only possible limits of the sequence. 

Each of u m+ 1 > u m , u m+ \ < u m is equivalent to u 3 m — u m 15/64 < 0 and 
uh — u m — 1 5 /64 > 0 respectively. Thus the former is satisfied for u m in the inter- 
val I\ = (— °o,X] ) or 73 = (x 2 ,xf), while the latter is satisfied for u m in 72 = (xi,X2) 
or 74 = (x3,°°). Moreover, since the function /(x) = //x + 15/64 is strictly in- 
creasing with fixed points x\ ,X2,X3, it follows that u m will never escape from the 
interval h, h, I 3 , or I 4 to which it belongs initially. Therefore: 

(1) if mi is one of xi ,X2,X3, the sequence {u m } is constant; 

(2) if mi e7i, then the sequence is strictly increasing and tends to xi; 

(3) if mi G h, then the sequence is strictly decreasing and tends to xi; 

(4) if mi G 73, then the sequence is strictly increasing and tends to X3; 

(5) if Mi e 74, then the sequence is strictly decreasing and tends to X3. 
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17. Let us denote by Sa,S b ,Sc the centers of the given circles, where Sa lies on the 
bisector of ZA, etc. Then SaS b || AB, S B Sc || BC, ScSa || CA, so that the inner 
bisectors of the angles of triangle ABC are also inner bisectors of the angles of 
ASaS b Sc . These two triangles thus have a common incenter S, which is also the 
center of the homothety % mapping A SaS b Sc onto AABC. 

The point O is the circumcenter of triangle SaS b Sc, and so is mapped by % onto 
the circumcenter P of ABC. This means that O, P, and the center S of % are 
collinear. 

18. Let C be the convex hull of the set of the planets: its border consists of parts of 
planes, parts of cylinders, and parts of the surfaces of some planets. These parts 
of planets consist exactly of all the invisible points; any point on a planet that 
is inside C is visible. Thus it remains to show that the areas of all the parts of 
planets lying on the border of C add up to the area of one planet. 

As we have seen, an invisible part of a planet is bordered by some main spherical 
arcs, parallel two by two. Now fix any planet P, and translate these arcs onto 
arcs on the surface of P. All these arcs partition the surface of P into several 
parts, each of which corresponds to the invisible part of one of the planets. This 
correspondence is bijective, and therefore the statement follows. 

19. Consider the partition of plane n into regular hexagons, each having inradius 2. 
Fix one of these hexagons, denoted by y. For any other hexagon x in the partition, 
there exists a unique translation t x taking it onto y. Define the mapping (p :n y 
as follows: If A belongs to the interior of a hexagon x, then <p(A) = t x [A) (if A is 
on the border of some hexagon, it does not actually matter where its image is). 
The total area of the images of the union of the given circles equals S, while the 
area of the hexagon y is 8\/3. Thus there exists a point B of y that is covered 
at least times, i.e., such that (p~ l (B) consists of at least distinct points 
of the plane that belong to some of the circles. For any of these points, take a 
circle that contains it. All these circles are disjoint, with total area not less than 
^ S >2S/9. 

Remark. The statement becomes false if the constant 2/9 is replaced by any 
number greater than 1 /4. In that case a counterexample is, for example, a set of 
unit circles inside a circle of radius 2 covering a sufficiently large part of its area. 
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1. From /(l) +/(1) < /( 2) = 0 we obtain /( 1) = 0. Since 0 < /( 3) < /( 1) + 
/( 2) + 1, it follows that /( 3) = 1. Note that if /(3n) > n, then f(3n + 3) > 
/(3n) + /(3) > n + 1 . Hence by induction /(3n) > n holds for all n G N. More- 
over, if the inequality is strict for some n, then it is so for all integers greater than 
n as well. Since /( 9999) = 3333, we deduce that /(3«) = n for all n < 3333. 

By the given condition, we have 3 /(«) < /(3n) < 3 f(n) + 2. Therefore f(n) = 
[/(3n)/3] = [n/3] forn< 3333. In particular, /( 1982) = [1982/3] = 660. 

2. Since K does not contain a lattice point other than 0(0, 0), it is bounded by four 
lines u,v,w,x that pass through the points t/(l,0), V(0, 1), W(— 1,0), 2f(0, — 1) 
respectively. Let PQRS be the quadrilateral formed by these lines, where U 6 SP, 

v gpq,w gqr,xg rs. 

If one of the quadrants, say <2i, contains no vertices of PQRS, then KC\ Q\ is 
contained in A OUV and hence has area less than 1/2. Consequently the area of 
K is less than 2. 

Let us now suppose that P,Q,R,S lie in different quadrants. One of the angles of 
PQRS is at least 90°: let it be ZP. Then S UPV <PU PV/2< ( PU 2 + PV 2 ) /4 < 
UV 2 / 4 = 1/2, which implies that SgnQj < Soupv < 1- Hence the area of K is 
less than 4. 

3 . (a) By the Cauchy-Schwarz inequality we have (xq/x-\ H b j An )•(*[ + 

\-x n )> (*oH |-x n _i) 2 . Let us set2f n _i =xi+X 2 -\ \-x n -\. Using 

xq = 1, the last inequality can be rewritten as 


-> ( 1+ ^) 2 >. 


4 *„_! 


X n — i ~\~x n X n —i Xu 1 -\~Xfi/X n — i 


(i) 


Since x n < x n - 1 < ■ ■ • < x\ , it follows that X n _ \ > (n — 1 )x n . Now ( 1 ) yields 

x%/xi -\ hx 2 _i /a > 4 (n — 1 )/«, which exceeds 3.999 for n > 4000. 

(b) The sequence x„ = 1/2" obviously satisfies the required condition. 

Second solution to part (a). For each ngN, let us find a constant c„ such that the 

inequality x^/x\ H b x 2 _ { /x„ > c„xq holds for any sequence xo > x\ > • • • > 

x n > 0. 

For n=lwe can take cj = 1 . Assuming that c„ exists, we have 




Xn + 1 / 


> — + C n x 1 >2 J x%c n = Xo ■ 2 yfc^. 
X \ 


Thus we can take c n+ 1 = 2^/c^. Then inductively c n = 2 2 1 / 2 " 2 , and since c n — > 
4 as n — > the result follows. 

Third solution. Since {x n } is decreasing, there exists lim n _,«,x n = x > 0. Ifx > 0, 
thenx^_j /x„ >x„ > x holds for each «, and the result is trivial. If otherwise x = 0, 
then we note that x 2 _ ( /x„ > 4(x n _i — x„) for each n, with equality if and only if 
x„_ i = 2x n . Hence 
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lim X — - > lim X A ( x k-\ ~ x k) = 4x 0 = 4. 

Equality holds if and only if x„_i = 2x n for all n, and consequently x„ = 1 /2". 

4. Suppose that a satisfies the requirements of the problem and that x, qx, q 2 x, 
q 3 x are the roots of the given equation. Then x ^ 0 and we may assume that 
\q\ > 1, so that \x\ < \qx\ < \q 2 x\ < \q 2 x\. Since the equation is symmetric, 1/x 
is also a root and therefore 1/x = q 3 x, i.e., q = x~ 2/ ' 3 . It follows that the roots 
arex,* 1 / 3 ,* -1 ' 3 ,* -1 . Now by Viete’s formula we havex+x 1 ' 3 +x -1 / 3 +x _1 = 
a/16 and x 4 / 3 + X 2 / 3 + 2 +x “ 2 / 3 +x “ 4 / 3 = (2 a + 17)/16. On setting z = x 1 / 3 + 
x -1 / 3 these equations become 


z 3 — 2 z = a/ 16, 

(z 2 — 2 ) 2 + z 2 — 2 = (2a + 17)/ 16. 

Substituting a = 16(z 3 — 2z) in the second equation leads to z 4 — 2z 3 — 3z 2 + 4z + 
15/16 = 0. We observe that this polynomial factors as (z + 3/2)(z — 5/2)(z 2 — 
z— 1/4). Since |z| = |x 1 / 3 +x~ 1 / 3 | > 2, the only viable value is z = 5/2. Conse- 
quently a = 170 and the roots are 1 / 8 , 1 /2,2, 8 . 

5. Notice that AA 5 B 4 A 4 = AA 3 B 2 A 2 . 

We know that ZA 5 A 3 A 2 = 90° and 
that ZA 2 B 4 A 4 is equal to the sum of 
the angles ZA 2 B 4 A 3 and ZA 3 B 4 A 4 . 

Clearly, ZA 2 B 4 A 3 = 90° — Z.B 2 A 2 A?, 
and ZA 3 B 4 A 4 = ZB 4 A 5 A 4 + ZA 5 A 4 B 4 . 

Hence we conclude that ZA 2 B 4 A 4 = 

90° + ZB 4 A 5 A 4 = 120°. Hence B 4 be- 
longs to the circle with center A 3 and radius A 3 A 4 , so A 3 A 4 = A 3 B 4 . Thus A = 
A 3 fi 4 /A 3 A 5 = A 3 A 4 /A 3 A 5 = l/\/3. 

6 . Denote by d(U,V) the distance between points or sets of points U and V. For 
P,QG L we shall denote by L P q the part of L between points P and Q and by 
Ipq the length of this part. Let us denote by 5, (i= 1,2,3, 4) the vertices of S and 
by Ti points of L such that 5/7} < 1/2 in such a way that Ia 0 ti is the least of the 
/ao 7 }’s, S 2 and S 4 are neighbors of Si, and Ia 0 t 2 < Ia 0 t 4 - 

Now we shall consider the points of the segment S 1 S 4 . Let D and E be the sets 
of points defined as follows: D = {X e [S 1 S 4 ] | d(X,LA 0 T 2 ) < 1/2} and E = 
{X e [Si S 4 ] d(X, L t 2 a „ ) < 1 /2} . Clearly D and E are closed, nonempty (indeed, 
Si € D and S 4 £ E) subsets of [S 1 S 4 ]. Since their union is a connected set S 1 S 4 , it 
follows that they must have a nonempty intersection. Let P G DDE. Then there 
exist points X £ La 0 t 2 and Y £ L T 2 A n such that d(P.X) < 1 /2, d(P.Y) < 1 /2, and 
consequently d(X,Y) < 1. On the other hand, 7} lies between X and Y on L, 
and thus L XY = L X t 2 + L TlY > XT 2 + T 2 Y > ( PS 2 -XP- S 2 T 2 ) + ( PS 2 -YP- 
S 2 T 2 ) >99 + 99= 198. 
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7. Let a,b,ab be the roots of the cubic polynomial p(x) = (x — a)(x — b) (x — ab) . 
Observe that 

2p(—\) = —2(1 + a)(l +2>)(1 +ab); 
p(l)+p(-l)~2(l+p( 0)) = -2(l+a)(l+b). 

The statement of the problem is trivial if both the expressions are equal to 
zero. Otherwise, the quotient p (i) +/ 7 ( 2 / i)— V( i +P (o) ) = 1 + ab is rational and con- 
sequently ab is rational. But since (ab) 2 = —p( 0) is an integer, it follows that ab 
is also an integer. This completes the proof. 

8. Let & be the given figure. Consider any chord AB of the circumcircle y that 
supports JL The other supporting lines to & from A and B intersect y again at D 
and C respectively so that ZDAB = ZABC = 90°. Then A BCD is a rectangle, and 
hence CD must support & as well, from which it follows that & is inscribed in 
the rectangle ABCD touching each of its sides. We easily conclude that & is the 
intersection of all such rectangles. Now, since the center O of y is the center of 
symmetry of all these rectangles, it must be so for their intersection & as well. 

9. Let X and Y be the midpoints of the segments AP and BP. Then DYPX is a 
parallelogram. Since X and Y are the 
circumcenters of the triangles APM 
and BPL, we conclude that XM = 

XP = DY and YL = YP = DX. Fur- 
thermore, we have ZDXM = ZDXP+ 

ZPXM = ZDXP + 2 ZPAM. Simi- 
larly, ZDYL = ZDYP + 2ZPBL hence 
ZDXM = ZDYL. Therefore, the trian- 
gles DXM and LYD are congruent, im- 
plying DM = DL. 

10. If the two balls taken from the box are both white, then the number of white 
balls decreases by two; otherwise, it remains unchanged. Hence the parity of the 
number of white balls does not change during the procedure. Therefore if p is 
even, the last ball cannot be white; the probability is 0. If p is odd, the last ball 
has to be white; the probability is 1. 

11. (a) Suppose {a 1,02, ■ ■ ■ ,a n } is the arrangement that yields the maximal value 

<2 max of Q. Note that the value of Q for the rearrangement {ai, . . . , cq_i, 
aj, aj-u ■■■, a t , a j+i , ...,a n } equals ftnax - (a,- -a/)(a,-_i - a j+l ), where 
1 <i< j <n. Hence (a,- — afife-i — a/4,)) > 0 for all 1 < i < j < n. 

We may suppose w.l.o.g. that a\ = \. Let cn = 2. If 2 <i<n, then (u 2 — 

ai) (a% — a l+ \ ) < 0, which is impossible. Therefore i is either 2 or «; let 
w.l.o.g. a n = 2. Further, if aj = 3 for 2 < j < n, then (a\ — aj + \ ) (02 — 

aj) < 0, which is impossible; therefore 02 = 3. Continuing this argument 
we obtain thatA = {1,3,5, . . . ,2[(n — l)/2] + l,2[n/2], . . .,4,2}. 

(b) A similar argument leads to the minimizing rearrangement {1,«,2, n — 
L...,[n/2] + l}. 
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12. Let y be the line perpendicular to L passing through the center of C. It can be 
shown by a continuity argument that there exists a point Fey such that an 
inversion *P centered at F maps C and L onto two concentric circles C and L. 
Let X denote the image of an object X under W. Then the circles C, touch C 
externally and L internally, and all have the same radius. Let us now rotate the 
picture around the common center Z of C and L so that C3 passes through F. 
Applying the inversion *P again on the picture thus obtained, C and L go back to 
C and L, but C3 goes to a line C' 3 parallel to L, while the images of Cj and C2 go 
to two equal circles C[ and C 2 touching L, C 3 , and C. This way we have achieved 
that C3 becomes a line. 

Denote by 0i,0 2 ,0 respectively the 

centers of the circles C[,C' 2 ,C and by T 
the point of tangency of the circles C[ c' 
and C 2 . If x is the common radius of the 

circles C[ and C 2 , then from AOiTO 

we obtain that (x — l) 2 +x 2 = (x+ l) 2 , 

and thus x = 4. Hence the distance of O from L equals 2x — 1 = 7. 

13. The points S\, S 2 , S3 clearly lie 
on the inscribed circle. Let XY de- 
note the oriented arc XY. The arcs 
T 2 S\ and 7j Tj are equal, since they 
are symmetric with respect to the 
bisector of ZA \ . Similarly, T 3 T 2 = 

S 2 T\ . Hence T 3 Sj^ = T 3 T 2 + T 2 S\ = 

S 2 T\ + T\ T 3 = S 2 T 3 . It follows that 
S1S2 is parallel to A\A 2 , and con- 
sequently S1S2 || M\M 2 . Analogously S\S 3 || M\M 3 and S 2 S 3 || M 2 M 3 . 

Since the circumcircles of AM1M2M3 and AS\S 2 S 3 are not equal, these triangles 
are not congruent and hence they must be homothetic. Then all the lines MiSi 
pass through the center of homothety. 

Second solution. Set the complex plane so that the incenter of A/l \A 2 Aj is 
the unit circle centered at the origin. Let f,, .q respectively denote the complex 
numbers of modulus 1 corresponding to 7],Sj. Clearly t{t[ = t 2 t2 = t 3 tj = 1. 
Since T 2 T 3 and 7jSj are parallel, we obtain t 2 t 3 = tisi , or ,vi = t 2 t 3 T\. Similarly 
,s'2 = t\t 3 t 2) S3 = t\t 2 t3, from which it follows that s 2 — S3 = t\ (1312 — /2F3 ) • Since 
the number in parentheses is strictly imaginary, we conclude that 07j A S2S3 
and consequently S2S3 || A2A3. We proceed as in the first solution. 

14. (a) If any two of Ai,i?i,Cj,Di coincide, say Ai = B \ , then A BCD is inscribed 

in a circle centered at A 1 and hence all A\, B\, C\,D\ coincide. 

Assume now the opposite, and let w.l.o.g. ZDAB + ZDCB < 1 80° . Then A 
is outside the circumcircle of A BCD, so A\A > A 1 C. Similarly, CiC > CiA. 
Hence the perpendicular bisector Iac of AC separates points A\ and Ci. 
Since B\.D\ he on l&c, this means that A\ and C\ are on opposite sides 


A 3 



a 2 
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B\D\. Similarly one can show that B\ and D\ are on opposite sides of 
AiCi. 

(b) Since A 2 B 2 A. C\D\ and C\D\ _L AB, it follows that A 2 B 2 || AB. Similarly 
A 2 C 2 || AC, A 2 D 2 || AD, B 2 C 2 || BC, B 2 D 2 || BD, and C 2 D 2 || CD. Hence 
AA 2 B 2 C 2 ~ AABC and AA 2 D 2 C 2 ~ A ADC, and the result follows. 

15. Let a = k/n, where n, k £ N, n > k. Putting t n = s, the given inequality becomes 
< (1 + 1 n ) k / n ~ l , or equivalently 

(!+?+•••+ t k ~ l ) n {\ + t n ) n ~ k < (1 +?+,.•+ t n ~ l ) n . 


This is clearly true for k = n. Therefore it is enough to prove that the left-hand 
side of the above inequality is an increasing function of k. We are led to show 

that (1 +f H b t* _1 )"(l + t n ) n ~ k < (1 + / + •••- t k ) n (l + 1 n f k-\ Xhis is 

equivalent to 1 +t n <A n , where A = 1 ^ + ' ■ But this easily follows, since 


A n -t n 


= (A — f)(A" 1 +A n 2 t - 1 \-t n 3 ) 


> (A — f)(l + H bf" -1 ) 


1 +H ft” -1 

1 +t+---+t k ~ l 


> L 


Remark. The original problem asked to prove the inequality for real a. 

16. It is easy to verify that whenever (x,y) is a solution of the equation x 3 — 3 xy 1 + 
y 3 = n, so are the pairs {y—x, —x) and (—y,x—y ). No two of these three solutions 
are equal unless x = y = n = 0. 

Observe that 2891 = 2 (mod 9). Since x 3 ,y 3 = 0,±1 (mod 9), x 3 — 3xy 2 +y 3 
cannot give the remainder 2 when divided by 9. Hence the above equation for 
n = 2891 has no integer solutions. 

17. Let A be the origin of the Cartesian plane. Suppose that BC : AC = k and that 

(i a,b ) and (a\,b\) are coordinates of the points C and C\, respectively. Then 
the coordinates of the point B are (a, b ) + k(—b. a)= (a — kb, b + ka), while the 
coordinates offii are {a\,b\) + k{bi,—ai) = ( a + kb\,b\ —ka\). Thus the lines 
BC\ and CB t are given by the equations ^ and *Ef = 

respectively. After multiplying, these equations transform into the forms 

BC\ : kax + kby = kaa\ +kbb i -\-ba\ — ab \ — (b — b{)x-\- {a — a{)y 

CB\ : kaix + kbiy = kaa\ -\-kbb\ +bai — ab i — [b — b{)x-\- (a — a{)y. 

The coordinates (xo,yo) of the point M satisfy these equations, from which we 
deduce that kaxo + kbyo = kaixo + kbiyo- This yields ^ implying that 

the lines CCi and AM are perpendicular. 

18. Set the coordinate system with the axesx,y,z along the lines l\ ,l 2 ,h respectively. 
The coordinates ( a,b,c ) of M satisfy a 1 + b 1 + c 2 = R 2 , and so Sm is given by 
the equation (x — a) 2 + (y — b) 2 + (z — c) 2 = R 2 . Hence the coordinates of P\ 
are (x, 0, 0) with (x — a) 2 + b 2 + c 2 = R 2 , implying that either x = 2a or x = 0. 
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Thus by the definition we obtain x = 2a. Similarly, the coordinates of P 2 and 
P 3 are (0, 2,6,0) and (0,0,2c) respectively. Now, the centroid of AP\ PiP^, has 
the coordinates (2a/3,26/3,2c/3). Therefore the required locus of points is the 
sphere with center O and radius 2/2/3. 

19. Let us set x = m/n. Since /(x) = (m + n)/ Vm 2 + n 2 = (x + l)/vT+x^ is a con- 
tinuous function of x, f(x') takes all values between any two values of /; more- 
over, the corresponding x can be rational. This completes the proof. 

Remark. Since / is increasing for x > 1, 1 < x < z < y implies /(x) < f(z) < 

M- 

20. Since MN is the image of AC under rotation about B for 60°, we have MN = AC. 
Similarly, PQ is the image of AC under rotation about D through 60° , from which 
it follows that PQ || MN. Hence either M,N,P,Q are collinear or MNPQ is a 
parallelogram. 
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4.24 Solutions to the Shortlisted Problems of IMO 1983 

1 . Suppose that there are n airlines A i , . . . , A„ and N > 2" cities. We shall prove that 
there is a round trip by at least one A, containing an odd number of stops. 

For n = 1 the statement is trivial, since one airline serves at least 3 cities and 
hence P 1 P 2 P 3 P 1 is a round trip with 3 landings. We use induction on n, and 
assume that n> 1. Suppose the contrary, that all round trips by A n consist of an 
even number of stops. Then we can separate the cities into two nonempty classes 
Q = {Q\. . . . , Q r } and R = {/?] , . . . ./?<} (where r+s = N), so that each flight by 
A n runs between a g-city and an P-city. (Indeed, take any city Q\ served by A„; 
include each city linked to Q\ by A„ in R, then include in g each city linked by 
A n to any R- city, etc. Since all round trips are even, no contradiction can arise.) 
At least one of r,s is larger than 2” _1 , say r > 2 n_1 . But, only A\,. . . ,A n \ run 
between cities in {Qi , . . . , Q r } ; hence by the induction hypothesis at least one of 
them flies a round trip with an odd number of landings, a contradiction. It only 
remains to notice that for n = 10, 2" = 1024 < 1983. 

Remark. If there are N = 2" cities, there is a schedule with n airlines that contain 
no odd round trip by any of the airlines. Let the cities be P k , k = 0, . . . , 2" — 1 , and 
write k in the binary system as an n-digit number a\ ... a,, (e.g., 1 = (0 . . . 001)2). 
Link P k and Pi by A, if the zth digits k and / are distinct but the first i — 1 digits 
are the same. All round trips under A, are even, since the ith digit alternates. 

2. By definition, o(ri) = Y,d\nd = Y,d\n n /d = n^ d \ n l/d, hence o{n)/n = 1/d. 

In particular, o(n\)/n\ = Y,d\ n \ 1 /d > 1 /k. It follows that the sequence 

a(n)/n is unbounded, and consequently there exist an infinite number of in- 
tegers n such that cr(n ) /n is strictly greater than o(k)/k for k < n. 

3. (a) A circle is not Pythagorean. Indeed, consider the partition into two semi- 

circles each closed at one and open at the other end. 

(b) An equilateral triangle, call it PQR , is Pythagorean. Let P' , (/, and R' be 
the points on QR, RP, and PQ such that PR' : R'Q = QP' : P'R = RQ 1 : 
Q'P =1:2. Then Q'R' _L PQ, etc. Suppose that PQR is not Pythagorean, 
and consider a partition into A,B, neither of which contains the vertices of 
a right-angled triangle. At least two of P', Q', and R! belong to the same 
class, say P' ,Q! e A. Then [PI?] \ { Q 1 } c B and hence R' e A (otherwise, if 
R" is the foot of the perpendicular from R' to PR, A RR'R" is right-angled 
with all vertices in B). But this implies again that [PQ] \ {/?'} C B, and thus 
B contains vertices of a rectangular triangle. This is a contradiction. 

4. The rotational homothety centered at C that sends B to R also sends A to Q; hence 
the triangles ABC and QRC are similar. For the same reason, A ABC and A PBR 
are similar. Moreover, BR = CR-, hence A CRQ = ARBP. Thus PR = QC = AQ 
and QR = PB = PA, so APQR is a parallelogram. 

5. Each natural number p can be written uniquely in the form p = 2 q (2r — 1 ). We 
call 2r — 1 the odd part of p. Let A„ = (a\,a 2 , ■ ■ ■ ,a n ) be the first sequence. 
Clearly the terms of A„ must have different odd parts, so those parts must be at 
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least 1 , 3 , . . . , 2n — 1 . Being the first sequence, A„ must have the numbers 2 n — 
l,2n — 3,...,2k+l as terms, where k = [n+ 1/3] (then 3(2 k— 1) < 2n — 1 < 
3(2 k+ 1)). Smaller odd numbers 2s + 1 (with s <k) obviously cannot be terms 
of A n . In this way we have obtained the n — k odd numbers of A n . The other k 
terms must be even, and by the same reasoning as above they must be precisely 
the terms of 2 A k (twice the terms of A/,). Therefore A n is defined recursively as 

Aq = 0, Ai={l}, A 2 = {3,2}; 

A n = {2n - 1 , 2n - 3 , . . . , 2k + 1} U 2A*. 

6. The existence of r: Let S = [xi 4-x 2 H bx* — 2i \ i = 1, 2, . . . ,n}. Let max S be 

attained for the first time at r 1 . 

If r 1 = n, then x\ 4-x 2 4 bx,- — 2i < 2 for 1 < i < n — 1, so one can take r=i J . 

Suppose that i 1 <n. Then for / < n — r 1 we have x/ + j + x/ +2 4 b x/ + [ = 

(x\ H b x,j + i — 2 (/ + /)) — (x\ 4 hx/ — 2/) +21 < 21; also, for i < r 1 we 

have + • • • +Xn ) + (xi + • • • + xi — 2 1 ) < (x,j - |_i + • • • +x n ) + ( x\ + • • • +x,j — 
2-r 1 ) = (xj + • • • +x«) — 2/ = 2 (n — r 7 ) +2 Xri^ + • • • + x n +x\ + • • • + xi < 
2{n + i — r') + 1, so we can again take r = r J . 

For the second part of the problem, we relabel the sequence so that r = 0 works. 

Suppose that the inequalities are strict. We have x\ + x 2 H l-jq. < 2k, k = 

L 1 . Now, 2n + 2= (xiH bx^ + ^+iH b x n ) < 2k+Xk+\-\ b 

x n => x /,+ 1 H hx n > 2(n — k)+2 > 2 (n — k) + 1. So we cannot begin with Xk+i 

for any k > 0. 

Now assume that there is an equality for some k. There are two cases: 

(i) Suppose x\ +X 2 H bx,- < 2i (i = 1 ,...,k) and x\ H bx* = 2 k+ 1, 

xi H b Xk-\-i <2(k + () + l (1 < l < n — 1 — k). For i <k — 1 we have 

x ,-+ 1 H +x„ = 2 (n + 1) — (xi H bx ( -) > 2 (n — i) + 1, so we cannot 

take r = i. If there is a j > 1 such that x\ +x 2 H h x^ + j < 2(k + j), 

then also Xf,+ j+i 4 bx n > 2 {n — k — j) + 1. If (Vy > 1) x\ H b Xk+j = 

2(k+ j) + \, thenx„ = 3 andx> + i = • • ■ =x„_i = 2. In this case we directly 
verify that we cannot take r = k + j. However, we can also take r = k: 
for k + 1 ^ n — 1 , Xk~\~i ~b ■ ■ ■ "b Xk~\~i 2(k - b/) - bl — (2k -b 1) = 21, also 
Xk+i H bx n = 2 (n — k) + 1, and moreover xi < 2, x\ +x 2 < 4, . . . . 

(ii) Suppose xi 4 bx,- < 2 i (1 < i < n— 2) andxi H bx„_i = 2n— 1. Then 

we can obviously take r = n — 1 . On the other hand, for any 1 < i < n — 2, 
X/+ 1 HF • • • +x n — i +x n = (xi + • • • +x n _i) — (xi + • • • +x ( ) + 3 > 2 (n — i) 4- 1, 
so we cannot take another r ^ 0. 

7. Clearly, each a n is positive and ^/a n+ 1 = ^fcT n \/a + 1 4- V a n + 1 \fd. Notice that 

\J cin -\- 1 4~ 1 = yj a 4~ 1\/ (tn + 1 “I - \/ ^ n ■ Therefore 


- 1 - V“){\ 


(\/ a + 1 \/ (An "I - 1 ~ {y/^n^Jd 1 4 
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By induction, yj a n+ \ — yfa^ = (\/a+T— \/a) n . Similarly, y/a n+ \ + yfa^ = 
( \Ja + 1 + i/a) " . Hence, 



from which the result follows. 

8. Situations in which the condition of the statement is fulfilled are the following: 
Si: N 1 (t)=N 2 (t)=N 3 (t) 

Si'- Ni (t ) = Nj (t) = h, Nk (t ) = h + 1 , where (i, j, k ) is a permutation of the set 
{1,2,3}. In this case the first student to leave must be from row k. This 
leads to the situation 5) . 

Si: Nj(t) = h,Nj(t ) = Nk(t) = h+ 1, (( i,j,k ) is a permutation of the set 
{ 1 , 2, 3}). In this situation the first student leaving the room belongs to row 
j (or k) and the second to row k (or j). After this we arrive at the situation 
Si. 

Hence, the initial situation is 5} and after each triple of students leaving the 
room the situation .S'i must recur. We shall compute the probability I\ that from 
a situation S'i with 3 h students in the room (h < n) one arrives at a situation 5] 
with 3(h — 1) students in the room: 

( 3h)-{2h)-h 3 lh 3 

h (3h) ■ (3h— 1) • (3h — 2) 3h(3h-\){3h-2)' 

Since the room becomes empty after the repetition of n such processes, which 
are independent, we obtain for the probability sought 


n 


p=m= 

IS® 


(3!) n («!) 3 

(3/i)! 


9. For any triangle of sides a, b, c there exist 3 nonnegative numbers x,y, z such that 
a = y + z, b = z+x, c = x + y (these numbers correspond to the division of the 
sides of a triangle by the point of contact of the incircle). The inequality becomes 

(y+z) 2 (z+ x) {y - x) + (z + x) 2 (x + y) {z - y) + (x +y) 2 (y + z) (x - z) > 0. 

Expanding, we get xy 3 + yz 3 +zx 3 > xyz(x + y + z). This follows from Cauchy’s 
inequality (xy 3 +yz 3 +zx 3 )(z+x+y) > (y/xyz,(x+y+z)) with equality if and 
only if xy 3 /z = yz?/x = zx 3 /y, or equivalently x = y = z, i.e., a = b = c. 

10. Choose P(x) = | ((qx— l) 2n+1 +!),/= [l/2q,3/2q\. Then all the coefficients 
of P are integers, and 



?-(qx- l) 2n+1 < 

q 


p 

q 


l 

22n+l ’ 


for x £ I. The desired inequality follows if n is chosen large enough. 
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11. First suppose that the binary representation of x is finite: x = ().a\U 2 ■ ■ .d n = 
X" = , aj2~i , at & { 0,1}. We shall prove by induction on n that 

f(x) = ’Zb 0 ...bj- l a j , where b k = j ^ 

(Here ao = 0.) Indeed, by the recursion formula, 

«i = 0 => f{x) = bf ^£ a j+i 2 ~ J ^ = b^ j b l ... bjdj+i 

n - 1 

hence /(x) = ^ i>o • ■ • b j a j+i as bo = b\ = b\ 
j= o 

at = 1 =>• f{x) =b+{\ -b)f( X a ;+i 2_; ) = ^ b o--- b j a j+h 
\j= i / i=o 

as bo = b,bi = 1 — b. 

Clearly, /(0) = 0, /(l) = 1, /(1/2) = 1? > 1/2. Assume x = X" =0 a 7 -2“ 7 , and 
for k >2, v = x + 2~ n - k+1 , u=x + 2~ n ~ k = (v + x)/2. Then /(v) = f{x) + 
bo--- b n bf~ 2 and f(u) = f{x) +bo . . . b n b k ~ x > (/(v) +f(x))/2. This means that 
the point («,/(«)) lies above the line joining (x. f(x)) and (v,/(v)). By induc- 
tion, every {x,f{x)), where x has a finite binary expansion, lies above the line 
joining (0,0) and (1/2, b) if 0 < x < 1/2, or above the line joining (1/2 ,b) and 
(1, 1) if 1/2 < x < 1. It follows immediately that f(x) > x. For the second in- 
equality, observe that 

fix) -x=^(b 0 ...bj-i- 2 ~ ] )dj 

j4 

< £ (b J - 2 -j)dj < £ (V - 2~j) = -^--\=c. 

M' m 

By continuity, these inequalities also hold for x with infinite binary representa- 
tions. 

12. Putting y = x in (i) we see that there exist positive real numbers z such that 
f(z) = z (this is true for every z = xf(x)). Let a be any of them. Then /(a 2 ) = 
f(df(d)) = df(d) = a 2 , and by induction, f(d n ) = a". If a > 1, then a" — *■ +°° 
as n — ► oo, and we have a contradiction with (ii). Again, a = /(a) = /(I ■ a) = 
df( 1), so /( 1) = 1. Then, a/(a _1 ) =/(a -1 /( a )) =/(l) = 1, and by induction, 
f(d~ n ) = d~ n . This shows that a f Hence, a = 1. It follows that x/(x) = 1, 
i.e., f(x) = \/x for all x. This function satisfies (i) and (ii), so f(x) = 1/x is the 
unique solution. 

13. Given any coloring of the 3 x 1983 — 2 points of the axes, we prove that there 
is a unique coloring of E having the given property and extending this coloring. 
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The first thing to notice is that given any rectangle R\ parallel to a coordinate 
plane and whose edges are parallel to the axes, there is an even number r, of red 
vertices on R\ . Indeed, let R 2 and R$ be two other rectangles that are translated 
from Ri orthogonally to R\ and let r -3 be the numbers of red vertices on R 2 
and 7? 3 respectively. Then r\+r 2 , r, + j- 3 , and r 2 + r$ are multiples of 4, so 
r\ = (n + n + r$ — r 2 — rj)/2 is even. 

Since any point of a coordinate plane is a vertex of a rectangle whose remaining 
three vertices he on the corresponding axes, this determines uniquely the color- 
ing of the coordinate planes. Similarly, the coloring of the inner points of the par- 
allelepiped is completely determined. The solution is hence 2 3x 1983-2 = 2 5947 . 

14. Let T n be the set of all nonnegative integers whose ternary representations consist 
of at most n digits and do not contain a digit 2. The cardinality of T n is 2", and the 

greatest integer in T n is 11 ... 1 = 3° + 3 1 -| b3 n_1 = (3 n — 1)/2. We claim that 

there is no arithmetic triple in T„. To see this, suppose x, y,z£ T„ and 2y=x+z. 
Then 2 y has only 0’s and 2’s in its ternary representation, and a number of this 
form can be the sum of two integers x,z G T n in only one way, namely x = z = y. 
But |7io| = 2 10 = 1024 and max 7,0 = (3 10 - l)/2 = 29524 < 30000. Thus the 
answer is yes. 

15. There is no such set. Suppose that M satisfies the conditions (i) and (ii) and 

let q„ = \{a £ M : a < n}\. Consider the differences b — a, where a,b £ M and 
10 < a < b < k. They are all positive and less than k, and (ii) implies that they 
are different integers. Hence < k, so q k < \[2 k+ 10. It follows 

from (i) that among the numbers of the form a + b, where a,b G M, a < b < 
n, or a < n < b < 2n, there are all integers from the interval [2,2n+ 1]. Thus 
( ? " 2 h l ) + q n (c[ 2 n ~ <7n) > 2 n for every n G N. Set Q k = V2k+ 10. We have 



< J <ln+2<ln{2Q2n-qn ) 

< \Qn + \Qn{2Q ln -Qn ) 

< 2(V2-l)n+(20 + V5/2)V^+55, 


which is less than n for n large enough, a contradiction. 

16. Set h n j(x) = x' H bx” - \ 2 i < n. The set F(n') is the set of linear combinations 

with nonnegative coefficients of the h n /s. This is a convex cone. Hence, it suf- 
fices to prove that h n jh m j £ F(m + n). Indeed, setting p = n — 2i and q = m — 2 j 
and assuming p<qwe obtain 


n-ifj 


h n>i (x)h mJ (x) = (x ! + • ■ ■ +x i+ P)(x j + ■■■ +x j+q ) = X h m+n , k . 


k=i+j 


which proves the claim. 
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17. Set a = mmPiPj, b = ma xPiPj. We use the following lemma. 

Lemma. There exists a disk of radius less than or equal to b/\/3 containing all 
the Pi’s. 

Assuming that this is proved, the disks with center Pi and radius a/ 2 are disjoint 
and included in a disk of radius b/V 3 + a/2; hence comparing areas, 



Proof of the lemma. If a nonobtuse triangle with sides a> b>c has a circum- 
scribed circle of radius R, we have R = a /( 2 sin a) < a/V 3. Now we show 
that there exists a disk D of radius R containing A = {7*1, ■ ■ ■ ■ P n } whose 
border C is such that C D A is not included in an open semicircle, and hence 
contains either two diametrically opposite points and R<b/ 2, or an acute- 
angled triangle and R < b/ \/3. 

Among all disks whose borders pass through three points of A and that con- 
tain all of A, let D be the one of least radius. Suppose that C DA is contained 
in an arc of central angle less than 180°, and that Pi,Pj are its endpoints. 
Then there exists a circle through P^Pj of smaller radius that contains A, a 
contradiction. Thus D has the required property, and the assertion follows. 

18. Let (xo,yo ; zo) be one solution of hex + cay + abz. = n (not necessarily nonnega- 
tive). By subtracting bex o + cay® + abzo = n we get 


bc(x - x 0 ) +ca(y — y 0 ) +ab(z- zo) = 0. 


Since (a.b) = (a,c) = 1, we must have a\x—xo or x — xq = as. Substituting this 
in the last equation gives 


bes + c(y -y 0 )+b(z- zo) = 0. 


Since ( b,c ) = 1, we have b\y — yo or y — yo = bt. If we substitute this in the 
last equation we get bcs + bct+b(z — zo) — 0, or cs+ct+z— zo = 0, or z — zo = 
—c(s+t). In x = xo +as and y = yo + bt, we can choose s and t such that 0 < x < 
a — l and 0<y<b — 1 . If n > 2 abc — bc — ca — ab, then abz = n — bex — acy > 
2abc — ab — bc — ca — bc{a— \ ) — ca{b—\)=—ab orz> — 1, i.e., z> 0. Hence, 
it is representable as bex + cay + abz with x,y,z > 0. 

Now we prove that 2 abc — bc — ca — ab is not representable as bex + cay + abz 
with x, y, z > 0. Suppose that bex + cay + abz = 2 abc — ab — bc — ca with x.y.z > 
0. Then 


bc(x+ 1) +ca(y + 1) +ab(z+ 1) = 2 abc 


withx+ l,y + l,z+ 1 > 1. Since (a,b) = ( a,c ) = 1, we have a|x+ 1 and thus 
a < x+ 1. Similarly b <y+ 1 and c < z+ 1. Thus bca + cab + abc < 2 abc, a 
contradiction. 

19. For all n, there exists a unique polynomial P n of degree n such that P n (k) = Fk 
for n + 2 < k < 2n + 2 and P„(2n+3) = F 2 n +3 — 1. For n = 0, we have F\ = 
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7*2 = 1, F 3 = 2, i°o = 1. Now suppose that P n - \ has been constructed and let 
P n be the polynomial of degree n satisfying P n (X + 2) — P n (X + 1) = P n -\(X) 
and P n (n + 2) =F n+2 . (The mapping K„[X] — x!,Ph (Q,P(n + 2)), 
where Q(X) = P(X + 2) — P(X + 1), is bijective, since it is injective and those 
two spaces have the same dimension; clearly deg Q = deg P— 1 .) Thus for n + 2 < 
k < 2n + 2 we have P n (k+ 1) = P n (k) + F k _ \ and P„(n + 2) = F n+ 2 ; hence by 
induction on k, P„(k) = F k for n + 2 < k < 2n + 2 and 


P n (2n + 3) = F 2n+2 + P„- 1 (2n+l) = F 2n+3 - 1 . 


Finally, Pggo is exactly the polynomial P of the terms of the problem, for 
P 990 — P has degree less than or equal to 990 and vanishes at the 991 points 
k = 992,..., 1982. 

20. If (xi ,x 2 , . . . ,x„) satisfies the system with parameter a, then (—x \ , —x 2 -, ■ ■ -,—x n ) 
satisfies the system with parameter —a. Hence it is sufficient to consider only 
a > 0. 

Let {x \ , . . . .x n ) be a solution. Suppose x\ < a, x 2 < a,. . . ,x n < a. Summing the 
equations we get 

(xi - a) 1 + • • - + {x n - a) 2 = 0 

and see that (a, a, ... ,a) is the only such solution. Now suppose that x k > a for 
some k. According to the &th equation, 

Xk+i |%h !=•**-(**- a) 2 = a ( 2x k ~a)>a 2 , 

which implies that^+i >aas well (here x n +\ =x\). Consequently, all x\,x 2 , ..., 
x„ are greater than or equal to a, and as above (a, a , . . . , a) is the only solution. 

21. Using the identity j 

a n — b n = (a — b) ^ a n ~ m ~ 1 b m 
m = 0 

with a = k [ !" and b= (k— 1 ) 1 i n one obtains 

1 < (k l /n — (k— 1 ) 1 j nk l ~ l/n for all integers n > 1 and k > 1 . 

This gives us the inequality & 1 /" -1 < n (k^ n — (k— 1 ) 1 /") if n > 1 and k > 1. In 
a similar way one proves that n ((k+ l) 1 /" — k 1 /' 1 ) < k 1 “ 1 if n > 1 and k > 1 . 
Hence for n > 1 and m > 1 it holds that 

n±({Mfl n -k^)<±k^ 

k = 1 V 2 k=\ 

<n±(k^-{k- 1 ) 1 ^! 
k= 2 v 2 


or equivalently, 
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n({rn+ l) 1 /”— l) < < n (m l/n — l) + 1. 

The choice n = 1983 and m = 2 1983 then gives 

2 1983 

1983 < £ £1/1983-1 < 1984. 

k= 1 

Therefore the greatest integer less than or equal to the given sum is 1983. 

22. Decompose n into n = st, where the greatest common divisor of s and t is 1 
and where s > 1 and t > 1 . For 1 < k < n put k=vs + u, where 0 < v < t — 1 
and 1 < u < s, and let = a vs + u be the unique integer in the set { 1 , 2 , 3 , . . . , n} 
such that vs + ut — a vs+u is a multiple of n. To prove that this construction gives 
a permutation, assume that = a/, 2 , where ki = v,-.s' + ui, i m 1,2. Then (vi — 
V 2 )^+ (mi — U 2 )t is a multiple of n = st. It follows that t divides (vi — V 2 ), while 
|vi — V 2 I < t — 1, and that s divides (mi — M 2 ), while \u\ — M 2 1 < s - 1 . Hence, 
vi = V 2 , Mi = M 2 , and k\ =ki. We have proved that ai , . . . , a„ is a permutation of 
{1,2, ... ,«} and hence 


^ k cos 
k=l 


Inak 

n 


=x 


v=0 


Using X'u= i cos(27tn/.S') = £ s u=1 
cosine, one finds that 


/ . . ( 2nv 2nu\\ 

{I(v» + ,)cos{— ■+— JJ. 

sin(27tM/.s') = 0 and the additive formulas for 


^ k cos 
k= 1 


2 7ta k 

n 



23. We note that ZO\KC >2 = IM\KM 2 is equivalent to ZO]KM t = Z0 2 KM 2 . Let 
S be the intersection point of the common tangents, and let L be the second 
point of intersection of SK and W\ . 

Since ASO\ P\ ~ ASP\M\, we have 
SK ■ SL = SPf = SOi ■ SM\ which im- 
plies that points 0\,L,K,M\ lie on a 
circle. Hence ZO\ KM\ = ZO\LM\ = 

zo 2 km 2 . 



24. See the solution of (SL91-15). 
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25 . Suppose the contrary, that R 3 = P\ U Pj U P3 is a partition such that a \ £ R + is 
not realized by P \ , a 2 € R + is not realized by Pi and <23 £ R + not realized by P3, 
where w.l.o.g. a\ > a 2 > 03. 

If P\ = 0 = P 2 , then P3 = R 3 , which is impossible. 

If Pi = 0 , and X £ P 2 , the sphere centered at X with radius a 2 is included in P 2 
and <23 < a 2 is realized, which is impossible. 

If Pi ^ 0, let X\£P\. The sphere S centered in X \ , of radius a 1 is included in P 2 n 
P3. Since a\ >a 2 ,S<£ P3. Let X 2 £ P 2 nS. The circle {T £ S \ d(X 2 ,Y) = a 2 } is 
included in P3 , but a 2 < a \ ; hence it has radius r = a 2 1 — a \/ ( 4 a^) > a 2 \/ 3 / 2 
and ai,<a 2 < a 2 \[?> < 2 r; hence a 2 is realized by P3. 
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4.25 Solutions to the Shortlisted Problems of IMO 1984 

1. This is the same problem as (SL83-20). 

2. (a) ¥oxm = t(t — l)/2andn = t(f+l)/2 wehave4mn — m — n= (f 2 — l) 2 — 1. 
(b) Suppose that 4 mn — m — n = p 2 , or equivalently, (Am — 1 ) (An — 1 ) = 4 p 2 + 

1 . The number 4m — 1 has at least one prime divisor, say q, that is of the 
form Ak + 3. Then Ap 2 = — 1 (mod q). However, by Fermat’s theorem we 
have 

1 = (2 pY~ l = (4 p 2 ) ^ = (-1)*^ (mod q), 
which is impossible since (q— l)/2 = 2k + 1 is odd. 

3. From the equahty n = d% +d 2 — 1 we see that df and d 7 are relatively prime and 
d 7 \4-l = (d 6 - 1 ){d 6 + 1), d 6 \d 2 -l = (d 7 - 1 )(d 7 + 1). 

Suppose that df = ab, d 7 = cd with 1 < a < b, 1 < c < d. Then n has 7 divisors 
smaller than d 7 , namely 1 ,a,b.c,d.ab,ac, which is impossible. Hence, one of the 
two numbers df, and d 7 is either a prime p or the square p 2 of a prime p =/=2. Let 
it be di, {i,j} = {6,7}; then <7, | ( dj — 1 ) (dj + 1) implies that dj = ± 1 (mod <7,), 
and consequently (df — l)/dj = ±1 as well. But either dj or (df — l)/dj is less 
than di, and therefore equals <7, — 1 or equals 1 . The only nontrivial possibilities 
are (df — 1 )/dj = 1 and dj = <7, ± 1 . In the first case we get <7, < df hence 
d 7 =d 2 -\=(d 6 -])(d 6 +\y, hence d 6 + 1 is a divisor of n that is between df 
and d 7 . This is impossible. We thus conclude that d 7 = df + 1. Setting df = x, 
d 7 = x+ 1 we obtain that n = x* + (jc+ l) 2 — 1 = 2x(x+ 1) is even. 

(i) Assume that one of x,x + 1 is a prime p. The other one has at most 6 divisors 

and hence must be of the form 2 3 ,2 4 ,2 5 ,2q,2q 2 ,4q, where q is an odd 
prime. The numbers 2 3 and 2 4 are easily eliminated, while 2 5 yields the 
solution x=31,x+l 32, n = 1984. Also, 2 q is eliminated because n = 

Apq then has only 4 divisors less than x; 2 q 2 is eliminated because n = Apq 2 
has at least 6 divisors less than x; 4 q is also eliminated because n = $pq has 
6 divisors less than x. 

(ii) Assume that one of x,x + 1 is p 2 ■ The other one has at most 5 divisors (p 
excluded), and hence is of the form 2 3 , 2 4 . 2<y, where q is an odd prime. 
The number 2 3 yields the solution x = 8, x+1 =9, n = 144, while 2 4 is 
easily eliminated. Also, the number 2 q is eliminated because n = 4 p 2 q has 
6 divisors less than x. 

Thus there are two solutions in total: 144 and 1984. 

4. Consider the convex n-gon A 1 A 2 . . . A n (the indices are considered modulo n). 
For any diagonal A,A j we have A,Aj +A i+ \Aj + \ > A,A(+i +AjAj + 1 . Summing 
all such n(n — 3)/2 inequalities, we obtain 2d > (n — 3 )p, proving the first in- 
equality. 

Let us now prove the second inequality. We notice that for each diagonal A ! A i+; - 
(we may assume w.l.o.g. that j < [n/ 2]) the following relation holds: 


AiAi+j < A/A/+1 H \-Ai+j-\Aj + j. 


(1) 


4.25 Shortlisted Problems 1984 477 


If n = 2 k+ 1, then summing the inequalities (1) for j = 2,3 ,...,k and i = 

1,2, . . . ,n yields d < (2 + 3 H \-k)p = ([n/2][n+ l/2] — 2)p/2. 

If n = 2k, then summing the inequalities (1) for j = 2,3,.. . ,k 1, i = 1,2, ...,n 

and for j = k, i = 1, 2, . . . , k again yields d < (2 + 3H \-(k—\)+k/2)p = 

\{[n/2][n+\/2]-2)p. 

5. Let f(x,y,z) = xy + yz + zx — 2xyz. The first inequality follows immediately by 
adding xy > xyz, yz > xyz, and zx > xyz (in fact, a stronger inequality xy + yz + 
zx — 9 xyz > 0 holds). 

Assume w.l.o.g. that z is the smallest of x,y, z. Since xy < (x + y) 2 /4 = (1 —z) 2 / 4 
and z < 1/2, we have 


xy + yz + zx-2xyz= {x+y)z+xy{\ — 2z) 


<( 1 - 

_ 1 _ 
~ 27 


(1 -z) 2 (l -2z) 

’ 4 

(1-2z)(1-3z) 2 < 7 
108 ~ 27' 


6. From the given recurrence we infer /„+] — f n _i + 2. Consequently, 

fn + 1 - fn = {fi ~ fi) + 2{n - 1) = c - 1 + 2 (n - 1). Summing up for n = 
1,2,... + — 1 yields the explicit formula 

fk=fi+(k-\)(c-\) + (k-\)(k-2) = k 2 + bk-b, 

where b = c — 4. Now we easily obtain fkfk+i = k 4 + 2 (b + 1 )k? + (b 2 +b + 
l)k 2 — (b 2 + b)k— b. We are looking for an r for which the last expression equals 
f r . Setting r = k 2 + pk+q we get by a straightforward calculation that p = b + 1, 
q = —b, and r = k 2 + (b + \ )k~b = f\+k. Hence fkfk + 1 = ff k +k for all k. 

7. It clearly suffices to solve the problem for the remainders modulo 4 (16 of each 
kind). 

(a) The remainders can be placed as shown in Figure 1, so that they satisfy the 
conditions. 

10321032 
23012301 
32103210 
01230123 
10321032 
23012301 
32103210 
01230123 

Fig. 1 

(b) Suppose that the required numbering exists. Consider a part of the chess- 
board as in Figure 2. By the stated condition, all the numbers p + q + r + 
s,q + r + s + t,p + q + r + t,p + r + s + t give the same remainder mod- 
ulo 4, and so do p,q,r,s. We deduce that all numbers on black cells of the 


P 

q r s 
t 


Fig. 2 
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board, except possibly the two comer cells, give the same remainder, which 
is impossible. 

8. Suppose that the statement of the problem is false. Consider two arbitrary circles 
R = ( O , r) and S = ( 0,s ) with 0 < r < s < 1. The point X € R with a(X ) = 
r(s— r ) < 2n satisfies that C(X) = S. It follows that the color of the point X does 
not appear on S. Consequently, the set of colors that appear on R is not the same 
as the set of colors that appear on S. Hence any two distinct circles with center 
at O and radii less than 1 have distinct sets of colors. This is a contradiction, 
since there are infinitely many such circles but only finitely many possible sets 
of colors. 

9. Let us show first that the system has at most one solution. Suppose that ( x,y,z ) 
and (Z ,y',Z.) are two distinct solutions and that w.l.o.g. x < x'. Then the second 
and third equation imply that y > y' and z > z’ , but then y/y — a+ \Jz — a > 
y/y —a + Vz! - a, which is a contradiction. 

We shall now prove the existence of at least one solution. Let P be an arbitrary 
point in the plane and K,L,M points such that PK = y/a, PL = \fb, PM = yfc, 
and ZKPL = ZLPM = ZMPK = 120°. The lines through K,L,M perpendicular 
respectively to PK, PL, PM form an equilateral triangle ABC, where K g BC, L e 
AC, and M GAB. Since its area equals 46 2 \/3/4 = S/\bpc + Saapc + Saapb = 
AB (^y/a+ s/b + y/c^ /2, it follows that AB= 1. Therefore x = PA 2 , y = PB 2 , and 

z = PC 2 is a solution of the system (indeed, y/y — a + \Jz — a = V PB 2 — PK 2 + 
VPC 2 - PK 2 = BK + CK I , etc.). 

10. Suppose that the product of some five consecutive numbers is a square. It is 
easily seen that among them at least one, say n, is divisible neither by 2 nor 3. 
Since n is coprime to the remaining four numbers, it is itself a square of a number 
m of the form 6k± 1. Thus n = (6 k± l) 2 = 24r+ 1, where r = k(3k± l)/2. 
Note that neither of the numbers 24r— 1, 24r + 5 is one of our five consecutive 
numbers because it is not a square. Hence the five numbers must be 24r, 24r + 
1, . . . ,24r+ 4. However, the number 24r +4= (6k ± 1 ) 2 + 3 is divisible by 6r+l, 
which implies that it is a square as well. It follows that these two squares are 1 
and 4, which is impossible. 

11. Suppose that an integer x satisfies the equation. Then the numbers x — ai,x — 
a 2 ,-.-,x — ci 2 n are 2 n distinct integers whose product is 1 • (— 1) • 2 • (—2) ■ ■ • n ■ 
(-»)■ 

From here it is obvious that the numbers x — a\,x — a 2 , ■ ■ ■ ,x — ci 2 n are some 

reordering of the numbers —n, —n + L 1.1 , n — I ,n. It follows that their 

sum is 0, and therefore x = (a\ + a 2 H h «2n)/2«. This is the only solution if 

{a 1 , 02 , ■ ■ • ,« 2 n} = {x — n, . . .,x— l,x+ 1,. . .,x + n} for somexS N. Otherwise 
there is no solution. 

12. By the binomial formula we have 

(a + b) 1 -a 1 -b 1 = lab[{a 5 + b 5 ) + 3 ab(a 3 + b 3 ) + 5 a 2 b 2 {a + b)] 

= 1 ab(a + b)(a 2 + ab + b 2 ) 2 . 
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Thus it will be enough to find a and b such that 7 \a,b and 7 3 1 a 2 + ab + b 2 . Such 
numbers must satisfy ( a + b) 2 > a 2 + ab + b 2 > 7 3 = 343, implying a + b > 19. 
Trying a = 1 we easily find the example (a.b) = (1,1 8). 

13. Let Z be the given cylinder of radius r, altitude h, and volume nr 2 h = \,k\ and 
k .2 the circles surrounding its bases, and V the volume of an inscribed tetrahedron 
ABCD. 

We claim that there is no loss of generality in assuming that A,B,C,D all lie on 
k\ U ^ 2 - Indeed, if the vertices A, B, C are fixed and D moves along a segment EF 
parallel to the axis of the cylinder (E G k\, F G k^), the maximum distance of 
D from the plane ABC (and consequently the maximum value of V ) is achieved 
either at E or at F. Hence we shall consider only the following two cases: 

(i) A,B Gk\ and C,D G k 2 . Let P, Q be the projections of A.B on the plane of 
k 2 , and R, S the projections of C, D on the plane of k\ , respectively. Then 
V is one-third of the volume V' of the prism ARBSCPDQ with bases ARBS 
and CPDQ. The area of the quadrilateral ARBS inscribed in k\ does not 
exceed the area of the square inscribed therein, which is 2 r 2 . Hence 3V = 
V' <2r 2 h = 2/n. 

(ii) A,B,C G k] and D G k 2 - The area of the triangle ABC does not exceed the 
area of an equilateral triangle inscribed in k\, which is 3\/3r 2 /4. Conse- 
quently, V <^r 2 h = §<±. 

14. Let M and N be the midpoints of AB and CD, and let M',N' be their projections 
on CD and AB, respectively. We know that MM' = AB, and hence 

Sabcd = Samd + Sbmc + Scmd = 2 ( Sabd + Sabc) + CD. ( 1 ) 

The line AB is tangent to the circle with diameter CD if and only if NN' = CD/2, 
or equivalently, 

Sabcd = Sand + S B nc + Sanb = ^ ( Sbcd + Sacd ) + -^AB ■ CD. 

By (1), this is further equivalent to Sabc+Sabd = Sbcd + Sacd- But since S,\bc + 
Sacd = Sabd + Sbcd = Sabcd, this reduces to Sabc = Sbcd, i-e., to BC | AD. 

15. (a) Since rotation by 60° around A transforms the triangle CAF into A EAB, 

it follows that L{CF,EB ) = 60°. We similarly deduce that L{EB,AD) = 
L(AD,FC ) = 60°. Let S be the intersection point of BE and AD. Since 
ZCSE = LCAE = 60° , we have that EASC is cyclic . Therefore Z(AS, SC) = 
60° = Z(AD,FC), which implies that S lies on CF as well. 

(b) A rotation of EASC around E by 60° transforms A into C and S into a point 
T for which SE = ST = SC + CT = SC +SA. Summing the equality SE = 
SC + SA and the analogous equalities SD = SB + SC and SF = SA + SB 
yields the result. 

16. From the first two conditions we can easily conclude that a + d > b + c (indeed, 
(i d + a) 2 — (d — a) 2 = (c + b) 2 — (c — b) 2 = Aad = 4 be and d — a> c — b > 0). 
Thus k > m. 
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From d = 2 k — a and c = 2 m — b we get a(2 k — a) = b(2 m — b), or equivalently, 

(1 b + a){b-a) = 2 m {b-2 k - m a ). (1) 

Since 2 k ~ m a is even and b is odd, the highest power of 2 that divides the right- 
hand side of (1) is m. Hence (b + a)(b — a) is divisible by 2 m but not by 2 m+1 , 
which implies b + a = 2 m< p and b — a = 2 m2 q, where m i , m 2 > 1, m\ -(-m2 = m, 
and p,q are odd. 

Furthermore, b = (2 mi p + 2 m2 q)/2 and a = (2 mi p — 2 m2 q)/2 are odd, so either 
m\ =1 or m2 = 1. Note that mi = 1 is not possible, since it would imply that 
b — a = 2 m ~ 1 q > 2 m ~ 1 , although b+c = 2 m and b < c imply that b < 2 m ~ 1 . Hence 
m2 = 1 and mi = m — 1. Now since a + b <b + c = 2 m , we obtain a + b = 2 m_1 
and b — a = 2q, where q is an odd integer. Substituting these into ( 1 ) and dividing 
both sides by 2 m we get 

q = 2 m “ 2 + q-2 k ~ m a => 2 k ~ m a = 2 m ~ 2 . 

Since a is odd and k > m, it follows that a = 1 . 

Remark. Now it is not difficult to prove that all quadruples ( a , b, c, d ) that satisfy 
the given conditions are of the form (l,2 m_1 — l,2 m_1 + l,2 2m_2 — 1), where 
m e N, m > 3. 

17. For any m = 0, 1 , n — 1 , we shall find the number of permutations (;Ci, *2, . . . , 

x„) with exactly k discordant pairs such that x n = n — m. This x„ is a member 
of exactly m discordant pairs, and hence the permutation (x\ .... ,x„_i) of the 
set { 1 , 2, . . . , n} \ {m} must have exactly k — m discordant pairs: there are d(n — 
1 ,k — m) such permutations. Therefore 

d(n,k) = d(n — l,k) +d(n— l,k— 1) — \-d(n—l,k—n+l) 

= d(n— 1 ,k) + d(n,k— 1) 

(note that d(n,k) is 0 if k < 0 or k > (2)). 

We now proceed to calculate d(n,2) and d(n, 3). Trivially, d(n, 0) = 1. It fol- 
lows that d(n, 1) = d(n— l,l) + d(n,0) = d(n- 1, 1) + 1, which yields d(n, 1) = 
d{\, 1) +n— 1 = «— 1. 

Further, d(n, 2) =d(n— 1,2) +d(n, 1) =d(n - 1 .2) — n- 1 =d{ 2, 2) + 2 + 3 + 
\-n— 1 = (n 2 — n — 2)/2. 

Finally, using the known formula l 2 + 2 2 -| b k 2 = k(k+ \){2k+ l)/6, we 

have d(n, 3) = d(n— 1,3) +d(n,2) = d{n- 1,3) + (n 2 — n — 2)/2 = <7(2,3) + 
X"=3 (n 2 - n - 2)/2 = (n 3 - In + 6) /6. 

18. Suppose that circles k\ (0\ : r\), k 2 (C> 2 , rj), and kj (O3 , r3) touch the edges of the 
angles ZBAC, ZABC, and ZACB, respectively. Denote also by O and r the center 
and radius of the incircle. Let P be the point of tangency of the incircle with AB 
and let F be the foot of the perpendicular from 0\ to OP. From AO\FO we ob- 
tain cot(oc/2) = 2y/rr\ / (r — r\) and analogously cot(/3/2) = 2 ^Jrr 2 /(r — rj), 
cot(y/2) = 2^frri/{r~ rj). We will now use a well-known trigonometric iden- 
tity for the angles of a triangle: 
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a B y a B y 
cot — |- cot — (- cot - = cot — • cot — • cot - . 

2 2 2 2 2 2 

(This identity follows from tan(y/2) = cot(a/2 + j3/2) and the formula for the 
cotangent of a sum.) 

Plugging in the obtained cotangents, we get 

lyfm ^y/rrj zyrri _ ly/m 2 JjTj ly/rrj ^ 

r — r\ r — r2 r — 7*3 r — r\ r — r^ r — r$ 

y/n {r- r 2 ){r- r 3 ) + yfri{r~ n)(r- r 3 ) 

+ y/r3(r-n)(r-r 2 ) =4r v , r 1 r 2 r 3 . 

For r 3 = 1 ,r 2 = 4, and r 3 = 9 we get 

(r-4)(r-9) + 2(r-l)(r-9)+3(r-l)(r-4) = 24r=>6(r-l)(r-ll)=0. 


Clearly, r = 1 1 is the only viable value for r. 

19. First, we shall prove that the numbers in the nth row are exactly the numbers 


111 1 


(i) 


The proof of this fact can be done by induction. For small n, the statement can 
be easily verified. Assuming that the statement is true for some n, we have that 
the kth element in the (n + l)st row is, as is directly verified, 

1 i _ i 

n(tl) (" +!)(*- 1 ) _ (” + 1 ) 6 )‘ 


Thus (1) is proved. Now the geometric mean of the elements of the nth row 
becomes: 




1 

2^' 


The desired result follows directly from substituting n = 1984. 

20. Define the set S = R + \ {1}. The given inequality is equivalent to \nb/\na < 
ln(6+l)/ln(fl + l). 

If b = 1, it is obvious that each a £ S satisfies this inequality. Suppose now that 
b is also in S. 

Let us define on S' a function f(x) = ln(x+ 1 )/lnx. Since In (v + 1) > lnx and 
\/x> l/x + 1 > 0, we have 


In* ln(*+l) 



ln 2 x 


< 0 for all x. 
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Hence / is always decreasing. We also note that f{x) < 0 for x < 1 and that 
f(x) > 0 for x > 1 (at x = 1 there is a discontinuity). 

Let us assume b > 1 . From In b/\n a < In [b + 1 ) /In (a + 1 ) we get f(b) > f (a). 
This holds for b > a or for a < 1 . 

Now let us assume b < 1. This time we get f(b) < f(a). This holds for a < b or 
fora > 1. 

Hence all the solutions to log a b< \og a+l (b+ 1 ) are [b= l, a e S}, {a > b > 1}, 
{b > 1 > a}, {a < b < 1}, and {b < 1 < a}. 
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4.26 Solutions to the Shortlisted Problems of IMO 1985 

1. Since there are 9 primes {p\ = 2 < p 2 = 3 < • • • < pg = 23) less than 26, each 
number Xj G M is of the form flLi pf j > where 0 < a (/ - . Now, XjXk is a square 
if a.ij + Oik = 0 (mod 2) for i= 1 , . . . , 9. Since the number of distinct ninetuples 
modulo 2 is 2 9 , any subset of M with at least 513 elements contains two elements 
with square product. Starting from M and eliminating such pairs, one obtains 
(1985 — 513)/2 = 736 > 513 distinct two-element subsets of M each having a 
square as the product of elements. Reasoning as above, we find at least one (in 
fact many) pair of such squares whose product is a fourth power. 

2. The polyhedron has 3 ■ 12/2 =18 edges, and by Euler’s formula, 8 vertices. Let 
vi and V 2 be the numbers of vertices at which respectively 3 and 6 edges meet. 
Then v\ + V 2 = 8 and 3vi + 6 V 2 = 2-18, implying that Vi = 4. Let A,B,C,D be 
the vertices at which three edges meet. Since the dihedral angles are equal, all 
the edges meeting at A, say AE,AF,AG, must have equal length, say x. (If x = 
AE = AF ^ AG = y, and AEF, AFG, and AGE are isosceles, Z.EAF ^ /.FAG, 
in contradiction to the equality of the dihedral angles.) It is easy to see that at 
E, F, and G six edges meet. One proceeds to conclude that if H is the fourth 
vertex of this kind, EFGH must be a regular tetrahedron of edge length y, and 
the other vertices A, B, C, and D are tops of isosceles pyramids based on EF G, 
EFH, FGH, and GEH. Let the plane through A, B, C meet EF, HF, and GF, at 
E' , H', and G'. Then AE'BH'CG' is a regular hexagon, and since x = FA = FE', 
we have E'G' =x and AE' = x/ \/3- From the isosceles triangles AEF and FAE' 
we obtain finally, with /EFA = a. 



1 - 2sin 2 (a/2), x/(2xV3) = sin(a/2). 


and y/x = 5/3. 

3. We shall write P = Q for two polynomials P and Q if P{x) — Q(x) has even 
coefficients. 

We observe that ( 1 +x) 2m = 1 + x 2 '" for every to e N. Consequently, for every 
polynomial p with degree less than k = 2 m , w(p ■ qk) = 2w(p). 

Now we prove the inequality from the problem by induction on i n . If i n < 1, the 
inequality is trivial. Assume it is true for any sequence with i\< - <i n < 2 m 

(to > 1), and let there be given a sequence with k = 2 m <i n < 2 m+1 . Consider 
two cases. 

(i) h > k. Then w{q h + + = 2 w(q h - k -i f q^-k) > 2 w(q h - k ) = 

w{q h ). 

(ii) i\ < k. Then the polynomial p = q t] H h qi n has the form 


1 L_1 1 



Whenever some a, is odd, either a, + b, or b t in the above sum will be odd. 
It follows that w(p) > w{qi l ), as claimed. 
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The proof is complete. 

4. Let (x) denote the residue of an integer x modulo n. Also, we write a~b if a and 
b receive the same color. We claim that all the numbers (i j), i = 1, 2, . . . , n — 1 , 
are of the same color. Since j and n are coprime, this will imply the desired 
result. 

We use induction on i. For i = 1 the statement is trivial. Assume now that the 
statement is true for i = 1, . . . , k— 1. For 1 < k< nwe have (kj) ^ j. If (kj) > j, 
then by (ii), (kj) ~ (kj) — j = ((k— l)j). If otherwise (kj) < j, then by (ii) and 
(i), (k j) ~ j — (kj} ~ n — j + (kj) = ((k — 1 ) j) . This completes the induction. 

5. Let w.l.o.g. circle C have unit radius. For each m£l, the locus of points M such 
that f(M) = m is the circle C m with radius r m = m/(m +1), that is tangent to C 
at A. Let O m be the center of C m . We have to show that if M e C m and N £ C n , 
where m,n> 0, then the midpoint P of MN lies inside the circle C( m+n y 2 - This 
is trivial if m = n, so let m^n. 

For fixed M, P is in the image C' n of C„ under the homothety with center M and 
coefficient 1/2. The center of the circle C' n is at the midpoint of O n M. If we let 
both M and N vary, P will be on the union of circles with radius r n /2 and centers 
in the image of C m under the homothety with center O n and coefficient 1/2. 
Flence P is not outside the circle centered at the midpoint O m O„ and with radius 
(r m + r,j) / 2. It remains to show that r( m + n ) j% > (r m +r n )/2. But this inequality 
is easily reduced to (m — n ) 2 > 0, which is true. 

6. Let us set 


x n ,i = y i + ' + \Ji+ H h \/n, 

y n ,i = 4+Vi + 4+ 2 i,A'>4 + ' ' ' +</• 

In particular, x „ t 2 = x n and x n j = 0 for i > n. We observe that for n > i > 2, 


x„+i ,i-x„,i = 



•^11+1,1+1 x n,i+l 

yn,i 


Since y n j > ix‘ n / > i 1+ (‘ ')/' > f 3 / 2 and x n +i A+ \ — x n>n+ i = " + \/«+ 1. simple 
induction gives 


Xn+l-Xn < 


"Vn+T 1 

(n!) 3 / 2 < n\ 


for n > 2. 


The inequality for n = 2 is directly verified. 

7. Let ki > 0 be the largest integer such that p k ‘ \ Xi, i — 1 , . . . , n, and yi = x; / p k ‘ . We 

may assume that k = k\ A \-k n . All the yi must be distinct. Indeed, if y,- = yj 

and ki > kj, then x,- > pxj > 2x,- > 2xi , which is impossible. Thus yiy 2 ■■■>'« = 
P/p k >n\. 
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If equality holds, we must have y,- = 1, yj = 2 and y* = 3 for some i,j,k. Thus 
p> 5, which implies that either y,/y ; - < l/2ory,/y ; - >5/2, which is impossible. 
Hence the inequality is strict. 

8. Among ten consecutive integers that divide n, there must exist numbers divisible 
by 2 3 , 3 2 , 5, and 7. Thus the desired number has the form 

n = 2“ 1 3 a2 5 a3 7 a4 ll a5 • • • , where a, > 3, a 2 > 2, a 3 > 1, 04 > 1. 


Since n has (a.\ + l)(o£2 + 1 )(«3 + 1) • • • distinct factors, and (oq + l)(o£2 + 
l)(of3 + l)(a4 + 1) > 48, we must have (0.5 + 1 ) • • • < 3. Hence at most one (Xj, 
j > 4, is positive, and in the minimal n this must be as. Checking through the 
possible combinations satisfying (a\ + l)(a2 + 1) • • • (as + 1) = 144 one finds 
that the minimal n is 2 5 • 3 2 • 5 • 7 • 1 1 = 1 10880. 


9. Let ~a , b ,~c . d denote the vectors OA,OB,OC,OD respectively. Then \~a\ = 
\b\ = |"?| = \d\ = \. The centroids of the faces are ( b + ~c + d )/3, (~a + 
~c + d)/ 3, etc., and each of these is at distance 1/3 from P = {~a + b +~c + 
d)/ 3; hence the required radius is 1/3. To compute P| as a function of the 
edges of ABCD, observe that AB 2 = ( b — ~a ) 2 = 2 — 2 ~a ■ b etc. Now 


p 2 _ [a + b +~c + d \ 2 
9 

_ 16-2 (AB 2 + BC 2 +AC 2 +AD 2 +BD 2 + CD 2 ) 

~ 9 

10. If M is at a vertex of the regular tetra- 
hedron ABCD {AB = 1), then one can 
take M' at the center of the opposite 
face of the tetrahedron. 

Let M be on the face {ABC) of 
the tetrahedron, excluding the ver- 
tices. Consider a continuous map / 
of C onto the surface S of ABCD 
that maps m + ne in / 3 for m,n € Z 
onto A, B, C, D if ( m,n ) = (1,1), 

(1,0), (0,1), (0,0) (mod 2) respect- 
ively, and maps each unit equilateral 
triangle with vertices of the form m+ ne m ! 2 isometrically onto the corresponding 
face of ABCD. The point M then has one preimage Mj, j ■ 1 , 2, . . . , 6, in each of 
the six preimages of A ABC having two vertices on the unit circle. The M/s form 
a convex centrally symmetric (possibly degenerate) hexagon. Of the triangles 
formed by two adjacent sides of this hexagon consider the one, say M1M2M3, 
with the smallest radius of circumcircle and denote by M’ its circumcenter. Then 
we can choose M' = f{M'). Indeed, the images of the segments M\M ' , M 2 M', 
M 3 M' are three different shortest paths on S from M to M' . 
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11. Let —X] , . . . , — X(, be the roots of the polynomial. Let ( k<i< 6) denote the 

sum of all products of k of the numbers x\,... ,Xj. By Vieta’s formula we have 
a k = s k , 6 for k 1 , . . . , 6. Since %,■ = ,s>_ i ix,- + s^-i , one can compute the 
by the following scheme (the horizontal and vertical arrows denote multiplica- 
tions and additions respectively): 


Xi - 

5 2 ,2 - 

+ S3, 3 - 

■+ S4,4 - 

■+ S5.5 

1 

1 

1 

1 

1 

•? 1 , 2 - 

->• S2,3 - 

■* S3, 4 - 

-*■ S4,5 - 

->■ 05 

1 

1 

1 

1 


si, 3 - 

S2,4 - 

+ S3, 5 - 

-»• «4 


1 

1 

1 



Si, 4 - 

S2,5 - 

■* a-i 




I I 


Si, 5 — * «2 

I 

at 


12. We shall prove by induction on m that P m {x,y,z) is symmetric and that 

(x+y)P m (x,z,y+ 1) - (: x+z)P m (x,y,z+ 1) = (y-z)P m (x,y,z) (1) 

holds for all x,y,z. This is trivial for m = 0. Assume now that it holds for m = 
n— 1. 

Since obviously P„(x,y,z) = P„(y,x,z), the symmetry of P n will follow if we 
prove that P n (x,y,z) = P n (x,z,y). Using (1) we have P n (x,z,y) — P n (x.y,z) = 
(y+z)l(x+y)P n - l (x,z,y+l)-(x+z)Pn-i(x,y,z+l)]-(y 2 -z*)Pn-i(x,y,z) = 
(y + z)(y — z)P n -i(x,y,z) — (y 2 — z 2 )P n -i(x,y,z) = 0. It remains to prove (1) for 
m = n. Using the already established symmetry we have 

(x+y)P n (x,z,y+ 1) - ( x + z)P n (x,y,z+ 1) 

= (x+y)P„(y+l,z,x) - ( x+z)P n {z+ l,y,x) 

= (x+y)[{y+x+ l)(z+x)P n - l (y+ l,z,x+ 1) -x 2 P„_i(y + \,z,x)} 
-{x+z)[(z+x+l)(y+x)P n -i{z+\,y,x+\) -x 2 P n - l {z+ l,y,x)} 

= (x + y) (x + z) (y - z)P n - 1 (x + 1 , y, z) - x 2 (y - z)P „- 1 (x, y, z) 

= (y-z)P n (z,y,x) = (y-z)P n {x,y,z), 


as claimed. 

13. If m and n are relatively prime, there exist positive integers p,q such that pm = 
qn+ 1. Thus by putting m balls in some boxes p times we can achieve that one 
box receives q + 1 balls while all others receive q balls. Repeating this process 
sufficiently many times, we can obtain an equal distribution of the balls. 

Now assume gcd(w,n) > 1. If initially there is only one ball in the boxes, then 
after k operations the number of balls will be 1 + km, which is never divisible by 
n. Hence the task cannot be done. 
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14. It suffices to prove the existence of a good point in the case of exactly 661 — l’s. 
We prove by induction on k that in any arrangement with 2>k+2 points k of 
which are — l’s a good point exists. For k = 1 this is clear by inspection. Assume 
that the assertion holds for all arrangements of 3n + 2 points and consider an 
arrangement of 3(« + 1) + 2 points. Now there exists a sequence of consecutive 
— l’s surrounded by two + l’s. There is a point P which is good for the arrange- 
ment obtained by removing the two +l’s bordering the sequence of — l’s and 
one of these — l’s. Since P is out of this sequence, clearly the removal either 
leaves a partial sum as it was or diminishes it by 1, so P is good for the original 
arrangement. 

Second solution. Denote the number on an arbitrary point by a\, and the num- 
bers on successive points going in the positive direction by 02 , 03 , . . . (in partic- 
ular, O/t-i -1985 = ah). We define the partial sums s 0 = 0, s n = a\ + 02 H b a n for 

all positive integers ra; then £*+1985 = .s> + .S '| 935 and .v [ 935 > 663. Since v 1 985 m > 
663m and 3 -663 m > 1985 (m + 2) + 1 for large m, not all values 0, 1,2, . . .663 m 
can appear thrice among the 1985(m + 2) + 1 sums s_ i 985 ,-?-i 984 j ■ ■ ■ Ai 985 (m+i) 
(and none of them appears out of this set). Thus there is an integral value s > 0 
that appears at most twice as a partial sum, say = S[ = s, k < l. Then either a* 
or ai is a good point. Actually, s L > s must hold for all i > l, and s, < s for all 
i < k (otherwise, the sum s would appear more than twice). Also, for the same 
reason there cannot exist indices p, q between k and l such that s p > s and s q < s; 
i.e., for k < p < l, s p ’s are either all greater than or equal to s, or smaller than or 
equal to s. In the former case is good, while in the latter a; is good. 

15. There is no loss of generality if we as- 
sume K = ABCD, K' = AB'C'D', and 
that K' is obtained from A" by a clock- C 
wise rotation around A by (p, 0 < <p < 
n/4. Let C'D', B'C', and the parallel R 
to AB through O' meet the line BC at 
E, F, and G respectively. Let us now 
choose points E' G AB', G' G AB, C" G 
AD’, and E" G AD such that the trian- 
gles AE'G' and AC" E" are translates D 
of the triangles D'EG and FC'E respectively. Since AE' = D'E and AC" = FC' , 
we have C"E" = C'E = B'E' and C"D' = B'F, which imply that AE"C"D' is a 
translate of A E'B'F, and consequently E"lY = E'F and E"D' || E'F. It follows 
that there exist points H G CD, H' G BF, and D" G E'G' such that E"D'HD 
is a translate of E'FH'D". The remaining parts of K and K' are the rectangles 
EYGCH and D"H'BG' of equal area. 

We shall now show that two rectangles with parallel sides and equal areas can be 
decomposed into translation invariant parts. Let the sides of the rectangles XYZT 
and X'Y'Z'T' {XY || X'Y') satisfy X'Y' < XY, Y'Z! > YZ, and X'Y' ■ Y'Z! = XY ■ 
YZ. Suppose that 2 X'Y' > XY (otherwise, we may cut off congruent rectangles 
from both the original ones until we reduce them to the case of 2 X'Y' > XY). 
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Let U € XY and V G ZT be points such that YU = TV = X'Y' and W € XV 
be a point such that UW | XT. Then translating A XUW to a triangle VZR and 
A XVT to a triangle WRS results in a rectangle UYRS congruent to X'Y'Z'T' . 
Thus we have partitioned K and K' into translation-invariant parts. Although not 
all the parts are triangles, we may simply triangulate them. 

16. Let the three circles be a(A,a), j5(B,b), and y(C,c), and assume c < a,b. We 
denote by &x,<p the rotation around X through an angle (p. Let PQR be an 
equilateral triangle, say of positive orientation (the case of negatively oriented 
A PQR is analogous), with P G a, Q G j3, and R G 7 . Then Q = Mp-^y>{R) G 
&p- 60 ° ( 7 ) n ^- 

Since the center of &p-6o° ( 7 ) is &p- 60 ° (C) = ^c, 60 ° (P) and it belongs to 
'^c\ 60 c (a), the union of circles &p- 60°(7) as P varies on a is the annulus V/ 
with center A' = S&cfur (A) and radii a — c and a + c. Hence there is a solution if 
and only if 9Z fl j3 is nonempty. 

17. The statement of the problem is equivalent to the statement that there is one 
and only one a such that 1 — 1 /n< f n [a) < 1 for all n. We note that each /„ is 
a polynomial with positive coefficients, and therefore increasing and convex in 

R+. 

Define x n and y n by f, (x n ) = 1 — 1 /n and /„(y„ ) = 1. Since 


fn+\{x n ) 



and f n+ \ (>’„) = 1 + 1/n, it follows that x n < x n+ \ < y n+ \ < y n . Moreover, the 
convexity of /„ together with the fact that f n (x) > x for all x > 0 implies that 
yn — x n < fniyn ) — fn(x n ) = 1 /«. Therefore the sequences have a common limit 
a, which is the only number lying between x n and y„ for all n. By the definition 
of x n and y n , the statement immediately follows. 

18. Set Vj = - — 7 — , where x„+i = x t . Then n?=i = 1 and the inequality to be 

x i+l x i+2 1 1 

proved becomes £” =1 yA— < n — 1, or equivalently 


X 

(=1 


1 

T Tyt 


> 1. 


We prove this inequality by induction on n. 

Since + |+ ' _| = 1, the inequality is true for n = 2. Assume that it is true 
for n — 1, and let there be given yi , . . . ,y n > 0 with XXi=\ Ji — L Then 1+v r ^ + 
Th^ > i+yl-iyn ’ which is equivalent to 1 +y„y n - 1 (1 +y n +7n-t) > 0. Hence by 
the inductive hypothesis 


X 

i=l 


1 

TT Ji 


>1 


i = 1 


1 

T Tyl 


+ 


1 


i +y n -iy n 


> i. 
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Remark. The constant n — 1 is best possible (take for example x,- = a 1 with a 
arbitrarily large). 

19. Suppose that for some n > 6 there is a regular n-gon with vertices having integer 
coordinates, and that A 1 A 2 . . . A n is the smallest such n-gon, of side length a. If 
O is the origin and B, the point such that (9B, = A ( _iA;, i= 1,2, ... ,n (where 
Aq = A n ), then B l has integer coordinates and B 1 B 2 . . ■ B n is a regular polygon of 
side length 2as\n(n / n) < a, which is impossible. 

It remains to analyze the cases n< 6. If ^ is a regular n-gon with n = 3,5,6, 
then its center C has rational coordinates. We may suppose that C also has integer 
coordinates and then rotate & around C thrice through 90°, thus obtaining a 
regular 12-gon or 20-gon, which is impossible. Hence we must have n = 4 which 
is indeed a solution. 

20. Let O be the center of the circle touching the three sides of BCDE and let F € 
(ED) be the point such that EF = EB. Then ZEFB = 90° — ZE/2 = ZC/2 = 
ZOCB, which implies that B,C,F,0 lie on a circle. It follows that ZDFC = 
ZOBC = ZB /2 = 90° — ZD/ 2 and consequently ZDCF = ZDFC. Hence ED = 
EF + FD = EB + CD. 

Second solution. Let r be the radius of the small circle and let M,N be the points 
of tangency of the circle with BE and CD respectively. Then 


ZB ZD ZE 

EM = rcotE, DN = rcotZ), MB = rcot = rtan , NC = rtan . 

2 2 2 


and ED = EO+ OD = — — 
sin!) 


r 

sinis 


The statement follows from the identity cotx + tan(x/2) = 1 / sinx. 

21. Let B 1 and C\ be the points on the rays AC and AS respectively such that XB\ = 
XC = XB = XC\. Then ZXB\C = ZXCB x = ZABC and ZXC\B = ZXBC\ = 
ZACB, which imply that B\,X ,C\ are collinear and AAB\C\ ~ AABC. More- 
over, X is the midpoint of S 1 C 1 because XB\ = XC\ , from which we conclude 
that AAA'S 1 ~ A AMB. Therefore ZCAX = ZBAM and 


AM _ BM 
AX ~ XB / 


BM 

~BC 


= cos a. 


22. Assume that A ABC is acute (the case of an obtuse AABC is similar). Let S 
and R be the centers of the circumcircles of AABC and AKBN, respectively. 
Since ZBNK = ZBAC, the triangles BNK and SAC are similar. Now we have 
ZCBR = ZABS = 90° — ZACB, which gives us BR A AC and consequently BR || 
OS. Similarly BS A KN implies that BS || OR. Hence BROS is a parallelogram. 
Let L be the point symmetric to S with respect to R. Then RLOS is also a par- 
allelogram, and since SR A BM, we obtain OL A BM. However, we also have 
EM A BM, from which we conclude that 0,L,M are collinear and OM A BM. 
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Second solution. The lines BM, NK, 

and CA are the radical axes of pairs 

of the three circles, and hence they 

intersect at a single point P. Also, 

the quadrilateral MNCP is cyclic. Let 

OA = OC = OK = ON = r. We then y 'V' 

have BM - BP = BN - BC = OB 2 - r 1 . 

PM PB = PN PK = OP 2 - r 2 . It 
follows that OB 2 - OP 2 = BP(BM— 

PM) = BM 2 - PM 2 , which implies that OM _L MB. 
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4.27 Solutions to the Shortlisted Problems of IMO 1986 

1 . If w > 2, then setting in (i ) x = w — 2, y = 2, we get f(w) =f((w— 2 )f(w) )/( 2) = 
0. Thus 


/(x) =0 if and only if x > 2. 


Now let 0 < y < 2 and x > 0. The LHS in (i) is zero if and only if xf(y) > 2, 
while the RHS is zero if and only if x+y > 2. It follows that x > 2/ f(y) if and 
only if x > 2 — y. Therefore 



The confirmation that / satisfies the given conditions is straightforward. 

2. No. If a were rational, its decimal expansion would be periodic from some point. 
Let p be the number of decimals in the period. Since /(10 2p ) has 2 np zeros, it 
contains a full periodic part; hence the period would consist only of zeros, which 
is impossible. 

3. Let E be the point where the boy turned westward, reaching the shore at D. Let 
the ray DE cut AC at F and the shore again at G. Then EF = AE = x (because 
AEF is an equilateral triangle) and FG = DE = y. From AE ■ EB = DE EG we 
obtain x(86 — x) = y(x + y). If x is odd, then x(86 — x) is odd, while y(x + y) 
is even. Hence x is even, and so y must also be even. Let y = 2y\. The above 
equation can be rewritten as 


(x+yi-43) 2 +(2yi) 2 = (43 -yi) 2 . 


Since yi < 43, we have (2)q,43— yi) = 1, and thus (|x+yi — 43|,2yi,43 — yi) is 
a primitive Pythagorean triple. Consequently there exist integers a > b > 0 such 
that y\ = ab and 43 — y\ = a 2 + b 2 . We obtain that a 2 + b 2 + ab = 43, which has 
the unique solution a = 6,b= 1. Hence y = 12 and x = 2 or x = 72. 

Remark. The Diophantine equation x(86 — x) = y(x + y) can be also solved 
directly. Namely, we have that x(344 — 3x) = (2 y+x) 2 is a square, and since x 
is even, we have (x, 344 — 3x) = 2 or 4. Consequently x, 344 — 3x are either both 
squares or both two times squares. The rest is easy. 

4. Let x = p a x! ,y = p^y' ,z = p y z! with p \ x'yV and a > j3 > y. From the given 
equation it follows that p n (x + y ) = z{xy — p n ) and consequently z! \ x+y. Since 
also p y | x+y, we have z \ x+y, i.e., x+y = qz. The given equation together with 
the last condition gives us 


xy = p n (q+l) 


and x + y = qz- 


( 1 ) 


Conversely, every solution of (1) gives a solution of the given equation. 

For q = 1 and q = 2 we obtain the following classes of n + 1 solutions each: 
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< 7 = 1 : (x,y,z) = (2p i ,p n - i ,2p i +p n - i ) for i = 0, 1,2, . . . ,n; 
q = 2 : (*,y,z) = (3 p j ,p n - j , 3pj+ /"~ J ) for j = 0, 1,2, . . . ,n. 

For n = 2k these two classes have a common solution (2p k ,p k ,3p k )\ other- 
wise, all these solutions are distinct. One further solution is given by ( x,y,z ) = 
(l .p n (p n + 3)/2,p 2 + 2), not included in the above classes for p > 3. Thus we 
have found 2(n + 1 ) solutions. 

Another type of solution is obtained if we put q = p k + p n k . This yields the 
solutions 


(x,y,z) = {p k ,p n +p n k + p 2n 2k ,p n *+1) for k = 0,1. . . . ,n. 


For k < n these are indeed new solutions. So far, we have found 3(n + 1) — 1 or 
3(n+l) solutions. One more solution is given by ( x,y,z ) = {p,p n +p n ~ l ,p n ~ l + 
P n ~ 2 + 1). 

5. Suppose that for every a,b G {2,5, 13, d}, a^b, the number ab — 1 is a perfect 
square. In particular, for some integers x,y,z we have 

2d-l=x 1 , 5d—l = y 2 , 13d— 1 =z 2 . 


Since x is clearly odd, d = (x 2 + l)/2 is also odd because 4 { jc 2 + 1 . It fol- 
lows that y and z are even, say y = 2yi and z = 2zi. Hence (zi — y 1 )(zi +>’1 ) = 
(z 2 — y 2 )/ 4 = 2d. But in this case one of the factors zi — yi, zi +y\ is odd and 
the other one is even, which is impossible. 

6. There are five such numbers: 


69300 = 2 2 -3 2 -5 2 -7- 11: 
50400 = 2 5 -3 2 -5 2 -7: 
60480 = 2 6 • 3 3 • 5 • 7 : 
55440 = 2 4 -3 2 -5-7- 11 : 
65520 = 2 4 ■ 3 2 • 5 • 7 • 13 : 


3 • 3 • 3 • 2 • 2 = 108 divisors; 

6 • 3 • 3 • 2 = 108 divisors; 

7 • 4 • 2 • 2 = 112 divisors; 
5 • 3 • 2 • 2 • 2 = 120 divisors; 
5 • 3 • 2 • 2 ■ 2 = 120 divisors. 


7. Let P(x) = (x — ;to) (x — jci) • • • (x — x n ) (x — x n + 1 ) . Then 


P'ix) = 



and 


n + 1 

n*)=xi7 

j Okfj ^ 


P(x) 

Xj)(x-X k ) ' 


Therefore 

r"(x,) = 

m \ Xi x j) 

for i = 0, 1 1 , and the given condition implies P"(xi) = 0 for i = 
1,2 ,...,«. Consequently, 


:(x- 1 )P"{x) = (n + 2)(n+ l)P(x). 


( 1 ) 
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It is easy to observe that there is a unique monic polynomial of degree n + 2 
satisfying differential equation (1). On the other hand, the polynomial Q(x) = 
(— 1 ) n P( 1 —x) also satisfies this equation, is monic, and deg <2 = n + 2. Therefore 
(— l) n P(l —x) = P(x), and the result follows. 

8 . We shall solve the problem in the alternative formulation. Let L G (v) denote the 
length of the longest directed chain of edges in the given graph G that begins 
in a vertex v and is arranged decreasingly relative to the numbering. By the 
pigeonhole principle it suffices to show that £ v L(v) > 2 q in every such graph. 
We do this by induction on q. 

For q = 1 the claim is obvious. We assume that it is true for q — 1 and consider a 
graph G with q edges numbered 1 , . . . , q. Let the edge number q connect vertices 
u and w. Removing this edge, we get a graph G' with q— 1 edges. We then have 

L g {u) > Lq/(w) + 1, Lq(w) > L g i (u) + 1, L g (v) > Lffiy) for other v. 

Since £L G /(v) > 2(q — 1) by inductive assumption, it follows that £Lg( v ) > 
2(q —l)+2 = 2qas desired. 

Second solution. Let us place a spider at each vertex of the graph. Let us now 
interchange the positions of the two spiders at the endpoints of each edge, listing 
the edges increasingly with respect to the numbering. This way we will move 
spiders exactly 2q times (two for each edge). Hence there is a spider that will 
be moved at least 2 q/n times. All that remains is to notice that the path of each 
spider consists of edges numbered in increasing order. 

Remark. A chain of the stated length having all vertices distinct does not neces- 
sarily exist. An example is n = 4, q = 6 with the numbering following the order 
ab, cd, ac , bd,ad, be. 

9. We shall use induction on the number n of points. The case n = 1 is trivial. Let 
us suppose that the statement is true for all 1 , 2 1 , and that we are given 
a set T of n points. 

If there exists a point P S T and a line l that is parallel to an axis and contains P 
and no other points of T, then by the inductive hypothesis we can color the set T \ 
{P} and then use a suitable color for P. Let us now suppose that whenever a line 
parallel to an axis contains a point of T, it contains another point of T. It follows 
that for an arbitrary point Po € T we can choose points Pi, P 2 ,. . . such that PkPk+i 
is parallel to the x-axis for k even, and to the y-axis for k odd. We eventually 
come to a pair of integers (r.s) of the same parity, 0 < r < s, such that lines 
P r P r + 1 and PjPj+i coincide. Hence the closed polygonal line P r + 1 P r +2 ■ ..P s P r +\ 
is of even length. Thus we may color the points of this polygonal line alternately 
and then apply the inductive assumption for the rest of the set T. The induction 
is complete. 

Second solution. Let Pi,P 2 , . . . ,P^ be the points lying on a line l parallel to an 
axis, going from left to right or from up to down. We draw segments joining 
Pi with P 2 , P 3 with P 4 , and generally P 2;- 1 with P 2 ;. Having this done for every 
such line Z, we obtain a set of segments forming certain polygonal lines. If one 
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of these polygonal lines is closed, then it must have an even number of vertices. 
Thus, we can color the vertices on each of the polygonal lines alternately (a point 
not lying on any of the polygonal lines may be colored arbitrarily). The obtained 
coloring satisfies the conditions. 

10. The set X = { 1 , . . . , 1986} splits into triads 7) , where 7) = {3j — 2, 3j — 
Mi}. 

Let ,9- be the family of all 4-element subsets P such that \PP\Tj\ = 1 or 2 for some 
index j. If j'q is the smallest such jo, we define P' to be the 4-element set obtained 
from P by replacing the elements of P fl 7) 0 by the ones following cyclically 
inside Tjo- Let s(P) denote the remainder modulo 3 of the sum of elements of 
P. Then s(P),s(P'),s(P") are distinct, and P'" = P. Thus the operator ' gives us 
a bijective correspondence between the sets X G & with s(P) = 0, those with 
s(P) = 1, and those with s(P) = 2. 

If 3 \ 4 is not divisible by 3, then each 4-element subset of X belongs to 
and the game is fair. If 3 | 4, then 4-element subsets not belonging to & are those 
that are unions of several triads. Since every such subset has the sum of elements 
divisible by 3, it follows that player A has the advantage. 

11. Let X be a finite set in the plane and 4 a line containing exactly 4 points of 
X (4 = 1 , . . . Then l n contains n points, l n -\ contains at least n — 2 points 
not lying on l n , l n - 2 contains at least n — 4 points not lying on /„ or l n -\, etc. It 
follows that 


\X\>g(n) = n + (n-2) + (n-4) + ...+ (n-2[!i]). 

Hence /(«) > g(n) = [^-] > where the last equality is easily proved by 

induction. 

We claim that f{n) = g{n). To prove this, we shall inductively construct a set X n 
of cardinality g{n) with the required property. For n < 2 a one-point and two- 
point set satisfy the requirements. Assume that X n is a set of g(n) points and that 
Ik is a line containing exactly k points of X n , k — 1 , . . . , n. Consider any line l not 
parallel to any of the 4’s and not containing any point of X n or any intersection 
point of the 4 . Let l intersect 4 in a point Pk,k= and let P n+ \ , P n+ 2 be 

two points on l other than P\. P n . We define X n+2 = X n U {P\ , . . . . P n+ 2} . The 

set X n+ 2 consists of g(n) + (n+ 2) = g(n + 2) points. Since the lines /, .... 4, /| 

meet X„in« + 2,n-|-l,...,3,2 points respectively (and there clearly exists a line 
containing only one point of X n+ 2 ), this set also meets the demands. 

12. We define f(x 1 , . . . , X 5 ) = £? =1 (x i+ \ — x,_i ) 2 (xq = X 5 , xg = xi). Assuming that 
X 3 < 0, according to the rules the lattice vector X = (xi,X 2 ,X 3 ,X 4 ,X 5 ) changes 
into Y = (xi,X 2 +X 3 ,— X 3 ,X 4 +X 3 ,X 5 ). Then 

f(Y)-f(X ) = (x 2 + x 3 x 5 ) 2 -|- (xi + x 3 ) 2 + (x 2 x 4 ) 2 
+ (x 3 +X5) 2 + (xi -x 3 -X 4 ) 2 - (x 2 -X 5 ) 2 
- (x 3 - Xi ) 2 - (x 4 - X2) 2 - (x 5 - X3) 2 - (xi - X4) 2 
= 2x 3 (xi +X2 +X3 +X4 +X5) = 2 x 3 S < 0. 
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Thus / strictly decreases after each step, and since it takes only nonnegative 
integer values, the number of steps must be finite. 

Remark. One could inspect the behavior of g(X) = £? =1 Xj=i \ x i + x i + I H H 

Xj- 1| instead. Theng(T) — g(X) = |5+jc^| — |S — X 3I > 0. 

13. Let us consider the infinite integer lattice and assume that having reached a point 
(x,ri) or (n,y), the particle continues moving east and north following the rules of 
the game. The required probability pi is equal to the probability of getting to one 
of the points £j (n, n + k), £2 (n + k, n), but without passing through (n,n + k— 1) 
or ( n + k — 1 ,n). Thus p is equal to the probability p\ of getting to E\ (n,n + k) 
via D\ (n — 1 , n + k) plus the probability P 2 of getting to £2 (n + k, n) via D 2 (n + 
k,n— 1). Both pi and pi are easily seen to be equal to ( 2n ^f l )2~ 2n ~ k , and 
therefore p = ( 2n +k~^ 2 - 2 n-k+i 

14. We shall use the following simple fact. 

Lemma. If k is the image of a circle k under an inversion centered at a point Z, 
and 0i, 02 are centers of k and k, then Oi, O2, and Z are collinear. 

Proof. The result follows immediately from the symmetry with respect to the 
line Z0i . 

Let I be the center of the inscribed circle i. Since IX IA = IE 2 , the inversion with 
respect to i takes points A into X, and analogously B, C into T,Z respectively. It 
follows from the lemma that the center of circle ABC, the center of circle XYZ, 
and point / are collinear. 

15. (a) This is the same problem as SL82-14. 

(b) If S is the midpoint of AC, we have B'S = AC% |j=§>, D'S = ACjff^, 
B'Lf = AC | | • These formulas are true also if ZB > 90° or ZD > 

90°. We similarly obtain that A"C" = B' D' I ^hzA'^zc' I ■ Therefore 


A"C" = AC 


sin 2 (ZA + ZC) 

4 sin ZA sin ZB sin ZC sin ZD 


16. Let Z be the center of the polygon. 

Suppose that at some moment we 
have A e Pi-iPj and B e P t Pi+\, where 
P;_i, Pi, P l+ \ are adjacent vertices of 
the polygon. Since ZAOB = 180° — 

ZP,_ 1 P,P, + 1 , the quadrilateral AP t BO 
is cyclic. Hence ZAPiO = ZABO = 

ZAP{Z, which means that 0 G P,Z. 
over, from OP, = 2rsin ZP,A0, where r is the radius of circle AP t BO, we ob- 
tain that ZPi < OPi < ZPi/cos(n/n). Thus 0 traces a segment ZZ, as A and B 
move along P;_iP; and P,P,- + i respectively, where Z, is a point on the ray PZ 
with PiZiCos(n/n) = PiZ. When A,B move along the whole circumference of 
the polygon, O traces an asterisk consisting of n segments of equal length ema- 
nating from Z and pointing away from the vertices. 
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17. We use complex numbers to represent the position of a point in the plane. For 
convenience, let Ai,A2,A3,A4,A5 , . . . be A.B.C.A. B, . . . respectively, and let Pq 
be the origin. After the /cth step, the position of will be Pk=A/ c + ( Pk - i —Ak)u, 
k= 1,2,3,..., where u = e 4 717/3 . We easily obtain 

Pk = (1 — u) (Ak + uAk - 1 + u 2 Ak-2 H f u k 'Ai ) . 

The condition Pq = P\9%(, is equivalent to A t ggg + uA \g^ + • • • + m 1984 A2 + 
m 1985 Ai = 0, which, having in mind that A i = A4 = A7 = • • • , A2 = A5 = Ag = • • • , 
A3 = A(y = Ag = • • • , reduces to 

662(A3 + UA2 + m 2 Ai ) = (1 + w 3 H f- m 1983 ) (A3 + 14A2 + u 2 A\) = 0. 

It follows that A3 —A\ = u(Ai — A2), and the assertion follows. 

Second solution. Let fp denote the rotation with center P through 120° clock- 
wise. Let /, = f A . Then f x (P 0 ) = P\ . Let B' = f x (B), C' = f x (C), and f 2 = fa. 
Then/ 2 (Fi) =P 2 and/ 2 (AB , C') =A'B'C". Finally, let / 3 =f C " and faA'B'C”) = 
A"B"C" . Then g = /3/2/1 is a translation sending Pq to Pj and C to C" . Now 
Fi 9 8 6 = Fo imphes that g 662 is the identity, and thus C = C" . 

Let K be such that ABK is equilateral and positively oriented. We observe that 
/2/1 ( K ) = K\ therefore the rotation /2/1 satisfies /2/1 (P) 7b P for P K. Hence 
/2/1 (C) =C" =C implies K = C. 

18. We shall use the following criterion for a quadrangle to be circumscribable. 

Lemma. The quadrangle AYDZ is circumscribable if and only if DB — DC = 
AB-AC. 

Proof. Suppose that AY DZ is circumscribable and that the incircle is tangent to 
AZ, ZD, DY, YA at M, N, P, Q respectively. Then DB-DC = PB-NC = 
MB — QC = AB— AC. Conversely, assume that DB — DC = AB— AC and let 
a tangent from D to the incircle of 
the triangle ACZ meet CZ and CA 
at Lf f=Z and Y' f A respectively. 

According to the first part we have 
D'B - D'C = AB — AC. It follows 
that | D'B - DB\ = \ D'C - DC\ = 

DD', implying that O' = D. 

Let us assume that DZBX and DXCY are circumscribable. Using the lemma 
we obtain DC — DA= BC — BA and DA — DB = CA — CB. Adding these two 
inequalities yields DC — DB = AC — AB, and the statement follows from the 
lemma. 

19. Let M and N be the midpoints of segments AB and CD, respectively. The given 
conditions imply that AABD = ABAC and A CDA = ADCS; hence MC = MD 
and NA = NB. It follows that M and N both lie on the perpendicular bisectors of 
AS and CD, and consequently MN is the common perpendicular bisector of AS 
and CD. Points S and C are symmetric to A and D with respect to MN. Now if P 
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is a point in space and P' the point symmetric to P with respect to MN, we have 
BP = AP', CP = DP', and thus f(P) = AP +AP' +DP + DP'. Let PP' intersect 
MN in Q. Then AP+AP' > 2 AQ and DP + DP' > 2DQ, from which it follows 
that f(P) > 2(AQ + DQ) = f(Q). It remains to minimize f(Q) with Q moving 
along the line MN. 

Let us rotate point D around MN to a point D' that belongs to the plane AMN, 
on the side of MN opposite to A. Then f(Q) = 2(AQ + D'Q) > AD', and equal- 
ity occurs when Q is the intersection of AD ' and MN. Thus min/(<2) = AD 1 . 
We note that AMD 1 = 2AD 1 + 2BD 1 - AB 2 = 2 a 2 + 2 b 2 - AB 2 and AMN 2 = 
AMD 2 - CD 2 = 2 a 2 + 2 b 2 - AB 2 - CD 2 . Now, AD' 2 = (AM + D'N) 2 + MN 2 , 
which together with AM + D'N = (a + b ) /2 gives us 


ad , 2 _ a 2 +b 2 +AB CD _ a 2 + b 2 + c 2 


2 


2 


We conclude that min/(g) = ^(a 2 + b 2 + c 2 )/ 2. 

20. If the faces of the tetrahedron ABCD are congruent triangles, we must have AB = 
CD, AC = BD, and AD = BC. Then the sum of angles at A is ZBAC + ZCAD + 
ZDAB = ZBDC + ZCBD + ZDCB = 180°. 

We now assume that the sum of angles at each vertex is 180°. Let us construct 
triangles BCD' , CAD" ,ABD'" in the plane ABC, exterior to A ABC, such that 
A BCD' S A BCD, ACAD" ^ A CAD, and AABD"' ^ A ABD. Then by the as- 
sumption, A e D"D'", B e D"'D', and C e D'D". Since also D" A = D'"A = DA, 
etc., A,B,C are the midpoints of segments D" D'" , D'" D' , D' D" respectively. Thus 
the triangles ABC, BCD', CAD" , ABD'" are congruent, and the statement follows. 

21. Since the sum of all edges of ABCD is 3, the statement of the problem is an 
immediate consequence of the following statement: 

Lemma. Let r be the inradius of a triangle with sides a,b,c. Then a + b + c> 
6\/3 ■ r, with equality if and only if the triangle is equilateral. 

Proof. If S and p denotes the area and semiperimeter of the triangle, by Heron’s 
formula and the AM-GM inequality we have 


pr — S = y/p(p-a)(p-b)(p-c) 



i.e., p > 3-\/3 • r, which is equivalent to the claim. 
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4.28 Solutions to the Shortlisted Problems of IMO 1987 


1. By (ii), /(x) = 0 has at least one solution, and there is the greatest among them, 
say xq. Then by (v), for any x. 


0 = f(x)f(x 0 )=f{xf{xo)+xof{x)-x 0 x)=f(xo(f(x)-x)). (1) 

It follows that xo > xo(/'(x) — x). 

Suppose xo > 0. By (i) and (iii), since /(x o) — xo < 0 < /( 0) — 0, there is a 
number z between 0 and xo such that f(z) = z. By (1), 0 = f(xo(f(z) — z)) = 
/( 0) = 1 , a contradiction. Hence, xo < 0. Now the inequality xo > xo (/(x) — x) 
gives /(x) - x > 1 for allx; so, /(1987) > 1988. Therefore /(1987) = 1988. 

2. Let di denote the number of cliques of which person i is a member. Clearly 
di > 2. We now distinguish two cases: 

(i) For some i, di = 2. Suppose that i is a member of two cliques, C p and 
C q . Then \C p \ = \C q \ = n, since for each couple other than i and his/her 
spouse, one member is in C p and one in C q . There are thus (n — l)(n — 2) 
pairs (r.s) of nonspouse persons distinct from i, where r G C p , s G C q . We 
observe that each such pair accounts for a different clique. Otherwise, we 
find two members of C p or C q who belong to one other clique. It follows 
that k > 2+ (n — 1 )(n — 2) > 2 n for n > 4. 

(ii) For every i, di>3. Suppose that k < 2 n. For i = 1 , 2, . . . , 2n assign to person 
i an indeterminant x,-, and for j = 1 , 2, . . . , k set y = 'Liec, x i- From linear 
algebra, we know that if k < 2 n, then there exist xi,X 2 , . . . ,X 2 «, not all zero, 
such that yi = yi = • • • = yk = 0. 

On the other hand, suppose that yi = y 2 = ■ ■ ■ = = 0. Let M be the set of 

the couples and M' the set of all other pairs of persons. Then 

0 = X>7 = Z J 'X? + 2 X XiXj 
i=l i=l (ij)eiw' 

= X , (di - 2)x? + (xi + x 2 H h x 2 „) 2 + X (■*>■ _ x jf 

2 n 

> x^>°> 


if not all x\ ,x 2 , . . . ,x 2 „ are zero, which is a contradiction. Hence k > 2 n. 
Remark. The condition n > 4 is essential. For a party attended by 3 couples 
{(1,4), (2,5), (3,6)}, there is a collection of 4 cliques satisfying the conditions: 
{(1,2, 3), (3, 4, 5), (5, 6,1), (2, 4, 6)}. 

3. The answer: yes. Set 


p(k, m) = k+ [1 + 2H b (k+m)\ 


(k+m) 2 + 3k+m 


It is obviously of the desired type. 


2 
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4. Setting x\ = AB, X 2 = AD, x 2 = AE, we have to prove that 

|*1 +X 2 \ + \x 2 +x 3 \ + |* 3 +*l| < \xi\ + \x 2 \ + 1*3 1 + 1*1 + *2 H- *3 1 - 
We have 

( 1*1 1 + |*2 1 + 1 * 3 1 )^ - |*1 +* 2 +* 3| 2 

= 2X(|*«||*/|~(*l,*i»- £ [d*i| + l*/l) 2 - |*i'+*l| 2 ] 

l<i< j< 3 I <i< j<3 J 

= X (\ X i\ + \Xj\ + \Xi + Xj\)(\xi\ + \xj\-\Xi + Xj\). 

!<('< j< 3 

The following two inequalities are obvious: 


|*i | + \xj\ — | Xi +Xj | > 0, 

|*i| + I*;! + |*i +Xj\< |*1 1 + |*2 1 + |*3 1 + |*1 + *2 +*3 1 • 

It follows that 

(1*1 1 + |*2 1 + |*3 1) 2 - |*1 +*2 +*3| 2 


< ( 2>l + 


I*! 


2XN- X \ x i + Xj\ ] > 

=1 l<i< j< 3 


and dividing by the positive number £ 2 =i \x- t \ + XLi *< | we obtain 


XN- 


X* 


< 2 X|*;|- X |*i +*;|- 

1=1 l<i</<3 


(1) 

(2) 


The inequality is proven. Let us analyze the cases of equality. If one of the vec- 
tors is null, then equality obviously holds. Suppose that x t / 0, i = 1,2,3. For 
every i,j, at least one of (1) and (2) is equality. Equality in (1) holds if and only 
if Xi and xj are collinear with the same direction, while in (2) it holds if and only 
if —Xk and x\ +x 2 +*3 are collinear with the same direction. If not all the vectors 
are collinear, then there are at least two distinct pairs Xj,xj, i < j, for which (2) 
is an equality, so at least two of *, are collinear with x\ +x 2 +*3, but then so is 
the third; hence, the sum x\ +x 2 + *3 must be 0. Thus the cases of equality are 
(a) the vectors are collinear with the same direction; (b) the vectors are collinear, 
two of them have the same direction, say Xj.Xj, and |**| > |jq| + \xj\; (c) one of 
the vectors is 0; (d) their sum is 0. 

Second solution. The following technique, although not quite elementary, is 
often used to effectively reduce geometric inequalities of first degree, like this 
one, to the one-dimensional case. 

Let <7 be a fixed sphere with center O. For an arbitrary segment d in space, and 
any line /, we denote by 7 t[(d) the length of the projection of d onto l. Consider 
the integral of lengths of these projections on all possible directions of OP, with 
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P moving on the sphere: J a 7top(d)da. It is clear that this value depends only 
on the length of d (because of symmetry); hence 

/ Kopda = c-\d\ for some constant c ^ 0. (1) 

Ja 

Notice that by the one-dimensional case, for any point P Go, 

1 tOp{x l) + Jtopfa) + 1 Zop(x 3 ) + ltOp(x 1 +X2+X3 ) 

> Jtop(x\ +X2) +TCop(x 1 + X3) + Jtop(x2 + X3). 

By integration on a, using (1), we obtain 

c(H + 1 * 2 ] + N + N + x 2 +JC 3 I) > c ( \xi +X2I + |xj +* 3 ] + |jea+x 3 |). 

5. Assuming the notation a = BC, b = AC, c = AB; x = BL, y = CM, z = AN, from 
the Pythagorean theorem we obtain 

( a-x) 2 + (b-y j 2 + (c-z) 2 =x 2 +y 2 + z 2 

_ x z + (a-x) 2 + y 1 + (b-y) 2 + ^ + (c-z) 2 


Since x 2 + {a - x) 2 = a 2 / 2 + (a- 2x) 2 /2 > a 2 / 2 and similarly y 2 + (b - y) 2 > 
b 2 j2 and z 2 + (c — z) 2 > c 2 / 2, we get 


Ytt > 


a 2 + b 2 + c 2 


Equality holds if and only if P is the circumcenter of the triangle ABC, i.e., when 
x = a/2, y = b/2, z = c/2. 

6. Suppose w.l.o.g. that a>b>c. Then l/(b + c) > l /{a + c) > l /(a + b). Cheby- 
shev’s inequality yields 


a n b n c” 1 

1 — — 1 — —— > 2 ; W* -Yb n ~Y c”) 

b + c a + c a + b 3 V 

By the Cauchy-Schwarz inequality we have 


1 1 1 

b+c a+c a+b 


( 1 ) 


2 (a + b + c) 


1 1 1 

<+c a+c a+b 


and the mean inequality yields (a n + b n + c n )/3 > \{a + b + c)/ 3]". We obtain 
from (1) that 

a n b n c n > 
b+c a+c a+b ~ 

> 3 ( a + £ + c^" -1 _ ^2 


f a+b+c Y 

'( 1 1 | 

l 3 ) 

\b+c a+c a+bj 
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7. For all real numbers v the following inequality holds: 

I («-»/)*< 5 i(v»-v>*. (1) 

0<!< j<4 i= 0 

Indeed, 

S ( v < - v/) 2 = X [0; - v) - (Vj - v)] 2 

0</< j<4 0<i<7<4 

4 / 4 \ 2 4 

= 5X(v*-v) 2 - X(v,-v) <5 — v ) 2 - 

i=0 \/=0 / (=0 

Let us first take v,’s, satisfying condition (1), so that w.l.o.g. V0<V1<V2<V3< 
V4 < 1+ vo. Defining V5 = 1 + vo, we see that one of the differences y/+i — vj, 
j — A, is at most 1 /5. Take v = (v ;+ i + vj) /2, and then place the other three 

Vj ’s in the segment [v— l/2,v+l/2]. Now we have | v — Vj | < 1/10, |v-v J+ i| < 
1/10, and | v — v* | < 1/2, for any k different from j,j+ 1. The v, ’s thus obtained 
have the required property. In fact, using the inequality (1), we obtain 

oJ s / V '-^ S5 ( 2 ^) 2 + 3 © 2 ) =3 ' 85<4 ' 

Remark. The best possible estimate for the right-hand side is 2. 

8. (a) Consider 

a t = ik- F 1, i= 1,2, bj = jm+ 1, j= \.2,....k. 

Assume that mk \ ajbj — a s b t = ( ik + 1 ) (jm + 1) — [sk + l)(fm + 1) = 
km(i j — st) + m(j — t) + k{i — 5). Since m divides this sum, we get that 
m | k(i — s), or, together with gcd (k,m) = 1, that i = s. Similarly j = t, 
which proves part (a). 

(b) Suppose the opposite, i.e., that all the residues are distinct. Then the residue 
0 must also occur, say at a\b\\ mk \ a\b\\ so, for some a' and b', a' \ a\, 
b' | b\, and a'b' = mk. Assuming that for some i,s 7^ i, a' \ a, — a s , we 
obtain mk = a'b' \ a,h] — a s b \ , a contradiction. This shows that a! >m and 
similarly b' > k, and thus from a'b' = mk we have a' = m, b' = k. We 
also get (*): all of s give distinct residues modulo m = a', and all b/s give 
distinct residues modulo k = b'. 

Now let p be a common prime divisor of m and k. By (*), exactly ^y~m 
of a/s and exactly of bj’s are not divisible by p. Therefore there are 
precisely P p P mk products aibj that are not divisible by p, although from 
the assumption that they all give distinct residues it follows that the number 
of such products is ^y-mk 7^ i ' P [ P mk. We have arrived at a contradiction, 
thus proving (b). 
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9. The answer is yes. Consider the curve 

C={(x,y,z) \x = t,y = t 3 ,z = t 5 , tsR}. 

Any plane defined by an equation of the form ax + by + cz + d = 0 intersects 
the curve C at points (t,t 3 ,t 5 ) with t satisfying ct 5 +bt 3 + at + d = 0. This last 
equation has at least one but only finitely many solutions. 

10. Denote by r,R (take w.l.o.g. r < R) 
the radii and by A,B the centers of 
the spheres respectively. Let s 

be the common radius of the spheres 
in the ring, C the center of one of 
them, say S, and D the foot of the 
perpendicular from C to AB. The cen- 
ters of the spheres in the ring form a 
regular n-gon with center D, and thus 
sin(7t/n) = s/CD. Using the Heron’s 
formula on the triangle ABC, we obtain 
(r+R) 2 CD 2 = 4rRs(r+R + s), hence 


. 2 TP _ S 2 

Sln n~CD 2 ~ 4(r+R + s)rR' 

Choosing the unit of length so that r + R = 2, for simplicity of writing, we write 
( 1 ) as 1 /sin~{n/n) = rR( 1 + 2/s) . Let now v be half the angle at the top of the 
cone. Then clearly R—r= (R + r) sin v = 2sinv, giving us R = 1 + sinv, r = 
1 — sinv. It follows that 



ttf = c °s 2 v. (2) 

snr £ V s ) 

We need to express s as a function of R and r. Let E\,E2,E be collinear points 
of tangency of S i. Si, and S with the cone. Obviously, E1E2 = E\E + EiE, i.e., 
2 ^/Fs + 2 jlTs = ly'Tr = (R + r ) cosv = 2cosv. Hence, 

cos 2 v = s(VR + V*) 2 = s(R + r+2\/Rr) = j(2 + 2cosv). 

Substituting this into (2), we obtain 2 + cosv = l/sin(7T /n). Therefore 1/3 < 
sin(7r/n) < 1 /2, and we conclude that the possible values for n are 7, 8, and 9. 

11. Let A 1 be the set that contains 1, and let the minimal element of A2 be less than 
that of A3. We shall construct the partitions with required properties by allocating 
successively numbers to the subsets that always obey the rules. The number 1 
must go to Ai ; we show that for every subsequent number we have exactly two 
possibilities. Actually, while A2 and A3 are both empty, every successive number 
can enter either A 1 or A2. Further, when A2 is no longer empty, we use induction 
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on the number to be placed, denote it by m\ if m can enter A, or Aj but not A^, 
and it enters A,, then m + 1 can be placed in A, or A/., but not in Ay. The induction 
step is finished. This immediately gives us that the final answer is 2" _1 . 

12. Here all angles will be oriented and 
measured counterclockwise. Note that 
ICA'B = lAB'C = IBC'A = n/3. 

Let d,b',d denote respectively the in- 
ner bisectors of angles A',B',C' in 
triangle A'B'C' . The lines d, b' , d 
meet at the centroid X of A'B'C 1 , 
and Z(d,b r ) = Z{b' ,d) = Z(d,d) = 

2tt/3. Now let K,L,M be the points 
such that KB = KC, LC = LA, MA = 

MB, and IBKC = ICLA = IAMB = 

2n/3, and let Ci, C 2 , C 3 be the 
circles circumscribed about triangles 
BKC, CLA, and AMB respectively. These circles are characterized by C\={Z\ 
ZBZC = 2k/ 3}, etc.; hence we deduce that they meet at a point P such that 
ZBPC = ZCPA = ZAPB = 2n/3 (Torricelli’s point). Points A' ,B' ,C' run over 
Ci \ {P}, C 2 \ { P\, C 3 \ {P} respectively. As for d,b',d, we see that K ed,Le 
b' , M £ d, and also that they can take all possible directions except KP,LP,MP 
respectively (if K = P, KP is assumed to be the corresponding tangent at K). 
Then, since ZKXL = 2n / 3, X runs over the circle defined by {Z | ZKZL = 
2n/3}, without P. But analogously, X runs over the circle {Z | ZLZM = 2n/3}, 
from which we can conclude that these two circles are the same, both equal to 
the circumcircle of KLM, and consequently also that triangle KLM is equilateral 
(which is, anyway, a well-known fact). Therefore, the locus of the points X is 
the circumcircle of KLM minus point P. 

13. We claim that the points Pj(i, i 2 ),i= 1,2,..., 1987, satisfy the conditions. In fact: 

(i) Wj = V(i - 7 ) 2 + (i 2 - j 2 ) 2 = \i-j\V l + ( i+j ) 2 - 

It is known that for each positive integer n, sjn is either an integer or an 
irrational number. Since i + j < \J 1 + (i + j ) 2 <i+j+ 1 , \/l + (i + j ) 2 is 
not an integer, it is irrational, and so is PiPj. 

(ii) The area A of the triangle PiPjPk, for distinct i, j, k, is given by 

A = 


also showing that this triangle is nondegenerate. 

14. Let x n be the total number of counted words of length n, and y n , z n , u n , z n , y n the 
numbers of counted words of length n starting with 0, 1 , 2, 3 , 4, respectively (in- 
deed, by symmetry, words starting with 0 are equally numbered as those starting 


r + f,. r+k~,. Jr + r /t .J 


2 K ’ 2 
(i-j)U-k)(k-i) I 


e Q\{0}, 


B' 
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with 4, etc.). We have the clear relations 


(1) yn — zn i; (2) z„ = 

(3) u n = 2z n - 1 ; (4) x n = 2 y n + 2 Zn + . 


From (1), (2), and (3) we get z n = z n - 
which gives 

Z2n = 2-3" _1 , 

Then (1), (3), and (4) obviously imply 

y2n = 3 n— 1 , 

M2n = 2-3" _1 , 
x 2 „ = 8-3 n - 1 , 

with the initial number x\ = 5. 


-2 + 2z n —i = 3z„_2, with zi = 1 , Z 2 = 2, 

Z2n+1 = 3 . 


yin+\ = 2-3 n_1 ; 
M2n+l=4-3 n 
X2» + i = 14-3”- 1 ; 


15. Since x^ +x^ -| = 1, we get by the Cauchy-Schwarz inequality 


|*l I + |x 2 | H F \x„\ < y/nixl + xl+'-'+xl) = y/n. 

Hence all k n sums of the form eiXi + eoxo H b e n x n , with e,- G {0, 1 , 2, . . . , k — 

1}, must lie in some closed interval 3 of length ( k — 1 )\fn. This interval 
can be covered with k n — 1 closed subintervals of length By the pi- 

geonhole principle there must be two of these sums lying in the same subin- 
terval. Their difference, which is of the form eixi + e 2 x 2 H b e n x n where 

ei e {0,±1, . . . ,±(k — 1)}, satisfies 


. (k—l)\/n 

eixi+e 2 *2H be„x„ < — - — - — . 

k n — 1 

16. We assume that S = {1,2, . . . and use the obvious fact 

X Pn{fy = n\ (0) 

k=0 

(a) To each permutation it of S we assign an n-vector (e \ , e 2 , ■ ■ ■ , e„), where e,- 
is 1 if i is a fixed point of it, and 0 otherwise. Since exactly p n (k) of the 
assigned vectors contain exactly k “l”s, the considered sum S*=o kp n {k) 
counts all the “l”s occurring in all the n\ assigned vectors. But for each 
i, 1 < i < n, there are exactly (n 1)! permutations that fix i; i.e., exactly 
(n — 1)! of the vectors have e, = 1. Therefore the total number of “l”s is 
n-(n — !)! = «!, implying 


f j kp n (k)=nl 
k = 0 


( 1 ) 
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(b) In this case, to each permutation n of S we assign a vector {d\,...,d n ) 
instead, with <7, = k if i is a fixed point of n, and d t = 0 otherwise, where k 
is the number of fixed points of n. 

Let us count the sum Z of all components di for all the n\ permutations. 
There are p n {k) such vectors with exactly k components equal to k, and 
sums of components equal to k 2 . Thus, Z = X"=o k 2 p n (k). 

On the other hand, we may first calculate the sum of all components di for 
fixed i. In fact, the value d t = k> 0 will occur exactly p„- \ (k — 1) times, 
so that the sum of the di s is kp n -\ (k— 1) = S^=o(^+ 1 )p«-i (fc) = 
2(n — 1) ! . Summation over i yields 

Z = k 2 p n (k) =2nl. (2) 

From (0), (1), and (2), we conclude that 

X(*- 1 ) 2 Pn{k) = X k 2 p n (k) - 2 £ kp n (k) + ]T p n (k) = n\. 
k=0 k = 0 k = 0 k = 0 


Remark. Only the first part of this problem was given on the IMO. 

17. The number of 4-colorings of the set M is equal to 4 1987 . Let A be the number of 
arithmetic progressions in M with 10 terms. The number of colorings containing 
a monochromatic arithmetic progression with 10 terms is less than 4A ■ 4 1977 . So, 
if A < 4 9 , then there exist 4-colorings with the required property. 

Now we estimate the value of A. If the first term of a 10-term progression is k 
and the difference is d, then 1 < k < 1978 and d < [ 198 J~^ ] ; hence 



< 


1986+ 1985 + ••• + 9 
9 


1995-1978 n 

— r ^ <4 


18. Note first that the statement that some a + x,a+y,a+x+y belong to a class C 
is equivalent to the following statement: 

(1) There are positive integers p,q&C such that p <q< 2 p. 

Indeed, given p,q, take simply x = y = q — p, a = 2p — q\ conversely, if a,x,y 
( x < y) exist such that a+x,a+y,a+x+y G C, take p = a+y, q = a+x+y. 
clearly, p <q< 2 p. 

We will show that h(r) = 2 r. Let {1,2,..., 2 r} = C\ U C 2 U ■ • • U C r be an arbi- 
trary partition into r classes. By the pigeonhole principle, two among the r + 1 
numbers r,r+ \ ,2r belong to the same class, say i, j £ Q. If w.l.o.g. i < j, 
then obviously i < j < 2 i, and so by (1) this Q has the required property. 

On the other hand, we consider the partition 

r-t 

{1,2, . . . ,2r— t} = (J {k,&+ /-} U {r — f + 1} U- • - U {r} 

jfc-l 


and prove that (1), and thus also the required property, does not hold. In fact, 
none of the classes in the partition contains p and q with p <q< 2 p, because 
k + r>2k. 
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19. The facts given in the problem allow us to draw a triangular pyramid with angles 
2a, 2/3 , 2y at the top and lateral edges of length 1/2. At the base there is a triangle 
whose side lengths are exactly sin a, sin j3, sin y. The area of this triangle does 
not exceed the sum of areas of the lateral sides, which equals (sin 2a + sin 2/3 + 
sin2y)/8. 

20. Let y be the smallest nonnegative integer with y < p — 2 for which /(>’) is a 
composite number. Denote by q the smallest prime divisor of f(y). We claim 
that y < q. 

Suppose the contrary, that y > q. Let r be a positive integer such that y = 
r (mod q). Then f(y) = f(r) = 0 (mod q), and since q<y<p — 2< f(r), we 
conclude that q \ f(r), which is a contradiction to the minimality of y. 

Now, we will prove that q > 2 y. Suppose the contrary, that q < 2 y. Since 

f(y)-f(x) = (y-x)(y+x+ 1), 

we observe that f(y) — f(q — 1 — y) = (2 y — q+l)q, from which it follows that 
f(q — 1 — y) is divisible by q. But by the assumptions, q — 1 — y < y, implying 
that f(q — 1 — y) is prime and therefore equal to q. This is impossible, because 

f{q- i-y) = (q-i-y) 2 +(q-i-y)+p>q+p-y-i>q- 

Therefore q>2y+\. Now, since f(y), being composite, cannot be equal to q, 
and q is its smallest prime divisor, we obtain that f(y) > q 2 . Consequently, 

y 2 +y + p>q 2 > (2y+ l) 2 = 4y 2 + 4y+ 1 ^3(y 2 +y) <p-\, 

and from this we easily conclude that y < ^ p/3, which contradicts the condition 
of the problem. In this way, all the numbers 

m, /a),-.., f(p- 2) 


must be prime. 

21. Let P be the second point of inter- 
section of segment BC and the cir- 
cle circumscribed about quadrilateral 
AKLM. Denote by E the intersection 
point of the lines KN and BC and by 
F the intersection point of the lines 
MN and BC. Then ZBCN = ZBAN 
and ZMAL = ZMPL, as angles on 
the same arc. Since AL is a bisector, 
ZBCN = ZBAL = ZMAL = ZMPL, 
and consequently PM || NC. Similarly 
we prove KP 
hence 

and 



BN. Then the quadrilaterals BKPN and NPMC are trapezoids; 
Sbke = Snpe and Snpf = Scmf- 


Therefore Sabc = Saknm ■ 
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22. Suppose that there exists such function /. Then we obtain 

f(n + 1987) = /(/(/(«))) = f{n) + 1987 for all n e N, 

and from here, by induction, f(n + 1987f) = f(n) + 1987? for all n, t e N. 
Further, for any r 6 {0. 1 , ... . 1986}, let f(r) = 1981k + l,k,leN,l< 1986. We 
have 

r + 1987 = /(/(r)) = f(l + 1987k) = f(l ) + 1987*, 

and consequently there are two possibilities: 

0) k = 1 =► f(r) = l + 1987 and /(/) = r; 

(ii) k = 0 =► f(r) = l and f(l) = r+ 1987; 

in both cases, r ^ l. In this way, the set {0, 1, ... , 1986} decomposes into pairs 
{a.b} such that 

f(a)=b and f(b)=a+l981, or f(b)=a and f(a) = b + 1987. 

But the set {0, 1 , ... , 1986} has an odd number of elements, and cannot be de- 
composed into pairs. Contradiction. 

23. If we prove the existence of p, q e N such that the roots r. s of 

f(x) = x 2 — kp-x+kq = 0 

are irrational real numbers with 0 < s < 1 (and consequently r > 1), then we 
are done, because from r + s, rs = 0 (mod k ) we get r m +s m = 0 (mod k ), and 
0 < s" 1 < 1 yields the assertion. 

To prove the existence of such natural numbers p and q, we can take them such 
that /( 0) > 0 > /( 1), i.e., 

kq> 0 > k(q — p)+ 1 => p> q> 0. 

The irrationality of r can be obtained by taking q = p—1, because the discrimi- 
nant D = (kp) 2 — Akp + Ak, for (kp — 1) 2 < D < (kp— l) 2 , is not a perfect square 
for p > 2. 
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4.29 Solutions to the Shortlisted Problems of IMO 1988 

1. Assume that p and q are real and bo,b\ ,b 2 ,... is a sequence such that b„ = 
pb n -\ +qb n - 2 for all n > 1. From the equalities b n = pb„- \ + qb n - 2 , b n+ \ = 
pb n +qb n - 1, b n+ 2 = pb n + 1 + qb n , eliminating b n+ \ and b „- 1 we obtain that 
b n+ 2 = (p 2 + 2 q)b n — q 2 b n - 2 - So the sequence bo, b 2 , b^, . . . has the property 

b 2 n = Pb2n-2 + Qb 2 n-4, P = p 2 + 2q, Q = ~q 2 . (1) 

We shall solve the problem by induction. The sequence a„ has p = 2, q = 1 , and 
hence P = 6, Q = — 1 . 

Let k = 1. Then ao =Q,a\ = 1, and a n is of the same parity as a n - 2; i.e., it is 
even if and only if n is even. 

Let k > 1. We assume that for n = 2 k m, the numbers a n are divisible by 2 k , but 
divisible by 2 k+l if and only if m is even. We assume also that the sequence 
Co, ci , ... , with c m = a m . 2 k, satisfies the condition c„ = pc n - 1 — c n _ 2, where p = 
2 (mod 4) (for Jt = 1 it is true). We shall prove the same statement for k+ 1. 
According to (1), C2„ = Pc 2 n -i — C2«-4, where P = p 2 — 2. Obviously P =2 
(mod 4). Since P = As + 2 for some integer s, and c 2n = 2 k+l d 2n , cq = 0, c i = 2 k 
(mod 2* +1 ), and C2 = pc\ = 2 k+x (mod 2 k+1 ), we have 

C 2 n = (4s + 2)2 k+{ d 2n - 2 - C 2 n - 4 = c 2n -4 (mod 2 k+2 ), 

i.e., 0 = co = C4 = C8 = • • • and 2 k+ 1 = C2 = C6 = • • • (mod 2 k+1 ), which proves 
the statement. 

Second solution. The recursion is solved by 

0 +2 (") +22 C) + -' 

Let n = 2 k m with m odd; then for p > 0 the summand 

H \ = 2 k +Pn M — = 2 k+ P m ( n ~ ' 

2p+\) {2p+\)\ 2p+\\2p 

is divisible by 2 k+p , because the denominator 2p + 1 is odd. Hence 

% = '‘ + |o 2 '(2/ + l) =2 ‘ m + 2 ‘ +,A ' 
for some integer A, so that a„ is exactly divisible by 2 k . 

Third solution. It can be proven by induction that a 2 n = 2a n (a n + a n+ \ ) . The 
required result follows easily, again by induction on k. 

2. For polynomials f(x),g(x) with integer coefficients, we use the notation f(x) ~ 
g(x) if all the coefficients of / — g are even. Let n = 2 s . It is immediately shown 
by induction that {x 2 +x + l) 2 * ~ x 2>+< + x 2 ' + 1 , and the required number for 
n = 2 s is 3. 

Let n = 2 s — 1 . If s is odd, then n = 1 (mod 3), while for s even, n = 0 (mod 3). 
Consider the polynomial 
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{ {x+ \){x 2n ~ x +x 2n ~ A + - ■ ■ +x”+ 3 ) +x" +1 , 

+x"+x"- 1 + (Jt+l)(y , - 4 +Jt n - 7 +--- + l), ' s ’ 

(x+l){x 2n - l +x 2n - 4 + ---+^ l+2 )+x n , 

+(jc+1)(x" 3 +x” 6 + ---+l) : 

It is easily checked that (x 2 + x+ 1 )R s (x) ~ x 2 ^' + x 2 ' + 1 ~ (x 2 +x+l) 2 \ 
so that R s {x) ~ (x 2 + x+ l) 2 * -1 . In this case, the number of odd coefficients is 

(2 m -(— 1)0/3- 

Now we pass to the general case. Let the number n be represented in the binary 
system as 


n = U^IOO^IL^OO^O. . . 1J_^_1 00^_0, 

a k b k a k _ i b k -\ ai b\ 

bi > 0 (i > 1), b\ > 0, and a; > 0. Then n = £f =l 2 s ’ (2 a > — 1), where Si = b\ + 
«i + ^2 + «2 H b bi, and hence 

k k 

Un (x) = ( x 2 + x + i) n = n^+,+1)^- 1 ) ~ 

1=1 ^ lif 

Let R ai (x 2h ) ~ x r -,' H \-x r ‘' d i ; clearly r,-j is divisible by 2 Si and r, j < 2 s i+ 1 (2 a ‘ — 

1) < 2 Si+1 , so that for any j, r L j can have nonzero binary digits only in some po- 
sition t, Si<t < Si + 1 — 1. Therefore, in 

~ n^- 1 •+ — f-*^) = x x x n ’ p i +r2 ’ p 2 + '" +rk ’Pk 

i= 1 <= 1 (=1 Pi= I 

all the exponents r\ pi + r 2 tP2 H 1- r kpi are different, so that the number of odd 

coefficients in u n {x) is 


k k 

Udi = U 


y i+ 2 

3 


3. Let R be the circumradius, r the inradius, s the semiperimeter, A the area of ABC 
and A’ the area of A’B’C’ . The angles of triangle A'B’C’ are A' = 90° — A/2, 
B' = 90° — S/2, and C' = 90° — C/2, and hence 

A = 2S 2 sinAsinSsinC 

ABC 

and A ' *= 2R 1 sin A' sin B' sin C 1 = 2 R 2 cos — cos — cos — . 

2 2 2 

Hence, 

A sinAsinSsinC A B . C 2 r 

— = = 7 T = 8 sin — sin — sin — = — . 

A' cos j cos | cos j 2 2 2 R 

Here we used that r = A7sin(A/2) = • • • = 4Ssin(A/2) • sin(S/2) • sin(C/2). Eu- 
ler’s inequality 2 r<R shows that A < A'. 

Second solution. Let H be orthocenter of triangle ABC, and H a ,Hb,H c points 
symmetric to H with respect to BC,CA,AB, respectively. Since ZBH a C = 
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ZBHC = 180° — ZA, points H a ,H b ,H c lie on the circumcircle of ABC, and the 
area of the hexagon AH c BH a CH b is double the area of ABC. (1) 

Let us apply the analogous result for the triangle A'B'C' . Since its orthocenter is 
the incenter I of ABC, and the point symmetric to I with respect to B'C' is the 
point A, we find by (1) that the area of the hexagon AC'BA'CB' is double the area 
of A'B'C'. 

But it is clear that the area of ACH a B is less than or equal to the area of A CA'B 
etc.; hence, the area of AH c BH a CH b does not exceed the area of AC'BA'CB ' . The 
statement follows immediately. 

4. Suppose that the numbers of any two neighboring squares differ by at most n — 1 . 
For k = 1 , 2, . . . , n 2 — n, let A b , B b , and Q denote, respectively, the sets of squares 
numbered by 1,2, . . . ,k\ of squares numbered by k + n,k + n+ 1, . . . ,« 2 ; and of 
squares numbered by k + 1 , . . . , k + n — 1 . By the assumption, the squares from 
A b and B b have no edge in common; Q has n— 1 elements only. Consequently, 
for each k there exists a row and a column all belonging either to A&, or to B b . 
For k = 1, it must belong to B b , while for k = n 2 — n it belongs to A*. Let k be 
the smallest index such that A^ contains a whole row and a whole column. Since 
B b - 1 has that property too, it must have at least two squares in common with A b , 
which is impossible. 

5. Let n = 2k and let A = {Ai, . . . ,A 2 £+i } denote the family of sets with the desired 
properties. Since every element of their union B belongs to at least two sets of 
A, it follows that Ay = U,-v , A,- n Ay holds for every 1 < j < 2k + 1. Since each 
intersection in the sum has at most one element and Ay has 2k elements, it follows 
that every element of Ay, i.e., in general of B, is a member of exactly two sets. 
We now prove that k is even, assuming that the marking described in the problem 
exists. We have already shown that for every two indices 1 < j <2k+\ and i / j 
there exists a unique element contained in both A, and Ay. On a 2k x 2k matrix 
let us mark in the ith column and y'th row for i / j the number that was joined to 
the element of B in A,- flAy. In the ith row and column let us mark the number of 
the element of B in A; fl A 2 ^+ 1 . In each row from the conditions of the marking 
there must be an even number of zeros. Hence, the total number of zeros in the 
matrix is even. The matrix is symmetric with respect to its main diagonal; hence 
it has an even number of zeros outside its main diagonal. Hence, the number of 
zeros on the main diagonal must also be even and this number equals the number 
of elements in A 2 k+i that are marked with 0, which is k. Hence k must be even. 
For even k we note that the dimensions of a 2 kx 2k matrix are divisible by 4. 
Tiling the entire matrix with the 4 x 4 submatrix 

'010 1' 


100 1 

we obtain a marking that indeed satisfies all the conditions of the problem; hence 
we have shown that the marking is possible if and only if k is even. 
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6. Let co be the plane through AB, parallel to CD. Define the point transformation 
/ : X i-*- X' in space as follows. If X e KL, then X' =X; otherwise, let co x be the 
plane through X parallel to (a: then X' is the point symmetric to X with respect 
to the intersection point of KL with (Ox. Clearly, f(A) = B, f{B) = A, f{C) = D, 
f(D) = C; hence / maps the tetrahedron onto itself. 

We shall show that / preserves volumes. Let s : X t— »• X" denote the symmetry 
with respect to KL, and g the transformation mapping X" into X'\ then f = go s. 
If points X" = s(Xi) and X 2 = s(X 2 ) have the property that X"X"_ is parallel to 
KL, then the segments X"X" and X[X ' 2 have the same length and lie on the same 
line. Then by Cavalieri’s principle g preserves volume, and so does /. 

Now, if a is any plane containing the line KL, the two parts of the tetrahedron on 
which it is partitioned by a are transformed into each other by /, and therefore 
have the same volumes. 

Second solution. Suppose w.l.o.g. that 
the plane a through KL meets the 
interiors of edges AC and BD at X 
and^F. Let AX = XAC and BY = 

/ iBD , for 0 < X.jl < 1. Then the 
vectors KX = XAC -AB/ 2, KY = 
llBD +AB/2, KL = AC/2 + BD/2 are 
coplanar; i.e., there exist real numbers 
a,b,c, not all zero, such that 

■O =aKX + bKY + cKL=(Xa + c/2)AC+(iib + c/2)BD+^^AB. 

Since AC,BD,AB are linearly independent, we must have a = b and X = ji. We 
need to prove that the volume of the polyhedron KXLYBC, which is one of the 
parts of the tetrahedron ABCD partitioned by a, equals half of the volume V of 
ABCD. Indeed, we obtain 

Vkxlybc = Vrxlc + Vkbylc = ^(1 — X)V + -(1 + n)V = - V. 

7. The algebraic equation x 3 — 3x 2 + 1=0 admits three real roots /3 , y. a, with 

-0.6 < p < -0.5, 0.6 < y< 0.7, ^8<a<3. 



Define, for all integers n, 

u n = /3 n + y n + a n . 

It holds that u n+ 3 = 3 u n+ 2 — u n . 

Obviously, 0 < J3" + y" < 1 for all n > 2, and we see that u n — 1 = [a n ] for n > 2. 
It is now a question whether — 1 and Mi 9 gg — 1 are divisible by 17. 
Working modulo 17, we get uq = 3, u\ = 3, «2 = 9, M 3 = 7, U 4 = 1, . . . ,«i 6 = 3, 
«17 = 3, u 1 g — 9. Thus, u n is periodic modulo 17, with period 16. Since 1788 = 
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16-111 + 12, 1988 = 16- 124 + 4, it follows that un$g = un = 1 and ttiggg = 
u 4 = 1. So, [a 1788 ] and [a 1988 ] are divisible by 17. 

Second solution. The polynomial x 3 — 3x? + 1 allows the factorization modulo 
17 as (x— 4)(x — 5)(x + 6). Hence it is easily seen that u„ = 4” + 5"+ (—6)". 
Fermat’s theorem gives us 4" = 5" = (—6)" = 1 for 16 | n, and the rest follows 
easily. 

Remark. In fact, the roots of x 3 — 3x 2 + 1 = 0 are 7 ^ , and — 7 ■ 7no . 


8. Consider first the case that the vectors are on the same line. Then if e is a unit 
vector, we can write u\ =x\e, . . . ,u n = x„e for scalars Xi, |x,-| < 1, with zero sum. 
It is now easy to permute X\,X 2 , . . . , x n into z\ ,zi, ■ ■ -Zn so that |zi| < 1 , \zi +zi\ < 

1, . . . , \z\ +Z 2 H b z«— 1 1 < 1. Indeed, suppose w.l.o.g. that zi = x\ > 0; then 

we choose Z 2 , . . . ,z r from the x,’s to be negative, until we get to the first r with 

x\ +X 2 H \-x r < 0; we continue successively choosing positive z/s from the 

remaining Xi s until we get the first partial sum that is positive, and so on. It is 
easy to verify that | zi + Z 2 H FZj| < 1 for all j = 1,2, . . 

Now we pass to the general case. Let s be the longest vector that can be obtained 

by summing a subset of mi , ... , u m , and assume w.l.o.g. that s = u\ H 1 -u p . 

Further, let 8 and S' respectively be the lines through the origin O in the direction 
of s and perpendicular to s, and e, e’ respectively the unit vectors on 5 and 
5'. Put Uj = jc,e + y,e', i = 1,2, ... ,m. By the definition of 5 and 5', we have 

W , |y f | < 1; Xi + • • • +x m =yH by m = 0; yi -\ b y p = y p+ \ + • • • +y m = 0; 

we also have x p+ \. . . . ,x m < 0 (otherwise, if xi > 0 for some i, then |s + v,-| > 
|i|), and similarly x\....,x p >0. Finally, suppose by the one-dimensional case 
that yi , . . . , y p and y p+ 1 , . . . ,y m are permuted in such a way that all the sums 

yH |->’i and y p +\ \-y P +i are < 1 in absolute value. 

We apply the construction of the one-dimensional case to x\... . ,x m taking, 
as described above, positive z,’s from x\ .xi. ■ ■ ■ -x p and negative ones from 
x p+ \, . . . ,x m , but so that the order is preserved; this way we get a permutation 

x CT| , x a2 .... . x Cm . It is then clear that each sum y CT| +>’o- 2 H h y Ck decomposes 

into the sum (yi +y 2 H by/) + (y p + 1 -I b y P +n) (because of the preserva- 

tion of order), and that each of these sums is less than or equal to 1 in absolute 

value. Thus each sum u ai -\ b u ak is composed of a vector of length at most 

2 and an orthogonal vector of length at most 1, and so is itself of length at most 

y/5. 

9. Let us assume = k e N. We then have a 2 — kab + b 2 = k. Let us assume 
that k is not an integer square, which implies k> 2. Now we observe the minimal 
pair (a, b) such that a 2 — kab + b 2 =k holds. We may assume w.l.o.g. that a>b. 
For a = b we get k = (2 — k)a 2 < 0; hence we must have a> b. 

Let us observe the quadratic equation x 2 — kbx + b 2 — k = 0, which has solutions 
a and a/ . Since a + a\ = kb, it follows that a\ G Z. Since a>kb implies k > a + 
b 2 > kb and a = kb implies k = b 2 , it follows that a<kb and thus b 2 > k. Since 
aa\ =b 2 — k> 0 and a > 0, it follows that a\ G N and a\ = < a . We 

have thus found an integer pair (ai,b) with 0 < a\ < a that satisfies the original 
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equation. This is a contradiction of the initial assumption that {a.b) is minimal. 
Hence k must be an integer square. 

10. We claim that if the family {A i , . . . , A, } separates the n-set N, then 2* > n. The 
proof goes by induction. The case t = 1 is clear, so suppose that the claim holds 
for t — 1 . Since A, does not separate elements of its own or its complement, it 
follows that {Ai, . . . ,A,_i} is separating for both A, and N \ A , , so that \A t \, 

| N \ A t \ < 2 ,_1 . Then \N\ < 2 • 2 f_1 = 2', as claimed. 

Also, if the set N with N = 2* is separated by {Ai, . . . ,A,}, then (precisely) one 
element of N is not covered. To show this, we again use induction. This is trivial 
for t = 1, so let t > 1. Since A | , . . . ,A f _ i separate both A, and IV \ A t , N\A t 
must have exactly 2'~ 1 elements, and thus one of its elements is not covered by 
Ai, . . . ,A f _i, and neither is covered by A,. We conclude that a separating and 
covering family of t subsets can exist only if n < 2* — 1. 

We now construct such subsets for the set N if 2 f ~ 1 < n < — 1 , t > 1 . For t = 1 , 

putAi = {l}.Inthe step from t to f + 1 , let N = N' UN" U {y}, where \N'\. |/V" < 
2' -1 ; let Aj , . . . , A' be subsets covering and separating N' and A", . . . , A" such 
subsets for A". Then the subsets A; = A' UA" (i= 1 .... A) and A, + \ = N" U {y} 
obviously separate and cover N. 

The answer: t = [log 2 n] + 1. 

Second solution. Suppose that the sets A l: ...,A t cover and separate N. Label 
each element* £ N with a string (*1*2 ■■■*() of 0’s and l’s, where *,■ is 1 when 
x £ Ai, 0 otherwise. Since the A,’s separate, these strings are distinct; since they 
cover, the string (00 ... 0) does not occur. Hence n < 2' — 1 . Conversely, for 
2'~ 1 < n <2‘, represent the elements of N in base 2 as strings of 0’s and l’s of 
length t. For 1 <i<t, take A, to be the set of numbers in N whose binary string 
has a 1 in the ith place. These sets clearly cover and separate. 

11. The answer is 32. Write the combinations as triples k = (x,y,z), 0 < x,y,z < 
7. Define the sets Ai = {(1,0,0), (0,1,0), (0,0,1), (1,1,1)}, K 2 = {(2,0,0), 
(0,2,0), (0,0,2), (2,2,2)}, A 3 = {(0,0,0), (4,4,4)}, and A = {k = k\+k 2 + k 2 \ 
k t £ K{, i = 1,2, 3}. There are 32 combinations in K. We shall prove that these 
combinations will open the safe in every case. 

Let t = (a,b,c ) be the right combination. Set k 2 = (0, 0, 0) if at least two of a. b, c 
are less than 4, and k 2 = (4,4,4) otherwise. In either case, the difference t — k 2 
contains two nonnegative elements not greater than 3. Choosing a suitable k 2 we 
can achieve that t — k 2 — k 2 contains two elements that are 0, 1. So, there exists 
k\ such that t — k 2 — k 2 — k\ =t — k contains two zeros, for k£ K. This proves 
that 32 is sufficient. 

Suppose that K is a set of at most 3 1 combinations. We say that k £ K covers the 
combination k\ if k and k\ differ in at most one position. One of the eight sets 
Mi = { ( i, y, z) | 0 < y, z < 7} , i = 0, 1 , . . . , 7, contains at most three elements of K. 
Suppose w.l.o.g. that this is Mq. Further, among the eight sets Nj = {(0,j,z) | 0 < 
z < 7}, j = 0, . . . , 7, there are at least five, say w.l.o.g. No ,... , IV4, not containing 
any of the combinations from K. 
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Of the 40 elements of the set IV = {(0,y. z) | 0 <y < 4, 0 <z< 7}, at most 5-3 = 
15 are covered by KDMq, and at least 25 aren’t. Consequently, the intersection 
of K with L = {(x,y,z) | 1 < x < 7,0 < y < 4,0 < z < 7} contains at least 25 
elements. So K has at most 31 — 25 = 6 elements in the set P = {(x,y.z) | 0 < 
*<7,5<y<7,0<z<7}. This implies that for some j £ {5,6,7}, say w.l.o.g. 
j = 1,K contains at most two elements in Qj = {(x,y,z) | 0 < x.z < 7, y = j }; 
denote them by l\,h- Of the 64 elements of Qj, at most 30 are covered by l\ 
and h- But then there remain 34 uncovered elements, which must be covered by 
different elements of K \ Q-j, having itself at most 29 elements. Contradiction. 

12. Let E ( XYZ ) stand for the area of a triangle XYZ. We have 

E x _ E{AMR) E (AMK) E (ABK) _ MR AM BK 
~E ~ E{AMK) ' E (ABK) ' E (ABC) ~ MK ~AB BC ^ 

f Ei \ 1/3 1 (MR AM BK\ 

V ~E J “3 \MK + ^B + BCJ' 

We similarly obtain 

(E 2 \ l/3 1 f KR BM CK\ 

\~E J ~3\MK + ~AB + Bc)' 

Therefore (£i/£) 1/3 + {E 2 /E) l/3 < 1, i.e., W~\ + Wi < Ve. Analogously, 
m+m < VE and $Ei + < ^J~E\ hence 

8 ^/E l E 2 E 3 E 4 E 5 E 6 

= 2{Wi^) l/2 ■ 2 {Z/EiVEl) 112 ■ 2{Z/E 5 Z/F(,) l l 2 

< {Wi + ^)-{V^+^)-{VeI+Ve 6)< e - 

13. Let AB = c, AC = b, Z.CBA = f3,BC = a, and AD = h. 

Let r\ and r 2 be the inradii of ABD and ADC respectively and 0\ and 0 2 the 
centers of the respective incircles. 

It is obvious that r\/r 2 = c/b. We 
also have DO\ = \/2 r\, D0 2 = \/2r 2 , 
and ZOiDA = Z0 2 DA = 45°. Hence 
Z0\D0 2 = 90° and DOi/D 0 2 = c/b 
from which it follows that AO\D0 2 ~ 

ABAC. We now define P as the 
intersection of the circumcircle of 
AO\D0 2 with DA. From the above 
similarity we have ZDP0 2 = ZDO\0 2 = j3 = ZD AC. It follows that P0 2 || 
AC and from ZO\P0 2 = 90° it also follows that PO\ || AB. We also have 
ZPO\0 2 = ZP0 2 0\ = 45°; hence ZLKA = ZKLA = 45°, and thus AK = AL. 
From ZO\KA = ZO\DA = 45°, 0\A = 0\A, and ZO\KA = ZO\DA we have 
AO\KA = AO | D/4 and hence AL = AK = AD = h. Thus 



4.29 Shortlisted Problems 1988 


515 


E ah/2 a a 2 b 2 + c 2 > 

E\ h 2 / 2 h ah be ~ 

Remark. It holds that for an arbitrary triangle ABC, AK = AL if and only if AB = 
AC or ZBAC = 90°. 

14. Consider an array [ay] of the given property and denote the sums of the rows 
and the columns by r, and Cj respectively. Among the r/ s and c/s, one element 
of [— n,n] is missing, so that there are at least n nonnegative and n nonpositive 
sums. By permuting rows and columns we can obtain an array in which ri , . . . , 
and ci , . . . , c„_& are nonnegative. Clearly 


I>| + IN> i \r\-n = n 2 . 
j—A r=—n 


But on the other hand. 


in- i n+tcj- X c f = 

1=1 7=1 j=n-k+l 

l a u-l a u+ X a u - X a n = 

i<k i>k j<n—k j>n-k 
k n—k n n 

2 X X a u “ 2 X X a ‘j <4k{n-k). 

i=l 7 =l i=*+l j=n-k+l 

This yields n 2 < Ak{n — k), i.e., (n — 2k) 2 < 0, and thus n must be even. 

We proceed to show by induction that for all even n an array of the given type 
exists. For n = 2 the array in Fig. 1 is good. Let such an nxn array be given for 
some even n> 2, with ci = n, C2 = — n + 1, C3 = n — 2, . . . , c„_i =2, c„ = —1 
and r\ = n — l, r 2 = —n + 2,...,r„-i = 1, r n = 0. Upon enlarging this array as 
indicated in Fig. 2, the positive sums are increased by 2, the nonpositive sums 
are decreased by 2, and the missing sums — 1 , 0, 1 , 2 occur in the new rows and 
columns, so that the obtained array (n + 2) x (n + 2) is of the same type. 


1 0 
1 -1 


Fig. 1 

15. Referring to the description of L A , we have ZAMN = ZAHN = 90° — ZHAC = 
ZC, and similarly ZANM = ZB. Since the triangle ABC is acute-angled, the 
line L a lies inside the angle A. Hence if P = L A fl BC and Q = Ln n AC, we 
get ZBAP = 90° — ZC\ hence AP passes through the circumcenter O of AABC. 


nxn 


1 

-1 

-1 


1 

-1 

-1 

1 

-1 

1 

-1 


0 

1 

-1 

1 

-1 


-1 


Fig. 2 


XM+XM 

1=1 7=1 
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Similarly we prove that L B and Lq contains the circumcenter O also. It follows 
that La , L B and L ( - intersect at the point O. 

Remark. Without identifying the point of intersection, one can prove the con- 
currence of the three lines using Ceva’s theorem, in usual or trigonometric form. 

16. Let f(x) = X™ i jrj. For all integers i = 1, ... ,70 we have that f(x') tends to 
plus infinity as x tends downward to i, and f(x) tends to minus infinity as x tends 
upward to i. As x tends to infinity, f(x) tends to 0. Hence it follows that there 
exist X| ,X2, . . . ,*70 such that 1 < x\ < 2 < x% < 3 < • • • < *69 < 70 < X70 and 
f{xj) = | for all i = 1, . . . ,70. Then the solution to the inequality is given by 

S = U™ 

For numbers x for which f(x) is well-defined, the equality f(x) = | is equivalent 
to 

70 4 70 70 

P {x ) = n (* - 7 ) - ? s *ik* - 1 ) = °- 

l=i 3 fc.i j=i 


The numbers xi , X2 ,. . . , X70 are then the zeros of this polynomial. The sum 
X™ i Xi is then equal to minus the coefficient of x 69 in p, which is £™i (i + 5 i) . 
Finally, 


70 

\ s \ = 5>-0 = 



70-71 

2 


= 1988 . 


17. Let AC and AD meet BE in R.S, respectively. Then by the conditions of the 
problem, 


ZAEB = ZEBD = ZBDC = ZDBC = ZADB = ZEAD = a, 

ZABE = ZBEC = ZECD = ZCED = ZACE = ZBAC = j3 , 

ZBCA = ZCAD = ZADE = y. 

Since ZSAE = ZSEA, it follows that AS = SE, and analogously BR = RA. But 
BSDC and REDC are parallelograms; hence BS = CD = RE, giving us BR = SE 
and AR = AS. Then also AC = AD, because RS || CD. We deduce that 2/3 = 
ZACD = ZADC = 2a, i.e., a = /3 . 

It will be sufficient to show that a = y, since that will imply a = /3 = y = 36°. 
We have that the sum of the interior angles of ACD is 4a + y = 1 80° . We have 

siny AE AE AE sin(2a + y) 
sin a DE CD RE sin(a + y) 

i.e., cosa — cos(a + 2y) = 2sinysin(a + y) = 2sinasin(2a +y) = cos (a + 
y) — cos(3a + y). From4a + y= 180° we obtain — cos(3a + y) = cosoc. Hence 

y 2a + 3 y 

cos(oc-t-y) +cos(a+2y) = 2 cos ^ cos — - — =0, 


so that 2a + 3y = 180°. It follows that a = y. 
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Second solution. We have ZBEC = ZECD = ZDEC = ZECA = ZCAB, and 
hence the trapezoid BAEC is cyclic; consequently, AE = BC. Similarly AB = 
ED, and ABCD is cyclic as well. Thus ABCDE is cyclic and has all sides equal; 
i.e., it is regular. 

18. (a) Define ZAPO = <j) and S = AB 2 +AC 2 +BC 2 . We calculate PA = 2rcos(j) 

and PB,PC = \]R 2 — r 2 cos 2 (p ± rsin0. We also have AB 2 = PA 2 + PB 2 , 
AC 2 = PA 2 + PC 2 and BC = BP + PC. Combining all these we obtain 

S = AB 2 +AC 2 + BC 2 = 2 (PA 2 + PB 2 + PC 2 + PB ■ PC) 

= 2(4r 2 cos 2 (j) + 2 (R 2 - r 2 cos 2 <f> + r 2 sin 2 <f>)+R 2 - r 2 ) 

= 6R 2 + 2r 2 . 

Hence it follows that S is constant; i.e., it does not depend on <f ). 

(b) Let B\ and C i respectively be points such that APBB\ and APCC\ are 
rectangles. It is evident that B\ and C\ lie on the larger circle and that 
PU = \PB\ and PV = \PC\. It is evident that we can arrange for an arbi- 
trary point on the larger circle to be B\ or C\ . Hence, the locus of U and V 
is equal to the circle obtained when the larger circle is shrunk by a factor 
of 1/2 with respect to point P. 

19. We will show that f(n) = n for every n (thus also /(1988) = 1988). 

Let /( 1) = r and /( 2) = s. We obtain respectively the following equalities: 
f(2r) = f(r + r) = 2; f(2s) = f(s + s) = 4; /( 4) = /(2 + 2) = 4r; /(8) = 
/(4 + 4) = 4s; f{5r)=f(4r + r) - 5; f{r + s) = 3; /( 8) = /(5 + 3) = 6r + s. 
Then 4s = 6r + s, which means that s = 2 r. 

Now we prove by induction that f{nr) = n and f(n) = nr for every n > 4. First 
we have that/(5) =/(2 + 3) = 3r+s = 5r, so that the statement is true forn = 4 
and n = 5. Suppose that it holds for n — 1 and n. Then f(n + 1) = f(n — 1 + 2) = 
(n-l)r+2r= (n+ l)r, and/((«+ l)r) = /((«- l)r+2r) = (n- 1) + 2 = n+ 1. 
This completes the induction. 

Since 4r > 4, we have that /(4r) = 4r 2 , and also /(4r) = 4. Then r = 1, and 
consequently f(n) = n for every natural number n. 

Second solution. /(/( 1) +n + m) = /(/( 1) +/(/(«) +/(m))) = 1 +/(«) + 
/(m), so f[n) +/(m) is a function of n + m. Hence f(n + 1 ) + /( 1 ) = fin) + 
/( 2) and f(n + 1) — /(«)= /(2) — /(l), implying that f(n) = An + B for some 
constants A, B. It is easy to check that A = 1, B = 0 is the only possibility. 

20. Suppose that A n = { 1 , 2, . . . , n} is partitioned into B n and C„, and that neither B n 
nor C n contains 3 distinct numbers one of which is equal to the product of the 
other two. If n > 96, then the divisors of 96 must be split up. Let w.l.o.g. 2 e B n . 
There are four cases. 

(i) 3 € B n , 4 e B„. Then 6, 8, 1 2 e C„ => 48,96 e B„. A contradiction for 96 = 
2-48. 

(ii) 3 e B„,4 G C„. Then 6 G C„, 24 G B n , 8, 12,48 G C„. A contradiction for 
48 = 6-8. 
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(iii) 3 G C„,4 G Then 8 G C„, 24 € B n , 6,48 G C„. A contradiction for 48 = 
6-8. 

(iv) 3 GC„.4 g C n . Then 12 G B n , 6,24 G C n . A contradiction for 24 = 4 • 6. 

If n = 95, there is a very large number of ways of partitioning A n . For example, 
B n = { 1, p, p 2 , p 3 q 2 , p 4 q, p 2 qr \p,q,r are distinct primes}, C n = { p 3 , p 4 , p 5 , 
p 6 , pq, p 2 q, p 3 q, p 2 q 2 , pqr \p,q,r are distinct primes}. Then £95 = { 1 , 2, 3, 4, 
5, 7, 9, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41, 43, 47, 48, 49, 53, 59, 60, 61, 67, 
71,72, 73,79, 80, 83,84, 89, 90}. 

2 1 . Let X be the set of all ordered triples a = (cq , <22 , «3 ) for a,- G (0, 1 , . . . , 7} . Write 
a -< b if a, < fc, for i = 1,2,3 and a^b. Call a subset Y C X independent if there 
are no a,b GY with a -< b. We shall prove that an independent set contains at 
most 48 elements. 

For 7 = 0,1... . ,21 let Xj = {(ai, 02 , 0 . 3 ) G X \ a\ +a 2 + 03 = j}. If x -< y and 
x G Xj, y G Xj + 1 for some j, then we say that y is a successor of x, and x a 
predecessor of y. 

Lemma. If A is an m-element subset of Xj and j < 10, then there are at least m 
distinct successors of the elements of A. 

Proof. For k = 0, 1,2,3 letX ; -^ = {( 01 , 02 , 03 ) GXj \ min(a 1 ,a2,03,7 — ai,7 — 
02,1 ~ 03 ) = k). It is easy to verify that every element of Xj j. has at least 
two successors in Xj + and every element of Xj + 17 has at most two prede- 
cessors in Xj k . Therefore the number of elements of A n Xj k is not greater 
than the number of their successors. Since Xj is a disjoint union of Xj k , 
k = 0, 1 , 2, 3, the lemma follows. 

Similarly, elements of an m-element subset of Xj, j > 11, have at least m prede- 
cessors. 

Let Y be an independent set, and let p,q be integers such that p < 10 < q. We 
can transform Y by replacing all the elements of Y C\X P with their successors, 
and all the elements of Y C\X q with their predecessors. After this transformation 
Y will still be independent, and by the lemma its size will not be reduced. Every 
independent set can be eventually transformed in this way into a subset of X10, 
and Ajo has exactly 48 elements. 

22. Set X = £f = j Xi and w.l.o.g. assume that X>0 (if (x\,. . . ,x p ) is a solution, then 
(— *1, . . . , —x p ) is a solution too). Since x 2 > x for all integers x, it follows that 
Sf = ix?>*. 

If the last inequality is an equality, then all xfs are 0 or 1 ; then, taking that there 
are a l’s, the equation becomes 4p+ 1 =4(0 + 1) + ^-, which forces p = 6 and 
a = 5. 

Otherwise, we have X+ 1 < Xf= 1 x j = + 1, so X > /? + 1. Also, by the 

Cauchy-Schwarz inequality, X 2 < pZf=i xj = ^pjX 2 + p, so X 2 <4 p 2 +p and 
X < 2 p. Thus 1 <X/p<2. However, 
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9 ZA yi A 

r'T 2j x i + — 

' P ^ P 


2X^ X 2 



and we deduce that — 1 <Xi —X/p< 1 for all i. This finally gives jq G {1,2}. 
Suppose there are b 2’s. Then 3 b + p = 4 (b + p) 2 /{4p + 1) + 1, so p = b + 
1 / (4 b — 3), which leads to p = 2, b = 1 . 

Thus there are no solutions for any p £ {2,6}. 

Remark. The condition p = n(n + 1), w > 3, was unnecessary in the official 
solution, too (its only role was to simplify showing thatX ^ p — 1). 

23. Denote by R the intersection point of lines AQ and BC. We know that BR : RC = 
c : b and AQ : QR = (b + c) : a. By applying Stewart’s theorem to APBC and 
A PAR we obtain 

a ■ AP 2 + b ■ BP 2 + c ■ CP 2 = aPA 2 + (b + c)PR 2 + {b + c)RB ■ RC 
= {a + b + c)QP 2 + (b + c)RB ■ RC+ {a + b + c)QA ■ QR. 

On the other hand, putting P = Q into (1), we get that 

a -AQ 2 + b BQ 2 + c CQ 2 = (b + c)RB ■ RC+ (a + b + c)QA - QR, 

and the required statement follows. 

Second solution. At vertices A,B,C place weights equal to a,b,c in some units 
respectively, so that Q is the center of gravity of the system. The left side of the 
equality to be proved is in fact the moment of inertia of the system about the axis 
through P and perpendicular to the plane ABC. On the other side, the right side 
expresses the same, due to the parallel axes theorem. 

Alternative approach. Analytical geometry. The fact that all the variable seg- 
ments appear squared usually implies that this is a good approach. Assign co- 
ordinates A(x a ,y a ), B(xb,yb), C(x c ,y c ), and P(x,y), use that (a + b + c) Q = 
a A + foB + cC, and calculate. Alternatively, differentiate f(x.y) = a ■ AP 2 + b ■ 
BP 2 + c ■ CP 2 — (a + b + c)QP 2 and show that it is constant. 

24. The first condition means in fact that a h — is decreasing. In particular, if 

ak ~ a k + 1 = -8 < 0, then a k - a k+m = (a k - a k+] ) H b {a k + m -\ ~ a k+m ) < 

—m8, which implies that a k+m > a k + m8, and consequently a k+m > 1 for large 
enough m, a contradiction. Thus a k — a k+ \ > 0 for all k. 

Suppose that a k — a k+ \ > 2/k 2 . Then for all i < k, a,- — a,-+ 1 > 2/ k 2 , so that 
ai~a k+ 1 > 2(k+ 1 — i)/# 2 , i.e., a,- > 2 (k+ 1 — i)/k 2 , i= l,2,....k. But this im- 
plies ai + a 2 H b a k > 2/k 2 + 4/k 2 \-2k/k 2 = k(k+l)/k 2 , which is im- 

possible. Therefore a k — a k+ \ < 2/k 2 for all k. 

25. Observe that 1001 = 7 • 143, i.e., 10 3 = — 1 +7a, a = 143. Then by the binomial 
theorem, 10 21 = (— 1 + la) 1 = — 1 + l 2 b for some integer b, so that we also have 
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10 21 " = — 1 (mod 49) for any odd integer n > 0. Hence N = {f(10 2l ” + 1) is an 
integer of 21n digits, and /V(10 21 " + 1) = (|(10 2l ”+ l)) 2 is a double number 
that is a perfect square. 

26. In the sequel, a\a 2 ---a a will be used to representation a number whose binary 
digits are cq, a a . We will show by induction that if n = c k c k -i ■ ■ - Co = 
X ?=0 c <2‘ is the binary representation of n (c, G {0, 1}), then /(n) = cqC\ . . . c k = 
Z;=o Ci2 k ~ l is the number whose binary representation is the palindrome of the 
binary representation of n. This evidently holds for n G {1,2,3}. Let us as- 
sume that the claim holds for all numbers up to n — 1 and show it holds for 
n = c k c k - i . . .co. We observe three cases: 

(i) co = 0 => n = 2m =>■ f(n) = f(m) = Oci . . . c k = coci ■ ■ -Q- 

(ii) co = 1, ci = 0=>« = 4m+ 1 =>/(n) = 2/(2m + 1 ) — /(m) = 2 - lc2 . . . Q, — 

c 2 ■ ■ -c k — 2 k -\-2- c 2 ■ ■ -c k — C 2 ■ ■ -c k = 10c 2 ...Ci = c 0 ci ...c k . 

(iii) co = 1, C] = 1 => n = 4m+3=> f(n) = 3/(2m+l) — 2f(m) = 3-\c 2 . . .c k — 
2 ■ c 2 ...c k = 2 k + 2 k ~ l + 3 • C2 . . . c k - 2 ■ c 2 ...c k =\\c 2 ...c k = CQC\...c k . 

We thus have to find the number of palindromes in binary representation smaller 
than 1988 = 111 11000100. We note that for all m e N the numbers of 2m- and 
(2m— 1) -digit binary palindromes are both equal to 2 m_1 . We also note that 
11111011111 and 11111111111 are the only 1 1-digit palindromes larger than 
1988. Hence we count all palindromes of up to 11 digits and exclude the largest 
two. The number of n< 1988 such that f(n) = n is thus equal tol + 1 + 2-1-2-1- 
4 + 4 + 8 + 8 + 16+16 + 32-2=92. 

27. Consider a Cartesian system with the x-axis on the line BC and origin at the foot 
of the perpendicular from A to BC, so that A lies on the y-axis. Let A be (0, a), 
B{— fi , 0), C(y, 0), where a, J3 , y > 0 (because ABC is acute-angled). Then 

tan fl=5, tanC = — and tanA = - tan(fi + C) = ; 

P 7 a 2 -fly 

here tanA > 0, so a 2 > /3 y. Let L have equation xcos 0+ysin0+p = O. Then 

u 2 tanA + v 2 tan B + w 2 tan C 

= + f > (a sin 0 + p) 2 + ^ (- J3 cos 0 + p) 2 + — (ycos 0 + p) 2 

cx, — py p y 

= (a 2 sin 2 0 + 2ap sin 0 + p 2 ) a + ^ + a()3 + y)cos 2 0 + + ^ p 2 

cx" — py py 

= a ^ 2 + ^ ( a 2 p 2 + 2a pfi y sin 0 + a 2 /3 y sin 2 0 + /3 y(a 2 - /3 y) cos 2 0 ) 

PY\ a ~ PY) 

Py^ 2+ - 7 py) [( a P + lysing) 2 + /3y(a 2 - /3y)] >a(/3 + y) = 2A, 

with equality when ap + /Lysin 0 = 0, i.e., if and only if L passes through 
(0,/3 y/a), which is the orthocenter of the triangle. 
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28. The sequence is uniquely determined by the conditions, and a\ = 2, a 2 = 7, 
«3 = 25, ct4 = 89, as = 317,...; it satisfies a n = 3a„_i +2a„_2 for n = 3,4,5. 
We show that the sequence b n given by b\ = 2, b 2 = 7, b n = 3b n -\ + 2b n -2 has 
the same inequality property, i.e., that b n =a n : 

b n+ ib„-i-bl = (3b n +2b n -i)b n -\ - b n {3b n -i+2b n - 2 ) = -2(b n b„- 2 -b 2 n _ x ) 
for n > 2 gives that b n+ \b n -\ —b 2 n = (— 2) n ~ 2 for all n> 2. But then 



since it is easily shown that b„- \ > 2" 1 for all n. It is obvious that a n = b„ are 
odd for n > 1. 

29. Let the first train start from Signal 1 at time 0, and let tj be the time it takes 

for the y'th train in the series to travel from one signal to the next. By induction 
on k, we show that Train k arrives at signal n at time s k + (n — 2 )m k , where 
s k = f H Yt k and m k = maxj = | j(j. 

For k = 1 the statement is clear. We now suppose that it is true for k trains and 
for every n, and add a (k+ l)th train behind the others at Signal 1 . There are two 
cases to consider: 

(i) h+\ > m h i- e -> m k + 1 = h+\- Then Train k+ 1 leaves Signal 1 when all the 
others reach Signal 2, which by the induction happens at time s/, . Since by 
the induction hypothesis Train k arrives at Signal i + 1 at time Sf, + (i — 
1 )m& < Sk + (i — 1)^+], Train k + 1 is never forced to stop. The journey 
finishes at time s* + (n - Y)t k+ \ = v* +1 + (n- 2)m k+ \. 

(ii) t k+ 1 < m k , i.e., m k+ \ = m k . Train k + 1 leaves Signal 1 at time s k , and 
reaches Signal 2 at time s k + t k + 1, but must wait there until all the other 
trains get to Signal 3, i.e., until time s k + m k (by the induction hypothesis). 
So it reaches Signal 3 only at time s k + m k + t k+ \. Similarly, it gets to Sig- 
nal 4 at time s k + 2m k + t k +\, etc. Thus the entire schedule finishes at time 
s k +{n- 2 )m k + t k+ 1 = s k+i +(n- 2)m k+x . 

30. Let A\,s\y denote the area, semiperimeter, and inradius of triangle ABM, 
A 2 ,s 2 y the same quantities for triangle MBC, and A , .y, r those for A ABC. Also, 
let P' and Q 1 be the points of tangency of the incircle of A ABM with the side 
AB and of the incircle of A MBC with the side BC, respectively, and let P, Q be 
the points of tangency of the incircle of AABC with the sides AB,BC. We have 
Ai = sir 1 , A 2 = s 2 P, A = sr, so that sr = (si + Then 

„+« = ,+«« * 7 = ^- (i) 

On the other hand, from the similarity of the triangles it follows that AP' /AP = 
CQ! ICQ = P/r. By a well-known formula we find that AP = s — BC, CQ = 
s — AB, AP' = s i — BM, CQ 1 = s 2 — BM, and therefore deduce that 
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r 1 s\—BM S 2 —BM r' si+S 2~2BM s — BM 
7 = s-BC = s-AB ^7 = 2 s-AB-BC = AC ' ^ 

It follows from (1) and (2) that ( s — BM)/AC = s/(s + BM), giving us s 2 — 
BM 2 = s ■ AC. Finally, 

BM 2 =s(s — AC) = s- BP = s- rcot^ =Acot^. 

31. Denote the number of participants by 2 n, and assign to each seat one of the 
numbers 1 , 2, . . . , 2n. Let the participant who was sitting at the seat k before the 
break move to seat n (k). It suffices to prove that for every permutation n of the 
set {1,2, . . . ,2 n}, there exist distinct i,j such that n{i) — n{j) = ±(; — j), the 
differences being calculated modulo 2 n. 

If there are distinct i and j such that n(i) — i = n( j) — j modulo 2 n, then we are 
done. 

Suppose that all the differences n(i) — i are distinct modulo 2 n. Then they take 
values 0, 1, ... ,2n — 1 in some order, and consequently 


^(7t(i) — i) = 0+ 1H b (2n— 1) = n(2n — 1) (mod 2 n). 

i= l 

On the other hand, (k(i) — i ) = X n(i) — X* = 0, which is a contradiction 
because n{2n — 1) is not divisible by In- 

Remark. For an odd number of participants, the statement is false. For example, 
the permutation (a, 2a, (2 n+ 1 )a) of (1,2, . . . ,2n+ 1) modulo 2n+ 1 does 
not satisfy the statement when gcd(a 2 — 1 ,2n + 1 ) = 1 . Check that such an a 
always exists. 
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4.30 Solutions to the Shortlisted Problems of IMO 1989 


1 . Let I denote the intersection of the three internal bisectors. Then IA\ = A\A°. 


One way to prove this is to real- 
ize that the circumcircle of AABC 
is the nine-point circle of A A°B°C°, 
so it bisects I A 0 , since I is the or- 
thocenter of A°B°C°. Another way 
is through noting that IA\ = A t B. 
This is a consequence of ZA\IB = 
ZIBA X = (ZA + ZB)/ 2, and A\B = 
A\A® which follows from ZA\A () B = 
ZA\BA° = 90° — Z1BA\. Hence, we 
obtain S\ A , is = S A o A B . Repeating this 



argument for the six triangles that have a vertex at I and adding them up gives 
us S A o B 0c o = 2S ACi ba 1 cb 1 ■ To prove S ACx ba x cb x > 2S ABC , draw the three altitudes 
in triangle ABC intersecting in H . Let X, Y, and Z be the symmetric points of H 
with respect the sides BC, CA, and AB, respectively. Then X,Y,Z are points on 
the circumcircle of AABC (because ZBXC = ZBHC = 180° — ZA). Since Aj is 
the midpoint of the arc BC, we have S BA , c > Sbxc ■ Hence 


SaCiBA^Bi > Sazbxcy = 2{S B hc + Scha + S,\hb) = 2 Sabc- 


2. Let the carpet have width x, length y. Suppose that the carpet EFGH lies in a 
room ABCD, E being on AB, F on BC, G on CD, and H on DA. Then AAEH = 
A CGF ~ A BFE = A DHG. Let y - = k,AE = amAAH = b. In that case BE = kb 
and DH = ka. 

Thus a + kb = 50, ka + b = 55, whence a = and b = . Hence x 2 = 

„2 , u2 _ 55251^— 110001H-5525 j „ 
a +o - ,i.e„ 

- l) 2 = 5525 fc 2 - 11000A: + 5525. 


Similarly, from the equations for the second storeroom, we get 
x z {k 2 - l) 2 = 4469^ - 8360^ + 4469. 

Combining the two equations, we get 5525 k 2 — 1 1 000k + 5525 = 4469fc 2 — 
8360^ + 4469, which implies k = 2 or 1/2. Without loss of generality we have 
y = 2x and a+2b = 50, 2a+b = 55; hence a = 20, h = 15, x = Vl5 2 +20 2 = 25, 
and y — 50. We have thus shown that the carpet is 25 feet by 50 feet. 

3. Let the carpet have width x, length y. Let the length of the storerooms be q. 
Let y/x = k. Then, as in the previous problem, (kq — 50) 2 + (50 k — q) 2 = ( kq — 
38) 2 + (38 k-q) 2 , i.e., 

kq = 22(k? + l). 

Also, as before, x 2 = . i-e-» 


(1) 
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J( q 2 - l) 2 = (k 2 +l)(q 2 - 1900), 


(2) 


which, together with (1), yields 

x 2 k 2 (k 2 -l) 2 = {k 2 + 1)(484 k 4 - 932 k 2 + 484). 

Since k is rational, let k = c/d, where c and d are integers with gcd (c,d) = 1. 
Then we obtain 


x 2 c 2 (c 2 - d 2 ) 2 = c 2 (484c 4 - 448c 2 d 2 - 448 J 4 ) +484/’. 

We thus have c 2 | 484 d 6 , but since (c.d) = 1, we have c 2 | 484 =>• c | 22. 
Analogously, d | 22; thus k= 1 , 2, 1 1 , 22, | ^ > tt > T- Since reciprocals lead 
to the same solution, we need only consider k e {1,2,11, 22, -y }, yielding 
q = 44,55,244,485, 125, respectively. We can test these values by substituting 
them into (2). Only k = 2 gives us an integer solution, namely x = 25,y = 50. 

4. First we note that for every integer k > 0 and prime number p, p k doesn’t divide 
k\. This follows from the fact that the highest exponent r of p for which p r \k\ is 



k k 

• < - + — H — 

P P z 


k 

P-1 


<k. 


Now suppose that a is a rational root of the given equation. Then 


n ! n\ 9 n\ , 

Jn^T)\ a + ---+2! 0! + T 7«+« ! -°> 


(1) 


from which we can conclude that a must be an integer, not equal to ± 1 . Let p be 
a prime divisor of n and let r be the highest exponent of p for which p r \n\. Then 
p | a. Since p k \a k and p k \k\, we obtain that p r+l \ n\a k /k\ for k = 1,2, ... ,n. 
But then it follows from (1) that p r+l \ n\, a contradiction. 

5. According to the Cauchy-Schwarz inequality, 



2 / \ 

( n \ 

( n \ 

fa* 

s 

VI 

fa" 

-fa“' 


Since r% 1 -r n = —n, applying this inequality we obtain r 2 + ... + r 2 > n, 

and applying it three more times, we obtain 

r{ 6 + - + r l n 6 >n, 


with equality if and only if n = r 2 = . . . = r n = — 1 and p(x) = (x+ 1)". 

6. Let us denote the measures of the inner angles of the triangle ABC by a, /3 , y. 
Then P = r 2 (sin 2a + sin 2/3 + sin2y) /2. Since the inner angles of the triangle 
A'B'C' are (j3 +y)/2, (y+a)/2,(a + j3)/2, we also have Q = r^sin Q3 + y) + 
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sin (7+ a) + sin (a + j3)]/2. Applying the AM-GM mean inequality, we now 
obtain 

16Q 3 = ^r 6 (sin (j3 + y) + sin (7+ a) + sin (a + J3)) 3 

O 

> 54r 6 sin (/3 + 7) sin (7+ a) sin (a + j3) 

= 27r 6 [cos(a — J3) — cos(a + /3 + 27)]sin(a + j3) 

= 27r 6 [cos(a — j3)+cosy]sin(a + /3) 

27 

= — r 6 [sin(a + P + 7) + sin(a + /3 - 7) + sin 2a + sin2j3] 

= yr 6 [sin(27) + sin 2a + sin2j3] = 27 r 4 P. 

This completes the proof. 

7. Assume that Pi and P 2 are points inside E, and that the line P\ Pj intersects the 
perimeter of E at Q\ and Qi- If we prove the statement for Q\ and Q 2 , we are 
done, since these arcs can be mapped homothetically to join Pi and P 2 . 

Let V h V 2 be two vertices of E. Then applying two homotheties to the inscribed 
circle of E one can find two arcs (one of them may be a side of E) joining these 
two points, both tangent to the sides of E that meet at Vj and V2. If A is any point 
of the side V 2 V 3 , two homotheties with center Vi take the arcs joining V\ to V2 and 
V3 into arcs joining V\ to A; their angle of incidence at A remains (1 — 2/n)n. 
Next, for two arbitrary points Q\ and Q 2 on two different sides V 1 V 2 and V3V4, 
we join Vi and V 2 to Q 2 with pairs of arcs that meet at Q 2 and have an angle 
of incidence (1 — 2/n)n. The two arcs that meet the line Q 1 Q 2 again outside E 
meet at Q 2 at an angle greater than or equal to (1 — 2/n)n. Two homotheties 
with center Q 2 carry these arcs to ones meeting also at Q\ with the same angle 
of incidence. 

8. Let A, B, C,D denote the vertices of R. We consider the set 5? of all points E of 
the plane that are vertices of at least one rectangle, and its subset 5?' consist- 
ing of those points in SP that have both coordinates integral in the orthonormal 
coordinate system with point A as the origin and lines AB, AD as axes. 

First, to each E^lSP we can assign an integer «/. as the number of rectangles R, 
with one vertex at E. It is easy to check that «/; = 1 if £ is one of the vertices 
A,B, C,D\ in all other cases He is either 2 or 4. 

Furthermore, for each rectangle Ri we define f(Ri) as the number of vertices of 
Ri that belong to ■ 9 > ' . Since every R t has at least one side of integer length, /(/?, ) 
can take only values 0, 2, or 4. Therefore we have 

Y,f( R i) = 0(mod 2). 

jMt 

On the other hand, X?=i f(fii) is equal to X/ie.y' , implying that 
ns = 0 (mod 2). 

Eey 
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However, since ha = 1, at least one other where E G ,9” , must be odd, and 
that can happen only for E being B, C, or D. We conclude that at least one of the 
sides of R has integral length. 

Second solution. Consider the coordinate system introduced above. If D is a 
rectangle whose sides are parallel to the axes of the system, it is easy to prove 
that 


s\n(2n(x+ a))sm(2n(y + fi))dxdy = 0, foralla,/3 gR 


'D 


if and only if at least one side of D has integral length. This holds for all /?,■’ s 
therefore, adding up these equalities for each a and j3 we get 



Thus, R also has a side of integral length. 

9. From a n+1 +b n+i y2 + c n+i y4 = (a n +b n y2 + c n ffi){l +4^/2 -4^/4) we 
obtain a n+ 1 =a n — 8 b n + 8 c„. Since uq = 1, a n is odd for all n. 

For an integer k > 0, we can write k = 2 l k', k' being odd and l a nonnegative 
integer. Let us set v(k) = l, and define /3„ = v(b n ).y n = v(c n ). We prove the 
following lemmas: 

Lemma 1. For every integer p> 0, bjp and cnp are nonzero, and J82 p = Yip = 


p + 2. 


Proof. By induction on p. For p = 0, b\ = 4 and c\ = —4, so the assertion is 
true. Suppose that it holds for p. Then 

(1 + 4\/2 — 4\/4) 2P+1 = (a + 2 p+2 (b'^2 + c l \/4)) 2 with a.b' , andc' odd. 

Then we easily obtain that (1 +4s/2-4v / 5) 2i ’ +1 =A+2 p+3 (B\/2+C^4), 
where A,B = ab' + 2 p+l E,C = ad + 2 p+l F are odd. Therefore Lemma 1 
holds for p+ 1- 

Lemma 2. Suppose that for integers n,m > 0, J3„ = y„ = A > fi m = Ym = M- 
Then b n+m , c n+m are nonzero and /3„ +m = y n+m = p. 

Proof. Calculating (a' + 2 l (b'^2 + d^4))(a'' + 2 p (b''^2 + d'V4)), with a', 
b ’ , d, a ", b" , c " odd, we easily obtain the product A + 2 p {B\f2 + Cv/4), 
where A,B = a'b" + 2 X ~ P E, and C = dd' + 2 X ~ P F are odd, which proves 
Lemma 2. 

Since every integer n > 0 can be written as n = 2 Pr -\ b 2 P< , with 0 < p\ < 

■■■ <p r , from Lemmas 1 and 2 it follows that c n is nonzero, and that y n =pi+2. 
Remark. £>1989 and C1989 are divisible by 4, but not by 8. 

10. Plugging in wz + a instead of z into the functional equation, we obtain 


f(wz + a) + f(w 2 z + wa + a) = g(wz + a) . 


(1) 


By repeating this process, this time in (1), we get 

f(w 2 z + wa + a)+ f(z) = g(w 2 z + wa + a) . 


(2) 
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Solving the system of linear equations (1), (2) and the original functional equa- 
tion, we easily get 

^ = g(z) + g(w 2 z + wa + a)-g(wz + a) 

This function thus uniquely satisfies the original functional equation. 

11. Call a binary sequence S of length n repeating if for some d \ n, d > 1, S can 
be split into d identical blocks. Let x n be the number of nonrepeating binary 
sequences of length n. The total number of binary sequences of length n is ob- 
viously 2". Any sequence of length n can be produced by repeating its unique 
longest nonrepeating initial block according to need. Hence, we obtain the re- 
cursion relation Y*d\n x d == 2”. This, along with x\ = 2, gives us a n = x n for all 
n. 

We now have that the sequences counted by x n can be grouped into groups of 
n, the sequences in the same group being cyclic shifts of each other. Hence, 
n \x„ = a n . 

12. Assume that each car starts with a unique ranking number. Suppose that while 
turning back at a meeting point two cars always exchanged their ranking num- 
bers. We can observe that ranking numbers move at a constant speed and direc- 
tion. One hour later, after several exchanges, each starting point will be occupied 
by a car of the same ranking number and proceeding in the same direction as the 
one that started from there one hour ago. 

We now give the cars back their original ranking numbers. Since the sequence 
of the cars along the track cannot be changed, the only possibility is that the 
original situation has been rotated, maybe onto itself. Hence for some d \ n, after 
d hours each car will be at its starting position and orientation. 

13. Let us construct the circles cii with center A and radius R\ = AD, 02 with center 

B and radius R 2 = BC, and 03 with center P and radius x. The points C and 
D lie on 02 and 01 respectively, and CD is tangent to 03 . From this it is plain 
that the greatest value of x occurs when CD is also tangent to di and 02 . We 
shall show that in this case the required inequality is really an equality, i.e., that 
-L = + ^L=. Then the inequality will immediately follow. 

Denote the point of tangency of CD with < 73 by M. By the Pythagorean theorem 
we have CD = \/(R\ + Ri)^ — (R\ — R 2) 2 = 2yjR\R.2 ■ On the other hand, CD = 
CM + MD = 2y/R2X + 2y/R\x. Hence, we obtain *= -^= + ^=. 

14. Lemma 7. In a quadrilateral ABCD circumscribed about a circle, with points of 

tangency P,Q,R,Son DA. AB.BC, CD respectively, the lines AC,BD,PR , QS 
concur. 

Proof. Follows immediately, for example, from Brianchon’s theorem. 

Lemma 2. Let a variable chord XY of a circle C(7, r) subtend a right angle at 
a fixed point Z within the circle. Then the locus of the midpoint P of XY 
is a circle whose center is at the midpoint M of IZ and whose radius is 
\J r 2 /2 — 7Z 2 /4. 
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Proof. From ZXZY = 90° follows ZX ZY = (IX -IZ) ■ (IY -IZ) = 0. There- 
fore, 


MP 2 = (. Ml + IP ) 2 = i (- IZ + IX + IY ) 2 

= ] -{ix 2 + iy 2 - rz 2 + 2(Jx -7z) ■ (7 y -7z)) 


Lemma 3. Using notation as in Lemma 1, if ABCD is cyclic, PR is perpendic- 
ular to QS. 

Proof. Consider the inversion in C{I,r), mapping A to A' etc. (P.Q.R.S are 
fixed). As is easily seen, A' ,B' ,C' ,LY will lie at the midpoints of PQ, QR, 
RS, SP, respectively. A'B'C'D' is a parallelogram, but also cyclic, since in- 
version preserves circles; thus it must be a rectangle, and so PR _L QS. 
Now we return to the main result. Let I and O be the incenter and circumcenter, 
Z the intersection of the diagonals, and P,Q,R,S,A’ ,B' ,C' ,Lf points as defined 
in Lemmas 1 and 3. From Lemma 3, the chords PQ , QR,RS,SP subtend 90° at 
Z. Therefore by Lemma 2 the points A ' , B ' , C' , D' lie on a circle whose center is 
the midpoint Y of IZ. Since this circle is the image of the circle ABCD under 
the considered inversion (centered at 1 ), it follows that I, O, Y are collinear, and 
hence so are/, 0,Z. 

Remark. This is the famous Newton’s theorem for bicentric quadrilaterals. 

15. By Cauchy’s inequality, 44 < \/1989 < a + b + c + d < \/2 • 1989 < 90. Since 
m 2 = a + b+c+d is of the same parity as a 2 +b 2 + c 2 +d 2 = 1989, m 2 is either 
49 or 81. Let d = max{a,&,c, d}. 

Suppose thatm 2 = 49. Then (49 — d) 2 = (a+b+c) 2 > a 2 +b 2 +c 2 = 1989 — d 2 , 
and so d 2 — 49 d + 206 > 0. This inequality does not hold for 5 < d < 44. Since 
d > \J 1989/4 > 22, d must be at least 45, which is impossible because 45 2 > 
1989. Thus we must have m 2 = 81 and m = 9. Now, 4<Z > 81 implies d > 21. On 
the other hand, d < \/1989, and hence d = 25 or d = 36. Suppose that d = 25 
and put a = 25 — p,b = 25 — c = 25 — r with p,q,r>0. From a + + c = 56 it 
follows that p + q + r= 19, which, together with (25 — p) 2 + (25 — q) 2 + (25 — 
r) 2 = 1364, gives us p 2 + q 2 + r 2 = 439 > 361 = (p + q + r) 2 , a contradiction. 
Therefore d = 36 and n = 6. 

Remark. A little more calculation yields the unique solution a = 12, b = 15, 
c= 18,d = 36. 

16. Define 5* = Zf=o a < (& = 0, 1 and .S' i = 0. We note that S n -\ = S n . Flence 
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n- 1 n— In— 1 

Sn= Y, a k = nc+Y,'£ l a i-k(a l +a l+] ) 
k= 0 k=0 i=k 

n - 1 i n - 1 i 

= nc+ Y, X «,-*(«; + fli+i ) = ^ (a,- + a i+ , ) ^ u^ k 

i= o /t=0 i=0 4=0 

n— 1 

= «C+ X (%i - Si-i)Si =nc + sl, 
i = o 

i.e., S 2 — S„ + nc = 0. Since 5„ is real, the discriminant of the quadratic equation 
must be positive, and hence c < 

17. A figure consisting of 9 lines is shown below. 




Now we show that 8 lines are not sufficient. Assume the opposite. By the pigeon- 
hole principle, there is a vertex, say A, that is joined to at most 2 other vertices. 
Let B,C,D,E denote the vertices to which A is not joined, and F. G the other 
two vertices. Then any two vertices of B,C,D,E must be mutually joined for an 
edge to exist within the triangle these two points form with A. This accounts for 
6 segments. Since only two segments remain, among A, F, and G at least two 
are not joined. Taking these two and one of B, C,D,E that is not joined to any of 
them (it obviously exists), we get a triple of points, no two of which are joined; 
a contradiction. 

Second solution. Since (i) is equivalent to the fact that no three points make a 
“blank triangle,” by Turan’s theorem the number of “blank edges” cannot exceed 
[7 2 /4] = 12, leaving at least 7 ■ 6/2 — 12 = 9 segments. For general n, the answer 
is [(n— l)/2] 2 . 

18. Consider the triangle Obviously, the point M, is the image of A, under 

the composition C of rotation R^/ 290 and homothety Therefore, the 

polygon Mi M 2 ... M„ is obtained as the image of A 1 A 2 . . . A„ under the rotational 
homothety C with coefficient 2 sin ( Of /2). Tli e re t'o re .S*v/ - v/-. . . v/,, — 4 sin 2 (a/2)-S. 

19. Let us color the board in a chessboard fashion. Denote by Sb and S w respectively 
the sum of numbers in the black and in the white squares. It is clear that every 
allowed move leaves the difference Sb — S w unchanged. Therefore a necessary 
condition for annulling all the numbers is Sb=S w . 

We now show it is sufficient. Assuming Sb = S w let us observe a triple of (differ- 
ent) cells a,b,c with respective values x a ,Xb,x c where a and c are both adjacent 
to b. We first prove that we can reduce x a to be 0 if x a > 0. If x a < Xb, we subtract 
x a from both a and b. If x a > Xb, we add x a — Xb to b and c and proceed as in the 
previous case. Applying the reduction in sequence, along the entire board, we 
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reduce all cells except two neighboring cells to be 0. Since S/ = S w is invariant, 
the two cells must have equal values and we can thus reduce them both to 0. 

20. Suppose k > 1/2 + \[2n. Consider a point P in S. There are at least k points in 
S having all the same distance to P, so there are at least (,) pairs of points A.B 
with AP = BP. Since this is true for every point P € S, there are at least n\£) 
triples of points ( A,B,P ) for which AP = BP holds. However, 

<9 =»^ 1 (^ 4 ) (^ 4 ) 

Since Q) is the number of all possible pairs (A. B) with A.B G S, there must ex- 
ist a pair of points A, B with more than two points / J , such that A Pi = BPi. These 
points Pi are collinear (they lie on the perpendicular bisector of AS), contradict- 
ing condition (i). 

21. In order to obtain a triangle as the intersection we must have three points P, Q, R 
on three sides of the tetrahedron passing through one vertex, say T. It is clear 
that we may suppose w.l.o.g. that P is a vertex, and Q and R lie on the edges 
TP\ and TPi (Pi, Pi are vertices) or on their extensions respectively. Suppose 
that TQ = A TP\ and TR = jiTPi , where X.ji > 0. Then 

co s z Q pr = 

PQ PR 2^A- A I I -Jp - fi I I 

In order to obtain an o btuse angle (with cos < 0) we must ch oose jtt < 1 and 
A > > 1. Since VA 2 -A + 1 > A - 1 and ^n 2 -yL + l > 1 - n, we get 

that for (A - 1 )( J Lt - 1) + 1 < 0, 

cos ZQPR > >-{’ hence ZQPR < 120°. 

Remark. After obtaining the formula for cos ZQPR, the official solution was as 
follows: For fixed jtto < 1 and A > 1, cos ZQPR is a decreasing function of A: 
indeed, 

d cos ZQPR 3-ju)A 

dX " 4(A 2 — A + l) 3 / 2 (jU 2 — /X + l) 1 / 2 < 

Similarly, for a fixed, sufficiently large Ao, cos ZQPR is decreasing for /J. de- 
creasing to 0. Since lim^^o ^_ >0 + cos XQPR = — 1/2, we conclude that ZQPR < 
120°. 

22. The statement remains valid if 17 is replaced by any divisor k of 1989 = 3 2 - 13 - 
17, 1 < k < 1989, so let k be one such divisor. The set {1,2, ... , 1989} can be 
partitioned as {1,2, . . . , 3Jfc> U1J^ =1 {(2;+ l)Jfc + 1, (2/+l)£+2,. . ., (2j+ 1)*+ 
2k} = A U I) U ■ ■ ■ U K/,, where L = (1989 — 3k) /2k. The required statement will 
be an obvious consequence of the following two claims. 
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Claim 1. The set X = {1,2, . . .,3k} can be partitioned into k disjoint subsets, 
each having 3 elements and the same sum. 

Proof. Since k is odd, let t = k— 1/2 and X = {1,2, ...,6t + 3}. For l = 
1,2,. . . ,f, define 

X 2i - 1 = {Z,3t + 1 + /,6f + 5 — 21}, 

X 2t = {t+l+l,2t+l+l,6t + 4-2l} 

X 2 t+\ = Xfc = {t + 1 ,4-t 2,4t + 3}. 

It is easily seen that these three subsets are disjoint and that the sum of 
elements in each set is 9 1 + 6. 

Claim 2. Each Yj = { (2y + 1 )fc + 1 , . . . , (2y + 1 )k + 2k} can be partitioned into 
k disjoint subsets, each having 2 elements and the same sum. 

Proof. The obvious partitioning works: Yj = {(2j + l)k + 1, (2j + 1 )k + 2k} U 
■■■U{{2j + l)k+k,(2j+l)k+(k+l)}. 

23. Two numbers x,y £ {1, . . . ,2n} will be called twins if \x — y = n. Then the set 
{1, . . . ,2n} splits into n pairs of twins. A permutation (xi, . . . ,x 2n ) of this set 
is said to be of type Tj. if |x,- — x; + i | = n holds for exactly k indices i (thus a 
permutation of type To contains no pairs of neighboring twins). Denote by 7>(n) 
the number of Tj-type permutations of { 1 , . . . , 2 n} . 

Let {x\,...,x 2 n ) be a permutation of type To. Removing x 2n and its twin, we 
obtain a permutation of 2n — 2 elements consisting of n— 1 pairs of twins. This 
new permutation is of one of the following types: 

(i) type 7 q: x 2n can take 2 n values, and its twin can take any of 2« — 2 positions; 

(ii) type 7j: x 2n can take any one of 2 n values, but its twin must be placed to 
separate the unique pair of neighboring twins in the new permutation. 

The recurrence formula follows: 

F 0 (n) = 2n[(2n - 2 )F 0 (n - 1) + Fi(n - 1)]. (1) 

Now let (xi , . . . ,x 2n ) be a permutation of type 7), and let (x ; -,x J+ i) be the unique 
neighboring twin pair. Similarly, on removing this pair we get a permutation of 
2n — 2 elements, either of type Tq or of type 7) . The pair (xj , x / + 1 ) is chosen out 
of n twin pairs and can be arranged in two ways. Also, in the first case it can be 
placed anywhere (2 n — 1 possible positions), but in the second case it must be 
placed to separate the unique pair of neighboring twins. Hence, 

F x ( n ) = 2n[(2n - l)F 0 (n - 1) + F x (n - 1)] = F 0 (n) + 2nF 0 {n - 1). (2) 

This implies that Fo{n) < F\(n). Therefore the permutations with at least one 
neighboring twin pair are more numerous than those with no such pairs. 

Remark 1. As in the official solution, formulas (1) and (2) together give for Fq 
the recurrence 


F 0 (n) = 2n[(2n - l)F 0 (n - 1) + (2n - 2 )F 0 (n - 2)]. 
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For the ratio p n = Fo(n)/(2n)\, simple algebraic manipulation yields p„ = 
Pn-l + (2n-3")(2«-l) - SinCe P 1 = °> We S et 


Pn < Pn - 1 + 


(2n — 3)(2n — 1) 


= Pn I + 


1 


1 


2(2/1 -3) 2(2n -1) 


1 

' < 2 ' 


Remark 2. Using the inclusion-exclusion principle, the following formula can 
be obtained: 

F 0 (n) = 2° Q (2 n) ! - 2 1 Q (2n - 1) ! + 2 2 Q (2n - 2) ! - ■ ■ ■ 

"WO- 

One consequence is that in fact, \\m n ^^p n = 1 je. 

Second solution. Let / : 7 q — » T\ be the mapping defined as follows: if (x \ , X 2 , 
. . . , X2n) G Tq and Jty, A: > 2, is the twin of X| , then 

f(Xl,X2,---,X2n) = {x 2 ,...,X k -i,Xi,X k ,...,X 2 „). 

The mapping / is injective, but not surjective. Thus Fo(n) < F\ (n). 

24. Instead of Euclidean distance, we will use the angles ZAiOAj, O denoting the 
center of the sphere. Let {Ai, . . . ,As} beany set for which min ^j/AiOAj >n/2 
(such a set exists: take for example five vertices of an octagon). We claim that 
two of the A,’s must be antipodes, thus implying that min,^ ZAiOAj is exactly 
equal to n/2, and consequently that min ^jAiAj = V2. 

Suppose no two of the five points are antipodes. Visualize A5 as the south pole. 
Then A\ , . . . , A4 lie in the northern hemisphere, including the equator (but ex- 
cluding the north pole). No two of A\ , . . . , A4 can he in the interior of a quarter 
of this hemisphere, which means that any two of them differ in longitude by at 
least n/2. Hence, they are situated on four meridians that partition the sphere 
into quarters. Finally, if one of them does not lie on the equator, its two neigh- 
bors must. Hence, in any case there will exist an antipodal pair, giving us a 
contradiction. 

25. We may assume w.l.o.g. that a > 0 (because a,b < 0 is impossible, and a,b^ 0 
from the condition of the problem) . Let (xq , yo , zo , wo ) ^ (0 , 0 , 0 , 0) be a solution 
of x? - ay 1 -bz 2 + abw 2 . Then 

x%-ayl = b(zo-aw%). 

Multiplying both sides by (zq — awg), we get 

(*o - ayo) (z§ ~ aw o) ~Kzl~ a Wo) 2 = 0 

<=> (*ozo - ayow 0 ) 2 - a(yozo - xqw 0 ) 2 - b(z% - awl) 2 = °- 
Hence, for x t = xqzo - ay o^o, yi = yozo - xqWq, z\ = z§ - awg, we have 
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x 2 -ay 2 -bzj = 0. 

If (#1,3*1, ?i) is the trivial solution, then z i = 0 implies zo = wo = 0 and simi- 
larly xo = yo = 0 because a is not a perfect square. This contradicts the initial 
assumption. 

26. By the Cauchy-Schwarz inequality, 

Since X"=i x i = a ~ x o and £" =1 xf = b — Xq, we have ( a — xq) 2 < n(b — Xq), i.e., 
(n + 1)xq — 2a#o + (a 2 — nb) < 0. 

The discriminant of this quadratic is D = 4 n(n + 1) [b — a 2 /(n + 1)] , so we con- 
clude that 

(i) if a 2 > (n+ 1 )b, then such an xo does not exist; 

(ii) if a 2 = (n+ 1 )b, then xo = a/n + 1; and 

(iii) if a 2 <{n+ 1 )b, then a ~ n ffi 2 < x 0 < a+ H ffi 2 ■ 

It is easy to see that these conditions for xo are also sufficient. 

27. Let n be the required exponent, and suppose n = 2 k q, where q is an odd integer. 
Then we have 

m n - 1 = (m 2 * - l^m 2 ^- 1 ) +***+rrr + 1] = ( m 2 * -1)A, 

where A is odd. Therefore m" — 1 and nr — 1 are divisible by the same power 
of 2, and so n = 2 k . 

Next, we observe that 

m 2k - 1 = (m 2 *' 1 - \){m 2k ~ l + 1) = . . . 

= ( m 2 — 1 )(m 2 + l)(m 4 + 1) • • ■ ( m 2 * 1 + 1). 

Let s be the maximal positive integer for which m = ±1 (mod 2'). Then m 2 — I 
is divisible by 2 ,!+l and not divisible by 2 S+2 . All the numbers m 2 + l,m 4 + 
1, . . . . m 2k 1 + 1 are divisible by 2 and not by 4. Hence m- — 1 is divisible by 
2 s+k and not by 2 s+k+ \ 

It follows from the above consideration that the smallest exponent n equals 
2 1989 -s if ^ < i 989; and n = 1 if s > 1989. 

28. Assume w.l.o.g. that the rays OA j . OA2, OA3. OA4 are arranged clockwise. Set- 
ting OA\ = a, OA 2 = b, OA 3 = c, OA 4 = d, and /A | OA 2 = x, ZA 2 OA 3 = y, 
ZA3OA4 = z, we have 

Si = g(OAiA 2 ) = iafe|sinx|, S 2 = cj(OAiA 3) = i«c| sin(x-(-y)|, 

S3 = C7(OAiA 4 ) = ia<7| sin (x+y+z) |, S4 = g(OA 2 A 3 ) = ifec|siny|, 

S5 = g(OA 2 A4) = z^bd\ sin(y + z)|, S 6 = cj(OA3A 4 ) = ^cd\ sinz|. 
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Since sin(;c + y + z)sin;y + sinxsnu = sin(x + y)sin(y + z), it follows that there 
exists a choice of k, l £ {0, 1 } such that 

SjSg + (-1)*S 2 S 5 + (~l) l S 3 S 4 » 0. 

For example (w.l.o.g.), if S 3 S 4 = S\S(, +S 2 Ss, we have 

( max >S 3 S 4 = SiS 6 + S 2 S 5 > 1 + 1 = 2, 

\1<K6 J 

i.e., > s /2 as claimed. 

29. Let Pu sitting at the place A, and Pj sitting at B, be two birds that can see each 
other. Let k and Z respectively be the number of birds visible from B but not from 
A, and the number of those visible from A but not from B. Assume that k > l. 
Then if all birds from B fly to A, each of them will see l new birds, but won’t 
see k birds anymore. Hence the total number of mutually visible pairs does not 
increase, while the number of distinct positions occupied by at least one bird 
decreases by one. Repeating this operation as many times as possible one can 
arrive at a situation in which two birds see each other if and only if they are in 
the same position. The number of such distinct positions is at most 35, while the 
total number of mutually visible pairs is not greater than at the beginning. Thus 
the problem is equivalent to the following one: 

(1) If xt > 0 are integers with Xjli xj = 155, find the least possible value of 
^U(xj-xj)/ 2 . 

If Xj >Xj + 2 for some i, j, then the sum of (xj — xj) / 2 decreases (for xj — x, — 
2) if Xi,Xj are replaced with Xi + 1, xj — 1. Consequently, our sum attains its 
minimum when the x { s differ from each other by at most 1. In this case, all 
the x ^ s are equal to either [155/35] = 4 or [155/35] + 1=5, where 155 = 
20 • 4 + 15 • 5. It follows that the (minimum possible) number of mutually visible 
pairs is 20- ^ + 15 • ^ = 270. 

Second solution for (1). Considering the graph consisting of birds as vertices and 
pairs of mutually nonvisible birds as edges, we see that there is no complete 36- 
subgraph. Turan’s theorem gives the answer immediately. (See problem (SL89- 
17).) 

30. For all n such N exists. For a given n choose N = (n+ 1)! 2 + 1. Then 1+ j 
is a proper factor of N + j for 1 < j < n. So if N + j = p m is a power of a 
prime p, then 1 + j = p r for some integer r, 1 < r < m. But then p r+1 divides 
both (n+l)! 2 =A— 1 and p m = N + j, implying that p r+l \ 1 + j, which is 
impossible. Thus none of N+ 1,N+ 2, . . . ,N + n is a power of a prime. 

Second solution. Let pi,p 2 , ■ ■ ■ - Pin he distinct primes. By the Chinese remain- 
der theorem, there exists a natural number A such that p\p 2 |ZV+l,p 3 P 4 N+2, 

p 2 n —\P 2 n \N + n, and then obviously none of the numbers N + 1 , . . . , N + n 
can be a power of a prime. 
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31. Let us denote by N pqr the number of solutions for which a p /x p > a q /x q > a r /x r , 
where ( p,q,r ) is one of six permutations of (1,2,3). It is clearly enough to prove 
that N pqr + N qpr < 2aia 2 {3 + ln(2ai)). 

First, from 


3ap 


and < 1 


X p X p X q X r 


Xp 


we get a p + 1 < x p < 3a p . Similarly, for fixed x p we have 



and 



which gives ma x{a q - x p /a p ,a q - x p /(x p - a p )} <x q < 2 a q -x p /(x p -a p ), i.e., 
if a p + 1 < x p < 2a p there are at most a q ■ x p j (x p — a p ) + 1/2 possible values 
for x q (because there are [2x] — [x] = [x + 1/2] integers between x and 2x), and if 
2a p + 1 < x p < 3 a p , at most 2 a q ■ x p /(x p — a p ) — a q ■ x p /a p + 1 possible values. 
Given x p and x q , x r is uniquely determined. Hence 


N Pq r< I 

x p =a p + 1 

3 a 


a q' x P . 1 

x„ — a D 2 


I 

x p =2a p +l 


'la.q • Xp Clq • Xp 


= : ?+««X 


y, \k+a p ( 2(k + 2a p ) k + 2a p 


k + a„ 


(i+IG+rls;)) 


3 Clp Clq 
— ~^+ apa q 




+ 1 


Here we have used S*=i (l/& + 2/(fc + n)) < ln(2n)+2 — ln2 (this can be 
proved by induction). Hence, 


Npqr + Nqpr < 2a p a q {\ + 0.5 + ln(2flp) + 2 - ln2) < 2aia 2 (2.81 + ln(2ai)). 


Remark. The official solution was somewhat simpler, but used that the interval 
(x,2x], for real x, cannot contain more than x integers, which is false in general. 
Thus it could give only a weaker estimate N < 6a\a 2 (9/2 — ln2 + ln(2ai)). 

32. Let CC' be an altitude, and R the circumradius. Then, since AH = R, we have 
AC' = |f?sinB| and hence (1) CC' = |/?sin5tanA|. On the other hand, CC' = 
fiCsin B\ = 2|/? sinyf sinfl], which together with (1) yields 2| sin /A = tan /l => 

| cos A | = 1/2. Hence, IA is 60°. (Without the condition that the triangle is acute, 
IA could also be 120°.) 
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Second Solution. For a point X, let X denote the vector OX. Then |A| = \B\ = 
| C\ = R and H =A + B + C, and moreover, 

R 2 = (H - A) 1 = (B + C) 2 = 2B 2 + 2C 2 - (B - C) 2 = 4 R 1 - BC 2 . 

It follows that sinA = jji = V3/2, i.e., that ZA = 60°. 

Third Solution. Let Ai be the midpoint of BC. It is well known that AH = 20A \ , 
and since AH = AO = BO, it means that in the right-angled triangle BOA \ the 
relation BO = 20A { holds. Thus XBOA\ = ZA = 60°. 
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4.31 Solutions to the Shortlisted Problems of IMO 1990 

1. Let iVbea number that can be written as a sum of 1990 consecutive integers 
and as a sum of consecutive positive integers in exactly 1990 ways. The former 

requirement gives us N = m+ (m + 1) H h (m+ 1989) = 995(2m + 1989) for 

some m. Thus 2 \ N, 5 \N, and 199 | N. The latter requirement tells us that there 

are exactly 1 990 ways to express N as n + (n + 1 ) H \-(n + k), or equivalently, 

express 2 N as (k + \ )(2n + k). Since N is odd, it follows that one of the factors 
k + 1 and 2n + k is odd and the other is divisible by 2, but not by 4. Evidently 
k + 1 < 2n + k. On the other hand, every factorization 2 N = ab, 1 < a < b, 
corresponds to a single pair ( n,k ), where n = b ~° +l (which is an integer) and 
k = a — 1. The number of such factorizations is equal to d(2N)/2 — 1 because 
a = b is impossible (here d(x ) denotes the number of positive divisors of an 
x€N). Hence we must have d(2N) = 2 • 1991 = 3982. Now let 2N = 2 ■ 5 ei ■ 
199«2 . p e * . . . pp- be a factorization of 2 N into prime numbers, where p3, . . . ,p r 
are distinct primes other than 2, 5, and 199 and e \ , • • • , e r are positive integers. 
Then d(2N) = 2(e\ + l)(e 2 + 1 ) • • • (e r + 1), from which we deduce (e\ + 1 ) [ei + 
l)--- (e r + 1) = 1991 = 11 • 181. We thus get {ei,e2} = {10,180} and e3 = 
• • • = e r = 0. Hence N = 5 10 • 199 180 and N = 5 180 • 199 10 are the only possible 
solutions. These numbers indeed satisfy the desired properties. 

2. We will call a cycle with m committees and n countries an (m.n) cycle. We 
will number the delegates from each country with numbers 1,2,3 and denote 
committees by arrays of these integers (of length n) defining which of the del- 
egates from each country is in the committee. We will first devise methods of 
constructing larger cycles out of smaller cycles. 

Let A\,. . . ,A rn be an ( m,n ) cycle, where m is odd. Then the following is a 
(2m, n+ 1) cycle: 

(Ai, 1), (A 2 ,2), . . . , (A m , 1), (Ai,2), (A 2 , 1), . . . , (A m ,2). 

Also, let Ai,. . . ,A m be an (m. n) cycle and k< m an even integer. Then the cycle 

(At, 3), (A 2 , 1), (A 3 ,2), . . . , (Aj._ 2 , 1), (Afc_!,2), 
(A t ,3),(A*_ 1 ,l),(A*_ 2 ,2),...,(A 2 ,2) 

is a (2 (k— 1 ),n+ 1) cycle. 

Starting from the ((1),(2),(3)) cycle with parameters (3, 1) we can sequentially 
construct larger cycles using the shown methods. The obtained cycles have pa- 
rameters as follows: 

(6,2), (10,3), . . . , (2* + 2, Jt), . . . , (1026, 10), (1990, 11). 

Thus there exists a cycle of 1990 committees with 11 countries. 

3. A segment connecting two points which divides the given circle into two arcs 
one of which contains exactly n points in its interior we will call a good segment. 
Good segments determine one or more closed polygonal lines that we will call 
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stars. Let us compute the number of stars. Note first that gcd(n + \ ,2n — 1) = 
gcd(«+ 1,3). 

(i) Suppose that 3 { n + 1. Then the good segments form a single star. Among 
any n points, two will be adjacent vertices of the star. On the other hand, 
we can select n— 1 alternate points going along the star, and in this case no 
two points lie on a good segment. Hence N = n. 

(ii) If 3 | n+ 1, we obtain three stars of [^5=i] vertices. If more than [ppi] = 

points are chosen on any of the stars, then two of them will be con- 
nected with a good segment. On the other hand, we can select '-LA alternate 
points on each star, which adds up to n — 2 points in total, no two of which 
he on a good segment. Hence N = n— 1 . 

To sum up, N = n for 3 \ 2n — 1 and N = n — 1 for 3 | 2n — 1 . 

4. Assuming that A i is not such a set A;, it follows that for every m there ex- 

ist m consecutive numbers not in A\. It follows that A 2 U A3 U • • • U A r con- 
tains arbitrarily long sequences of numbers. Inductively, let us assume that 
Aj • • • U A r contains arbitrarily long sequences of consecutive numbers 

and none of A \ , A2, . . . , A ; _i is the desired set A,-. Let us assume that Aj is also 
not A/. Hence for each m there exists k{m) such that among k(m) elements of 
Aj there exist two consecutive elements that differ by at least m. Let us consider 
m • k(m) consecutive numbers in Aj U • • • U A r , which exist by the induction hy- 
pothesis. Then either Aj contains fewer than k(m) of these integers, in which 
case Aj + i U • • • U A r contains m consecutive integers by the pigeonhole princi- 
ple or Aj contains k(m ) integers among which there exists a gap of length m of 
consecutive integers that belong to Aj + 1 U • • • U A r . Hence we have proven that 
Aj + 1 U • • • U A r contains sequences of integers of arbitrary length. By induction, 
assuming that Ai,A 2, . . . ,A r \ do not satisfy the conditions to be the set A,-, it 
follows that A r contains sequences of consecutive integers of arbitrary length 
and hence satisfies the conditions necessary for it to be the set A, . 

5. Let O be the circumcenter of ABC, E the midpoint of OH, and R and r the radii 
of the circumcircle and incircle respectively. We use the following facts from 
elementary geometry: OH = 30G, OK 2 = R 2 — 2 Rr, and KE = | — r. Hence 
KH = 2 KE — KO and KG = IM+EZl . We then obtain 

¥ > 1 2 

KH ■ KG = - {ARE 2 - KO 2 ) = - -r{R - 2r) < 0 . 

Hence cos ZGKH < 0 => ZGKH > 90°. 

6. Let W denote the set of all no for which player A has a winning strategy, L the 
set of all no for which player B has a winning strategy, and T the set of all no for 
which a tie is ensured. 

Lemma. Assume {m,m+ 1, . . . 1990} C W and that there exists s < 1990 such 
that s/p r >m, where p r is the largest degree of a prime that divides .v. Then 
all integers x such that y/s<x<m also belong in W. 
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Proof. Starting from x, player A can choose s, and by definition of s, player B 
cannot choose a number smaller than m. This ensures player A the victory. 
We now have trivially that since 45 2 = 2025 > 1990, it follows that for n 0 € 
{45, . . . , 1990} the player A can choose 1990 in the first move. Therefore 
{45, . . . , 1990} C W. Using m = 45 and selecting s = 420 = 2 2 • 3 • 5 • 7 we apply 
the lemma to get that all integers x such that \/420 <21 <x< 1990 are in W. 
Again, using m = 21 and sele cting s = 168 = 2 3 • 3 • 7 we apply the lemma to get 
that all integers x such that a/ 168 < 13 < x < 1990 are in W. Selecting s = 105 
we obtain the new value for m at m = 11. Selecting s = 60 we obtain m = 8. 
Thus {8, . . . , 1990} C W. 

For no > 1990 there exists r e N such that 2 r • 3 2 < no < 2 r+l ■ 3 2 < «q. Player A 
can take n\ = 2 r+1 • 3 2 . The number player B selects has to satisfy 8 < «2 < «o- 
After finitely many steps he will select 8 < « 2 r < 1990, and A will have a winning 
strategy. Hence all m > 8 belong to W. 

Now let us consider the case no < 5. Since the smallest number divisible by 
three different primes is 30 and < 5 2 = 25 < 30, it follows that n\ is of the 
form n\ = p r or n\ = p r ■ q s , where p and q are two different primes. In the 
first case player B can choose 1 and win, while in the second case he can select 
the smaller of p r ,q s , which is also smaller than ^Jn~\ < no- Thus player B can 
eventually reach njk = 1. Thus {2, 3, 4, 5} C L. 

Finally, for no = 6 or no = 7 player A must select a number divisible by at least 
three primes, which must be 30 = 2- 3- 5 or 42 = 2- 3- 7; otherwise, B can select 
a degree of a prime smaller than no, yielding «2 < 6 and victory for B. Player 
B must select a number smaller than 8. Hence, he has to select 6 in both cases. 
Afterwards, to avoid losing the game, player A will always choose 30 and player 
B always 6. In this case we would have a tie. Hence T C {6,7}. 

Considering that we have accounted for all integers no > 1, the final solution is 
L = {2,3,4,5},7’ = {6,7},andlT = {xeN \x> 8}. 

7. Let f{n) = g(n) 2" 2 for all n. The recursion then transforms into g(n+2) — 2g(n + 

1) + g(n) = n ■ 16 - " -1 for n G No- By summing this equation from 0 to n — 1, we 
get 

g(n+ 1) -g(n) = ' (1 - (15«+ 1)16“”). 

By summing up again from 0 to n — 1 we get g(n) = ^ • ( 1 5n — 32 + (15n + 

2) 16-" +1 ). Hence 

/(») = Jjp ' (15« + 2 + (15/i - 32) 16”- 1 ) • 2("- 2 )\ 

Now let us look at the values of f(n) modulo 13: 

/(«) = 15n + 2 + (15n - 32) 16" -1 = 2n + 2 + (2n - 6)3"-\ 

We have 3 3 = 1 (mod 13). Plugging in n = 1 (mod 13) and n = 1 (mod 3) for 
n = 1990 gives us /(1990) = 0 (mod 13). We similarly calculate /(1989) = 0 
and /(1991) = 0 (mod 13). 
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8. Since 2 1990 < 8 700 < lO 700 , we have f x (2 1990 ) < (9 • 700) 2 < 4 • 10 7 . We then 
have h (2 1990 ) < (3 + 9 • 7) 2 < 4900 and finally / 3 (2 1990 ) < (3 + 9 • 3) 2 = 30 2 . It 
is easily shown that /&(«) = j\- \ (n) 2 (mod 9). Since 2 6 = 1 (mod 9), we have 
21990 = 2 4 = 7 (all congruences in this problem will be mod 9). It follows that 
f, (2 1990 ) = 7 2 = 4 and / 2 (2 1990 ) = 4 2 = 7. Indeed, it follows that f 2k ( 2 1990 ) = 7 
and / 2 4 +i( 2 1990 ) = 4 for all integer k > 0. Thus / 3 (2 1990 ) = r 2 where r < 30 
is an integer and r = /2(2 1990 ) = 7. It follows that r £ {7, 16,25} and hence 
/ 3 (2 1990 ) e {49,256,625}. It follows that/ 4 (2 1990 ) = 169, / 5 (2 1990 ) = 256, and 
inductively f 2k {2 1990 ) = 169 and f 2k+ 1 (2 1990 ) = 256 for all integer k > 1. Hence 
/i99i(2 1990 )=256. 

9. Let a,b,c be the lengths of the sides of AABC, s = a+ ^ +c , r the inradius of the 
triangle, and c x and b i the lengths of 4 Bn and AC 2 respectively. As usual we will 
denote by S(XYZ) the area of A XYZ. We have 

D A ACi AB 2 c x rs 

smBl) = -Jc^F s(abc) = -2b ’ 

S'.AKH’ ) = S(AC,K) = j. 

From 5(ACifi2) = S(AKB 2 ) +S(AC\K) we get ^ = ¥ + 7 ’ therefore (a — b + 
c)c x = be. By looking at the area of AAB X C 2 we similarly obtain (a + b — c)b\ = 
be. From these two equations and from S(ABC ) = S(AB 2 C 2 ), from which we 
have b\C\ = be, we obtain 

a 2 — (b — c) 2 = bc=> ~^2b — ~ = = -=$- ZBAC = 60°. 

10. Let r be the radius of the base and h the height of the cone. We may assume 
w.l.o.g. that r = 1. Let A be the top of the cone, BC the diameter of the circum- 
ference of the base such that the plane touches the circumference at B, O the 
center of the base, and H the midpoint of OA (also belonging to the plane). Let 
BH cut the sheet of the cone at D. By applying Menelaus’s theorem to A AOC 
and A BHO, we conclude that jg = §§ • ^ = i and g ± . 

The plane cuts the cone in an ellipse whose major axis is BD. Let E be the center 
of this ellipse and FG its minor axis. We have jjj = {■ Let E' ,F' ,G' be radial 
projections of E,F, G from A onto the base of the cone. Then E sits on BC. Let 
h{X) denote the height of a point X with respect to the base of the cone. We have 
h{E) = h(D)/2 = h/3. Hence EF = 2E'F'/3. Applying Menelaus’s theorem to 
A BHO we get % = || • % = 1. Hence EF = « -j.. 

Let d denote the distance from A to the plane. Let V x and V denote the volume 
of the cone above the plane (on the same side of the plane as A) and the total 
volume of the cone. We have 

Vi BE ■ EF ■ d (2BH/3){1/V3)(2 S ahb /BH) 

V h h 

_ {2/3){\/V3){h/2) _ 1 

3\/3 ' 


h 
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Since this ratio is smaller than 1 /2, we have indeed selected the correct volume 
for our ratio. 


11. Assume 3S(A,E,M,B). Since A, B,C,D lie on a circle, we have ZGCE = ZMBD 
and ZMAD = ZFCE. Since FD is tangent to the circle around A EMD at E, 
we have ZMDE = ZFEB = ZAEG. Consequently, ZCEF = 180° — ZCEA — 
ZFEB = 180° - ZMED - ZMDE = ZEMD and ZCEG = 180° - ZCEF = 
180° - ZEMD = ZDMB. Therefore A CEF ~ A AMD and AC EG ~ A BMD. 


From the first similarity we obtain CE ■ 
MD = AM EF, and from the second 
we obtain CE ■ MD = BM ■ EG. Hence 

AM-EF = BMEG=> 

GE _ AM _ A 
~EF~BM~ 1 - A ' 

If £8(A,M,E,B), interchanging the 
roles of A and B we similarly obtain ^ 



12. Let d(X,l) denote the distance of a point X from a line l. Using the elemen- 
tary facts that AF : FC = c : a and BD : DC = c : b, we obtain d(F,L) = -£-.h c 
and d(D,L) = -h c , where h a is the altitude of AABC from A. We also have 
ZFGC = /3 /2, ZDEC = a/ 2. It follows that 


DE = 4£A 

sin(a/2) 


and 


FG = 


d(F,L ) 
sin(/3/2)‘ 


(1) 


Now suppose that a > b. Since the function fix) = ^ is strictly increasing, we 
deduce d(F,L) > d{D,L). Furthermore, sin(a/2) > sin(j3/2), so we get from 
(1) that FG > DE. 

Similarly, a < b implies FG < DE. Hence we must have a = b, i.e., AC = BC. 

13. We will call the ground the “zeroth” rung. We will prove that the minimum n is 
n = a + b — (a,b). It is plain that if (a,b) = k > 1, the scientist can climb only 
onto the rungs divisible by k and we can just observe these rungs to obtain the 
situation equivalent to a' = a /k, b' = b /k, and n' = a! +b' — 1 . Thus let us assume 
that ( a,b ) = 1 and show that n = a + b— 1. 

We obviously have n > a. Consider n = a + b — k, k > 1, and let us assume 
without loss of generality that a > b (otherwise, we can reverse the problem 
starting from the top rung in our round trip). Then we can uniquely define the 
numbers r,-, 0 < r, < b, by r t = ia (mod b). We now describe the only possible 
sequence of moves. From a position 0 < p < b — A we can move only a rungs 
upward and for p > b — 1 we can move only b rungs downward. If we end up at 
b — k < p <b - l.we are stuck. Hence, given that we are at r t , if ri<b — k, we 
can move to a + r,, and when we descend as far as we can go we will end up at 
r !+ i =a + n (mod b). 
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If the mathematician climbs to the highest rung and then comes back to r ( - = 0, 
then we deduce b \ ia, so i > b. But since ( a,b ) = 1, there exists 0 < j < b such 
that r j = ja = b— 1 (mod b). Thus the mathematician has visited the position 
b — 1. For him not to get stuck we must have k < 1 and n > a + b — 1. For 
n=a + b— 1 by induction he can come to any position n, i > 0, so he eventually 
comes to rj = b — 1, climbs to the highest rung, and then continues until he gets 
to r b = 0. Hence the answer to the problem is n = a + b— 1. 

14. Let V be the set of all midpoints of bad sides, and E the set of segments connect- 
ing two points in V that belong to the same triangle. Each edge in E is parallel 
to exactly one good side and thus is parallel to the coordinate grid and has half- 
integer coordinates. Thus, the edges of E are a subset of the grid formed by 
joining the centers of the squares in the original grid to each other. Let G be a 
graph whose set of vertices is V and set of edges is E. The degree of each vertex 
X, denoted by d(X), is 0, 1, or 2. We observe the following cases: 

(i) d(X) = 0 for some X. Then both triangles containing X have two good 
sides. 

(ii) d(X) = 1 for some X. Since Y,xevd(X) = 2\E\ is even, it follows that at 
least another vertex Y has the degree 1 . Hence both X and Y belong to 
triangles having two good sides. 

(iii) d(X) = 2 for all X £ V . We will show that this case cannot occur. We prove 
first that centers of all the squares of the m x n board belong to VUE. 
A bad side contains no points with half-integer coordinates in its interior 
other than its midpoint. Therefore either a point X is in V, or it lies on 
the segment connecting the midpoints of the two bad sides. Evidently, the 
graph G can be partitioned into disjoint cycles. Each center of a square is 
passed exactly once in exactly one cycle. Let us color the board black and 
white in a standard chessboard fashion. Each cycle passes through centers 
that must alternate in color, and hence it contains an equal number of black 
and white centers. Consequently, the numbers of black and white squares 
on the entire board must be equal, contradicting the condition that m and n 
are odd. 

Our proof is thus completed. 

15. Let 5(Z) denote the sum of all the elements of a set Z. We have S(X) = (k + 1 ) • 

1990+ . To partition the set into two parts with equal sums, S(X) must be 

even and hence must be even. Hence k is of the form 4r or 4r + 3, where 
r is an integer. 

For k = 4r + 3 we can partition X into consecutive fourtuplets { 1 990 + 4/ , 1 990 + 
4/ + 1,1990 + 4/ + 2, 1990 + 4/ + 3} for 0 < l < r and put 1990 + 41,1990 + 
41 + 3 G A and 1990 + 41 + 1 , 1990 + 41 + 2 e B for all l. This would give us 
5(A) = S(B) = (3980 + 4r+3)(r+ 1). 

For k = 4r the numbers of elements in A and B must differ. Let us assume 
without loss of generality |A| < |fi|. Then S(A) < (1990 + 2r + 1) + (1990 + 
2r + 2) H b (1990 + 4r) and 5(5) > 1990 + 1991 + •■• + (1990 + 2r). Plug- 
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ging these inequalities into the condition S(A) = S(B) gives us r > 23 and 
consequently k > 92. We note that B = {1990, 1991, . . . ,2034,2052,2082} and 
A = {2035,2036, . . .,2051,2053,. . .,2081} is a partition for k = 92 that satisfies 
S(A) = S(B) . To construct a partition out of higher k = 4r we use the A: = 92 par- 
tition for the first 93 elements and construct for the remaining elements as was 
done for k = 4r+ 3. 

Hence we can construct a partition exactly for the integers k of the form k = 
4r + 3, r > 0, and k = 4r, r > 23. 

16. Let AqA i . . .4 1989 be the desired 1990-gon. We also define A 1990 = Aq. Let 

O be an arbitrary point. For 1 < i < 1990 let Bi be a point such that OBj = 
Aj-iAi. We define Bq = /i 1 990 - The points B t must satisfy the following prop- 
erties: ZBiOB i+ 1 = 0 < i < 1989, lengths of OB, are a permutation of 

1 2 ,2 2 , . . . , 1989 2 , 1990 2 , and Z ( -£q 9 OBi = 0 . Conversely, any such set of points 
Bi corresponds to a desired 1990-gon. Hence, our goal is to construct vectors 
OBj satisfying all the stated properties. 

Let us group vectors of lengths (2 n — l) 2 and (2n) 2 into pairs and put them dia- 
metrically opposite each other. The length of the resulting vectors is 4n — 1 . The 
problem thus reduces to arranging vectors of lengths 3,7,11,..., 3979 at mu- 
tual angles of ^ such that their sum is 0 . We partition the 995 directions into 
199 sets of five directions at mutual angles The directions when intersected 
with a unit circle form a regular pentagon. We group the set of lengths of vec- 
tors 3,7,..., 3979 into 199 sets of five consecutive elements of the set. We place 
each group of lengths on directions belonging to the same group of directions, 

thus constructing five vectors. We use that OC\ H b OC n = 0 where O is the 

center of a regular n-gon C\ . . . C n . In other words, vectors of equal lengths along 
directions that form a regular n-gon cancel each other out. Such are the groups 
of five directions. Hence, we can assume for each group of five lengths for its 
lengths to be {0, 4, 8,12,16}. We place these five lengths in a random fashion on 
a single group of directions. We then rotate the configuration clockwise by 
to cover other groups of directions and repeat until all groups of directions are 
exhausted. It follows that all vectors of each of the lengths {0,4,8, 12, 16} will 
form a regular 199-gon and will thus cancel each other out. 

We have thus constructed a way of obtaining points Bi and have hence shown 
the existence of the 1990-gon satisfying (;) and (it). 

17. Let us set a coordinate system denoting the vertices of the block. The vertices 
of the unit cubes of the block can be described as {{x,y,z) | 0 < x < p, 0 < y < 
q, 0 < z < r}, and we restrict our attention to only these points. Suppose the point 
A is fixed at (a, b, c) . Then for every other necklace point (x,y, z ) numbers x — a, 
y — b, and z — c must be of equal parity. Conversely, every point (x.y.z) such that 
x—a,y — b, and z — c are of the same parity has to be a necklace point. Consider 
the graph G whose vertices are all such points and edges are all diagonals of the 
unit cubes through these points. In part (a) we are looking for an open or closed 
Euler path, while in part (b) we are looking for a closed Euler path. 
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Necklace points in the interior of the ( p , q, r) box have degree 8, points on the 
surface have degree 4, points on the edge have degree 2, and points on the comer 
have degree 1 . A closed Euler path can be formed if and only if all vertices are 
of an even degree, while an open Euler path can be formed if and only if exactly 
two vertices have an odd degree. Hence the problem in part (a) amounts to being 
able to choose a point A such that 0 or 2 comer vertices are necklace vertices, 
whereas in part (b) no corner points can be necklace vertices. We distinguish two 
cases. 

(i) At least two of p,q,r, say p,q, are even. We can choose a = 1 , b = c = 0. 
In this case none of the comers is a necklace point. Hence a closed Euler 
path exists. 

(ii) At most one of p,q,r is even. However one chooses A, exactly two neck- 
lace points are at the comers. Hence, an open Euler path exists, but it is 
impossible to form a closed path. 

Hence, in part (a), a box can be made of all ( p,q , r) and in part (b) only those 
( p,q,r ) where at least two of the numbers are even. 

18. Clearly, it suffices to consider the case ( a,b ) = 1 . Let S be the set of integers such 
that M — b <x< M + a— 1. Then f(S) C S and 0 £ S. Consequently, f k (0) € 5. 
Let us assume for k > 0 that f k ( 0) = 0. Since /(m) =m + a or f(m) = m — b, it 
follows that k can be written as k = r + s, where ra — sb = 0. Since a and b are 
relatively prime, it follows that k > a + b. 

Let us now prove that f a+b (0) = 0. In this case a + b = r+s and hence f a+b (0) = 
(a + b — s)a — sb = (a + b)(a — s). Since a + b \ f a+b ( 0) and f a+b ( 0) G S, it 
follows that f a+b ( 0) = 0. Thus for (a, b) = 1 it follows that k = a + b. For other 
a and b we have k = 

19. Let di,d 2 ,di,d 4 be the distances of the point P to the tetrahedron. Let d be the 
height of the regular tetrahedron. Let xt = di/d. Clearly, x\ +X 2 + X3 +X 4 = 1, 
and given this condition, the parameters vary freely as we vary P within the 
tetrahedron. The four tetrahedra have volumes xj, x\, *3, and x\, and the four 
parallelepipeds have volumes of 6x2x3 X4, 6X1X3X4, 6X1X2X4, and 6X1X2X3. Hence, 
using xi + X2 + X3 + X4 = 1 and setting g (x) = x 2 ( 1 — x) , we directly verify that 


4 


f{p) = /(x 1,X 2 ,X3,X 4 | = 1 - ^xj-6 £ XiXjX k 


1=1 1 <i< j<k <4 


= 3(g(xi)-U(x2)+g(x 3 )+,?(x4)) . 


We note that g( 0) = 0 and g(l) = 0. Hence, as xi tends to 1 and other variables 
tend to 0, f(x\ ,X2,X3,X4) = 0. Thus f(P ) is sharply bounded downwards at 0. 
We now find an upper bound. We note that 


g(Xi+Xj) = (Xi-|-X;) 2 (l-Xl-X 2 ) 
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thus for Xi+Xj < 2/3 and x t , Xj > 0 we have g(xj +xj) + g(0) > g(xj) + g(xj). 
Equality holds only when Xj + Xj = 2/3. 

Assuming without loss of generality x\ > X 2 > xj > X 4 , we have g(x ] ) +g(x 2 ) + 
8 (,x 3 )+g{x 4 ) <g{xi)+g(x 2 )+g{x 3 +X 4 ). Assuming y!+y 2 +y3 = 1 andyi > 
yi > y-i, we have g(yi) + g{yi) d-gfo) < g(yi) + g{yi +73)- Hence g(x 1) + 
g(x 2 ) + g(x 3) + g(x 4 ) < g{x) + g(l - x) for some x. We also have g{x) + g(l - 
x) = x( 1 — x) < 1 /4. Hence /(E) < 3 /4. Equality holds for x\ = X 2 = 1 /2, X3 = 
X4 = 0 (corresponding to the midpoint of an edge), and as the variables converge 
to these values, f(P) converges to 3 /4. Hence the bounds for f(P) are 

0 <m<\ 

20. Let n be the unique integer such that 2 n_1 < k <2 n . Let S(n) be the set of 
numbers less than 10" that are written with only the digits {0, 1} in the decimal 
system. Evidently |S(«)| = 2” > k and hence there exist two numbers x,y£ S(n) 
such that k\x — y. 

Let us show that w = \x — y| is the desired number. By definition k \ w. We also 
have 

w < 1.2- 10" _1 < 1.2 ■ (2V2) n_1 < 1.2-J ’?\fk<k A . 

Finally, since x,y G S(n), it follows that w = \x — y\ can be written using only the 
digits {0, 1 , 8, 9} . This completes the proof. 

2 1 . We must solve the congruence ( 1 + 2 P + 2 n ~ p )N = 1 (mod 2" ) . Since ( 1 +2 P + 
2 n ~ p ) and 2" are coprime, there clearly exists a unique N satisfying this equation 
and 0 < N < 2". 

Let us assume n = mp. Then we have (1 + 2 P ) (yIJZq 1 ) i 2 /p ) = 1 (mod 2") 
and (1 +2"“P)(1 — 2 n ~ p ) = 1 (mod 2"). By multiplying the two congruences we 
obtain 

(1 +2 P )(1 + 2 n-p )(l —2 n ~ p ) ^'(-1)^ = 1 (mod 2") . 

Since (1 + 2 P )(1+ 2 n ~ p ) = (1+ 2 P + 2 n ~ p ) (mod 2"), it follows that N = (1 — 
2 n- P ) fem-l ] yyP^j (mod 2"). The integer N = YIJZq {~l) j 2 jp - 2 n ~ p + 2" 
satisfies the congruence and 0 < N < 2". Using that for a > b we have in binary 
representation 

2 a -2 b = LI_^J_1 00_^^00, 

a—b times b times 

the binary representation of N is calculated as follows: 

Hl^_li,oo_^_ooi, 2f|, 

p times p times p times primes p— 1 times 

LL^JTOO^^LL^J^ . .LL^JT 00^00 1, 2||. 

p— 1 times p+1 times p times p times p times p— 1 times 
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22. We can assume without loss of generality that each connection is serviced by 
only one airline and the problem reduces to finding two disjoint monochromatic 
cycles of the same color and of odd length on a complete graph of 10 points 
colored by two colors. We use the following two standard lemmas: 

Lemma 1. Given a complete graph on six points whose edges are colored with 
two colors there exists a monochromatic triangle. 

Proof. Let us denote the vertices by ci,C2,C3,C4,C5,C6. By the pigeonhole prin- 
ciple at least three vertices out of ci, say 02,03,04, are of the same color, 
let us call it red. Assuming that at least one of the edges connecting points 
C2 , C3 , C4 is red, the connected points along with c\ form a red triangle. Oth- 
erwise, edges connecting C2 , C3 , C4 are all of the opposite color, let us call it 
blue, and hence in all cases we have a monochromatic triangle. 

Lemma 2. Given a complete graph on five points whose edges are colored with 
two colors there exists a monochromatic triangle or a monochromatic cycle 
of length five. 

Proof. Let us denote the vertices by 01,02,03,04,05. Assume that out of a point 
c, three vertices are of the same color. We can then proceed as in Lemma 1 
to obtain a monochromatic triangle. Otherwise, each point is connected to 
other points with exactly two red and two blue vertices. Hence, we obtain 
monochromatic cycles starting from a single point and moving along the 
edges of the same color. Since each cycle must be of length at least three 
(i.e., we cannot have more than one cycle of one color), it follows that for 
both red and blue we must have one cycle of length five of that color. 

We now apply the lemmas. Let us denote the vertices by ci , C2 , . . . , cio . We apply 
Lemma 1 to vertices ci , . . . , C6 to obtain a monochromatic triangle. Out of the 
seven remaining vertices we select 6 and again apply Lemma 1 to obtain another 
monochromatic triangle. If they are of the same color, we are done. Otherwise, 
out of the nine edges connecting the two triangles of opposite color at least 5 
are of the same color, we can assume blue w.l.o.g., and hence a vertex of a red 
triangle must contain at least two blue edges whose endpoints are connected with 
a blue edge. Hence there exist two triangles of different colors joined at a vertex. 
These take up five points. Applying Lemma 2 on the five remaining points, we 
obtain a monochromatic cycle of odd length that is of the same color as one of 
the two joined triangles and disjoint from both of them. 

23. Let us assume n > 1 . Obviously n is odd. Let p > 3 be the smallest prime divisor 
of n. In this case {p — l,n) = 1. Since 2” + 1 | 2 2 ” — 1, we have that p \ 2 ln — 1. 
Thus it follows from Fermat’s little theorem and elementary number theory that 
p | (2 2n - 1 ,2P~ X - 1) = 2( 2fl ’^- 1 ) - 1. Since (2n,p- 1) < 2, it follows that p | 3 
and hence p = 3. 

Let us assume now that n is of the form n = 3 k d, where 2,3 \d. We first prove 
that k = 1 . 

Lemma. If 2 m — 1 is divisible by 3 r , then m is divisible by 3 r_1 . 

Proof. This is the lemma from (SL97-14) with p = 3, a = 2 2 , k = m, a = 1, 
and P =r. 
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Since 3 lk divides n 2 \ 2 ln — 1, we can apply the lemma to m = 2n and r = 2k to 
conclude that 3 lk ~ 1 | n = 3 k d. Hence k = 1. 

Finally, let us assume d > 1 and let q be the smallest prime factor of d. Obviously 
q is odd, q > 5, and (n, q — 1) £ { 1 , 3}. We then have q \ 2 ln — 1 and q \ 2 q ~ l — 1 . 
Consequently, q \ 2^ 2n ’ q ~ l '> - 1 = - 1, which divides 2 6 - 1 = 63 = 3 2 • 7, 

so we must have q = l. However, in that case we obtain 7 | n | 2" + 1, which is 
a contradiction, since powers of two can only be congruent to 1,2 and 4 modulo 
7. It thus follows that d = 1 and n = 3. Hence n > 1 =>• n = 3. 

It is easily verified that n = 1 and n = 3 are indeed solutions. Hence these are the 
only solutions. 

24. Let us denote A = b + c + d, B = a + c + d, C = a + b + d, D = a + b + c. Since 
ab + bc + cd+da= 1 the numbers A, B, C,D are all positive. By trivially apply- 
ing the AM-GM inequality we have: 

a 2 + b 2 + c 2 + d 2 > ab + be + cd + da = 1 . 


We will prove the inequality assuming only that A,B,C : D are positive and a 2 + 
b 2 + C 2 +d 2 > 1. In this case we may assume without loss of generality that 
a>b>c>d> 0. Hence a 3 > b 3 > c 3 > d 3 > 0 and \ > i > £ > ^ > 0. 
Using the Chebyshev and Cauchy inequalities we obtain: 


a 3 b 3 c 3 d 3 
A + J + C + D 

>L ( ^ + ^ + ^ +d > +i , + c+d)(I+I + I + I) 

= ^(o 2 + (. 2 + C J + ^)(A + B + C+0)(i + i + i + i)>I. 


This completes the proof. 

25. Plugging in x = 1 we get fifty)) = /(l)/y and hence /(yi) = f(y 2 ) im- 
plies yi = y 2 i.e. that the function is bijective. Plugging in y = 1 gives us 
/(*/(!)) = fix) => xf( 1 ) = x =>■ /( 1) = 1. Hence /(/(y)) = 1/y. Plugging in 
y = fiz) implies 1 //(z) = /(1/z). Finally setting y = /(I /t) into the original 
equation gives us /(xt) = /(x)//(l/f) = fix) fit). 

Conversely, any functional equation on Q+ satisfying (i) f(xt) = fix) fit) and 
(ii) f(f(x)) = i for all x,t e Q + also satisfies the original functional equation: 
f(xf(y)) = fix) fifty)) = ty-. Hence it suffices to find a function satisfying (i) 
and (ii). 

We note that all elements q £ Q + are of the form q = n"=i pf where pi are prime 
and a i £ Z. The criterion (i) implies f(q) = /(Il"=i pf ) = II"=i fiPi) a ‘- Thus it 
is sufficient to define the function on all primes. For the function to satisfy (ii) it 
is necessary and sufficient for it to satisfy ftfip)) = j for all primes p. Let q t 
denote the i-th smallest prime. We define our function / as follows: 
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f{qik-{) = qik, f{qik) = — , keN. 

qik-i 

Such a function clearly satisfies (ii) and along with the additional condition 
f(xt ) = f(x)f(t) it is well defined for all elements of Q + and it satisfies the 
original functional equation. 

26. We note that \P{x) /x\ — ► Hence, there exists an integer number M such that 

M > \qi\ and |/ > (jc)| < \x\ =t> |jc| < M. It follows that \qi\ < M for all i £ N be- 
cause assuming \qi\ > M for some i we get \ = \P(qi)\ > \qt\ > M and this 
ultimately contradicts \q\ \ <M. 

Let us define q\ = '- and P(x) = ax3 + b *^ +cx+d where r,s,a,b,c,d,e are all inte- 
gers. For N = sawe shall prove by induction that Nqt is an integer for all i £ N. 
By definition N ^ 0. 

For i = 1 this obviously holds. Assume it holds for some i £ N. Then using 
qi = P(qi + \) we have that Nqi+ 1 is a zero of the polynomial 



= x 3 + (ifo)x 2 + ( s 2 ac)x+ (s i a 2 d — s 2, ae(Nqi )) . 

Since Q(x) is a monic polynomial with integer coefficients (a conclusion for 
which we must assume the induction hypothesis) and Nqi + i is rational it follows 
by the rational root theorem that Nq^ + 1 is an integer. 

It follows that all qi are multiples of 1 /N. Since — M <qi < M we conclude that 
qt can take less than T = 2M\N\ distinct values. Therefore for each j there are 
trij and rrij + kj ( kj > 0) both belonging to the set {jT + \ ,jT + 2,.... jT + T} 
such that q mj = q mj +k r Since kj < T for all kj it follows that there exists a 
positive integer k which appears an infinite number of times in the sequence 
kj, i.e. there exist infinitely many integers m such that q m = q m +k ■ Moreover, 
qm = qm+k clearly implies q n = q n +k for all n < m. Hence q n = q n +k holds for 
all n. 

27. Let us denote by A n (k) the n-digit number which consists of n — 1 ones and 
one digit seven in the k+ 1-th rightmost position (0 < k < n). Then A n (k) = 
(10" + 54-10 i -l)/9. 

We note that if 3 | n we have that 3 | A n (k) for all k. Hence n cannot be divisible 
by 3. 

Now let 3 \ n. We claim that for each such n > 5, there exists k < n for which 
7 | A„(k). We see thatA„(k) is divisible by 7 if and only if 10" — 1 = 2- 10 4 (mod 
7). There are several cases. 

n = 1 (mod 6). Then 10" - 1 = 2 = 2 • 10°, so 7 | A„(0). 

n = 2 (mod 6). Then 10" — 1 = 1 = 2- 10 4 , so 7 j A„(4). 

n = 4 (mod 6). Then 10" — 1 = 3 = 2- 10 5 , so 7 j A„{ 5). 

n = 5 (mod 6). Then 10" — 1=4=2- 10 2 , so 7 j A„{ 2). 

The remaining cases are n = 1,2,4. For n = 4 the number 1711 = 29-59 is 
composite, while it is easily checked that n = 1 and n = 2 are solutions. Hence 
the answer is n = 1 , 2. 
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28. Let us first prove the following lemma. 

Lemma. Let {b' / a' ,d' / c') and (b" /a" ,d" /c") be two points with rational coor- 
dinates where the fractions given are irreducible. If both a! and c' are odd 
and the distance between the two points is 1 then it follows that a" and c" 
are odd, and that b' + d' and b" + d" are of a different parity. 

Proof. Let b/a and d/c be irreducible fractions such that b' /d — b" /a" = b/a 
and d'/c' - d" /c" = d/c. Then it follows that b 2 /a 2 + d 2 /c 2 = 1 =>• b 2 c 2 + 
a 2 d 2 = a 2 c 2 . Since (a.b) = 1 and (c.d) = 1 it follows that a\ c, c\a and 
hence a = c. Consequently b 2 +d 2 = a 2 . Since a is mutually co-prime to b 
and d it follows that a and b+d are odd. From b" /a" = b/a + b' /a' we get 
that a" | ad, so a" is odd. Similarly, c" is odd as well. Now it follows that 
b" = b + b' and similarly d" = d + d' (mod 2). Hence b" + d" = b' + d' + 
b + d = b' + d'+l (mod 2), from which it follows that b' + d! and b" + d" 
are of a different parity. 

Without loss of generality we start from the origin of the coordinate system 
(0/1, 0/1). Initially b +d = 0 and after moving to each subsequent point along 
the broken line b + d changes parity by the lemma. Hence it will not be possible 
to return to the origin after an odd number of steps since b + d will be odd. 


550 4 Solutions 


4.32 Solutions to the Shortlisted Problems of IMO 1991 

1. All the angles ZPP\C, ZPP 2 C, ZPQ\C, ZPQ 2 C are right, hence Pi, P 2 , 

Qi,Q 2 lie on the circle with diame- 
ter PC. The result now follows im- 
mediately from Pascal’s theorem ap- 
plied to the hexagon P\PP 2 Q\CQ 2 . It 
tells us that the points of intersection 
of the three pairs of lines P\C,PQ\ (in- 
tersection A), P\Q 2 ,P 2 Q\ (intersection 
X) and PQ 2 ,P 2 C (intersection B) are 
collinear. 

2. Let HQ meet PB at Q ' and HR meet PC at R' . From MP = MB = MC 
we have ZBPC = 90°. So PR' HQ' is 
a rectangle. Since PH is perpendicular 
to BC, it follows that the circle with di- 
ameter PH, through P,R',H,Q', is tan- 
gent to BC. It is now sufficient to show 
that QR is parallel to Q'R'. Let CP meet 
AB atX, and BP meet AC at Y. Since P 
is on the median, it follows (for exam- 
ple, by Ceva’s theorem) that AX/XB = 

AY/YC, i.e. that XY is parallel to BC. 

Therefore, PY /BP = PX/CP. Since HQ is parallel to CX, we have QQ' /HQ/ = 
PX/CP and similarly RR'/HR' = PY/BP. It follows that QQ/ /HQ/ = RR' /HR', 
hence QR is parallel to Q'R' as required. 

Second solution. It suffices to show that ZRHC = ZRQH, or equivalently RH : 
QH = PC : PB. We assume PC : PB \ : x. Let X £ AB and Y 6 AC be points 
such that MX _L PB and MY _L PC. Since MX bisects ZAMB and MY bisects 
AMC, we deduce 

AX : XB = AM : MB = AY : YC=>XY || BC =$■ 

■=»■ AX YM ~ A CBP =>XM : MY = \ : x. 

Now from CH : HB = 1 : x 2 we obtain RH : MY = CH : CM = 1 : and 

QH : MX = BH : BM = x 2 : . Therefore 

2 2x 2 

RH : QH = T MY : -r^—^MX = l:x. 

* 1 +x 2 1 +x 2 

3. Consider the problem with the unit circle on the complex plane. For convenience, 
we use the same letter for a point in the plane and its corresponding complex 
number. 

Lemma 1. Line l(S,PQR) contains the point Z = P +Q + R+S . 
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Proof. Suppose P', Q'jR' are the feet of perpendiculars from S to QR, RP, PQ 
respectively. It suffices to show that P 1 , Q',R\Z are on the same line. Let us 

first represent P' by Q,R,S. Since P' e QR, we have that 

is, 

(P'-Q)(R-Q) = (P i -Q)( R -Q)- (i) 

On the other hand, since SP' _L QR, the ratio is purely imaginary. Thus 
(P'-S)(R-Q)=-(P-S)(R-Q). (2) 

Eliminating P' from (1) and (2) and using the fact that X = X~ x for X 
on the unit circle, we obtain P' = (Q + R + S— QR /S)/2 and analogously 
Q' = (P + R + S — PR/S) /2 and R' = (P+Q + S — PQ/S ) /2. Hence Z - 
P' = {P+QR/S)/2,Z-Q' = {Q + PR/S)/2andZ-R' = {R + PQ/S)/ 2. 
Setting P = p 2 , Q = q 2 , R = r 2 , S = s 2 we obtain Z-P' = ^ , 

Z-e'=¥(g + g)andZ-P' = ¥( S + «). 

Since x+x _1 = 2Rex is real for all x on the unit circle, it follows that the 
ratio of every pair of these differences is real, which means that Z,P' ,Q! ,R' 
belong to the same line. 

Lemma 2. If P,Q,R,S are four different points on a circle, then the lines 
l(P, QRS), l(Q,RSP), l(R,SPQ), l(S.PQR) intersect at one point. 

Proof. By Lemma 1, they all pass through p+ Q+ R +s 

Now we can find the needed conditions for A, B, ..., F. In fact, the lines 
l(A,BDF), l(D,ABF) meet at Z, = a+b+d+f , and i( B ^ AC E), l(E,ABC) meet 
at Z 2 = A + B + c + E . Hence, Z, = Z 2 if and only if D-C = E-F & CDEF is a 
rectangle. 

Remark. The line l(S. PQR) is widely known as Simson’s line; the proof that the 
feet of perpendiculars are collinear is straightforward. The key claim, Lemma 1, 
is a known property of Simson’s lines, and can be shown elementarily: 

* l(S, PQR ) passes through the midpoint X of FIS, where H is the orthocenter 
of PQR. 

4. Assume the contrary, that ZMAB, ZMBC, /MCA are all greater than 30°. By 
the sine Ceva theorem, it holds that 

sin /MAC sin /MBA sin /MCB 

= sin /MAB sin /MBC sin /MCA > sin 3 30° = - . w 

8 

On the other hand, since /MAC + /MBA + /MCB < 180° - 3 • 30° = 90°, 
Jensen’s inequality applied on the concave function lnsinx (x s [0,7f]) gives us 
sin /MAC sin /MBA sin /MCB < sin 3 30°, contradicting (*). 

Second solution. Denote the intersections of PA,PB,PC with BC,CA, AB by 
A i,Bi, Ci, respectively. Suppose that each of the angles /PAB, /PBC,/PCA is 
greater than 30° and denote PA = 2x, PB = 2 y, PC = 2 z. Then PC\ > x, PA\ > y, 
PB i > z. On the other hand, we know that 
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PC i PA i PBy _ S A bp Spec S A pc _ j 

PC + PC i PA + PA i PB + PBy Sabc Sabc Sabc 

Since the function -2— is increasing, we obtain < 1- But on 

the contrary, Cauchy-Schwartz inequality (or alternatively Jensen’s inequality) 
yields 

* . y . z > jx+y + z) 2 = 1 

2z + x 2x + y 2y + z ~ x(2z + x)+y(2x + y)+z(2y + z) 

5. Let Pi be the point on the side BC such that ABFPy = /3/2. Then ABP\F = 
180° - 3/3 /2, and the sine law gives us = 3 - 4sin 2 (j3/2) = 1 # 

2cos/3. 

Now we calculate %. We have ZBIF = 120° - j3 /2, ABF I = 60° and ABIC = 
120°, ABC! = y/2 = 60° - /3 /2. By the sine law, 


BF = BI 


sin (120° — /3/2) 
sin 60° ’ 


1 sin 120° 

= 3 BC = BI 3 sin(60°- 0/2) ‘ 


This implies §£ = 3sm(60°-^/2)^m(60°+^/2) = 4sin ( 6O 0 _0/ 2 ) s in(60° + j3 / 2) = 
2(cos J3 — cos 120°) = 2 cos J3 + 1 = . Therefore P = Py. 

6. Let a, fr, c be sides of the triangle. Let Aj be the intersection of line Al with BC. 
By the known fact, BA i \A\C = c\ b and .4/ : IA\ =AB : BA t , hence BA \ ^ 

Consequently f = jffe. 

Put a = n + p, b = p + m,c = m-\-n: it is obvious that m, n, p are positive. Our 
inequality becomes 


2 (2w + n+p)(m + 2n + p)(m + n + 2p) < 64 

(m + n + p) 3 — 27' 

The right side inequality immediately follows from the inequality between arith- 
metic and geometric means applied on 2m + n + p, m + 2n + p and m + n + 2p. 
For the left side inequality, denote by T = m + n + p. Then we can write 
(2m + n + p)(m + 2n + p)(m + n + 2p) = (T + m)(T + n)(T + p) and 

{T + m)(T + n)(T+p) = T 3 + (m+n + p)T 2 + (mn + np+pn)T+mnp>2T 3 . 


Remark. The inequalities cannot be improved. In fact, is equal to 8/27 

for a = b = c, while it can be arbitrarily close tol/4if a = b and c is sufficiently 
small. 

7. The given equations imply AB = CD, AC = BD, AD = BC. Let N\ be the 

midpoints of AD,BD , CD respectively. Then the above equalities yield 


L\M\ =AB/2 = LM , LyMy || AB || LM; 
LyM = CD/ 2 = LMi , LyM || CD || LMy. 
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Thus L,M,L\,M\ are coplanar and 
LML\M\ is a rhombus as well as 
MNM\N\ and LNL\ N] . Then the seg- 
ments LLi , MM \ , NN\ have the com- 
mon midpoint Q and QL _L QM, 
QL _L QN, QM _L QN. We also in- 
fer that the line NN\ is perpendicular 
to the plane LML\M\ and hence to the 
QB = QC = QD, hence Q is just the cen 
90°. 


D 



O, and ZLOM = ZMON = ZNOL = 


8. Let Pi(xi,yi),P 2 (x 2 ,y 2 ), ■ ■ ■ ,Pn(x n ,yn) be the n points of S in the coordinate 
plane. We may assume x\ < xi < ■ • • < x n (choosing adequate axes and renum- 
bering the points if necessary). Define d to be half the minimum distance of / J , 
from the line PjPk, where i, j, k go through all possible combinations of mutually 
distinct indices. 

First we define a set T containing 2n — 4 points: 


T = {{xi,yi-d),(xi,yi + d) \ i = 2,3,. . . ,n- 1}. 


Consider any triangle PkPiP m , where k<l < m. Its interior contains at least one 
of the two points (xi,yi ± d), so T is a set of 2n — 4 points with the required 
property. However, at least one of the points of T is useless. The convex hull of 
S is a polygon with at least three points in S as vertices. Let Pj be a vertex of that 
hull distinct from P\ and P n . Clearly one of the points [xj , yj ± d) lies outside the 
convex hull, and thus can be left out. The remaining set of 2n — 5 points satisfies 
the conditions. 

9. Let A \ , A 2 be two points of E which are joined. In E \ [A there are at most 
397 points to which A\ is not joined, and at most as much to which is not 
joined. Consequently, there exists a point A3 which is joined to both A 1 and A2. 
There are at most 3 • 397 = 1191 points of E\ {Ai,A 2,A3} to which at least one 
of Ai,A 2,A3 is not joined, hence it is possible to choose a point A4 joined to 
Ai,A 2,A3. Similarly, there exists a point A5 which is joined to all Ai,A 2,A3,A4. 
Finally, among the remaining 1986 points, there are at most 5 • 397 = 1985 which 
are not joined to one of the points Aj , . . . .A 5 . Thus there is at least one point Ag 
joined to all A\ , . . . ,As. It is clear that A\ , . . . ,A(, are pairwise joined. 

Solution of the alternative version. Let be given 1991 points instead. Number 
the points from 1 to 1991, and join i and j if and only if i — j is not a multiple of 
5. Then each i is joined to 1592 or 1593 other points, and obviously among any 
six points there are two which are not joined. 

10. We start at some vertex vo and walk along distinct edges of the graph, numbering 
them 1,2, .. . in the order of appearance, until this is no longer possible without 
reusing an edge. If there are still edges which are not numbered, one of them 
has a vertex which has already been visited (else G would not be connected). 
Starting from this vertex, we continue to walk along unused edges resuming the 
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numbering, until we eventually get stuck. Repeating this procedure as long as 
possible, we shall number all the edges. 

Let v be a vertex which is incident with e > 2 edges. If v = Vo, then it is on the 
edge 1, so the gcd at v is 1. If v ^ Vo, suppose that it was reached for the first 
time by the edge r. At that time there was at least one unused edge incident with 
v (as e > 2), hence one of them was labelled by r + 1. The gcd at v again equals 
gcd(r, r + 1) = 1. 

11. To start with, observe that ( n “ m ) = + (" m — 7 ' )] ■ 

For n= 1,2,... set S n = Sm£o( _ 1 ) m ("7 m )- Using the identity (7) = ( m ^ 1 ) + 
(X-i) we obtain the following relation for S„\ 


S n+1 =£(-1 


n — m + 1 


-K-ir 


n — m 
m- 1 


= S n -S n - 1. 


Since the initial members of the sequence S„ are 1 , 1 , 0, — 1 , — 1 , 0, 1 , 1 , . . . , we 
thus find that S n is periodic with period 6. 

Now the sum from the problem reduces to 


1 /1991\ 

J_[f 1990 V 

r i989 )i+... 

J_[ 

/ 996\ 

,+Hi 

1991V 0 ) 

1991 [v 1 y 

1 0 )\ + 

1991 [ 

\ 995 J 

V 994 JJ 


1 

1991 


(^1991 


1 

1991 


(0-(-l)) 


1 

1991‘ 


12. Let A m be the set of those elements of S which are divisible by m. By the 
inclusion-exclusion principle, the number of elements divisible by 2, 3, 5 or 
7 equals 


IA 2 UA 3 UA 5 UA 7 I 

= | A2 1 + IA3I + IA5 1 + IA7 1 — |Ag | — |Aio | — |Ai 4 1 — |A 15 1 
| A21 1 — IA35I + IA30I + IA42I + IA70I + IA105I — IA210I 
= 140 + 93 + 56 + 40-46-28-20-18 
-13-8 + 9 + 6 + 4 + 2-1 = 216. 

Among any five elements of the set A 2 UA 3 UA 5 UA 7 , one of the sets A 2 , A 3 , A 5 , A 7 
contains at least two, and those two are not relatively prime. Therefore n > 216. 
We claim that the answer is n = 217. First notice that the set A 2 U A 3 U A 5 U 
A 7 consists of four prime (2, 3,5,7) and 212 composite numbers. The set S\A 
contains exactly 8 composite numbers: namely, 1 1 2 , 1 1 - 13,11- 17,11 • 19, 1 1 - 
23, 13 2 , 13 • 17, 13 • 19. Thus S consists of the unity, 220 composite numbers and 
59 primes. 

Let A be a 217-element subset of S, and suppose that there are no five pairwise 
relatively prime numbers in A. Then A can contain at most 4 primes (or unity and 
three primes) and at least 213 composite numbers. Hence the set S \ A contains 
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at most 7 composite numbers. Consequently, at least one of the following 8 five- 
element sets is disjoint with S\A, and is thus entirely contained in A: 


{2 - 23,3 • 19,5 • 17,7 • 13, 11 • 11}, 
{2 - 31,3 - 29,5 - 23,7 - 19, 1 1 • 17>, 
{2-41,3-37,5 -31,7-29, 11 -23>, 
{2-47, 3-43, 5-41, 7-37, 13-19}, 


(2-29, 3-23, 5-19, 7-17, 11-13}, 
{2-37,3-31,5-29,7-23,11 - 19>, 
{2-43,3-41,5-37,7-31,13- 17>, 
{2-2,3-3,5-5,7-7,13- 13). 


As each of these sets consists of five numbers relatively prime in pairs, the claim 
is proved. 

13. Call a sequence e\,...,e n good if eiai -| H e n a n is divisible by n. Among the 

sums so = 0, si = a\, S 2 = a\+ ci 2 , ■ . . , s n = a\ -t \-a n , two give the same 

remainder modulo n, and their difference corresponds to a good sequence. To 
show that, permuting the a,’s, we can find n— 1 different sequences, we use the 
following 

Lemma. Let Abeakxn (k<n — 2) matrix of zeros and ones, whose every row 
contains at least one 0 and at least two l’s. Then it is possible to permute 
columns of A is such a way that in any row l’s do not form a block. 

Proof. We will use the induction on k. The case k= 1 and arbitrary n > 3 is 
trivial. Suppose that k > 2 and that for k — 1 and any n>k + 1 the lemma 
is true. Consider a kxn matrix A, n > k + 2. We mark an element a, ; - if 
either it is the only zero in the i-th row, or one of the l’s in the row if 
it contains exactly two l’s. Since n > 4, every row contains at most two 
marked elements, which adds up to at most 2k < 2 n marked elements in 
total. It follows that there is a column with at most one marked element. 
Assume w.l.o.g. that it is the first column and that a\j isn’t marked for 
j > 1. The matrix B, obtained by omitting the first row and first column 
from A, satisfies the conditions of the lemma. Therefore, we can permute 
columns of B and get the required form. Considered as a permutation of 
column of A, this permutation may leave a block of l’s only in the first row 
of A. In the case that it is so, if an = 1 we put the first column in the last 
place, otherwise we put it between any two columns having 1 ’s in the first 
row. The obtained matrix has the required property. 

Suppose now that we have got k different nontrivial good sequences e\,...,e l n , 
i = 1 ,...,k, and that k < n — 2. The matrix A = (e‘-) fulfills the conditions of 
Lemma, hence there is a permutation <7 from Lemma. Now among the sums 

So = o, -Ti = a CT ( 1 ), s 2 = a<T(i) +«<t( 2 )> •••, Sn = «<T( 1 ) A 1^). two give 

the same remainder modulo n. Let s p = s q (mod n), p < q. Then n \ s q — s p = 

a a ( P +\) H ba CT ( 9 ), and this yields a good sequence e\, . . . ,e„ with e a(p+lj = 

• • • = e CT ( 9 j = 1 and other e’s equal to zero. Since from the construction we see 
that none of the sequences e a ^y has all l’s in a block, in this way we have got 
a new nontrivial good sequence, and we can continue this procedure until there 
are n — 1 sequences. Together with the trivial 0, . . . , 0 sequence, we have found 
n good sequences. 
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14. Suppose that /(xo),/(xo + 1), . . . ,/(x o + 2p — 2) are squares. If p \ a and p \ b, 
then f(x) =bx + c (mod p) for x = xo ..... xo + p — 1 form a complete system of 
residues modulo p. However, a square is always congruent to exactly one of the 
numbers 0, l 2 , 2 2 , . . . , {^-) 2 and thus cannot give every residue modulo p. 
Also, if p | a and p \ b, then p \ b 2 — 4 ac. 

We now assume p \ a. The following identities hold for any quadric polynomial: 

4a- f(x) = (2ax+b) 2 — (b 2 — 4ac) (1) 

and f(x+p)-f(x) = p(2ax+b)+p 2 a. (2) 

Suppose that there is an y, xq < y < Xo + P — 2, for which f(y ) is divisible by 
p. Then both f(y) and f{y + p) are squares divisible by p, and therefore both 
are divisible by p 2 . But relation (2) implies that p \ 2 ay + b, and hence by (1) 
b 2 — 4 ac is divisible by p as well. 

Therefore it suffices to show that such an y exists, and for that aim we prove 
that there are two such y in [xo , xo + p - I . Assume the opposite. Since for 
x = xo,xo + 1 , • • • ,xo + p — 1 /(x) is congruent modulo p to one of the num- 
bers 1 2 , 2 2 , . . . , ^ ) > it follows by the pigeon-hole principle that for some mu- 

tually distinct u, v,w € {xo, . . . ,xo + p — 1} we have f{u) = /(v) = f(w) (mod 
p). Consequently the difference f{u) — f(v) = (u — v)(a(u + v) +b) is divisi- 
ble by p, but it is clear that p \ u — v, hence a(u + v) = — b (mod p). Similarly 
a{u + w) = —b (mod p), which together with the previous congruence yields 
p | a(y — w) => p | v — w which is clearly impossible. It follows that p \ f(yi) for 
at least one yi , xo < yi < xo + p. 

If }’ 2 , xo <y 2 <x$+p is such that a(yi +y 2 ) + b = 0 (mod p), we have p \ 
f{yi) - fiyi) =» p | /(y 2 )- if yi = y 2 , then by (1) p \ b 2 — 4 ac. Otherwise, among 
yi,_V 2 one belongs to [xo,xo + p — 2] as required. 

Second solution. Using Legendre’s symbols for quadratic residues we can 
prove a stronger statement for p > 5. It can be shown that 


/ ax~ + &x + c\ 


V P ) ~ 



if p \ b 2 — 4ac, 


hence for at most values of x between xo and xo + p — 1 inclusive, ax 2 +bx + 

c is a quadratic residue or 0 modulo p. Therefore, if p > 5 and /(x) is a square 
for consecutive values, then p \ b 2 — 4 ac. 

15. Assume that the sequence has the period T. We can find integers k> m> 0, 
as large as we like, such that 10* = 10 m (mod T), using for example Euler’s 
theorem. It is obvious that a 10 k_ 1 = a l0 k and hence, taking k sufficiently large 
and using the periodicity, we see that 
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Since (2 • 10* - 10 m ) ! = (2 • 10* - 10 m )(2 • 10* - 10 m - 1) ! and the last nonzero 
digit of 2- 10*— 10 m is nine, we must have a 2 . ] 0 <t_ ] om _ 1 = 5 (if s is a digit, the last 
digit of 9s is s only if s = 5). But this means that 5 divides n ! with a greater power 
than 2 does, which is impossible. Indeed, if the exponents of these powers are 
a 2 , «5 respectively, then a 5 = [n/ 5] + [n/5 2 ] H <a 2 = [n/2] + [n/2 2 ] H . 

16. Let p be the least prime number that does not divide n: thus a\ = 1 and a 2 = p. 

Since a 2 — a\ = — a 2 = ■ ■ ■ = r, the a { s are l,p,2p— l,3p — 2, We have 

the following cases: 

p = 2. Then r = 1 and the numbers 1 , 2, 3 , . . . , n — 1 are relatively prime to n, 
hence n is a prime. 

p = 3. Then r = 2, so every odd number less than n is relatively prime to n, 
from which we deduce that n has no odd divisors. Therefore n = 2* for 
some leN. 

p> 3. Then r = p— 1 and a^+i = «i +k(p — 1) = 1 +k(p— 1). Since n — 1 also 
must belong to the progression, we have p — 1 | n — 2. Let q be any prime 
divisor of p — 1 . Then also q \ n — 2. On the other hand, since q < p, it must 
divide n too, therefore q \ 2, i.e. q = 2. This means that p — 1 has no prime 
divisors other than 2 and thus p = 2 l + 1 for some l >2. But in order for 
p to be prime, l must be even (because 3 2^+1 for / odd). Now we recall 
that 2/7 — 1 is also relatively prime to n; but 2p I = 2 l+] + 1 is divisible 
by 3, which is a contradiction because 3 | n. 

17. Taking the equation 3 X + 4 y = 5 Z (x,y,z > 0) modulo 3, we get that 5 Z = 1 (mod 
3), hence z is even, say z = 2zi . The equation then becomes 3* = 5 2zi — 4-'’ = 
(5 Z| — 2 J ’)(5 Zl + 2 y ). Each factor 5 Z| — 2 y and 5 Z| + 2 y is a power of 3, for which 
the only possibility is 5 Zl +2 y = 3 X and 5 Zl —2 y = 1. Again modulo 3 these 
equations reduce to (— l) Zl + (— 1 ) y = 0 and (— l) Zl — (— 1 )- v = 1, implying that 
zi is odd and y is even. Particularly, y > 2. Reducing the equation 5 Z1 +2 y = 3 X 
modulo 4 we get that 3 X = 1, hence x is even. Now if y > 2, modulo 8 this 
equation yields 5 = 5 Zl = 3 X = 1, a contradiction. Hence y = 2, z\ = L The only 
solution of the original equation is x = y = z = 2. 

18. For integers a > 0, n > 0 and a > 0, we shall write a a || n when a a \ n and 
a a+l \n. 

Lemma. For every odd number a > 3 and an integer n > 0 it holds that 
a n+l \\(a+l) a "-l and a n+1 || (a- 1)°" + 1. 

Proof. We shall prove the first relation by induction (the second is analogous). 
For n = 0 the statement is obvious. Suppose that it holds for some n, i.e. 
that (1 +a) a " = 1 +Na n+1 , a\N. Then 


AV' 




(1 + a) a " +1 = (1 +Na n+l ) a = 1 +a-Na n+l + 


2 
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for some integer M. Since Q) is divisible by a for a odd, we deduce that 
the part of the above sum behind 1 + a ■ Na n+1 is divisible by a n+3 . Hence 
(1 +a)°" +1 = 1 +N'a n+ 2 , where a\N' . 

It follows immediately from Lemma that 

1991 1993 || 1990 1 " 11 " 2 + 1 and 1991 1 " 1 || 1992 1 " 11 " 0 - 1. 


Adding these two relations we obtain immediately that k = 1991 is the desired 
value. 

19. Set x = cos(na). The given equation is equivalent to 4x 3 + 4x 2 — 3x— 2 = 0, 
which factorizes as (2x + 1 ) (2x 2 +x — 2) = 0. 

The case 2x+ 1 = 0 yields cos(7ta) = —1/2 and a = 2/3. It remains to show 
that if x satisfies 2x 2 + x — 2 = 0 then a is not rational. The polynomial equation 
2x 2 +x — 2 = 0 has two real roots, xip = , and since |x| < 1 we must 

have x = cosna = ~ l+ ^ . 

We now prove by induction that, for every integer n > 0, cos(2 n 7ra) = 

for some odd integers a„,b n . The case n = 0 is trivial. Also, if cos(2"7ta) = 

a„+fe„vA7 , then 


cos(2" +1 7ra) = 2 cos 2 (2 n 7ta) - 1 

= i («l±n*z± +anhV Tj) = «^±i±h± v/H . 


By the inductive step that a n ,b n are odd, it is obvious that a n+ \,b n+ \ are also 
odd. This proves the claim. 

Note also that, since a n+ \ = \ (a 2 + 17 b 2 — 8) > a n , the sequence {a„} is strictly 
increasing. Hence the set of values of cos(2" na), n = 0, 1,2, . . . , is infinite (be- 
cause \/T7 is irrational). However, if a were rational, then the set of values of 
cos mna, m= 1,2, ... , would be finite, a contradiction. Therefore the only pos- 
sible value for a is 2/3. 

20. We prove the result with 1991 replaced by any positive integer k. For natural 
numbers p,q, let e = (ap — [ap])(aq — [ctq]). Then 0 < e < 1 and 

e = a 2 pq - a{p[aq} + q[ap\) + [ap\ [aq\. 

Multiplying this equality by a — k and using a 2 =ka+ 1, i.e. a(a — k) = 1, we 
get 

(a-k)£ = a(pq + [ap\[aq\) - (p[aq]+q[ap\ +k[ap][aq\). 

Since 0 < ( a — k)£ < 1, we have [a(p*q)\ = p[aq) +q[ap\ +k[ap][aq\. Now 

(p*q)*r = (p*q)r+[a{p*q)][ar\ = 

= pqr+ [ap] [aq]r+ [aq][ar]p+ [ar}[ap]q-\-k[ap\[aq] [ ar ]. 

Since the last expression is symmetric, the same formula is obtained for p*(q* 
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21. The polynomial g(x) factorizes as g(x) = fix) 2 — 9 = {fix) — 3) {fix) + 3). If 
one of the equations f(x) + 3 = 0 and f{x) — 3 = 0 has no integer solutions, then 
the number of integer solutions of g(x) = 0 clearly does not exceed 1991. 
Suppose now that both f{x) + 3 = 0 and f{x) — 3 = 0 have integer solutions. Let 
x\ , . . . ,x k be distinct integer solutions of the former, and x k+ \ , . . . ,x k+ i be distinct 
integer solutions of the latter equation. There exist monic polynomials p(x),q{x) 
with integer coefficients such that /(x) + 3 = {x — xi ) {x — xf) . . . {x — x k )p (x) and 
f{x) - 3 = {x - x k+1 ) {x - x k+2 ) ...{x- x k+ [)q{x) . Thus we obtain 

(x - xi ) (x - x 2 ) . . . (x - x k )p(x) -(x-x k+ i){x- x k+2 ) x k+ i)q{x) = 6. 

Putting x = x k+i we get ix k +\ -*i)(**+i - x 2 ) ■ ■ ■ (x k+1 -x k ) | 6, and since the 
product of more than four distinct integers cannot divide 6, this implies k < 4. 
Similarly l < 4; hence g{x) = 0 has at most 8 distinct integer solutions. 

Remark. The proposer provided a solution for the upper bound of 1995 roots 
which was essentially the same as that of (IM074-6). 

22. Suppose w.l.o.g. that the center of the square is at the origin 0(0,0). We denote 
the curve y = fix) = x 3 + ax 2 +bx + c by y and the vertices of the square by 
A,B,C,D in this order. 

At first, the symmetry with respect to the point O maps y into the curve y (y = 
/(— x) =x 3 — ax? + bx— c). Obviously y also passes through A, B,C,D, and thus 
has four different intersection points with y. Then lax 1 + 2c has at least four 
distinct solution, which implies a = c = 0. Particularly, y passes through O and 
intersects all quadrants, and hence b < 0. 

Further, the curve /, obtained by rotation of y around O for 90°, has an equation 
—x = f(y) and also contains the points A. B. C,D and O. The intersection points 
(x,y) of y fl / are determined by — x = /(/(x)), and hence they are roots of a 
polynomial p{x) = f{f(x)) +x of 9-th degree. But the number of times that one 
cubic actually crosses the other in each quadrant is in the general case even (draw 
the picture!), and since ABCD is the only square lying on y n /, the intersection 
points A,B,C,D must be double. It follows that 

p(x) =x[(x-r)(x + r)(x-i)(x + i)] 2 , (1) 

where r. s are the x-coordinates of A and B. On the other hand, pix) is defined by 
(x 3 + bx) 3 + b{x 3 + bx) +x, and therefore equating of coefficients with (1) yields 

3b =-2(r z +s 2 ), 3b 2 = (r 2 + s 1 ) 2 + 2r 2 s |2 , 

b(b 2 +l) = -2r 2 s 2 (r 2 + s 2 ), Z> 2 +l = rV. 

Straightforward solving this system of equations gives b = —y/S and r 2 + s 2 = 
^18. 

The line segment from O to (r,s) is half a diagonal of the square, and thus a side 
of the square has length a = \j2{r 2 +s 2 ) = \fl2. 

23. From (i), replacing m by f(f(m)), we get 
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f(fifH)+ fifty ) ) = -/(/(/(/(m)) + 1 ))-n; 
analogously /(/(/(«)) +/(/(«)) ) = -/(/(/(/(«)) + l))-m. 


From these relations we get + 1)) — /(/(/(/(«)) + 1)) = »t — n. 

Again from (i). 


f if if if {m)) + 1)) = fi-m ~ f{f(2 )) ) 
and /(/(/(/(«)) + 1)) = f{-n- fifty)). 

Setting fifty ) = k we obtain /(— m — k) — f{—n — k) = m — n for all integers 
m,n. This implies /(m) = /( 0) — m. Then also /(/'(m)) = m, and using this in 
(i) we finally get 

f{n) = —n I for all integers n. 

Particularly /(1991) - -1992. 

From (ii) we obtain g(n) = g(—n — 1) for all integers n. Since g is a polynomial, 
it must also satisfy g(x) = g(— x— 1) for all real x. Let us now express g as a 
polynomial on;t+ 1/2: g(x) = h(x+ 1/2). Then h satisfies h(x+ 1/2) = h{—x — 
1/2), i.e. h(y) = h{—y), hence it is a polynomial in y 2 ; thus g is a polynomial in 
(x + 1/2) 2 = x 2 +x + 1/4. Hence g(n) = p{n 2 + n) (for some polynomial p) is 
the most general form of g. 

24. Let y* = — a^+i + ak + 2 — h a-k+n - i for k 1,2, ... ,n, where we define 

Xi+ n = xi for 1 < i < n. We then have y\ +y 2 = 2a\, y 2 +y 3 = 2ci2- . . . , y n +y\ = 
2a„. 

(i) Let n = 4k — l for some integer k > 0. Then for each i = 1 ,2. ... ,n we have 

that yi = (a; + aj+i H — + ai_i ) — 2(a ( _|_i + H f fl,_2)=l + 2 H F 

(4/c — 1) — 2(a, + i + c(;+3 H h ai-2) is even. Suppose now that a\ .. . . .a n 

is a good permutation. Then each y,- is positive and even, so y,- > 2. But 
for some t € {1, . . . ,«} we must have a, = 1, and thus y t +yt+\ = 2a t =2 
which is impossible. Hence the numbers n = 4k — 1 are not good. 

(ii) Let n = 4k + 1 for some integer k > 0. Then 2.4,. . . ,4k.4k + \ ,4k — 
1 , . . . , 3, 1 is a permutation with the desired property. Indeed, in this case 
y\ = y*k + 1 = U )’2 = }’4k = 3, . . . ,y 2k = y 2 k +2 = 4fc- 1, y 2 t+i = 4*+ 1. 

Therefore all nice numbers are given by 4k + 1, k e N. 

25. Since replacing x\ by 1 can only reduce the set of indices i for which the desired 
inequality holds, we may assume X\ = 1. Similarly we may assume x n = 0. Now 
we can let i be the largest index such that x, >1/2. Then Xj + 1 < 1 /2, hence 

x,(l -x i+i ) > ^ = ixi(l -x„). 

26. Without loss of generality we can assume b\ > b 2 > • • • > b n . We denote by A, 
the product a 1 02 ■ ■ ■ a,-_|Ci; + i . . . a n . If for some i < j holds A t < Aj, then b\Ai + 
bjAj < biAj + bjAi (or equivalently (b l — bj)(Ai — Aj ) < 0). Therefore the sum 
I'Ll b{Aj does not decrease when we rearrange the numbers a\,...,a n so that 
A 1 > • • • > A„, and consequently a\ < ■ ■ ■ < a n . Further, for fixed afs and f J b l = 
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1, the sum £" =1 biA t is maximal when b\ takes the largest possible value, i.e. 
b\ = p, b 2 takes the remaining largest possible value b 2 = 1 — p, whereas b 2 = 
■■■ = b n = 0. In this case 


X biA ‘ = P A 1 + (! - p) a 2 = «3 ■ ■ ■ a n (pa 2 + (1 - p)ai) 

fef 

<p(ai+a 2 )a 3 ...a„< , 

using the inequality between the geometric and arithmetic means for a 2 , . . . , a n , 
ai+a 2 . 

27. Write F(x\ . . . . ,x„) = Xicy xpcj (x,- +xj ) . Choose ann-tuple (jci , . . . ,x n ), Y!i=\ x i = 
1, Xi > 0 with at least three nonzero components, and assume w.l.o.g. that x\ > 
• • • > x k-\ >Xk> Xk+i = ■ ■ ■ = x n = 0. We claim that replacing x^-i ,Xjt with 
x k~\ + x k,0 the value of F increases. Write for brevity xt - 1 = a, = b. Then 


F(...,a + b,0,0,. ..)—F(. ..,a,b,0,...) 


k-2 k—2 

= X Xi(a + b)( x i + a + b ) - X [*«*(*< + #) +^(jq+i')] — ai(a + i) 
<=i i=i 




k-2 

2 X -^i — a — b 


= ab{2-3(a + b))>0 , 


because x^-i +*£ < |(*i + x*_i +*£- 2 ) < f • Repeating this procedure we can 
reduce the number of nonzero xi s to two, increasing the value of F in each 
step. It remains to maximize F over n-tuples ix\ ,X2,0, . . . ,0) with x\,x 2 > 0, 
x\ + x 2 = 1 : in this case F equals x\x 2 and attains its maximum value \ when 
X\ =x 2 = = . . . ,x n = 0. 

28. Letx„ = c(n\/2— [n\/2]) for some constant c > 0. For i > j, putting p = [i\/2] — 
L/V 2 ], we have 




[2(i-j) 2 -p 2 lc ^ c ^ c 

(i-j)V2 + p ~ ~ 4 


because p<(i— j) V2 + 1 . Taking c = 4, we obtain that for any i > j, (i — j ) |jc,- — 
jCy| > 1. Of course, this implies (i — j) a \xj — xj\ > 1 for any a > 1. 

Remark. The constant 4 can be replaced with 3/2 + V2. 

Second solution. Another example of a sequence {x n } is constructed in the 
following way: x\ = Q, x 2 = \, x 2 = 2 and x 3 k i+m = x m + ^ for i 1,2 and 
1 < m < 3 k . It is easily shown that | i — j | • \x% — xj\ > 1/3 for any i ^ j. 

Third solution. If n = bo + 2b \ H b 2 k bk, bi € {0, 1}, then one can set x„ 

= bo + 2~ a b\ H b 2~ ka bk- In this case it holds that | i — j\ a \xi — Xj\> pbif. 
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29. One easily observes that the following sets are super-invariant: one-point set, its 
complement, closed and open half-lines or their complements, and the whole real 
line. To show that these are the only possibilities, we first observe that S is super- 
invariant if and only if for each a > 0 there is a b such that x £ S <=> ax + b £ S. 

(i) Suppose that for some a there are two such b’s: b\ and b 2 . Then x £ S 44- 
ax + b\ e S and x G S 4=> ax + b 2 € S, which implies that S is periodic: 
y G S y + bl ~ b2 G S. Since S is identical to a translate of any stretching 
of S, all positive numbers are periods of S. Therefore S = R. 

(h) Assume that, for each a,b = f(a) is unique. Then for any a\ and a 2 , 

x€S<=> a\x + f(a\) G S aia 2 x + a 2 f(ai) + f(a 2 ) € S 
5=> a 2 x + f(a 2 ) G 5 aia 2 x + aif(a 2 )+f{ai) e S. 

As above it follows that a\f(a 2 ) +f(a \ ) = a 2 f(a\ ) +f(a 2 ), or equivalently 
f(ai)(a 2 — 1) = f(a 2 )(ai — 1). Hence (for some c), /(a) = c(a — 1) for all 
a. NowrS S <3- ax+c(a— 1) £ S actually means that y — c £ S ay— c e S 
for all a. Then it is easy to conclude that {y — c | y G 5} is either a half-line 
or the whole hne, and so is S. 

30. Let a and b be the integers written by A and B respectively, and let x < y be the 
two integers written by the referee. Suppose that none of A and B ever answers 
“yes”. 

Initially, regardless of a, A knows that 0 <b<y and answers “no”. In the second 
step, B knows that A obtained 0 < b < y, but if a were greater than x, A would 
know that a + b = y and would thus answer “yes”. So B concludes 0 < a < x but 
answers “no”. The process continues. 

Suppose that, in the n-th step, A knows that B obtained r„_i < a < s n - \ . If b > 
x — r n -i,B would know that a + b > x and hence a + b=y, while if b < y — s„_i, 
B would know that a + b<y, i.e. a + b=x: in both cases he would be able to 
guess a. However, B answered “no”, from which A concludes y — s n - 1 < b < 
x - r n _\. Put r n =y — s n l and s„=x- r„_ j. 

Similarly, in the next step B knows that A obtained r n < b < s„ and, since A 
answered “no”, concludes y—s n <a<x—r n . Put r n+ i =y—s n and s n+ ] =x—r n . 
Notice that in both cases Si + 1 — r ,-+ 1 = s,- — r,- — (y — x). Since y — x > 0, there 
exists an m for which s m — r m < 0, a contradiction. 
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4.33 Solutions to the Shortlisted Problems of IMO 1992 

1. Assume that a pair (x,y) with x <y satisfies the required conditions. We claim 

that the pair (y, x\ ) also satisfies the conditions, where x\ = (note that x\ > y 

is a positive integer). This will imply the desired result, since starting from the 
pair (1, 1) we can obtain arbitrarily many solutions. 

First, we show that gcd(xi ,y) = 1 . Suppose to the contrary that gcd(xj ,y) —d> 
1. Then d \ x\ \ y 2 + m => d \ m, which implies d\y\^ + m=^d\x. But this 
last is impossible, since gcd(x,y) = 1. Thus it remains to show that xi | y 2 + m 
and y | Xj +m. The former relation is obvious. Since gcd(x,y) = 1, the latter is 
equivalent to y | (xx\ ) 2 + mx 2 = y 4 + 2 my 2 + m 2 + mx 2 , which is true because 
y | m(m + x 2 ) by the assumption. Hence (y,xi) indeed satisfies all the required 
conditions. 

Remark. The original problem asked to prove the existence of a pair (x,y) of 
positive integers satisfying the given conditions such that x + y < m + 1 . The 
problem in this formulation is trivial, since the pair x = y = 1 satisfies the con- 
ditions. Moreover, this is sometimes the only solution with x + y <m + 1. For 
example, for m = 3 the least nontrivial solution is (xo,yo) = (1,4). 

2. Let us define x„ inductively as x„ = /(x n _ i ) , where xo > 0 is a fixed real number. 
It follows from the given equation in / that x n+ 2 = —ax n+ \ + b(a + b)x n . The 
general solution to this equation is of the form 

x n = X\ b n + X 2 (—a — b ) n , 

where X \ , X 4 £ M. satisfy xq = X\ + X 2 and x\ = X\b — X 2 {a + b)An order to have 
x„ > 0 for all n we must have X 2 = 0. Hence xo = X] and /(x 0 ) = x\ = X\b = bx 0 . 
Since xo was arbitrary, we conclude that /(x) = bx is the only possible solution 
of the functional equation. It is easily verified that this is indeed a solution. 

3. Consider two squares AB’CD’ and A'BC'D. Since AC _L BD, these two squares 
are homothetic, which implies that the lines AA ' , BB ' , CC ' , DD' are concurrent at 


a certain point 0 . 

Since the rotation about A by 90° 
takes AABK into AAFD, it follows that 
BK _L DF. Denote by T the intersec- 
tion of BK and DF. The rotation about 


F 

/V 1 k 

/ v\ 1 

some point X by 90° maps BK into DF 
if and only if TX bisects an angle be- 
tween BK and DF. Therefore ZFTA = 
ZATK = 45°. Moreover, the quadri- 
lateral BA'DT is cyclic. Therefore 

E \ 

\. // 1 
nA ! D 

B A'l °C 


Z.BTA' = BOA' = 45° and consequently that the points A,T,A' are collinear. It 
follows that the point O lies on a bisector of ZBTD and therefore the rotation 
about O by 90° takes BK into DF. Analogously, fXZ maps the lines CE,DG,AI 
into AH,BJ, CL. Hence the quadrilateral P\ Q\R\S\ is the image of the quadrilat- 
eral P 2 Q 2 R 2 S 2 , and the result follows. 
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4. There are 36 possible edges in total. If not more than 3 edges are left undrawn, 
then we can choose 6 of the given 9 points no two of which are connected by 
an undrawn edge. These 6 points together with the edges between them form a 
two-colored complete graph, and thus by a well-known result there exists at least 
one monochromatic triangle. It follows that n < 33. 

In order to show that n = 33, we shall give an example of a graph with 32 edges 
that does not contain a monochromatic triangle. Let us start with a complete 
graph C 5 with 5 vertices. Its edges can be colored in two colors so that there 
is no monochromatic triangle (Fig. 1). Furthermore, given a graph ,'Xf with k 
vertices without monochromatic triangles, we can add to it a new vertex, join it 
to all vertices of except A, and color each edge BX in the same way as AX. 
The obtained graph obviously contains no monochromatic triangles. Applying 
this construction four times to the graph C 5 we arrive to an example like that 
shown on Fig. 2. 




Second solution. For simplicity, we call the colors red and blue. 

Let r(k , Z) be the least positive integer r such that each complete r- graph whose 
edges are colored in red and blue contains either a complete red k-graph or a 
complete blue Z-graph. Also, let t(n,k) be the greatest possible number of edges 
in a graph with n vertices that does not contain a complete k-graph. These num- 
bers exist by the theorems of Ramsey and Turan. 

Let us assume that r(k,l) < n. Every graph with n vertices and t{n,r{k,l)) +1 
edges contains a complete subgraph with r(kj) vertices, and this subgraph con- 
tains either a red complete k-graph or a blue complete Z-graph. 

We claim that t(n,r(k,l )) + 1 is the smallest number of edges with the above 
property. By the definition of r(k, l) there exists a coloring of the complete graph 
H with r(k.l) — 1 vertices in two colors such that no red complete k- graph or 
blue complete Z-graph exists. Let cy be the color in which the edge (Z, j) of H 
is colored, 1 < i < j < r(k,l) — 1. Consider a complete r(k. 1) — 1-partite graph 
G with n vertices and exactly t(n,r(k,l)) edges and denote its partitions by P,, 
i = 1 , . . . , r(k. 1) — 1 . If we color each edge of H between Pi and Pj (j < i) in 
the color cy, we obviously obtain a graph with n vertices and t(n. r(k, l)) edges 
in two colors that contains neither a red complete k-graph nor a blue complete 
Z-graph. 

Therefore the answer to our problem is t (9, r(3, 3)) + 1 = t (9, 6) + 1 = 33. 
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5. Denote by K,L,M, and N the midpoints of the sides AB,BC,CD, and DA, re- 
spectively. The quadrilateral KLMN is a rhombus. We shall prove that 0\ O3 || 
KM. Similarly, O 2 O 4 || LN, and the desired result follows immediately. 

We have 0\0i = KM + [()\K + MO 3^ . Assume that ABCD is positively ori- 
ented. A rotational homothety Si with angle —90° and coefficient 1 / V3 takes 
the vectors BK and CM into 0\ K and MO 3 respectively. Therefore 

0i03 = KM + (O^K+Mdl)=KM+Sg{M+CM) 

= KM+^-S£(BA + CD) = KM+S$(LN). 

Since LN _L KM, it follows that S#(LN) is parallel to KM and so is 0i 03. 

6. It is easy to see that / is injective and surjective. From /(x 2 +f(y)) = /((— x) 2 + 
f(y )) it follows that /(x) 2 = (/(— x)) 2 , which implies /(— x) = —f(x) be- 
cause / is injective. Furthermore, there exists z G M such that /(z) = 0. From 
/(— z) = — /(z) = 0 we deduce that z = 0. Now we have /(x 2 ) = /(x 2 + /( 0)) = 
0 + (/'(x)) 2 = f(x) 2 , and consequently f{x) = f{\fx) 2 > 0 for all x > 0. It also 
follows that /(x) < 0 for x < 0. In other words, / preserves sign. 

Now setting x > 0 and y = — /(x) in the given functional equation we obtain 

/(x - fix)) = f{s/x + /(-x)) = — x + /(v*) 2 = (x f (x) ) . 

But since / preserves sign, this implies that /(x) = x for x > 0. Moreover, since 
/(— x) = —f(x), it follows that /(x) = x for all x. It is easily verified that this is 
indeed a solution. 

7. Let G\ , G 2 touch the chord BC at P,Q and touch the circle G at K,S respect- 
ively. Let D be the midpoint of the complementary arc BC of G. The homo- 
thety centered at R mapping Gi onto G also maps the line BC onto a tangent 
of G parallel to BC. It follows that this line touches G at point D, which is 
therefore the image of P under the homothety. Hence R,P, and D are collinear. 
Since ZDBP = ZDCB = ZDRB, it follows that A DBP ~ A DRB and conse- 
quently that DP ■ DR = DB 2 . Similarly, points S , Q,D are collinear and satisfy 
DQ ■ DS = DB 2 = DP ■ DR. Hence D lies on the radical axis of the circles G\ and 
G 2 , i.e., on their common tangent AW, which also implies that AW bisects the 
angle BAD. Furthermore, since DB = DC = DW = \/DP ■ DR, it follows from 
the lemma of (SL99-14) that W is the incenter of A ABC. 

Remark. According to the third solution of (SL93-3), both PW and QW contain 
the incenter of A ABC, and the result is immediate. The problem can also be 
solved by inversion centered at W. 

8. For simplicity, we shall write n instead of 1992. 

Lemma. There exists a tangent n - gon A 1 A 2 ■ ■ ■ A n with sides A 1 A 2 = a 1 , A2A3 = 
a 2 , ■ ■ ■ ,A n A\ = a n if and only if the system 


xi +X2 = ai, X2+X3 = «2i , • • • , x n +x\ = a, 


(1) 
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has a solution (x \ , . . . ,x„) in positive reals. 

Proof. Suppose that such an «-gon A1A2 . . .A n exists. Let the side A,A i+ i touch 
the inscribed circle at point P t (where A n+ \ = Ai). Then X] = A\P n = A\P\, 
X'i = AjPi = A2P2, ■ ■ ■ ,x n = A n P n _ | = A n P n is clearly a positive solution of 
the system (1). 

Now suppose that the system (1) has a positive real solution (xi , . . . , x n ). 
Let us draw a polygonal line Ai A2 . . . A n+ 1 touching a circle of radius 
r at points P\ ,P2,...,P n respectively such that A\P\ = A n+ \P n = x\ and 
AiPi = AiPi - 1 = xi for t = 2, ... ,n. Observe that 

OA x = OA n+l = \Jx\ + r 2 


and the function f(r) = ZA \ OA2 + 

/A2OA3 + ■ • • + ZA n OA n + 1 = 2 • 

(arctan^-H h arc tan 2a.) is con- 

tinuous. Thus AiA2...A„ + i is a 
closed simple polygonal line if and 
only if f(r) = 360°. But such an r 
exists, since f(r) —7 0 when r — > 
and f(r) — > °° when r — > 0. This 
proves the second direction of the 
lemma. 

For ?2 = 4 k, the system (1) is solvable in positive reals if a, = i for i = 1,2 (mod 
4), m = 2 + 1 for 2 = 3 and a, = i — 1 for i = 0 (mod 4). Indeed, one solution is 
given by xi = 1/2 for i = 1, Xi = 3/2 for i = 3 and x t = i — 3/2 for 2 = 0, 2 (mod 
4). 

Remark. For 72 = 4 k + 2 there is no such 72-gon. In fact, solvability of the system 

(1) implies 221+03-1 = <22 + «4 H , while in the case n = 4 k + 2 the sum 

«i +«2H ho n is odd. 

9. Since the equation x 3 —x — c =0 has only one real root for every c > 2/ (3\/3) , 
a is the unique real root of x 3 - x - 33 1992 = 0. Hence /” (a) = f(a) = a. 
Remark. Consider any irreducible polynomial g(x) in the place of x 3 — x — 
33 1992 . The problem amounts to proving that if a and f(a) are roots of g, then 
any p n > (a) is also a root of g. In fact, since g(f(x )) vanishes at x = a, it must be 
divisible by the minimal polynomial of a, that is, g(x). It follows by induction 
that g(/M (*)) is divisible by g(x) for all 72 e N, and hence #(/-") (a)) = 0 . 

10. Let us set S(x) = {(y,z) ] ( x,y,z ) € V}, S y (x) = { z \ {x,z) € 5 y } and S z (x) = {y | 
(x,y) G S z } . Clearly S(x) C S x and .S'(x) c S y (x) x S z (x) . It follows that 



|V| =X|5(x)|<X v /|S JC ||5,(x)||5 z (x)| 

X X 

= V\S*\'Ly/\Sy(x)\\S z {x)\. 


(1) 
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Using the Cauchy-Schwarz inequality we also get 

< jL\Sy{x)\JZ\s t (x)\ = (2) 

Now (1) and (2) together yield |V| < i v /|^[f5^[j5^". 

11. Let I be the incenter of AABC. Since 90° + a/2 = ZBIC = ZDIE = 138°, we 
obtain that ZA = 96°. . 



Let D' and E' be the points symmetric to D and E with respect to CE and BD re- 
spectively, and let S be the intersection point of ED' and BD. Then ZBDE' = 24° 
and ZD'DE' = ZD'DE — ZE'DE = 24° , which means that DE' bisects the 
angle SDD' . Moreover, ZE'SB = ZESB = ZEDS + ZDES = 60° and hence 
SE' bisects the angle D' SB. It follows that E' is the excenter of A D'DS and 
consequently ZD'DC = ZDD'C = ZSD'E' = (180° — 72°)/2 = 54°. Finally, 
ZC = 180° - 2 • 54° = 72° and ZB = 12°. 

12. Let us set deg / = n and degg = m. We shall prove the result by induction on n. 
If n < m, then deg X [f(x) — /(y)] < deg X [g{x) — g(y)], which implies that f(x) — 
f(y ) = 0, i.e., that / is constant. The statement trivially holds. 

Assume now that n > m. Transition to f\ (v) = f(x) — /( 0) and g\ (x) = g(x) — 
g( 0) allows us to suppose that /( 0) = g(0) = 0. Then the given condition for 
y = 0 gives us f(x) = fi (x)g(x), where f\ (x) = a(x, 0) and deg/i =n — m. We 
now have 


a(x,y) (g(x) - g(y )) = f(x) - f(y ) = /i (x)g(x) - /i (y)g(y) 

= L/i W - h Cy)M*) + /i (y) fe M - g(y)] ■ 


Since g(x) is relatively prime to g(x) — g(y), it follows that fi(x) — fi(y) = 
b(x,y)(g(x) — g(y)) for some polynomial b(x,y). By the induction hypothe- 
sis there exists a polynomial h\ such that j\ (x) = h\(g(x)) and consequently 
f(x) = g(x) ■ hi(g(x)) = h(g(x )) for h(t) = th\ (t). Thus the induction is com- 
plete. 

13. Let us define 


F(p,q,r) 


(pqr-l) 

(p-l)( 9 -l)(r-l) 

, 1 1 1 
1 + ^ri + ^T + ^T 
i i 

+ (p-i)(^-i) + {q- 1)0- 1) 


l 

('-i)(p-ir 
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Obviously F is a decreasing function of p,q,r. Suppose that 1 < p < q < r are 
integers for which F(p , q, r ) is an integer. Observe that p, q , r are either all even 
or all odd. Indeed, if for example p is odd and q is even, then pqr — 1 is odd 
while (p — l)(q— l)(r— 1) is even, which is impossible. Also, if p. q, r are even 
then F(p,g,r) is odd. 

If P > 4, then 1 < F(p,q,r) < F(4,6,8) = 191/105 < 2, which is impossible. 
Hence p < 3. 

Let p = 2. Then q , r are even and 1 <F(2,q,r) <F (2, 4, 6) = 47/15 < 4. There- 
fore F(2,q,r) =3. This equality reduces to (q — 3) (r — 3) = 5, with the unique 
solution q = 4, r = 8. 

Let p = 3. Then <7, r are odd and 1 <F(3,q,r) < F( 3,5,7) = 104/48 < 3. There- 
fore F(3,q,r ) = 2. This equality reduces to (q — 4)(r — 4) = 11, which leads to 
q = 5, r = 15. 

Hence the only solutions ( p,q,r ) of the problem are (2,4,8) and (3,5,15). 

14. We see that x\ = 2°. Suppose that for some m, r e N we have x m = 2 r . Then 
inductively x m+( - = 2 r ~ l (2 i + 1) for i = 1 , 2, . . . , r and x m+r +i = 2 r+1 . Since every 
natural number can be uniquely represented as the product of an odd number and 
a power of two, we conclude that every natural number occurs in our sequence 
exactly once. 

Moreover, it follows that 2k— 1 = Jt*(*+i)/ 2 . Thus x„ = 1992 = 2 3 • 249 implies 
thatx„ + 3 = 255 = 2 • 128 — 1 = -V| 2 8- 1 29 /2 = *8256- Hence n = 8253. 

15. The result follows from the following lemma by taking n = 1992 2 1993 and M = 
{d,2d,...,l992d}. 

Lemma. For every n G N there exists a natural number d such that all the 
numbers d, 2d , . . . , nd are of the form m k (m, k £ N, k > 2). 

Proof. Let p \ , pi , . . . , p„ be distinct prime numbers. We shall find d in the form 
d = 2“ 2 3“ 3 • ■■n a ", where a, > 0 are integers such that kd is a perfect p^th 
power. It is sufficient to find cm, i = 2,3, . . . ,n, such that a, = 0 (mod p ; ) 
if i f j and a, = — 1 (mod p 7 ) if i = j. But the existence of such a,’s is an 
immediate consequence of the Chinese remainder theorem. 

16. Observe that x 4 +x 3 +x 2 +x+l m (x 2 + 3x + 1 ) 2 — 5x(x + 1 ) 2 . Thus forx = 5 25 
we have 

N = x 4 +x 3 +x 1 +x+l 

= (x 2 +3x+l — 5 13 (x+ 1))(x 2 + 3x-|- 1 +5 13 (x-|- 1)) = A - B. 
Clearly, both A and B are positive integers greater than 1 . 

17. (a) Let n = £?=i 2 a ‘, so that a(n) = k. Then 

n 2 = Y, 2 2a ‘ + Y,2 ai+aj+l 

< i<j 

has at most k+ ( 2 ) = binary ones. 

(b) The above inequality is an equality for all numbers rik=2 k . 
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(c) Put n m = 2 2 ™ 1 — X?=i 2 2 '" 2J , where m > 1 . It is easy to see that a ( n m ) = 
2 m — m. On the other hand, squaring and simplifying yields n 2 = 1 + 
Xi< / 2 2 ”' +1+1_2i_2; . Hence oc(n 2 ) = 1 + and thus 


«("m) 

«(n m ) 


2 + m(m + 1) 
2(2“ -m) 


+ 0 as m - 


Solution to the alternative parts. 

(d) Let n = X? =1 2 2 ' . Then n 2 = X” =1 2 2 ' + ‘ + 2 2i+2>+1 has exactly 

binary ones, and therefore = ■ t ^ 1 y — *■ 

(e) Consider the sequence constructed in part (c). Let 0 > 1 be a con- 
stant to be chosen later, and let IV, = 2 m 'm — 1 where m, > a(n,) is such 
that mi/a{m) — » 0 as i — ► °°. Then a (IV,-) = a(n,) +m, — 1, whereas 
IV 2 = 2 2m ‘nj - 2 m i +i m + 1 and a(Af) = a{nf) - a(n,-) + m,. It follows 
that 

oc(iV 2 ) a(n 2 ) + (0-l)a(n,-) 0-1 

a(M) (1 + 0)oc(n,-) 0 + 1 ’ 

which is equal to y e [0, 1] for 0 = ^ (for y = 1 we set m,- /«(«,-) — *• °°). 

(f) Let be given a sequence (n,-))l | with a(n 2 ) /«(«,) — > y. Taking m, > a(n,) 
and = 2 mi n,- + 1 we easily find that a(/V,-) = a(n,) + 1 and a (A' 2 ) = 
a(n 2 ) + a(n,-)-|- 1. Hence a{Nf)/a(Ni) = y+1. Continuing this procedure 
we can construct a sequence t, such that a (f 2 ) /a (t,) = y + k for an arbitrary 
keN. 

18. Let us define inductively f l ( x ) = f(x) = and f n (x) = /(/ n_1 (x)), and let 
g n (x) =x + f(x) + f 2 (x) H hf n (x). We shall prove first the following state- 

ment. 

Lemma. The function g n (x) is strictly increasing on [0,1], and g n -\ (1 ) = 
Fi/F 2 + F 2 /F 3 + -+F n /F n+ i. 

Proof. Since f(x) — f{y) = ( 1+ ][w][ +y \ is smaller in absolute value than x — y, 
it follows that * > y implies f 2k (x) > f 2k (y) and f 2k+{ (x) < f 2k+] (>■), and 
moreover that for every integer k> 0, 

[f lk {x) - f 2 k (y )] + [f 2k+1 to - f 2k+1 W] > o. 

Hence if x > y, we have g n (x) - g n (y) * (x - y) + \f(x) - f(y)\ H h 

[/" (x) — f 1 (y)] > 0, which yields the first part of the lemma. 

The second part follows by simple induction, since f k (1 ) = F k+1 /F k+2 . 

If some xi = 0 and consequently xj = 0 for all j > i, then the problem reduces to 
the problem with i — 1 instead of n. Thus we may assume that all x\, . . . ,x n are 
different from 0. If we write a, = [1 /x ,\ , then x t = a .+ x . +l ■ Thus we can regard x t 
as functions of x n depending on a i , . . . , a n - \ . 

Suppose that x n ,a n - 1 , . . . ,03,02 are fixed. Then *2, *3, • • ■ ,x n are all fixed, and 

x\ = a \. X2 is maximal when a\ = 1. Hence the sum S = x\ +X 2 -I \-x n is 

maximized for a 1 = 1. 
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We shall show by induction on i that S is maximized for a\ = <22 = ■ ■ ■ = ai = 1 . 
In fact, assuming that the statement holds for i— 1 and thus a\ = • • • = a,_i = 1, 
having x„, a n -\ , . . . , a,- + i fixed we have that x n , . . . , x , + 1 are also fixed, and that 

Xj - 1 =f(xi), = / ,_1 (x,). Hence by the lemma, S = g,_ \ (x,) +x,-+i H 1- 

x n is maximal when x, = — — — is maximal, that is, fora, = 1. Thus the induction 

“i+ x i+l 

is complete. 

It follows that x\ H \-x„ is maximal when a\ = ■ ■ ■ = a „- 1 = 1, so that X] + 

■■■ +x n = gn-i(x\). By the lemma, the latter does not exceed g n - i(l). This 
completes the proof. 

Remark. The upper bound is the best possible, because it is approached by taking 
x n close to 1 and inductively (in reverse) defining x;_i = . 


19. Observe that f(x) = (x 4 + 2x? + 3) 2 - 8(jc 2 - l) 2 = [x 4 + 2(1 - V2)x 2 + 3 + 
2 V 2 ] [x 4 +2(1 + \/2)x 2 + 3 — 2a/2]. Now it is easy to find that the roots of / are 




and 


In other words, x/, = oc,- + J3 j, where af = — 1 and /3 4 = 2. 

We claim that any root of / can be obtained from any other using rational func- 
tions. In fact, we have 


x 3 = -a t - 3/3 j + 3atipj + j3 3 , 

X 5 = Wat + iPj- 10a, j3 2 - 10/3? 
x 7 m — 49/3; + 35a,/3 2 + 37/3 3 . 


from which we easily obtain that 

OH = 24- 1 (127x+ 5X 3 + 19x 5 + 5x 7 ), fa = 24” 1 (151x + 5X 3 + 19x 5 + 5x 7 ). 

Since all other values of a and J3 can be obtained as rational functions of a, and 
j3 j, it follows that all the roots x/ are rational functions of a particular root x^. 
We now note that if x\ is an integer such that /(x 1 ) is divisible by p, then p > 3 
and x\ £ 7i p is a root of the polynomial /. By the previous consideration, all 
remaining roots X 2 ,...,xg of / over the field Z p are rational functions of x\, 
since 24 is invertible in Z p . Then /(x) factors as 


/(x) = (x-xi)(x-x 2 )---(x-x 8 ), 


and the result follows. 

20. Denote by U the point of tangency of the circle C and the fine l. Let X and U' be 
the points symmetric to U with respect to S and M respectively; these points do 
not depend on the choice of P. Also, let C' be the excircle 
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of A PQR corresponding to P, S' the 
center of C', and W,W' the points of 
tangency of C and C' with the line 
PQ respectively. Obviously, AW SP ~ 
A W'S'P. Since SX || S'U' and SX : 
S'U' = SW : S'W' = SP : S'P, we de- 
duce that ASXP ~ AS'U'P, and conse- 
quently that P lies on the line XU'. On 
the other hand, it is easy to show that 
each point P of the ray U'X over X sat- 
isfies the required condition. Thus the 
desired locus is the extension of U'X 
overX. 


P 



21. (a) Representing n 2 as a sum of n 2 — 13 squares is equivalent to representing 

13 as a sum of numbers of the form x 2 — 1, x e N, such as 0,3,8,15, — 
But it is easy to check that this is impossible, and hence s(n) <n 2 — 14. 

(b) Let us prove that v ( 1 3 ) = 13 2 — 14 = 155. Observe that 


13 2 = 8 2 + 8 2 + 4 2 + 4 2 + 3 2 

= 8 2 + 8 2 + 4 2 + 4 2 + 2 2 + 2 2 + l 2 
= 8 2 + 8 2 + 4 2 + 3 2 + 3 2 + 2 2 + l 2 + l 2 + l 2 . 


Given any representation of n 2 as a sum of m squares one of which is even, 
we can construct a representation as a sum of m + 3 squares by dividing the 
even square into four equal squares. Thus the first equality enables us to 
construct representations with 5,8,11,..., 155 squares, the second to con- 
struct ones with 7, 10, 13, ... , 154 squares, and the third with 9,12,..., 153 
squares. It remains only to represent 13 2 as a sum of k = 2, 3,4, 6 squares. 
This can be done as follows: 

13 2 = 12 2 + 5 2 = 12 2 + 4 2 + 3 2 

= 1 1 2 + 4 2 + 4 2 + 4 2 = 12 2 + 3 2 + 2 2 + 2 2 + 2 2 + 2 2 . 

(c) We shall prove that whenever s(n) = n 2 — 14 for some n > 13, it also holds 
that s(2n) = (2n) 2 — 14. This will imply that s{n) = n 2 — 14 for any n = 
2 f • 13. 

If n 2 = x 2 H bx 2 , then we have 


(2n) 2 = (2xi) 2 -| b (2x r ) 2 . 


Replacing (2x,) 2 with x 2 +x 2 + x 2 + xj as long as it is possible we can 
obtain representations of (2n) 2 consisting of r,r+ 3,. . . ,4 r squares. This 
gives representations of (2 n) 2 into k squares for any k < An 2 - 62. Further, 
we observe that each number m > 14 can be written as a sum of k > m 
numbers of the form x 2 — 1, x G N, which is easy to verify. Therefore if 
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k < 4 n 2 — 14, it follows that 4« 2 —k is a sum of k numbers of the form 
x 2 — 1 (since k > 4 n 2 — k> 14), and consequently 4n 2 is a sum of k squares. 
Remark. One can find exactly the value of s(n) for each n: 

{ 1 , if n has no prime divisor congruent to 1 mod 4; 

2, if n is of the form 5-2 k ,ka positive integer; 

n 2 — 14, otherwise. 
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4.34 Solutions to the Shortlisted Problems of IMO 1993 

1. First we notice that for a rational point O (i.e., with rational coordinates), there 
exist 1993 rational points in each quadrant of the unit circle centered at O. In 
fact, it suffices to take 

Now consider the set A = {( i/q,j/q ) | i,j = 0, 1,. . . ,2 q}, where q = II;=i 3 ( f2 + 
1). We claim that A gives a solution for the problem. Indeed, for any P £ A 
there is a quarter of the unit circle centered at P that is contained in the square 
[0,2] x [0,2], As explained above, there are 1993 rational points on this quarter 
circle, and by definition of q they all belong to A. 

Remark. Substantially the same problem was proposed by Bulgaria for IMO 7 1 : 
see (SL71-2), where we give another possible construction of a set A. 

2. It is well known that r < \R. Therefore j(l +r) 2 < j (l + j)” = 

It remains only to show that p <\. We note that p does not exceed one half of 
the circumradius of A A'B'C' . However, by the theorem on the nine-point circle, 
this circumradius is equal to \ R , and the conclusion follows. 

Second solution. By a well-known relation we have cosA + cosB + cosC = 
1 + ^ (= 1 + r when R = 1). Next, recalling that the incenter of A A'B'C' is at the 
orthocenter of AABC, we easily obtain p = 2 cos A cos B cos C. Cosines of angles 
of a triangle satisfy the identity cos 2 A + cos 2 B + cos 2 C + 2 cos A cos B cos C = 1 
(the proof is straightforward: see (SL81-1 1)). Thus 

p + i(l + r) 2 = 2cosAcosBcosC+ i(cosA + cosB-|-cosC) 2 

< 2cosAcosBcosC + cos 2 A + cos 2 B + cos 2 C= 1. 

3. Let 0\ and p be the center and radius of k c . It is clear that C,1 , 0\ are collinear 
and CI/COi = r/p. By Stewart’s theorem applied to AOCO\, 

0I 2 = -00 2 l +(l--)0C 2 -CII0i. (1) 

P VP/ 

Since 00\ =R — p, OC = R and by Euler’s formula OI 2 =R 2 — 2 Rr, substituting 
these values in (1) gives CI IO\ = rp, or equivalently CO\ IO\ = p 2 = DO 2 . 
Hence the triangles CO\D and DO\I are similar, implying Z.DIO\ = 90°. Since 
CD = CE and the line CO\ bisects the segment DE, it follows that / is the mid- 
point of DE. 

Second solution. Under the inversion with center C and power ab, k c is trans- 
formed into the excircle of ABC corresponding to C. Thus CD = where s is 
the common semiperimeter of AABC and A ABC, and consequently the distance 
from D to BC is ^ sinC = 2Sa s bc = 2 r. The statement follows immediately. 
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Third solution. We shall prove a stronger statement: Let ABCD be a convex 
quadrilateral inscribed in a circle k , and k! the circle that is tangent to segments 
BO, AO at K, L respectively (where O = BD n AC), and internally to k at M. Then 
KL contains the incenters I,J of A ABC and A ABD. 

Let K' ,K" ,L! ,L" ,N denote the midpoints of arcs BC,BD,AC,AD,AB that don’t 
contain M; X',X" the points on k defined by X'N = NX" = K'K" = L'L" (as 
oriented arcs); and set S = AK' <1BL", M = NS C\k,K = K"MC\BO, L = L'MC 
AO. 

It is clear that I = AK' HBL', J = AK" HBL". Furthermore, X'M contains I (to see 
this, use the fact that for A,B,C,D,E,F on k, lines AD, BE, CF are concurrent if 
and only if AB ■ CD ■ EF = BC ■ DE ■ FA, and then express AM /MB by applying 
this rule to AMBK'NL" and show that AK' , MX' ,BL' are concurrent). Similarly, 
X"M contains J. Now the points 
B.~K._L S,M lie _on a circle ( ZBKM = l! 

ZBIM = ZBSM), and points A, L, J, 

S, M do so as well. Lines IK,JL are jj' 
parallel to K"L' (because ZMKI = 

ZMBI = ZMK"L'). On the other hand, 
the quadrilateral ABIJ is cyclic, and 
simple calculation with angles shows 
that IJ is also parallel to K"L' . Hence 
K,I,J,L are collinear. Finally, K = K, 

L = L, and M = M because the homo- 
thety centered at M that maps kf to k 
sends K to K" and L to L! (thus M,K,K", as well as M,L,L', must be collinear). 
As is seen now, the deciphered picture yields many other interesting properties. 
Thus, for example, N, S,M are collinear, i.e., ZAMS = ZBMS. 



Fourth solution. We give an alternative proof of the more general statement in 
the third solution. Let W be the foot of the perpendicular from B to AC. We 
define q = CW, h = BW, t = OL = OK, x = AL, 9 = ZWBO (6 is negative 
if &§(0,W,A), 9 = 0 if W = O), and as usual, a = BC, b = AC, c = AB. Let 
a = ZKLC and j3 = ZILC (both angles must be acute). Our goal is to prove 
a = j3 . We note that 90° — 9 = 2a. One easily gets 


tana = 


cost? 

1 + sin 9 ’ 


tanj3 


ISabc 

a+b+c 


(i) 


Applying Casey’s theorem to A, B,C,k! , we get AC ■ BK +AL - BC = AB ■ CL, 
i.e., b —t) +xa = c(b — x). Using that t = b—x—q — htsin9 we get 


x _ b (b + c-g)-bh(^+timG) 
a + b + c 

Plugging (2) into the second equation of (1) and using bh = 2Sabc and c 2 = 
b 2 + a 2 — 2 bq, we obtain tan a = tanj3, i.e., a = J3 , which completes our proof. 
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4. Let h be the altitude from A and (p = /.BAD. We have BM = ± (BD+AB — AD) 
and MD= {(BD-AB+AD), so 

1 1 BD _ ABD 

MB + MD~ MB -MD ~ BD 2 - AB 2 - AD 2 + 2AB ■ AD 
ABD 2BD sirup 

2AB-AD{\ — cos<p) 25 abd( 1 — cos(p) 

2BD sirup 2 

BDh{\ -cosrp) h tan|' 

It follows that ^ ^ depends only on h and rp. Specially, ^ + ^77 = ^ tan ^ /2 ) 

as well. 

5. For n = 1 the game is trivially over. If n = 2, it can end, for example, in the 
following way: 



Fig. 1 


The sequence of moves shown in Fig. 2 enables us to remove three pieces placed 
in a 1 x 3 rectangle, using one more piece and one more free cell. In that way, 
for any n > 4 we can reduce an (n + 3) x (n + 3) square to an n x n square (Fig. 
3). Therefore the game can end for every n that is not divisible by 3. 



Fig. 2 Fig. 3 


Suppose now that one can play the game on a 3k x 3k square so that at the 
end only one piece remains. Denote the cells by ( i , j), i, j 6 { 1 , . . . , 3k}, and let 
5o, 5| ,52 denote the numbers of pieces on those squares (i.j) for which i + j 
gives remainder 0, 1, 2 respectively upon division by 3. Initially 5o = 5i = 52 = 
3k 2 . After each move, two of 5 o, 5 i ,52 diminish and one increases by one. Thus 
each move reverses the parity of the 5 ! ’s, so that 5o , 5 1 , S 2 are always of the same 
parity. But in the final position one of the 5,’s must be equal to 1 and the other 
two must be 0, which is impossible. 

6. Notice that for a = ]+ ^ , a 2 n = an + n for all n e N. We shall show that f(n) = 
[an+ j] (the closest integer to an) satisfies the requirements. Observe that / 
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is strictly increasing and /( 1) = 2. By the definition of /, |/(n) — an\ < \ and 
/(/(«)) — /(«) — n is an integer. On the other hand, 

!/(/(«)) - /(«) - n\ = |/(/(n)) - f(n ) - a 2 n + aw| 

= (/(/(«)) - «/(«) + a/(n) - a 2 n - f(n) + an] 

= \(a-\)(f(n) - an) + (/(/(«)) - «/(«)) | 

< (a-l)\f{n)-an\ + \f(f(n)) -a/(n)| 

< + ^ = 

which implies that /(/(«)) — /(«) — n = 0. 

7. Multiplying by a and c the equation 

ax 1 + 2bxy + cy 2 = P k n, (1) 

gives (ax + by) 2 + Py 2 = aP k n and (bx + cy) 2 + Px 2 = cP k n. 

It follows immediately that M(n) is finite; moreover, (ax + by) 2 and ( bx + cy ) 2 
are divisible by P, and consequently ax + by, bx + cy are divisible by P because P 
is not divisible by a square greater than 1 . Thus there exist integers X, Y such that 
bx+cy = PX, ax+ by = -PY. Then x=-bX-cY mdy = aX + bY. Introducing 
these values into (1) and simplifying the expression obtained we get 

aX 2 + 2 bXY + cY 2 =P k ~ l n. (2) 

Hence (x,y) >—> (X,Y) is a bijective correspondence between integral solutions 
of (1) and (2), so that M(P k n) = M(P k ~ l n) = ■■■= M(n). 

8. Suppose that/(n) = 1 for some n > 0. Then/(n + 1) = n + 2, f(n + 2) = 2n+4, 
f(n + 3) =n + 1, f(n + 4) = 2n + 5, f(n + 5) = n, and so by induction f(n + 
2k) = 2n + 3 + k, f(n + 2k— 1) = n + 3 — kfor k= l,2,...,n + 2. Particularly, 
n' = 3n + 3 is the smallest value greater than n for which f(n') = 1 . It follows that 
all numbers n with f(n) = 1 are given by n = bi, where bo=l,b n = 3b n -\ + 3. 

Furthermore, b„ = 3 + 3b n -i =3 + 3 2 + 3 2 b n -2 = • • • = 3 + 3 2 H 1-3" + 3" = 

= i(5-3"-3). 

It is seen from above that if n < b h then f(n) < f(bi - 1) = b t + 1. Hence if 
/(n) = 1993, then n>b{> 1992 for some i. The smallest such b t is bj = 5466, 
and f(bi + 2k — \ ) = bi + 3 — k = 1993 implies k = 3476. Thus the least integer 
in S is ni = 5466 + 2 • 3476 - 1 = 12417. 

All the elements of S are given by m = b , + 6 + 2k — 1 , where bj + 6 + 3 — k= 1993, 
i.e., k = b i+ 6 - 1990. Therefore m = 3 b i+6 - 3981 = i(5 • 3 ! '+ 7 - 7971). Clearly 
S is infinite and lim,-,^ = 3. 

9. We shall first complete the “multiplication table” for the sets A,B,C. It is clear 
that this multiplication is commutative and associative, so that we have the fol- 
lowing relations: 

AC = (AB)B = BB = C; 

A 2 = AA = (AB)C = BC = A; 

C 2 =cc = B(BC) =BA=B. 
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(a) Now put 1 in A and distribute the primes arbitrarily in A,B,C. This dis- 
tribution uniquely determines the partition of Q + with the stated property. 
Indeed, if an arbitrary rational number 


ai at 6i Bi y< 

x = Pi ■■■Pk qi ■■■qi n ■ 


is given, where pi G A, q t G B, r, G C are primes, it is easy to see that x be- 
longs to A,B, or C according as /3i -| [- /3/ + 2j\ H (-2y m is congruent 

to 0, 1, or 2 (mod 3). 

(b) In every such partition, cubes all belong to A. In fact, A 3 = A 2 A = AA = A, 
B 3 = B 1 B = CB=A,C 3 =C 2 C = BC = A. 

(c) By (b) we have 1 , 8, 27 G A. Then 2 ^ A, and since the problem is symmetric 
with respect to B , C, we can assume 2 G B and consequently 4 G C. Also 
7 ^ A, and also 7 ^ B (otherwise, 28 = 4 • 7 G A and 27 G A), so 7 G C, 
14 G A, 28 G B. Further, we see that 3 ^ A (since otherwise 9 G A and 8 G A). 
Put 3 in C. Then 5 ^ B (otherwise 15 G A and 14 G A), so let 5 G C too. 
Consequently 6, 10 G A. Also 13 ^ A, and 13 ^ C because 26 ^ A, so 13 G B. 
Now it is easy to distribute the remaining primes 11, 17, 19, 23, 29, 31: one 
possibility is 


A = {1,6,8,10,14,19,23,27,29,31,33,...}, 

C= {3,4,5,7,18,22,24,26,30,32,34,...}, 

B = {2,9,11,12,13,15,16,17,20,21,25,28,35,...}. 


Remark. It can be proved that m\n{n GN|«GA,« + lGA}<77. 

10. (a) Letn = pbea prime and letp | a p — 1. By Fermat’s theorem/? | a p ~ l — 1, so 

that p | flg cd (P’P _1 ) — 1 = a — 1, i.e., a = 1 (mod p). Since then a 1 = 1 (mod 

p), we obtain p \ aP~ x - 1 ha+ 1 and hence p 2 \ aP — 1 = [a— 1 )(a p ~ l + 

ba+ 1). 

(b) Let n = p\---pk be a product of distinct primes and let n \ a n — 1. Then 
from pi | a n — 1 = (a <n ' Pi> ) Pl — 1 and part (a) we conclude that p 2 \ a n — 1. 
Since this is true for all indices i, we also have n 2 \ a n — 1 ; hence n has the 
property P. 

11. Due to the extended Eisenstein criterion, / must have an irreducible factor of 

degree not less than n — 1 . Since / has no integral zeros, it must be irreducible. 
Second solution. The proposer’s solution was as follows. Suppose that f(x) = 
g(x)h(x), where g , h are nonconstant polynomials with integer coefficients. Since 
|/(0) | = 3, either |g(0)| = 1 or \h(Q)\ = 1. We may assume |g(0)| = 1 and that 
g(x) = (x— oq) • • • ( x — 0Cfc). Then \ a.\ ■ ■ ■ a/ = 1 . Since + 5) = —3, tak- 

ing the product over i=l,2,...,k yields |(ai +5) ■ ■ ■ (a* + 5)| = \g(— 5)| = 3 k . 
But /(— 5) = g(— 5)h(— 5) = 3, so the only possibility is deg# = k = 1. This is 
impossible, because / has no integral zeros. 

Remark. Generalizing this solution, it can be shown that if a,m,n are positive 
integers and p< a — 1 is a prime, then F(x) =x m (x + a) n +p is irreducible. The 
details are left to the reader. 
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12. Let x\ < xj < ■ ■ ■ < x n be the elements of S. We use induction on n. The result is 
trivial for k = 1 or n = k, so assume that it is true for n — 1 numbers. Then there 
exist m= (k — l)(n — k) + 1 distinct sums of k — 1 numbers among X 2 , ■ ■ ■ ,x n ; call 
these sums Si, S] < S 2 < ■ ■ ■ < S m . Then x\ + S\ ,x\ + S 2 , ■ ■ ■ ,x\ + S m are distinct 
sums of k of the numbers X\,X 2 , ■ ■ ■ ,x n . However, the biggest of these sums is 

x l +Sm < X\ + Xn-fr+2 + x n-k+3 H tX n ; 

hence we can find n — k sums that are greater and thus not included here: 

X2 +X n -k+ 2 H \-Xn, x 3 +X n -k+ 2 H V x n, ■ ■ ■ , x n-k+ 1 + x n-k+ 2 H . This 

counts for k(n — k) + 1 sums in total. 

Remark. Equality occurs if S is an arithmetic progression. 

13. For an odd integer A > 1, let Sn = {(m,n) £ S \ m+n = N}. If = {m\,n{), 

then mi +«i = m + n with mi odd and mi < j < y < n\, so / maps Sjy to Sn. 
Also / is bijective, since if f(m,n ) = (m\,n\), then n is uniquely determined as 
the even number of the form 2 k m\ that belongs to the interval and this 

also determines m. 

Note that Sn has at most [^p-] elements, with equality if and only if N is prime. 
Thus if (m, n) £ Sn, there exist s, r with 1 < s < r < such that/ s (m,«) = 

f r (m,n). Consequently f(m,n) = ( m,n ), where t = r — s, 0 < t < [^p] = 

[^]. 

Suppose that (m,n) £Sn and t is the least positive integer with /' (m. n) = ( m,n ). 
We write (m,«) = (mo, no) and /‘(m,n) = (m^n;) for i = \ .. . . ,t. Then there 
exist positive integers at such that 2 a ‘m,- = n,_ 1 , i = 1, . . . ,t. Since m t = mo, 
multiplying these equalities gives 

2°i +a 2 + ~ +a 'momvmt-i =n 0 n 1 ---n,- 1 

= (— l) ? momi---m ( _i (modA). ^ ' 

It follows that N | 2* ± 1 and consequently N \ 2 2k — 1 , where k = a 1 H 1 -a t . 

On the other hand, it also follows that 2 k \ non \- - - n, \ \ (N — 1 ) (N — 3) ■ • • (N — 
2[lV/4]). But since 

(N-l)(N- 3)---(A-2[f]) _ 2 • 4 • • • ( A — 1 ) ^ 

1. 3 ...(2[^]+1) l-2-..^i 

we conclude that 0 < k < ‘^r~, where equality holds if and only if [n \ , . . . ,n t } 
is the set of all even integers from ^-p- to A — 1, and consequently t = ^p-. 
Now if N\2 h — 1 for 1 < h < A— 1, we must have 2k = A — 1 . Therefore t = 

14. We first assume that all angles of triangle ABC are less than 120°. Consider 
the Torricelli point T of the triangle. It holds that Z(AT,EF) = Z(BT,FD) = 
Z(CT,DE ) = 0 for some angle 0. Therefore 

2 S = 2(Saetf + Sbftd + Scdte) 

= (AT • EF + BT ■ FD + CT DE) sin 0 
= (AT + BT + CT)DE sin 0 < (AT + BT + CT)DE . 


( 1 ) 
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On the other hand, by the cosine theorem we get 

AT 2 +ATBT + BT 2 =c 2 , 

BT 2 + BTCT + CT 2 = a 2 , 

CT 2 + CTAT+AT 2 = b 2 , 

3 (AT BT+BT CT + CT ■ AT) = 4 V3(S ATB + S BTC + S C ta) 

= 4\/3 S. 

Adding these four equalities, we obtain 2 (AT + BT + CT) 2 = a 2 + b 2 + c 2 + 
4y^3.S', which together with (1) implies the desired inequality. 

Assume now that ZC > 120° and take T to be the point lying on the same side 
of AB as C such that ZBTC = ZCTA = 60° (if ZC = 120°, take T = C). In this 
case it is shown as above that 


25 < (AT + BT — CT)DE 
and 2 (AT + BT- CT) 2 =a 2 +b 2 + c 2 + 4\/3 S, 


and the inequality follows as before. 

15. Denote by d(PQR) the diameter of a triangle PQR. It is clear that d(PQR) ■ 
m(PQR) = 2 Spqr. So if the point X lies inside the triangle ABC or on its bound- 
ary, we have d(ABX),d(BCX),d(CAX) < d(ABC ), which implies 


m(ABX) + m(BCX) + m(CAX) = 


> 


2Sabx 2Sbcx _2 Scax_ 
d(ABX) + d(BCX) + d(CAX) 
2Sabx + 2S B cx + 2Scax 
d(ABC) 


2Sabc 

d(ABC) 


m(ABC). 


If X is outside AABC but inside the angle BAC, consider the point Y of in- 
tersection of AX and BC. Then m(ABX) +m(BCX) +m(CAX) > m(ABY) + 
m(BCY) + m(CAY) > m(ABC). Also, if X is inside the opposite angle of ZBAC 
(i.e., ZDAE, where ■Sd(D.A.B) and Z#(E,A,C)), then m(ABX) + m(BCX) + 
m(CAX) > m(BCX) > m(ABC). Since these are essentially all possible different 
positions of point X, we have finished the proof. 

16. Let S„ = (A = (ai,..., a n ) | 0 < a,- < i}. For each A = (ai,...,a„), denote 
A' = (ai ,.. . ,a„-i), so we can write A = (A',a n ). The proof of the statement 
from the problem will be given by induction on n. For n = 2 there are two pos- 
sibilities for Ao, so one directly checks that A 2 = Ao. Now assume that n > 3 
and that Ao = (A’ 0 ,ao n ) £ S„. It is clear that then any At is in S n too. By the 
induction hypothesis there exists k £ N such that A' k = A' k+1 = A' k+4 = • • • and 
A' k+l = A' k+3 = ■ ■ ■ . Observe that if we increase (decrease) rq„, a^ + \ n will de- 
crease (respectively increase), and this will also increase (respectively decrease) 
a k+2,n- Hence ak n ,ak+i,n^ a k+A,m ■ ■ ■ is monotonically increasing or decreasing, 
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and since it is bounded (by 0 and ax — 1), it follows that we will eventually have 
aic+2i,n = a k +2i+2,n = ■■ Consequently A k+li =A k+2 m- 

17. We introduce the rotation operation Rot to the left by one, so that Step = 
Rot“ 7 o Step 0 o Rot J . Now writing Step* = Roto Step 0 , the problem is trans- 
formed into the question whether there is an M(n) such that all lamps are on 
again after M(n ) successive applications of Step* . 

We operate in the field Z 2 , representing off by 0 and on by 1. So if the status of 
Lj at some moment is given by vj G Z 2 , the effect of Step,- is that vj is replaced 
by Vj+Vj-i. With the n-tuple vo, . . . , v„_i we associate the polynomial 

P(x) = v„_i + vox" -2 + vix" -3 H b V„- 2 - 


By means of Step* , this polynomial is transformed into the polynomial Q{x) over 
Z of degree less than n that satisfies Q(x) = xP(x') (mod x" + x"~ 1 + 1). From 
now on, the sign = always stands for congruence with this modulus. 

(a) It suffices to show the existence of M{n ) with x v ’ l ' n> = 1. Because the num- 
ber of residue classes is finite, there are r, q, with r < q, such that x? = x r , 
i.e., x r (jfl~ r — 1 ) = 0 . One can take M(n) = q — r. (Or simply note that 
there are only finitely many possible configurations; since each operation 
is bijective, the configuration that reappears first must be on, on, ... , on.) 

(b) We shall prove that if n = 2 k , then 1 = 1 . We have x" 2 = (x" -1 + 1 )" = 
x” ~ n + 1, because all binomial coefficients of order n = 2 k are even, apart 
from the first one and the last one. Since also x" = xf 1 ^ 1 +x" ~ n , this is 
what we wanted. 

(c) Now if rc = 2 * + 1 , we prove thatx" 2- " +1 = 1 . Wehavex" 2 ” 1 = (x n+ ' ) n - ] = 
(x + x") n_1 = x" -1 +x" (again by evenness of binomial coefficients of 
order n— l = 2 k ). Together with x” 2 = x” 2_1 +x" 2_ ", this leads to x" 2 = 
x"- 1 . 


18. Let B n be the set of sequences with the stated property (S n = \B n \). We shall 
prove by induction on n that S n > \S n - \ for every n. 

Suppose that for every i < n, Si > | Si - 1 , and consequently Si < (|)" ( .S',,. Let us 
consider the 2S„ sequences obtained by putting 0 or 1 at the end of any sequence 
from B n . If some sequence among them does not belong to B n+ 1 , then for some 
k > 1 it can be obtained by extending some sequence from S„+i-6t by a sequence 
of k terms repeated six times. The number of such sequences is 2 k S n+ \-(, k . Hence 
the number of sequences not satisfying our condition is not greater than 

V 6*— 1 


X2*s„ +1 -«<X2*(!) "s„ = k- 

k > 1 k> 1 V-V 1 1 


2(2/3) 6 

-2(2/3)' 


601 2 


Therefore S n+ \ is not smaller than 2 S n — ^S n = | S n . Thus we have S n > (|)". 


19. Let s be the minimum number of nonzero digits that can appear in the b - adic 
representation of any number divisible by b n — 1 . Among all numbers divisible 
by b n — 1 and having .v nonzero digits in base b, we choose the number A with 
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the minimum sum of digits. Let A = a\b ni H (- a s b Ks , where 0 < a, < b — 1 

and «i > «2 > • • • > n s . 

First, suppose that n L = n.j (mod n), i ^ j. Consider the number 
B = A — a t b ni - djb nj + (a; + aj)b n i +kn , 

with k chosen large enough so that ttj + kn > n\ : this number is divisible by 
b n — 1 as well. But if a,- + aj < b, then B has s I digits in base b, which is 
impossible; on the other hand, a* + aj >b is also impossible, for otherwise B 
would have sum of digits less for b — 1 than that of A (because B would have 
digits 1 and a, + a j — b in the positions nj + kn + 1 , nj + kri). Therefore n,- ^ nj 
if i 7 ^ j. 

Let rn = ri, where r, £ {0, 1 — 1} are distinct. The number C = a\b n + 

b a s b r ' also has s digits and is divisible by b n — 1 . But since C <b n , the only 

possibility is C = b n — 1 which has exactly n digits in base b. It follows that s = n. 

20. For every real x we shall denote by |xj an d M the greatest integer less than 
or equal to x and the smallest integer greater than or equal to x respectively. 
The condition c,- + nkj £ [1 — n.n] is equivalent to G 1 \ = — 1 , 1 — ^ j . 

For every a, this interval contains two integers (not necessarily distinct), namely 
Pi = |" -^2 — 1 j < q i = [l — SJ . i n order to show that there exist integers ki G /, 
with X"= i ^ = 0, it is sufficient to show that X”=i p t < 0 < X"=i Qi- 
Since p t < we have 


■.|=I i 1 ‘ 

and consequently X?=i Pi < 0 because the p { s are integers. On the other hand, 
qi> — ^ implies 

i = i i=i n 

which leads to Xf=i Qi > 0. The proof is complete. 

21. Assume that S is a circle with center O that cuts Si diametrically in points P t . Qi, 
i G {A.B.C}, and denote by r t ,r the radii of S t and S respectively. Since OA is 
perpendicular to PaQa, it follows by Pythagoras’s theorem that OA 2 + A = 
OP\, i.e., + OA 2 = r 2 . Analogously rj s + OB 2 = r 2 and r 2 . + OC 2 = r 2 . Thus 

if Oa, Ob, Oc are the feet of perpendiculars from O to BC, CA, AB respectively, 
then OqA 2 — OcB 2 = r\ — . Since the left-hand side is a monotonic function 

of Oc G AB, the point Oc is uniquely determined by the imposed conditions. 
The same holds for Oa and Ob- If A,B,C are not collinear, then the positions 
of Oa,Ob,Oc uniquely determine the point O, and therefore the circle S also. 
On the other hand, if A,B,C are collinear, all one can deduce is that O lies on 
the lines Ia,IbJc through Oa,Ob,Oc, perpendicular to BC,CA,AB respectively. 
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Hence, IaJbJc are parallel, so O can 
be either anywhere on the line if these 
lines coincide, or nowhere if they don’t 
coincide. So if there exists more than 
one circle S, A,B,C he on a line and 
the foot O' of the perpendicular from 
O to the line ABC is fixed. If X. Y 
are the intersection points of S and 
the line ABC, then r 2 = OX 2 = OA 2 + 
r^ and consequently O'X 2 = O' A 2 + 
r 2 , which implies that X , Y are fixed. 



22. Let M be the point inside ZADB that 
satisfies DM = DB and DM _L DB. 

Then ZADM = ZACB and AD /DM = 

AC/CB. It follows that the triangles 
ADM,ACB are similar; hence ZCAD = 

ZBAM (because ZCAB = ZDAM) and 
AB/AM = AC /AD. Consequently the 
triangles CAD, BAM are similar and 
therefore % = Hence 

= s/2. Let CT,CU be the tangents at C to the circles ACD,BCD respect- 
ively. Then (in oriented angles) ZTCU = ZTCD + ZDCU = ZCAD+ZCBD = 
90°, as required. 

Second solution to the first part. Denote by E,F, G the feet of the perpendiculars 
from D to BC, CA,AB. Consider the pedal triangle EF G. Since FG = AD sin ZA, 
from the sine theorem we have FG : GE : EF = (CD ■ AB) : (BD ■ AC) : (AD ■ 
BC) . Thus EG = FG. On the other hand, ZEGF = ZEGD + ZDGF = ZCBD + 
ZCAD = 90° implies that EF : EG = s/2 : 1 ; hence the required ratio is s/2. 
Third solution to the first part. Under inversion centered at C and with power 
r 2 = CA- CB, the triangle DAB maps into a right-angled isosceles triangle 
D*A*B*, where 



D*A* 


ADBC 

CD 


D*B* 


AC BD t AB CD 
CD ’ B CD 


Thus D*B* : A*B* = s/2, and this is the required ratio. 

23. Let the given numbers be a\ , . . . , a„ . Put s = a\ H \-a n and m = lcm(ai , . . . ,a n ) 

and write m = 2 k r with k > 0 and r odd. Let the binary expansion of r be 

r = 2 k ° + 2 kl 4 1- 2 k ‘, with 0 = Icq < ■■■ < k t . Adjoin to the set {a\, . . ,,a n j 

the numbers 2 ki s, i = 1,2, ... ,L The sum of the enlarged set is rs. Finally, ad- 
join rs,2rs,2 2 rs, . . . ,2 l ~ l rs for l = ma x{k,k t }. The resulting set has sum 2 l rs, 
which is divisible by m and so by each of aj, and also by the 2‘s above and by 
rs,2rs , . . . ,2 l ~ l rs. Therefore this is a AS-set. 
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Second solution. We show by induction that there is a DS - set containing 1 and 
n. For n = 2,3, take {1,2,3}. Assume that { Ln,b\ , . . ..b^} is a DS- set. Then 
{l,n + l,n,2(n+ l)n,2(«+ \)b \,. . . ,2(n+ 1)^} is a AS-set too. 

For given cq, . . . ,a n let m be a sufficiently large common multiple of the a,’s 

such that u = m — (a\ H 1 -a n ) ^ a,- for all i. There exist b \ , . . . , such that 

{l,u,bi, . . .,bk} is a AS-set. It is clear that {a\,... ,a n ,u,mu,mb\,. . . ,mbk} is a 
AS’-set containing a\ , . . . , a n . 

24. By the Cauchy-Schwarz inequality, if Xj ,X2, . . . ,x„ andyi»j2) • • • , y« are positive 
numbers, then 

Applying this to the numbers a, b, c, d and b + 2c + 3d, c + 2d + 3a,d + 2a + 
3b,a + 2b + 3c (here n = 4), we obtain 

abed 
b + 2c + 3d + c + 2d + 3a d + 2a + 3b + a + 2b + 3c 

(a + b + c + d) 2 > 2 

— 4 (ab + ac + ad + be + bd + cd) ~ 3 

The last inequality follows, for example, from ( a — b) 2 + (a — c) 2 H b (c — 

d) 2 > 0. Equality holds if and only if a = b = c = d. 

Second solution. Putting A = b + 2c + 3d, B = c + 2d + 3a, C = d + 2a + 3b, 
D = a + 2b + 3c, our inequality transforms into 

-5A + 1B + C+D -5B + 7C+D+A 
24 A + 24 B 

-5C+1D+A + B -5D + 1A + B + C 2 

H 1 > - • 

24C 24/9 - 3 

This follows from the arithmetic-geometric mean inequality, since f + § + § + 
{y > 4, etc. 

25. We need only consider the case a > 1 (since the case a < — 1 is reduced to 
a > 1 by taking a' = —a, xj = — x,). Since the left sides of the equations are 
nonnegative, we have xi > ** | >■ •— 1 , i = 1 , . . . , 1 000. Suppose w.l.o.g. that x\ = 
max{x;}. In particular, x\ >X 2 ,xj. If X| > 0, then we deduce that x 2 000 > 1 => 
x i ooo > 1 ; further, from this we deduce that X999 > 1 etc., so either x; > 1 for all 
i or x, < 0 for all i. 

(i) Xi > 1 for every i. Thenxi > X2 imphes xj > x 2 , so X2 > X3. Thus xi > X2 > 
■ ■ • > xiooo > X] , and consequently x\ = ■ ■ ■ = xiooo- I n this case the only 
solution is x,- = \{a + Va 2 + 4) for all i. 

(ii) Xi < 0 for every i. Then xi > X3 implies x\ < x 2 => X 2 < X4. Similarly, this 
leads to X3 > X5, etc. Hence xi > X3 > X5 > ■ ■ ■ > X999 > x\ and X2 < X4 < 
• • • < X2, so we deduce that x\ = X3 = • • • and X2 = X4 = • • • . Therefore the 
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system is reduced to x\ = ax 2 + 1 , x% = ax\ + 1 . Subtracting these equations, 
one obtains (x\ — X 2 ){x\ +X 2 + a) = 0. There are two possibilities: 

(1) If xi =X 2 , thenxi = X 2 = ■ ■ ■ = \(a — s/a 1 + 4). 

(2) x\ + X 2 + a = 0 is equivalent to xj + ax 1 + ( a 2 — 1 ) = 0. The discrim- 
inant of the last equation is 4 — 3a 2 . Therefore if a > this case 

yields no solutions, while if a < -^=, we obtain x\ = j(— a— V4 — 3a 2 ), 
X 2 = j (— a + V4 — 3a 2 ), or vice versa. 


26. Set 


f(a,b,c,d) = abc + bed + cda + dab — abed 
= ab(c + d)+cd (a + b— • 


If a +b — ™b < 0, by the arithmetic-geometric inequality we have f(a, b, c, d) < 
ab(c + d) < yj. 

On the other hand, if a + b — ^ ab > 0, the value of / increases if c, d are 
replaced by ’+y~. Consider now the following fourtuplets: 


P 0 (a,b,c,d), Pi 


( , c + d c + d\ 
{“■ b — —) 


f a + b a + b c + d c + d\ 


(l a + b c + d l\ 

F 3 


, Pa 


1 1 1 1 \ 
4’ 4 ’ 4 ’ 4/ 


From the above considerations we deduce that for i = 0, 1,2,3 either f(Pi) < 
f{Pi+ 1 ), or directly f(Pi) < 1/27. Since /(Pa) = 1 /27, in every case we are led 
to 

f(a,b,c,d) =f(P 0 ) < ^ ■ 

Equality occurs only in the cases (0,1/3, 1/3, 1/3) (with permutations) and 
(1/4, 1/4, 1/4, 1/4). 

Remark. Lagrange multipliers also work. On the boundary of the set one of 
the numbers a,b,c,d is 0, and the inequality immediately follows, while for an 
extremum point in the interior, among a,b,c,d there are at most two distinct 
values, in which case one easily verifies the inequality. 
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4.35 Solutions to the Shortlisted Problems of IMO 1994 


1. Obviously ao> ai > > ■ ■ ■ . Since — a & + 1 = 1 — , we have a„—ao + 

(at — ao) + ***4r(a n — a„-i| = 1994 — n + + • - - 4* a „_\+i > 1994 — n. Also, 

for 1 < n < 998, 

1 | 1 n 998 1 

«0+l <J«— 1 + 1 U, 1-1 + 1 0997 +1 

because as above, 0997 > 997. Hence \a n J = 1994 — n. 

2. We may assume that aj > ci 2 > ■■■ > a m . We claim that for i = 1 

a,- + a m+ \ ~i > n + 1. Indeed, otherwise a, + a m+ ] . . . ,a,- + a m -i, aj + a m are 
i different elements of A greater than a,, which is impossible. Now by adding for 
i = 1, ... ,m we obtain 2(ai H l-a m ) > m(n + 1), and the result follows. 

3. The last condition implies that f(x) = x has at most one solution in (—1,0) and 
at most one solution in (0,°°). Suppose that for u G (—1,0), /(«) = u. Then 
putting x = y = u in the given functional equation yields f(u 2 + 2 u) = u 2 + 2 u. 
Since «£ (—1,0) => u 2 + 2u€ (—1,0), we deduce that u 2 + 2u = u, i.e., u = — 1 
or u = 0, which is impossible. Similarly, if /(v) = v for v £ (0, °°), we are led to 
the same contradiction. 

However, for all x e S we have 


/(*+(! +x)f(x))=x+(l+x)f(x), 


so we must have x+ (1 +x)f(x) = 0. Therefore f(x) = — y4y for all x £ S. It is 
directly verified that this function satisfies all the conditions. 

4. Suppose that a = j3. The given functional equation for x = y yields f(x/ 2) = 
x~ a f(x) 2 / 2; hence the functional equation can be written as 

f(x)f(y) = \x a y- a f{y? + \y a x- a f{xf., 


{(x/y) a/2 f( y) - (y/x)“/ 2 /W) ' = 0. 

Hence f(x) jx a = f(y) /y a for all x,y £ M + , so f(x) = Xx a for some A . Substi- 
tuting into the functional equation we obtain that A = 2 1 ~ a or A = 0. Thus either 
f(x)=2'- a x a or f(x) = 0. 

Now let a ^ p . Interchanging x with y in the given equation and subtracting 
these equalities from each other, we get (x a —x®)f{y/2) = (y a —y^)f(x/ 2), so 
for some constant A > 0 and all x ^ 1, f{x/ 2) = A (x a — x^). Substituting this 
into the given equation, we obtain that only A = 0 is possible, i.e., f{x) = 0. 


5. 


If/W(x) = 


Pn(x) 

9n(x) 


for some positive integer n and polynomials p n ,q n , then 


\ = Pn{x ) 2 + q„(x) 2 
J 2p n (x)q n (x) 


/( . + ,, w = / (M9 
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Note that /(°) (x) = x/\. Thus (x) = , where the sequence of polynomi- 

als p n ,qn is defined recursively by 


Po(x)=x, qo(x) = 1 , and 
Pn+l(x ) = Pn{x ) 2 +q„{x) 2 , q n+ i(x) = 2p n (x)q„(x). 

Furthermore, p 0 (x) ±q 0 {x)=x± 1 and p n+ \ (x) ± q n+ \ (x) = p n (x) 2 + q n (x) 2 ± 
2 Pn(x)q n (x) = ( p n (x ) ± q n (x)) 2 , so p n (x)±q„(x) = (x± l) 2 " for all n. Hence 


Pn(x) = 


(x+l) 2 " + (x-l) 


and q n (x) = 


(x+l) 2 "-(x-l) 2 ' 


Finally, 


/ (w) w 

/(«+!) (X) 


Pn{x)q n + l(x) = 2 p n (x ) 2 
qn{x)p n+ 1 (x) p„+l(x) 


1-b- 


2m) 


i+ m) 


- = i+- 


((x+l) 2 " + (x-l) 2 ") 2 
(x+l) 2 " +1 + (x-l) 2 " +1 


1 



6. Call the first and second player M and N respectively. N can keep A < 6. 

Indeed, let 10 dominoes be placed as 
shown in the picture, and whenever M 
marks a 1 in a cell of some domino, 
let N mark 0 in the other cell of that 
domino if it is still empty. Since any 
3x3 square contains at least three 
complete dominoes, there are at least 
three 0’s inside. Hence A <6. 

We now show that M can make A = 6. Let him start by marking 1 in c3 . By sym- 
metry, we may assume that N’s response is made in row 4 or 5. Then M marks 
1 in c2. If N puts 0 in cl, then M can always mark two l’s in b X {1,2,3} 
as well as three l’s in {a,d} x {1,2,3}. Thus either {a,b,c} X {1,2,3} or 
{b,c,d} X {1,2,3} will contain six l’s. However, if N does not play his sec- 
ond move in cl, then M plays there, and thus he can easily achieve to have six 
l’s either in {a,b,c} x {1,2,3} or {c,d,e} x {1,2,3}. 

7. Let ai,ci 2 , ■ ■ ■ Mm be the ages of the male citizens (m > 1). We claim that the age 

of each female citizen can be expressed in the form c\a\ H b c m a m for some 

constants c, > 0, and we will prove this by induction on the number n of female 
citizens. 

The claim is clear if n = 1. Suppose it holds for n and consider the case of 
n + 1 female citizens. Choose any of them, say A of age x who knows k citizens 
(at least one male). By the induction hypothesis, the age of each of the other n 

females is expressible as cicq H b c m a m + cox, where c,- > 0 and co + c\ + 

Vc m = 1- Consequently, the sum of ages of the k citizens who know A is 


e 

d 

c 

b 

a 

1 2 3 4 5 


4.35 Shortlisted Problems 1994 


587 


kx = b\a\ H 1- b m a m + box for some constants bi > 0 with sum k. But A knows 

at least one male citizen (who does not contribute to the coefficient of x), so 
b 0 <k-\. Hence x = fciai ~^ Q fcmQ '" , and the claim follows. 

8. (a) Let a,b,c, a < b < c be the amounts of money in dollars in Peter’s first, 

second, and third account, respectively. If a = 0, then we are done, so sup- 
pose that a > 0. Let Peter make transfers of money into the first account as 

follows. Write b = aq + r with 0 < r < a and let q = mo + 2m\ -| f 2 k mi ( 

be the binary representation of q ( m,- £ {0, 1}, = 1). In the ith transfer, 

i = 1,2, . . . ,k+ 1, if mi = 1 he transfers money from the second account, 
while if m, = 0 he does so from the third. In this way he has transferred 

exactly (mo + 2mi -| K 2 k mi c )a dollars from the second account, thus 

leaving r dollars in it, r < a. Repeating this procedure, Peter can diminish 
the amount of money in the smallest account to zero, as required. 

(b) If Peter has an odd number of dollars, he clearly cannot transfer his money 
into one account. 

9. (a) For i = 1 , . . . , n, let di be 0 if the card i is in the ith position, and 1 otherwise. 

Define b = d x + 2d 2 + 2 2 d 3 + ■ ■ ■+2 n ~ 1 d„, so that 0 < b < 2 n - 1, and b = 0 
if and only if the game is over. After each move some digit d[ changes from 
1 to 0 while di + i , di +2 , ■ ■ ■ remain unchanged. Hence b decreases after each 
move, and consequently the game ends after at most 2” — 1 moves. 

(b) Suppose the game lasts exactly 2” — 1 moves. Then each move decreases 
b for exactly one, so playing the game in reverse (starting from the final 
configuration), every move is uniquely determined. It follows that if the 
configuration that allows a game lasting 2" — 1 moves exists, it must be 
unique. 

Consider the initial configuration 0, n, n — 1, . . . , 2, 1. We prove by induction 
that the game will last exactly 2" — 1 moves, and that the card 0 will get to 
the 0th position only in the last move. This is trivial for n = 1, so suppose 
that the claim is true for some n = m — 1 > 1 and consider the case n = 
m. Obviously the card 0 does not move until the card m gets to the 0-th 
position. But if we ignore the card 0 and consider the card m to be the 
card 0, the induction hypothesis gives that the card m will move to the 0th 
position only after 2 m_1 — 1 moves. After these 2 m_1 — 1 moves, we come 
to the configuration 0 ,m— 1, ■ ■ ■ ,2, 1 ,m. The next move yields m,0,m — 
1, ... ,2, 1, so by the induction hypothesis again we need 2 m_1 — 1 moves 
more to finish the game. 

10. (a) The case n > 1994 is trivial. Suppose that n = 1994. Label the girls Gi to 
G1994, and let Gi initially hold all the cards. At any moment give to each 
card the value i,i= 1 .... , 1994, if Gi holds it. Define the characteristic C of 
a position as the sum of all these values. Initially C = 1994. In each move, 
if G, passes cards to G,_i and G, + i (where Go = G1994 and G1995 == G| ), 
C changes for ±1994 or does not change, so that it remains divisible by 
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1994. But if the game ends, the characteristic of the final position will be 

C = 1 + 2-1 1- 1994 = 997 • 1995, which is not divisible by 1994. 

(b) Whenever a card is passed from one girl to another for the first time, let the 
girls sign their names on it. Thereafter, if one of them passes a card to her 
neighbor, we shall assume that the passed card is exactly the one signed 
by both of them. Thus each signed card is stuck between two neighboring 
girls, so if n < 1994, there are two neighbors who never exchange cards. 
Consequently, there is a girl G who played only a finite number of times. 
If her neighbor plays infinitely often, then after her last move, G will con- 
tinue to accumulate cards indefinitely, which is impossible. Hence every 
girl plays finitely many times. 


1 1 . Tile the table with dominoes and num- 
bers as shown in the picture. The sec- 
ond player will not lose if whenever 
the first player plays in a cell of a 
domino, he plays in the other cell of 
the same domino. However, if the first 
player plays in a cell with a number, 
the second plays in the cell with same 
number that is diagonally adjacent. 
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12. Define S n recursively as follows: Let S 2 = {(0,0), (1,1)} and S n+ ] = S n U T n , 
where T n = {(x + 2 n_1 ,y-| -M n ) \ (x,y) G S „ } , with M n chosen large enough so 
that the entire set T n lies above every line passing through two points of S„. By 
definition, S n has exactly 2 n_1 points and contains no three collinear points. We 
claim that no 2 n points of this set are the vertices of a convex 2«-gon. 

Consider an arbitrary convex polygon 3 with vertices in S„. Join by a diagonal 
d the two vertices of 3 having the smallest and greatest x-coordinates. This 
diagonal divides 3 into two convex polygons 3 \ , the former lying above 
d. We shall show by induction that both 3 \ , 3n have at most n vertices. Assume 
to the contrary that 3\ has at least n + 1 vertices A\ (xi ,yi), . . . ,A n+ \ {x n+ \ .y n +i ) 
in S„, with xi < • • • < x n+ \. It follows that 


yi-y 1 y»-n-y» 

X2-X1 X„+l-X„' 

By the induction hypothesis, not more than n — 1 of these vertices belong to 
S„- 1 or T n -i, so let A*_i ,A/, G S n ~i, A *+ 1 G T n -\. But by the construction of 
T n ~i, > xl-xl'l ’ which gives a contradiction. Similarly, ,3*2 has no more 

than n vertices, and therefore 3* itself has at most 2n — 2 vertices. 

13. Extend AD and BC to meet at P, and let Q be the foot of the perpendicular from 
P to AS. Denote by O the center of T. Since APAQ ~ A OAD and A PBQ ~ 
A OBC, we obtain = ^ = ^ = |§- Therefore £§ • fp • ^ = 1, so by the 

converse Ceva theorem, AC, BD, and PQ are concurrent. It follows that Q = F. 
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Finally, since the points 0,C,P,D,F are concyclic, we have ZDFP = ZDOP = 
ZPOC = ZPFC. 

14. Although it does not seem to have been noticed at the jury, the statement of the 
problem is false. For A(0,0),B(0,4),C(1,4),D(7,0), we haveM(4,2), P( 2,1), 
fi(2,3) and A(9/2, 1/2) £ AABM. 

The official solution, if it can be called so, actually shows that N lies inside 
ABCD and goes as follows: The case AD = BC is trivial, so let AD > BC. Let L 
be the midpoint of AB. Complete the parallelograms ADMX and BCMY. Now 
N = DX fl CY, so let CY and DX intersect AB at K and H respectively. From 
LX =LY and 

HL HA LA KB KB _ KL 

LX~AD < AD < AD < BC~LY 
we get HL < KL, and the statement follows. 

15. We shall prove that AD is a common tangent of co and ah. Denote by K, L the 
points of tangency of a> with l\ and I 2 respectively. Let r, r \ , ri be the radii of 
co, coi , CO 2 respectively, and set KA = x, LB = y. It will be enough if we show that 
xy — 2c- 2 , since this will imply that A KLB and AAKO are similar, where O is 
the center of co, and consequently that OA _L KD (because D e KB). Now if 0\ 
is the center of COi, we have x 2 = KA 2 = 00\ — (KO — AO\) 2 = (r+n ) 2 — (r — 
n) 2 = 4rr] and analogously y 2 = 4m. But we also have (ri + rj) 2 = 0]0 2 = 
(. x — y) 2 + (2 r — r\ — r 2 ) 1 , so x 2 — 2 xy + y 2 = 4r(ri + r 2 — r), from which we 
obtain xy = 2r 2 as claimed. Hence AD is tangent to both C 0 ,Cp 2 , and similarly BC 
is tangent to co, COi. 

It follows that Q lies on the radical axes of pairs of circles (to, COi) and ( co , ah). 
Therefore <2 also lies on the radical axis of (coi , CO 2 ), i.e., on the common tangent 
at E of coi and CO 2 . Hence QC = QD = QE. 

Second solution. An inversion with center at D maps to and CO 2 to parallel lines, 
coi and I 2 to disjoint equal circles touching a>,Oh, and l\ to a circle externally 
tangent to coi , I 2 , and to to. It is easy to see that the obtained picture is symmetric 
(with respect to a diameter of h), and that line AD is parallel to the lines to and 
Cp 2 - Going back to the initial picture, this means that AD is a common tangent of 
to and CO 2 . The end is like that in the first solution. 

16. First, assume that ZOQE = 90°. Extend PN to meet AC at R. Then OEPQ and 
ORFQ are cyclic quadrilaterals; hence we have ZOEQ = ZOPQ = ZORQ = 
ZOFQ. It follows that A OEQ S A OFQ and QE = QF. 

Now suppose QE = QF. Let S be the 
point symmetric to A with respect to <2, 
so that the quadrilateral AESF is a par- 
allelogram. Draw the line E'F' through 
Q so that ZOQE' = 90° and E' € AB, 

F' 6 AC. By the first part QE' = QF'-, 
hence AE'SF' is also a parallelogram. 

It follows that E = E' , F = F' , and 
ZOQE = 90°. 


A 
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17. We first prove that AB cuts OE in 
a fixed point H. Note that AO AH = 

AOMA = AOEA (because 0,A,E,M 
lie on a circle); hence A OAH ~ 

AOEA. This implies OH OE = OA 2 , 
i.e., H is fixed. Let the lines AB and CD 
meet at K. Since EAOBM and ECDM 
are cyclic, we have AEAK = AEMB = 

AECK, so ECAK is cyclic. 

Therefore AEKA = 90°, hence EKBD is also cyclic and EK || OM. Then 
AEKF = AEBD = AEOM = AOEK, from which we deduce that KF = FE. 
However, since AEKH = 90°, the point F is the midpoint of EH; hence it is 
fixed. 

18. Since for each of the subsets {1,4,9}, {2,6,12}, {3,5,15} and {7,8,14} the 
product of its elements is a square and these subsets are disjoint, we have 
\M\ < 11. Suppose that \M\ = 11. Then 10 £ M and none of the disjoint subsets 
{1,4, 9}, {2, 5}, {6, 15}, {7, 8, 14} is a subset of M. Consequently {3, 12} c M, 
so none of {1}, {4}, {9}, {2, 6}, {5, 15}, and {7,8,14} is a subset of M; thus 
\M\ < 9, a contradiction. It follows that \M\ < 10, and this number is attained in 
the caseM = {1,4, 5, 6, 7, 10, 11, 12, 13, 14}. 

19. Since mn — 1 and m 3 are relatively prime, mn — 1 divides n 3 + 1 if and only if it 
divides m?(n 3 + 1) = (m 3 n 3 — 1) + rr? + 1. Thus 



n 3 + 1 

mn — 1 


ez-s 


m 3 + l 
mn — 1 


eZ; 


hence we may assume that m > n. If m = n, then = n + is an integer, 
so m = n = 2. If « = 1, then £ Z, which happens only when m = 2 or 
m = 3. Now suppose m > n > 2. Since m 3 + 1 = 1 and mn -la-1 (mod n), 
we deduce =kn— 1 for some integer k > 0. On the other hand, kn — 1 < 
jpii =« + < 2n— 1 gives that k = 1, and therefore n 3 + 1 = {mn— 1)(«— 1). 

This yields m = = n + 1 + £ N, so n £ {2,3} and m = 5. The solutions 

with m < n are obtained by symmetry. 

There are 9 solutions in total: (1,2), (1,3), (2,1), (3,1), (2,2), (2,5), (3,5), 
(5,2), (5,3). 

20. Let A be the set of all numbers of the form p\P 2 - p Pl , where p\ < P 2 < ■ ■ ■ < 
p Pl are primes. In other words, A = {2-3,2-5,...}U{3-5-7,3-5-ll,...}U{5- 
7 • 11 • 13 • 17, . . .} U- • • . 

This set satisfies the requirements of the problem. Indeed, for any infinite set of 
primes P = [q\ , q 2 - ■ ■ .} (where qi < <72 < • • •) we have 


m = q l q 2 ---q qi €A and n = q 2 qj, ■ ■ -q qi +i <£A. 
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21. Note first that y n = 2 k (k > 2) and z& = 1 (mod 4) for all n, so if x„ is odd, 
x n+ i will be even. Further, it is shown by induction on n that y n > z„ when 
x n -\ is even and 2 y n > z n > y n when x„_ i is odd. In fact, n = 1 is the trivial 
case, while if it holds for n > 1, then y n+ \ = 2 y n > z n = z n +i if x„ is even, and 
2y n+ 1 = 2y n > y« + z« = Z n + 1 if x„ is odd (since then x„_i is even). 

If x\ = 0, then xo = 3 is good. Suppose x n = 0 for some n > 2. Then x„_i is 
odd and x „_2 is even, so that y n _i > z. n i ■ We claim that a pair (y n -\ ,z n - i ), 
where 2 k = y n _i > z n - 1 > 0 and z n -i = 1 (mod 4), uniquely determines xo = 
f(y n - 1 -Z n - 1 )• We see that x n _j = \y n - \ +z n - 1 , and define ( Xk,yk,Zk ) backwards 
as follows, until we get ( yk,Zk ) = (4,1). If yk > Zk, then x*_ i must have been 
even, so we define {xk-\,yk-\,Zk-\) = (2x J fc,yj/2,%); otherwise x*_i must have 
been odd, so we put = {xk - y’k /2 + Zk,yk-,Zk~yk)- We eventu- 

ally arrive at (yo-.zo) = (4, 1) and a good integer xo = /(y«-i ,z n - 1 ), as claimed. 
Thus for example (y„-i,z n -i) = (64,61) implies x„_i = 93, (x n - 2 ,y n - 2 ,z n - 2 ) = 
(186,32,61) etc., andxo = 1953, while in the case of (y„_i,z„_i) = (128, 1) we 
get xo = 2080. 

Note that y' >y=> f(y,z!) > f(y,z) and z' > z=> f(y,z!) > f{y,z). Therefore 
there are no y,z for which 1953 < f(y,z) < 2080. Hence all good integers less 
than or equal to 1994 are given as f(y,z), y = 2 k < 64 and 0 < z = 1 (mod 4), 
and the number of such (y, z) equals 1+2 + 4 + 8 + 16=31. So the answer is 
31. 

22. (a) Denote by b(n) the number of l’s in the binary representation of n. Since 

b(2k+2) = b(k + 1) and b(2k+ 1) = b(k) + 1, we deduce that 



( 1 ) 


The set of k’s with b(k) = 2 is infinite, so it follows that f(k) is unbounded. 
Hence / takes all natural values. 

(b) Since / is increasing, k is a unique solution of f(k) = m if and only if 
f(k— 1) < f(k) < f(k+ 1). By (1), this inequality is equivalent to b(k — 
1) = b(k) = 2. It is easy to see that then k— 1 must be of the form 2 l + 1 
for some t. In this case, {k+ 1, . . .,2k} contains the number 2 t+l + 3 = 
10. . .OII 2 and '^ 2 ^ binary (f + l)-digit numbers with three l’s, so m = 


+-1) 


m= 


+1. 


23. (a) Let p be a prime divisor of xi, i > 1, and let xj = uj (mod p) where 0 < 

uj < p — 1 (particularly m = 0). Then Uj + \ = UjUj-\ + 1 (mod p). The 
number of possible pairs {uj.Uj + \ ) is finite, so uj is eventually periodic. 
We claim that for some d p > 0, M,+d p = 0. Indeed, suppose the contrary 
and let (u m ,u m+ i, . . .,u m+ d-i) be the first period for m > i. Then m ^ i. By 
the assumption u m - \ ^ u m +d~ 1 , but u m -\u m = u m + 1 — 1 = u m -\-d+\ — 1 = 
u m+ d-iu m+ d = u m+ d-iu m (mod p), which is impossible if p \ u m . Hence 
there is a d p with m, = Ui + d p = 0 and moreover w, + i = u l+ d p + \ = 1, so the 
sequence Uj is periodic with period d p starting from u t . Let m be the least 
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common multiple of all d p ’ s, where p goes through all prime divisors of x,-. 
Then the same primes divide every x; + fo„, k 1 , 2, . . . , so for large enough 
k and j = i + km, x\ xj. 

(b) If i = 1, we cannot deduce that x; + i = 1 (mod p). The following example 
shows that the statement from (a) need not be true in this case. Take xi = 22 
and X 2 = 9. Then x„ is even if and only if n = 1 (mod 3), but modulo 1 1 
the sequence {x n } is 0,9, 1, 10,0, 1, 1,2, 3, 7,0, . . so 11 | x n (n > 1) if and 
only if n = 5 (mod 6). Thus for no n > 1 can we have 22 | x„. 

24. A multiple of 10 does not divide any wobbly number. Also, if 25 | n, then every 
multiple of n ends with 25, 50, 75, or 00; hence it is not wobbly. We now show 
that every other number n divides some wobbly number. 

(i) Let n be odd and not divisible by 5. For any k > 1 there exists l such that 
(10* — 1 )n divides 10 z — 1, and thus also divides 10* z — 1. Consequently, 
v k = ujrrf ' s divisible by n, and it is wobbly when k = 2 (indeed, V 2 = 
101. ..01). 

If n is divisible by 5, one can simply take 5v2 instead. 

(ii) Let n be a power of 2. We prove by induction on m that 2 2m+1 has a wobbly 
multiple w m with exactly m nonzero digits. For m = 1, take w i = 8. Sup- 
pose that for some m> 1 there is a wobbly w m = 2 2m+1 d m . Then the num- 
bers a- 1 0 2m + w m are wobbly and divisible by 2 2,n+1 when a £ {2,4,6, 8}. 
Moreover, one of these numbers is divisible by 2 2m+3 . Indeed, it suffices to 
choose a such that | + d m is divisible by 4. This proves the induction step. 

(iii) Let n = 2 m r, where m > 1 and r is odd, 5 { r. Then V 2 m w m is wobbly and 
divisible by both 2 m and r (using notation from (i), r \ V 2 m ). 
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4.36 Solutions to the Shortlisted Problems of IMO 1995 

1. Let x= \,y=\,z=\- Then xyz = 1 and 

1 1 1 _ x 2 y 2 z 2 

a 3 (b + c) + b 3 (c + a) + c 3 (a + b) y + z z+x + x+y 

We must prove that S > \ . From the Cauchy-Schwarz inequality, 

[0+z) + (z+x) + (x+y)]-S> (x+y+z) 1 =► 5 >^Z±£. 

It follows from the A-G mean inequality that x+ ^ +z > | s/xyz, = § ; hence the 
proof is complete. Equality holds if and only ifjc = y = z= 1, i.e., a = b = c= 1 . 

Remark. After reducing the problem to ^ > |, we can solve the 

problem using Jensen’s inequality applied to the function g(u,v) = u 2 /v. The 
problem can also be solved using Muirhead’s inequality. 

2. We may assume c > 0 (otherwise, we may simply put — y,- in the place of y*). 
Also, we may assume a > b. If b > c, it is enough to take n = a + b — c, x i = 
••• =x a = l,yi= ■■■ =y c = y a+ \ = • • • = y a +b-c = 1, and the other x,’s and y,’s 
equal to 0, so we need only consider the case a> c> b. 

We proceed to prove the statement of the problem by induction on a + b. The 
case a + b = 1 is trivial. Assume that the statement is true when a + b <N, and 
let a + b = N + 1 . The triple (a + b — 2c.b.c — b) satisfies the condition (since 
(a + b— 2c) b — (c — b ) 2 = ab— c 2 ), so by the induction hypothesis there are 
n-tuples (xi)" =l and (y;)” =1 with the wanted property. It is easy to verify that 
(xi+yi)"=i and (yi)" = i give a solution for ( a,b,c ). 

3. Write A,- = a, ^~ Q ' +1 a ' + 2 = a-, + a l+ \ +a ; + 1 , 2a,a ' +1 — . Since 2a,tt , + 1 > 4 (a,+ 

a l+ \ — 2) (which is equivalent to (a,- — 2) (a i+ i — 2) > 0), it follows that A, < a,- + 
a i+1 + a i+ 2 -4(l + Q , + y~ 2 a , +2 ) < a t + a M + a i+2 - 4 (l + , because 

1 < a t + a 1+ i — a ,-+ 2 < 4. Therefore A,- < a, + a l+ \ — 2, so X?=i A,- <2s — 2n as 
required. 

4. The second equation is equivalent to^ + |j + ^ + ^r=4. Let x\ = -J=, y\ = 
^j.Zi = A=. Then xj +y 2 +z 2 +Xiyizi = 4, where 0 < x, .zi <2. Regarding 
this as a quadratic equation in z\, the discriminant (4 — x 2 ) (4 — y 2 ) suggests 
that we let xi = 2sinw, y\ = 2sinv, 0 < u. v < n/ 2. Then it is directly shown 
that zi will be exactly 2 cos(m + v) as the only positive solution of the quadratic 
equation. 

Thus a = 2y(yzsin«, b = 2y(xzsinv, c = 2y(xy(cosMCOSv— sinusinv), so from 
x+y + z — a — b — c= 0 we obtain 

(\/xcosv— yfycosu) 2 + (•v/xsinv+- v /ysinw— Vz) 2 = 0> 
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which implies 


Vz = \/xsinv + s/ysinu= ^(yiy/x+Xi^/y) 


1 

2 


VTz 



Therefore z = Similarly, x = ^ and y = It is clear that the triple 
(x,y,z) = (^y~- ‘-^r , £ ^) is indeed a (unique) solution of the given system of 
equations. 

Second solution. Put x = ^ — u,y= ^ —v,z= ^ — w, where u < 
v < £ y l , w < ^ and u + v + w = 0. The equality abc + a 2 x + b 2 y + c 2 z = 4 xyz 
becomes 2(au 2 + bv 2 + cw 2 + 2uvw) = 0. Now uvw > 0 is clearly impossible. 
On the other hand, if uvw < 0, then two of u,v,w are nonnegative, say u,v > 0. 
Taking into account w = — u — v, the above equality reduces to 2 [{a+c — 2 v)u 2 + 
(b + c — 2m) v 2 + 2cuv\ = 0, so u = v = 0. 

Third solution. The fact that we are given two equations and three variables 
suggests that this is essentially a problem on inequalities. Setting f(x,y,z) = 
4 xyz — a 2 x — b 2 y — c 2 z, we should show that max/(x,y,z) = abc, for 0 < x.y.z, 
x + y + z = a + b + c, and find when this value is attained. Thus we apply 
Lagrange multipliers to F(x,y,z ) = f(x,y,z) — X{x + y + z. ~ a — b — c) , and 
obtain that / takes a maximum at ( x,y,z ) such that 4 yz — cr = 4 zx—b 2 = 
4xy — c 2 = X and x + y + z = a + b + c. The only solution of this system is 
(jt,y,z) = (l!+£ ? £|a,2+*). 

5. Suppose that a function / satisfies the condition, and let c be the least upper 
bound of {/(x) | x e M}. We have c > 2, since /( 2) = /(I + l/l 2 ) = /(l) + 
/( l) 2 = 2. Also, since c is the least upper bound, for each k = 1,2, .. . there is 
an Xk G IR such that f(xk) > c — l/k. Then 


c>f 




On the other hand, 



c>f 



= f 


+M )2 >-^ + (c 



It follows that 


1 1 



which cannot hold for k sufficiently large. 

Second solution. Assume that / exists and let n be the least integer such that 
f{x) < ^ for all x. Since /(2) = 2, we haven > 8. Let f(x) > Then /( 1 /x) = 
f(x+ 1 /x 2 ) — f(x) < 1/4, so /( 1/x) > — 1/2. On the other hand, this implies 
(t ^) 2 < f( x ) 2 = /( l/x + x 2 ) — /( 1 /x) < 5 + j, which is impossible when 
n> 8. 
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6. Let y t = x i+l \-x n , Y = X"= 2 U ~ 1 )*/> and “ ( n ~ i ) Y - Then 


n(n— 1) , 


-1 S(»- ■> ] r = I «.-!(»- 0»r 


i — 1 n - 1 


/=1 i=l 


= £*iZi, 


so it remains to show that Z "=/ x &i > 0- Since X"=/ y,- = F and X”=i' (« — i) = 
we have £zi = 0. Note that F < X%4:(S : ~ l)*n = and conse- 

quently z n - 1 = ”^ 1 ^ « — F > 0. Furthermore, we have 

%+t _ _zt_ _ »(«-!) A F+i _ > Q 

n— j— 1 n — i 2 \n — i— 1 n — i) ’ 


which means that < ••• < ^y 1 . Therefore there is a k for which 

z\ , • • • , Zk < 0 and z k + i , - - - , z„_i > 0. But then z, (xf - x k ) > 0, i.e., x,zi > x k Zi 
for all i, so 'L"Zi x iZi > Z"=/ x k Zi = 0 as required. 

Second solution. Set X = E"=i(« — f) x j and F = X" =2 (j ~ 1 ) x j- Since 4XY = 
(X + F) 2 — (X — Y) 2 , the RHS of the inequality becomes 



(n-1) 2 



I(2i-l-«>, 


2 ' 


TheLHS is I ((n - l) 2 (I U x if ~ («- !)£</(*/ -*/) 2 ) • Since I" =1 (2t- 1 - 
n)jCj = ^jixj — Xi) also holds, we must prove that 

( ZOy ~ *>)) >(«-!) X( x i _ x 0 2 - I 1 ) 

V‘</ / •<] 

Putting x,+i — X,- = di > 0 (so, xj — Xj = d t + d l+ \ -| 1- dj- 1 ) and expand- 

ing the obtained expressions, we reduce this inequality to '^ k k 1 (n — k) 2 df + 
2Z k<l kl(n-k)(n-l)d k d, > I t (n- 1)*(«-A;)d 2 + 2 £*<,(*- \)k{n- l)d k d h 
which is verified immediately by comparing coefficients. 

Remark. An inequality significantly stronger than (1) in the second solution has 
appeared later, as IMO 03-5. 

7. The result is trivial if O coincides with X or F, so let us assume it does not. From 
OB ■ ON = OC ■ OM = OX ■ OY we deduce that BCMN is a cyclic quadrilateral. 
Further, if O lies between X and F, then ZMAD + ZMND = ZMAD + ZMNB + 
ZBND = ZMAD + ZMCA + ZAMC =180°. Similarly, we also have ZMAD + 
ZMND = 180° if O is not on the segment XY. Therefore ADNM is cyclic. Now 
let AM and DN intersect at Z and let the line ZX intersect the two circles at Fi 
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and Y 2 . Then ZX ■ ZY, = ZM ■ ZA = ZN ■ ZD = ZX ■ ZY 2 . Hence Y\ = Y 2 = Y, 
implying that Z lies on XY. 

Second solution. Let Zi,Z 2 be the points in which AM,DN respectively meet 
XY, and P = BCDXY. Then, from AO PC ~ AAPZ U we have PZ X = = 

^AL an d analogously PZ 2 = ^A—. Hence, we conclude that Z\ = Z 2 . 

8. Let A',B',C' be the points symmetric to A.B.C with respect to the midpoints of 
BC, CA,AB respectively. From the condition on X we have XB 2 —XC 2 = AC 2 — 
AB 2 = A' B 2 — A'C 2 , and hence X must lie on the line through A' perpendicular to 
BC. Similarly, X lies on the line through B' perpendicular to CA. It follows that 
there is a unique position for X, namely the orthocenter of A A'B'C' . It easily 
follows that this point X satisfies the original equations. 

9. If EF is parallel to BC, AABC must be isosceles and E, Y are symmetric to F, Z 

with respect to AD, so the result follows. Now suppose that EF meets BC at P. 
By Menelaus’s theorem, = §§ (since BD = BF, CD = CE, AE = 

AF) . It follows that the point P depends only on D and not on A . In particular, the 
same point is obtained as the intersection of ZY with BC. Therefore PE ■ PF = 
PD 2 = PY ■ PZ, from which it follows that EFZY is a cyclic quadrilateral. 
Second solution. Since CD = CY = CE and BD = BZ = BF, all angles of EFZY 
can be calculated in terms of angles of ABC and YZBC. In fact, ZFEY = ^(ZA + 
ZC + ZBCY) and ZFZY = \ (180° + ZB + ZBCY), which gives us ZFEY + 
ZFZY = 180°. 

10. Let the two triangles be^LiZi, X 2 Y 2 Z 2 , withXi = BB\ flCCi, Y\ =CC\ PtAA\, 
Z\ =AA\ i BB | , X 2 = BB 2 ncc 2 , Y 2 = CC 2 n AA 2 , Z 2 = .4/1 2 n BBi . 

First, let us observe that ZABB 2 = 

ZACC i and ZABB\ = ZACC 2 . We 
now obtain that ZBZ\A\ = ZBAA\ + 

ZABBi = ZBCC 2 + ZC 2 CA = ZC and 
similarly ZAZ 2 B 2 = ZC, ZAY\C\ = 

ZCY 2 A 2 = ZB. Also the triangles 
ABB 2 and ACC\ are similar; hence 
ACi/AC =AB 2 /AB. From the law of 
sines we obtain 


C 



AZ\ 

sin ZABZ\ 


AB 

sinZAZi# 

ay 2 

sin ZACY 2 


AB _ AC 
sin ZC sin ZB 

=> AZi=AY 2 . 


AC 

sin ZAY 2 C 


Analogously, BX\ = BZ 2 and CY\ = CX 2 . Furthermore, again from the sine for- 
mula, 
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AYi _ AC i _ AC\ AC 

sin ZAC\Y\ sinZAFiCi AC sin ZB 

_ ab 2 ab _ ab 2 _ az 2 

AB sin ZC sin ZAZ 2 B 2 sin ZAB 2 Z 2 ' 

Hence, AY\ = AZ 2 and, analogously, BZ\ = BX 2 and CX\ = CY 2 . We deduce 
that FiZ 2 || BC and Z 2 X\ || AC, which gives us ZY\Z 2 X\ = 180° - ZC = 180° - 
ZKiZiZi . It follows that Z 2 lies on the circle circumscribed about AX] K]Z| . 
Similarly, so do X 2 and Y 2 . 

Second solution. Let H be the orthocenter of AABC. Triangles AHB, BHC, 
CHA, ABC have the same circumradius R. Additionally, 

ZHAAt = ZHBBj = ZHCQ = 9 (i = 1,2). 

Since ZHBX\ = ZHCX\ = 9 , BCX i H is coney clic and therefore HX\ = 2 R sin 9 . 
The same holds for HY \ , HZ \ , HX 2 ,HY 2 , HZ 2 . Hence X l ,Y l .Z l (i = 1,2) he on a 
circle centered at H. 

11. Triangles BCD and EFA are equilateral, and hence BE is an axis of symmetry 
of ABDE . Let C ' , F' respectively be the points symmetric to C,F with respect to 
BE. The points G and H lie on the circumcircles of ABC' and DEF' respectively 
(because, for instance, ZAGB = 120° = 180° — ZAC'B ); hence from Ptolemy’s 
theorem we have AG + GB = C'G and DH + HE = HF' . Therefore 

AG + GB + GH+DH + HE = C'G + GH + HF' >C'F' =CF, 

with equality if and only if G and H both lie on C'F' . 

Remark. Since by Ptolemy’s inequality AG + GB > C'G and DH + HE > HF' , 
the result holds without the condition ZAGB = ZDHE = 120°. 

12. Let O be the circumcenter and R the circumradius of A 1 A 2 A 3 A 4 . We have OAj = 
( OG + ( OA\ — OG )) 2 = OG 2 + GA 2 + 2 OG ■ GAj. Summing up these equalities 
for i = 1 , 2, 3, 4 and using that Xf=i GA, = 0 , we obtain 

4 44 

^ OA 2 = 40G 2 + ^ GA 2 ^GAj = 4(R 2 -OG 2 ). (1) 

i= 1 i= 1 i=\ 

Now we have that the potential of G with respect to the sphere equals GA, • GA ■ = 
R 2 — OG 2 . Plugging in these expressions for GA', we reduce the inequalities we 
must prove to 

GA, • GA 2 • GA 3 • GA 4 < {R 2 - OG 2 ) 2 (2) 

and (7? 2 -OG 2 )i-i->XGA,, (3) 

i=t UA ‘ ;=1 

Inequality (2) immediately follows from (1) and the quadratic-geometric mean 
inequality for GA, . From the Cauchy-Schwarz inequality we have i GA^ > 
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| (l- = i GAi) 2 and (l? =1 GA t ) (jf , > 16, hence the inequality (3) fol- 

lows from (1) and from 




>4 j^GAi. 

i= 1 


13. If O lies on AC, then ABCD, AKON, and OLCM are similar; hence AC = AO + 
OC implies y/S = y/Sl + y/S^. 

Assume that O does not lie on AC and 
that w.l.o.g. it lies inside triangle ADC. 

Let us denote by T\ , T 2 the areas of par- 
allelograms KBLO, NOMD respect- 
ively. Consider a line through O that 
intersects AD, DC, CB, BA respect- 
ively at X, Y , Z, W so that OW/OX = 

OZ/OY (such a line exists by a conti- 
nuity argument: the left side is smaller 
when W = X = A, but greater when 
Y = Z = Q. The desired inequality is equivalent to Ti + T2 > 2y/SiS2 . Since 
triangles WKO, OLZ, WBZ are similar and WO + OZ = WZ, we have y/Swxo + 
y/SoLZ = y/SwBZ = VSwko + Solz + Ti, which implies T\ = 2y/ S wkoSolz- 
Similarly, Tj = 2y/ S xnqSqmy ■ 

Since OW /OZ = OX/OY, we have Swko/Sxno = Solz/Somy ■ Therefore we 
obtain 


D 



T\ + T% — 2 yj SwkoSolz + 2 yj SxnoS OMY 

= 2.yJ {S WK 0 + SxNo)(SoLZ + Somy) >2 

Second solution. Using an affine transformation of the plane one can transform 
any nondegenerate quadrilateral into a cyclic one, thereby preserving parallel- 
ness and ratios of areas. Thus we may assume w.l.o.g. that ABCD is cyclic. 

By a well-known formula, the area of a cyclic quadrilateral with sides a,b,c,d 
and semiperimeter p is given by 

S=yJ{p-a){p-b){p-c){p-d). 

Let us set AK = a\, KB = b\, BL = 02, DC = b2, CM = 03, MD = bj,, DN = 04, 
NA = £4. Then the sides of quadrilateral AKON are a t , the sides of CLOM are bi, 
and the sides of ABCD are a, +bj(i= 1,2,3, 4). If p and q are the semiperimeters 
of AKON and CLOM, and x t = p — cii, yi = q — bi, then we have S 1 = yjx \X2X2X4, 
S2 = y/yrnym, and S = yj ( X\ +yi)(x 2 +y2)(*3 +3'3)(^4 +y4) • Thus we need 
to show that 


y/MXo^4 + y/fYnml< V ( X 1 + )T ) ( x 2 + yi) (*3 + V 3 ) (x 4 + y 4 ) . 
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By setting y, = we reduce this inequality to 


\ + yni&M< ^(l+fi)(l+fe)(l+fc)(l+*4). 


One way to prove the last inequahty is to apply the simple inequality 


1 + \fuv < y/(l + u) (1 + v) 


to y/m, and then to t\ ,?2 and ? 3 , f 4 . 

14. Let BB' cut CC' at P. Since ZB'BC' = ZB'CC', it follows that ZPBH = ZPCH. 
Let D and E be points such that BPCD and HPCE are parallelograms (con- 
sequently, so is BHED). Triangles BAC and C'AB' are similar, from which we 
deduce that A B'H'C' and A BHC A J\ 

are similar, as well as A B'PC' and . 

A BDC. Hence B'PC'H' and BDCH \ N 

are similar, from which we obtain / /f\. \ \ 

ZH’PB’ = ZHDB. Now ZCDE = j //X/NX i 

ZPBH = ZPCH = ZCHE implies that ' 

HCED is a cyclic quadrilateral. There- \\ A. /j 

fore ZBPH = ZDCE = ZDHE = JaIe 

ZHDB = ZH'PB’; hence HH' also 
passes through P. 

Second solution. Let us start with observations A HBC ~ A H'B'C' , ZPBH = 
ZPCH, and ZPB'H' = ZPC'H'. 

By Ceva’s theorem in trigonometric form applied to A BPC and the point H, 



sin ‘ihbc ■ Similarly, Ceva’s theorem for 


■ Thus it follows that 


sin ZB' PH' sin ZBPH 
sin ZH' PC' ~ sin ZHPC 1 


which finally implies that ZBPH = ZB' PH' . 

15. We show by induction on k that there exists a positive integer a k for which a\ = 
—7 (mod 2 k ). The statement of the problem follows, since every at + r2 k (r = 
0,1,...) also satisfies this condition. 

Note that for k = 1,2,3 one can take a& = 1. Now suppose that a\ = —7 (mod 
2 k ) for some k > 3. Then either a\ = -1 (mod 2 k+l ) ora\ = 2 k ~l (mod 2 k+1 ). 
In the former case, take at+i = In the latter case, set a^+i = a* + 2 k ~ 1 . Then 
ajfc + i = + 2 k ak + 2 2k ~ 2 =a\ + 2 k = —1 (mod 2 k+l ) because a& is odd. 

16. If A is odd, then every number in M\ is of the form x(x + A ) +B = B (mod 2), 
while numbers in M 2 are congruent to C modulo 2. Thus it is enough to take 
C = B+1 (mod 2). 

If A is even, then all numbers in M\ have the form (X + j ) + B — X- and are 
congruent toB— ^orB — ^- + 1 modulo 4, while numbers in M 2 are congruent 
to C modulo 4. So one can choose any C = B — ^- + 2 (mod 4). 
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17. For n = 4, the vertices of a unit square A1A2A3A4 and p\ = £>2 = P3 = Pa = 5 
satisfy the conditions. We claim that there are no solutions for n = 5 (and thus 
for any n > 5). 

Suppose to the contrary that points A, and pi,i = I ,5, satisfy the conditions. 

Denote the area of A AjAjAk by = p t + pj + Pk, 1 < i < j < k < 5. Ob- 
serve that all the pi’s must be distinct. Indeed, if p\ = ps, then .Si 24 = S 1 25 and 
^234 = >5235, which implies that A4A5 is parallel to A1A2 and A2A3, so Ai,A 2,A3 
are collinear, which is impossible. Also note that if A,A jA^Aj is convex, then 
Sijk + S ik i = Siji + Sjki gives pi + pk = pj + pi . Now consider the convex hull of 
Ai,A 2,A3,A4,A5. There are three cases. 

(i) The convex hull is the pentagon A 1 A2A 3A4A5. We deduce that the quadri- 
laterals A 1A2A3A4 and A1A2A3A5 are convex, so we have p\ + pz = pi + Pa 
and pi + P3 = pi +P5- Hence pa = ps, a contradiction. 

(ii) The convex hull is w.l.o.g. the quadrilateral A 1A2A3A4. Assume that A5 lies 
within A1A3A4. Then A1A2A3A5 is also convex, so as in (1) we get P4 = ps. 

(iii) The convex hull is w.l.o.g. the triangle A1A2A3. Since S \ 24 + S134 + S234 = 
5i25 +>5i35 + >5235, we conclude that again p\ = p 5 . 

18. Let x = za and y = zb, where a and b are relatively prime. The given Diophantine 
equation becomes a + zb 2 + z 2 = z 2 ab, so a = zc for some c £ Z. We obtain 
c + b 2 + z = z 2 cb, orc= 

(i) If z = 1, then c = = j y j r \J r _1_ ; so b = 2 or b = 3. These values yield 
two solutions: (x,y) = (5,2) and ( x,y ) = (5,3). 

(ii) If z = 2, then 16c = l6 f b + 22 =4b+\ + 45=4, so b = 1 or b = 3. In this case 
( x >y) — (4,2) or (x,y) = (4,6). 

(iii) Let z > 3. First, we see that z 2 c = = b + ^ > f ] ■ Thus must 

be a positive integer, so b + z 3 > z 2 b — 1, which implies b < . It 

follows that b<z. But then b 2 +z<z 2 +b<z 2 b— 1 , with the last inequality 
because (z 2 — l)(fc — 1) > 2. Therefore c = < 1, a contradiction. 

The only solutions for (x,y) are (4,2), (4,6), (5,2), (5,3). 

19. For each two people let n be the number of people exchanging greetings with 
both of them. To determine n in terms of k, we shall count in two ways the 
number of triples (A,B,C) of people such that A exchanged greetings with both 
B and C, but B and C mutually did not. 

There are 12k possibilities for A, and for each A there are (3k +6) possibilities 
for B. Since there are n people who exchanged greetings with both A and B, 
there are 3 k + 5 — n who did so with A but not with B. Thus the number of triples 
(A,B,C) is \2k(3k + 6) (3k + 5 — n). On the other hand, there are 12 k possible 
choices of B, and 12 k— 1 — (3k + 6) =9k — l possible choices of C; for every 
B,C, A can be chosen in n ways, so the number of considered triples equals 
\2kn(9k-l). 
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Hence (3k + 6)(3k + 5 — n) = n{9k — l), i.e., n = . This gives us that 

An = 12^+44^+40 = k+A _ ||_44 is an integer t00 Tt js direct i y verified that only 
k = 3 gives an integer value for n, namely n = 6. 

Remark. The solution is complete under the assumption that such a k exists. We 
give an example of such a party with 36 persons, k = 3. Let the people sit in a 
6x6 array [Pij]fj i> an d suppose that two persons Pij,Pki exchanged greetings 
if and only if i = k or j m l or i — j = k— l (mod 6). Thus each person exchanged 
greetings with exactly 15 others, and it is easily verified that this party satisfies 
the conditions. 

20. We shall consider the set M = {0, 1 , . . . , 2p — 1} instead. Let M\ = {0, 1 , . . . , p — 
1} and M 2 = {p,p + 1, . . . ,2p — 1}. We shall denote by |A| and cr(A) the num- 
ber of elements and the sum of elements of the set A; also, let C p be the 
family of all p-element subsets of M. Define the mapping T : C p — > C p as 
T{A) = {x+ 1 | x € AnMi} U {A DM 2 }, the addition being modulo p. There 
are exactly two fixed points of T : these are Mi and M 2 . Now if A is any 
subset from C p distinct from M\ , M 2 , and k = |A n M i with \ < k < p - I . 
then for f = 0,1,...,/? — 1, a(T‘(A)) = a (A ) + ik (mod p). Hence subsets 
A,T(A),.. . . TP-' (A) are distinct, and exactly one of them has sum of elements 
divisible by p. Since g{M\),o(M 2 ) are divisible by p and C p \{Mi,M 2 } de- 
composes into families of the form {A ,T (A) . . . . ,T P ~ 1 (A)} , we conclude that 
the required number is ^{\C p \ — 2) + 2 = 1 (j^p) —2^+2. 

Second solution. Let Q be the family of all ^-element subsets of {1, 2, . . . ,2 p}. 
Denote by M* (k = 1,2,...,/;) the family of p-element multisets with k distinct 
elements from {1,2,... ,2/?}, exactly one of which appears more than once, that 
have sum of elements divisible by p. It is clear that every subset from Q, k< p, 
can be complemented to a multiset from M& UM^ + i in exactly two ways, since 
the equation (p — k)a = 0 (mod p) has exactly two solutions in {1,2, . . . ,2 pj. 
On the other hand, every multiset from M can be obtained by completing ex- 
actly one subset from C*. Additionally, a multiset from can be obtained from 
exactly one subset from Q_i if k < p, and from exactly p subsets from Q _ % 
if k = p. Therefore \M k \ + \M k+] \ = 2|Q| = 2 ( 2 ^) for k = 1,2 , ...,p — 2, and 
|M p _i| + p\M p \ = 2|Cp_i| = 2( p 2 f 1 ). Since M\ = 2 p, it is not difficult to show 
using recursion that \M p \ = | (^( 2 p ) —2^+2. 

Third solution. Let co = cos — + i sin — . We have f[f=i {x— (o') = (x p — 1 ) 2 = 
x 2p — 2x p + 1; hence comparing the coefficients at x p , we obtain X®' 1 H h ' p = 
Z?=o = 2. where the first sum runs over all p-subsets {4 , . . . , i p } of the set 

{ 1 , . . . , 2 pj, and a,- is the number of such subsets for which 4 H 1 -i p = i (mod 

p). Setting q(x) = —2 + arf , we obtain q{co') = 0 for j = 1 , 2 , . . . , p — 1 . 

Hence 1 +x-\ bx p_1 | q(x), and since deg q = p— 1, we have q(x) = — 2 + 

XfJfj a t x l = c(l + x-\ Vx p ~ 1 ) for some constant c. Thus — 2 = a\ — ■ ■ ■ = 

a p - 1, which together with a 0 H f a p -\ = ( 2p ) yields a 0 = j ( ( 2p ) -2^+2. 
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21. We shall show that there is no such n. Certainly, n = 2 does not work, so suppose 
n > 3. Let a.b be distinct elements of A\, and c any integer greater than —a 
and —b. We claim that a + c,b + c belong to the same subsets. Suppose to the 
contrary that a + c £ Ai and b + c £ Aj, and take arbitrary elements x,- £ At, 

i = 3, . . . ,n. The number b+X3 H \-x n is inA 2 , so that s = (a + c) + (b+x 3 + 

— \-x n ) +X4 H \-x n must be in A 3 . On the other hand, a+x 3 H \-x n £ A 2 , so 

s = (a +X3 H \-x n ) + (b+c)+x 4 H \-x n is in Ai, a contradiction. Similarly, 

if a + c £ A2 and b + c £ A 3 , then s = a + (b + c)+x 4-\ \-x n belongs to A 2 , 

but also s = b+ (a + c)+x 4 H b x n £ A 3 , which is impossible. 

For i = !,...,« choose x, G A,-; set s = xj H \-x n and y t = s — Xi. Then y- t £ Ai. 

By what has been proved above, 2 x,- = x; + x,- belongs to the same subset as 
Xi+yt = s does. It follows that all numbers 2x,-, i = 1 are in the same 
subset. Since we can arbitrarily take x ,• from each set A,-, it follows that all even 
numbers belong to the same set, say Ai. Similarly, 2x, ■ + 1 = (x,- + 1) + x,- is 
in the subset to which (x,- + 1 ) + yi = s + 1 belongs for all i = hence 

all odd numbers greater than 1 are in the same subset, say A 2 . By the above 
considerations, 3 — 2 = 1 £ A2 also. But then nothing remains in A 3 , . . . ,A,„ a 
contradiction. 

22. Let u = y/2p — yjx— y/y and v = u(2y/2p — u) = 2p— (^/2p — u) 2 =2 p — x — 
y — y/Axy forx.y £ N, x < y. Obviously u > 0 if and only if v > 0, and u, v attain 
minimum positive values simultaneously. Note that v ^ 0. Otherwise u = 0 too, 
so y = {\j2p— y/x) 2 = 2 p — x— 2y/2px, which implies that 2 px is a squtire, and 
consequently x is divisible by 2 p, which is impossible. 

Now let z be the smallest integer greater than y/4 xy. We have z 2 I > 4xy, 
z<2p — x — y, and z < p because ^4xy < (y/x + y/y ) 2 < 2p. It follows that 


v = 2 p-x-y- y[4xy>z 



1 

p-y/p 2 - I 


Equality holds if and only if z = x+y = p and 4xy = p 2 — 1, which is satisfied 
only when x = and y = Hence for these values of x,y, both u and v 
attain positive minima. 

23. By putting F(l) = 0 and F(361) = 1, condition (c) becomes F(F(n 163 )) = 
F(F (n)) for n> 2. For n = 2,3,..., 360 let F(n) = n, and inductively define 
F(n) for n > 362 as follows: 


F(n) = 


I F(m% if n = m l63 ,m£N; 

\ the least number not in {F(k) \ k < nj , otherwise. 


Obviously, (a) each nonnegative integer appears in the sequence because there 
are infinitely many numbers not of the form m 163 , and (b) each positive integer 
appears infinitely often because F(m 163 ) = F (m). Since F (n 163 ) = F (n), (c) also 
holds. 

Second solution. Another example of such a sequence is as follows: If n = 
Pi'Pt 2 ' ' ' pT ' s factorization of n into primes, we put F(n) = ai + 0,2 + 
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1- (Xk and F( 1 ) = 0. Conditions (a) and (b) are evidently satisfied for this F, 

while (c) follows from F(F(n 163 )) = F(]63F(n)) = F{F{n)) + 1 (because 163 
is a prime) andF(F(361)) = F(F(19 2 )) =F(2) = 1. 

24. The given condition is equivalent to (2x; — x,_ 1 ) (x,x;_ i — 1) = 0, so either x; = 
jX,-_ i or xi = jfy . We shall show by induction on n that for any n> 0,x n = 2 kn x t ^ 
for some integer k„, where \k„\ < n and e n = (—l) n ~ k ". Indeed, this is true for 
n = 0. If it holds for some n, then x n +\ = jX„ = 2 kn ~ 1 Xq" (hence k n+ \ = k„ — 1 
and e n+ \ = e„) orx„+i = ± = 2^ k ’‘x Q e " (hence k n+ \ = -k„ and e n +i = -e n ). 
Thusxo = x [ 995 = 2 km5 x e 0 1995 . Note that e \ 995 = 1 is impossible, since in that case 
&1995 would be odd, although it should equal 0. Therefore e 1995 = — 1, which 
gives Xq = 2 * 1 " 5 < 2 1994 , so the maximal value that xo can have is 2 997 . This 
value is attained in the case x, = 2 997_i for i = 0, . . . ,997 and x, = 2 i_998 for 
i = 998,..., 1995. 

Second solution. First we show that there is an n, 0 < n < 1995, such that x n - I . 
Suppose the contrary. Then each of x„ belongs to one of the intervals 1 = 

[2 _,_ 1 ,2 _( ) or /,■ = (2',2' +l ], where ; = 0.1,2, Let x„ G /,„ . Note that by the 

formula for x„, i n and i„_i are of different parity. Hence io and i 1 995 are also of 
different parity, contradicting xo = X 1995 . 

It follows that for some n, x n = 1. Now if n < 997, then xo < 2 997 , while if 
n > 998, we also have xo = X 1995 < 2 997 . 

25. By the definition of ^(x), it divides x for all integers x > 0, so/(x) = xp{x) / q{x) 
is a positive integer too. Let {po,PuP 2 , . . . } be all prime numbers in increas- 
ing order. Since it easily follows by induction that all x„’s are square-free, we 
can assign to each of them a unique code according to which primes divide 
it: if p m is the largest prime dividing x„, the code corresponding to x„ will be 
. . . 0s m s m -i ...so, with Si = 1 if p, | x„ and s, = 0 otherwise. Let us investigate 
how / acts on these codes. If the code of x„ ends with 0, then x„ is odd, so the 
code of f(x n ) = x n+ \ is obtained from that of x n by replacing s 0 = 0 by «o = 1 - 
Furthermore, if the code of x„ ends with Oil ... 1, then the code of x n+ \ ends 
with 100. . .0 instead. Thus if we consider the codes as binary numbers, / acts 
on them as an addition of 1 . Hence the code of x„ is the binary representation of 
n and thus x„ uniquely determines n. 

Specifically, if x„ = 1995 = 3-5-7 - 19, then its code is 10001 110 and corresponds 
to n = 142. 

26. For n = 1 the result is trivial, since xi = 1. Suppose now that n > 2 and let 
f n (x) = x" — £”To x ! . Note that x„ is the unique positive real root of /„, because 

=x — 1 — <1 -^tt is strictly increasing on R+. 

Consider g n (x) = (x— l)/ n (x) = (x — 2)x" + 1. Obviously g„(x) has no positive 
roots other than 1 and x„ > 1 . Observe that ( 1 — > 1 — ^ for « > 2 (by 

Bernoulli’s inequality). Since then 
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and 


8n 



1 

2«-i 



+ 1 = 1-2 



< 0 , 


we conclude that x n is between 2 — ar| d 2 — as required. 

Remark. Moreover, 2" (2 — x«) = 1 . 

27. Computing the first few values of /(«), we observe the following pattern: 


f(4k)=k,k>3, /(B) =3; 

/(4*+l) = 1,*>4, /(5) =/(13)=2; 

/(4Jt + 2) = k-3, k>l, /( 2) = l,/(6)=/(10)=2, 
/(14) =/(18) = 3,/(26)=4; 

/(4k +3) = 2. 


We shall prove these statements simultaneously by induction on n, having veri- 
fied them for k < 7. 

(i) Let n = 4 k. Since /(3) = /(7) = • • • = /(4k- 1) = 2, we have /(4k) > k. 
But /(«) < ma x m <„/(m) + 1 < (k — 1) + 1, so /(4k) = k. 

(ii) Let n = 4k+ 1, k > 7. Since /(4k) = k and f(m) < k for m < 4k, we deduce 
that /(4k + 1) = 1. 

(iii) Letn = 4k+2, k> 7. Since /(17) =/(21) = • • • = /(4k+l) = 1, we obtain 
/(4k+2) > k — 3. On the other hand, if /(4k + 1) =f(4k+ 1 —d) = 1 , then 
d > 8, and 4 k+ 1 — 8(*— 3) < 0. So /(4it + 2) = k- 3. 

(iv) Let n = 4k+3, k>l. We have f{4k + 2) = k — 3 and /(m) = k — 3 for 
exactly one m < 4k + 2 (namely for m = 4k~ 12); hence f(4k + 3) = 2. 

Therefore, for example, f(4n + 8) = n + 2 for all n; hence we can take a = 4 and 

b= 8. 


28. Let F(x') = f(x) — 95 for x > 1. Writing k for m + 95, the given condition be- 
comes 

F(k+F(n))=F(k)+n, k>96,n>l. (1) 

Thus for x,z > 96 and an arbitrary y we have F(x+y) +z = F(x + y + F(z)) = 
F(x+F(F(y)+z))=F(x)+F(y) + z, and consequently F(x+y) =F(x)+F(y) 
whenever x > 96. Moreover, since then F(x + y)+F( 96) = F(x + y + 96) = 
F(x)+F(y + 96) = F(x) +F(y)+F( 96) for any x.y, we obtain 

F(x+y) = F(x)+F(y), x,y € N. (2) 

It follows by induction that F{n) = nc for all n, where F(l) = c. Equation (1) 
becomes ck + c 2 n = ck+n, and yields c = 1 . Hence F{n)=n and f(n) = n + 95 
for all n. 

Finally, ^/(k) = 96 + 97+^-+ 114 = 1995. 

Second solution. First we show that f(n) > 95 for all n. If to the contrary f(n) < 
95, we have /(m) = n + f(m + 95 — /(«)), so by induction f(m) =kn + f(m + 
k( 95 — /(«))) > kn for all k, which is impossible. Now for m > 95 we have 
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f(m + f(n) — 95) = n + f(m), and again by induction f(m + k(f(n ) — 95)) = 
kn + f{m) for all m,n,k. It follows that with n fixed, 


f(m + k(f(n)- 95)) = 

m + k(f(n)~ 95) /(n) - 95 


hence 



n 

/(«) — 95' 


Hence f/ n ?g 5 does not depend on «, i.e., /(n) = cn + 95 for some constant c. It 
is easily checked that only c = 1 is possible. 
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4.37 Solutions to the Shortlisted Problems of IMO 1996 

1. We have a 5 + b 5 -a 2 b 2 (a + b) = (a 3 -b 3 )(a 2 -b 2 ) > 0, i.e. a 5 +b 5 > a 2 b 2 (a + 
b). Hence 

ab ^ ab abc 2 c 

a 5 + b 5 + ab ~ a 2 b 2 (a + b) +ab a 2 b 2 c 2 (a + b)+abc 2 a + b + c' 

Now, the left side of the inequality to be proved does not exceed a+ c b+c + a+b+c + 
ll+ b b+t . = 1 ■ Equality holds if and only if a = b = c. 

2. Clearly a\ > 0, and if p / a\, we must have a„ < 0, \a„ > |aj|, and p = —a n . 
But then for sufficiently large odd k, —a* = \a n \ k > (n— l)j«i|*, so that a\ + 
h a k < (n— l)|ai|* — \a n \ k < 0, a contradiction. Hence p = a\. 

Now let x > a\. From a\ H + a n > 0 we deduce X” =2 (x ~ a j) < [n — 

1 ) (jc+ ^rj-), so by the AM-GM inequahty, 

(x-a 2 )-(x-a H )< <x n - l +x n ~ 2 a l + ---+a n l - 1 . (1) 

The last inequality holds because (”~ ) < (n — l) r for all r > 0. Multiplying (1) 
by (x — ai) yields the desired inequality. 

3. Since a\ > 2, it can be written as a\ = b + b -1 for some b > 0. Furthermore, 
a 2 — 2 = b 2 + b~ 2 and hence 02 = (b 2 + b~ 2 ) (b + b~ l ). We prove that 

a n = (b + b~ l ) (b 2 + b ~ 2 ) {l b 4 + b~ A ) ■ ■ ■ [b 2 "' 1 + b ~ 2n ~ l ) 

by induction. Indeed, ^±± = — 2 = (b 2 " ' + b~ 2 " ^ —2 = b 2 " +b~ 2 ". 

Now we have 

£ 1 b b 3 

~ + b 2 +i + (b 2 +i)(b*+i) + "' m 

b 2"-l 

'" + (b 2 +i)(b 4 +i)...(b 2,, + iy 

Note that \{a + 2— y/a 2 — 4 ) = 1 + f ; hence we must prove that the right side 
in (1) is less than j- r This follows from the fact that 

b 2k 

{b 2 + l)(b 4 +l)---(b 2k + l) 

1 1 

~~ (£ 2 + 1)(M + 1) ■ ■ ■ (b 2k ~ l + 1) ~ ( b 2 + l){b 4 + l)---{b 2k + l ) ’ 

hence the right side in (1) equals 5 ^1 — ( fc 2 + i)( fc 4 + 1 1 ) (ft2 n + i) ) > and this is clearly 
less than 1 /b . 
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4. Consider the function 



Since / is strictly decreasing from +°o to 0 on the interval (0, +°°), there exists 
exactly one R > 0 for which /(/?) = 1. This R is also the only positive real root 
of the given polynomial. 

Since Ini is a concave function on (0, +°°), Jensen’s inequality gives us 

Therefore YIj=\ <zy(fnA — yin/?) < 0, which is equivalent to A In A < Bln/?, i.e., 

A a < R b . 

5. Considering the polynomials ±P(±x) we may assume w.l.o.g. that a,b> 0. We 
have four cases: 

(1) c > 0,t/ > 0. Then |a| + |Z?| + |c| + |t/| = a + /> + c + t/ = / , (l)< 1. 

(2) c > 0,d < 0. Then \a\ + \b\ + \c\ + \d\=a + b + c-d = P( 1) - 2R(0) < 3. 

(3) c < 0, t/ > 0. Then 

\a\ + \b\ + [c| + \d\ = a + b-c + d 

= ^(1) - ^(-1) - §^(1/2) + |p(- 1/2) < 7. 

(4) c <0,d < 0. Then 

\a\ + \b\ + \c\ + \d\ = a + b-c-d 

= |/>(l)-4/>(l/2) + !/>(- 1/2) <7. 

Remark. It can be shown that the maximum of 7 is attained only for P{x) = 
rt(4x 3 — 3x). 

6. Let f{x),g{x) be polynomials with integer coefficients such that 

f(x){x+l) n + g{x)(x n +l)=k 0 . (1) 

Write n = 2 r m for m odd and note that x J1 + 1 = (jc 2 + 1 )B(x), where B{x) = 

x 2'(m- \) _ x 2 r (m-2) + 1. Moreover, fi(— I ) = 1; hence B(x) — 1 = (jc+ 

l)c(x) and thus 


R(x)B(x) + 1 = (B(x) - 1 )" = (x+ 1 ) n c(x) n (2) 

for some polynomials c(x) and R(x). 

The zeros of the polynomial x 2 + 1 are c 0y, with (Oi = cos ^ +isin and toy = 
co 2j ~ l for 1 < j < 2 r . We have 
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(©1 + 1) (©2 + 1) ' ' ' (ffljr+l + 1) — 2. (3) 

From (1) we also get /(© 7 )(ffl 7 + l) n = ko for j = 1 .2, . . . ,2 r . Since A = 
/(©i)/(© 2 )- • - /(© 2 r ) is a symmetric polynomial in ©i, . . . , (i> 2 > with integer co- 
efficients, A is an integer. Consequently, taking the product over j= 1,2, . . . ,2 r 
and using (3) we deduce that 2" A = is divisible by 2" = l 2 "" 1 . Hence 2 m | ko- 
Furthermore, since (Oj + l = (©i + 1 )p 7 (©i ) for some polynomial pj with in- 
teger coefficients, (3) gives (©i + Vj 1 ' p{( 0 \) = 2, where p{x) = P 2 (x) ■ ■ ■ P 2 r {x) 
has integer coefficients. But then the polynomial {x+ 1 }P p(x) — 2 has a zero 
x = ©i , so it is divisible by its minimal polynomial x 2 +1. Therefore 

(x+\fp(x) = 2+(x 2r + \)q(x) (4) 

for some polynomial q{x). Raising (4) to the with power we get (x+ 1 ) n p(x) n = 
2 m + (x 2 ' + 1 )Q(x) for some polynomial Q(x) with integer coefficients. Now 
using (2) we obtain 

(x + 1 ) n c(x) n (x 2r + l)Q{x) = (x 2 ' + 1 )Q(x) + (x 2r + l)Q(x)B(x)R(x) 

= {x+l) n p(x) n -2 m + (x n + l)Q{X)R(x). 

Therefore (*+ 1 ) n f(x) + (x" + 1 )g(x) = 2 m for some polynomials f(x),g(x) with 
integer coefficients, and ko = 2 m . 

7. We are given that f(x + a + b)— f(x + a) = f(x + b) — fix), where a = 1/6 and 
b = 1/7. Summing up these equations for x,x + b.....x + 6b we obtain fix + 
a+ 1) — fix + a) = f(x + 1) —f(x). Summing up the new equations for x.x + 
a,...,x + 5awe obtain that 

/(* + 2)-/(x+l)=/(*+l) -/(*). 

It follows by induction that f(x + n) — f{x) = n[f(x+ 1 ) — /( x)]. If f(x + 1 ) f 
f{x) , then f(x + n)—f(x) will exceed in absolute value an arbitrarily large num- 
ber for a sufficiently large n, contradicting the assumption that / is bounded. 
Hence f(x+ 1) = f{x) for all x. 

8. Putting m = n = 0 we obtain /( 0) = 0 and consequently /(/(«)) = /(«) for all 
n. Thus the given functional equation is equivalent to 

f(m + f(n))=f(m)+f(n), f( 0)=0. 

Clearly one solution is (Vx) f(x) = 0. Suppose / is not the zero function. We 
observe that / has nonzero fixed points (for example, any /(n) is a fixed point). 
Let a be the smallest nonzero fixed point of /. By induction, each ka (k e N) 
is a fixed point too. We claim that all fixed points of / are of this form. Indeed, 
suppose that b = ka + i is a fixed point, where i < a. Then 

b = f(b) = f(ka + i) = f{i+f{kd)) = f(i) + f{ka ) = f{i) + ka; 


hence f{i) = i. Hence i = 0. 
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Since the set of values of / is a set of its fixed points, it follows that for i = 
0, 1 ..... a — 1 , /(;) = arij for some integers > 0 with no = 0. 

Let n = ka + i be any positive integer, 0 < i < a. As before, the functional equa- 
tion gives us 

f{n) = f(ka + i ) = f(i ) +ka= (n t + k)a. 

Besides the zero function, this is the general solution of the given functional 
equation. To verify this, we plug in m = ka + i, n = la + j and obtain 

f{m + f(n)) = f(ka + i + f(la +j)) = f((k + l + nj)a + i) 

= (k+l + nj + ni)a = f{m) + f(n) . 

9. From the definition of a(n ) we obtain 


a(n)-a{[n/ 2]) = 


1 ifn = 0or« = 3 (mod 4); 
-lifn=lorn = 2 (mod 4). 


Let n = b^b/- | . . .b\bo be the binary representation of n, where we assume b^ = 
1 . If we define p(n) and q(n) to be the number of indices i = 0, 1 , . . . , k — 1 with 
bj = bi + 1 and the number of i = 0, 1 , . . . , k — 1 with 7>, ^ b l+ \ respectively, we get 

a{n)=p(n)-q(n). (1) 

(a) The maximum value of a(n) for n < 1996 is 9 when p(n) = 9 and q(n) = 0, 
i.e., in the case n = 1111111111 2 = 1023. 

The minimum value is —10 and is attained when p(n) = 0 and q(n) = 10, 
i.e., only for n = 10101010101 2 = 1365. 

(b) From (1) we have that a(n) = 0 is equivalent to p(n) = q{n) = k/2. Hence 
k must be even, and the k/2 indices i for which 6, = 7>, + i can be chosen in 
exactly (A) ways. Thus the number of positive integers n <2 n = 2048 
with a(n ) = 0 is equal to 



But five of these numbers exceed 1996: these are 


2002= 11111010010), 2004= 11111010100b, 

2006= 1111 10101 IO 2 , 2010= 111110110102, 

2026= 11111 IOIOIO 2 - 

Therefore there are 346 numbers n < 1996 for which a(n) = 0. 

10. We first show that H is the common orthocenter of the triangles ABC and AQR. 
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Let G,G',H' be respectively the cen- 
troid of A ABC, the centroid of A PBC, 
and the orthocenter of A PBC. Since 
the triangles ABC and PBC have a 
common circumcenter, from the prop- 
erties of the Euler line we get HH' = 
3 GG' = AP. But AAQR is exactly the 
image of A PBC under translation by 
AP; hence the orthocenter of AQR co- 
incides with H . ( Remark : This can be 
shown by noting that AHBQ is cyclic.) 
Now we have that RH _L AQ; hence . 
AXEH is cyclic; hence 



= 90° = ZAEH. It follows that 


ZEXQ = 180° - ZAHE = 180° - ZBCA = 180° - ZB PA = ZPAQ 


(as oriented angles). Hence EX || AP. 

1 1 . Let X,Y,Z respectively be the feet of the perpendiculars from P to BC, CA, AB. 
Examining the cyclic quadrilaterals AZPY, BXPZ, CYPX, one can easily see that 
ZZXZY = ZAPB - ZC and XY = PCsinZC. The first relation gives that XYZ is 
isosceles with XY = XZ, so from the second relation PB sin ZB = PCsmZC. 
Hence AB/PB = AC /PC. This implies that the bisectors BD and CD of ZABP 
and ZACP divide the segment AP in equal ratios; i.e., they concur with AP. 
Second solution. Take that X . Y. Z are the points of intersection of AP,BP,CP 
with the circumscribed circle of ABC instead. We similarly obtain XY = XZ. If 
we write AP • PX = BP PY = CP ■ PZ = k, from the similarity of AAPC and 
A ZPX we get 

AC AP APCP 
XZ~PZ~ k ’ 

i.e., XZ = Ap-np-cp ■ It follows again that AC/AB = PC/PB. 

Third solution. Apply an inversion with center at A and radius r, and denote by 
Q the image of any point Q. Then the given condition becomes ZBCP = ZCBP, 
i.e., BP = PC. But 


so AC/AB = PC/PB. 

Remark. Moreover, it follows that the locus of P is an arc of the circle of Apol- 
lonius through C. 

12. It is easy to see that P lies on the segment AC. Let E be the foot of the altitude BH 
and Y,Z the midpoints of AC, AB respectively. Draw the perpendicular HP to FP 
(R 6 FP). Since Y is the circumcenter of A FCA, we have ZFYA = 180° — 2ZA. 
Also, OFPY is cyclic; hence ZOPF = ZOYF = 2ZA — 90°. Next, A OZF and 
A HRF are similar, so OZ/OF = HR/HF. 
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This leads to HR ■ OF = HF ■ OZ = 

\HF ■ HC = \HE HB = HE ■ OY. 

This implies that HR/ HE = OY /OF. 

Moreover, ZEHR = ZFOY ; hence the 
triangles EHR and FOY are simi- 
lar. Consequently ZHPC = ZHRE = 

ZOYF = 2 ZA- 90°. We finally get 
ZFHP = ZHPC + ZHCP = ZA. 

Second solution. As before, ZHFY = 90° — ZA, so it suffices to show that 
HP _L FY. The points 0,F,P,Y lie on a circle, say £2\ with center at the midpoint 
Q of OP. Furthermore, the points F, Y lie on the nine-point circle £2 of AABC 
with center at the midpoint N of OH. The segment FY is the common chord of 
£2\ and £2, from which we deduce that NQ _L FY. However, NQ || HP, and the 
result follows. 

Third solution. Let H' be the point symmetric to H with respect to AB. Then 
H' lies on the circumcircle of ABC. Let the line FP meet the circumcircle at 
U,V and meet H'B at P' . Since OF _L UV, F is the midpoint of UV. By the 
butterfly theorem, F is also the midpoint of PP' . Therefore A H'FP' = FHP\ 
hence ZFHP = ZFH'B = ZA. 

Remark. It is possible to solve the problem using trigonometry. For example, 

W = T& = where K is on CF with PK L CF - Then TP = + 

tanA, from which one obtains formulas for KP and KH. Finally, we can calculate 
tan ZFHP = §£ = ■■■= tanA. 

Second remark. Here is what happens when BC < CA. If ZA > 45°, then 
ZFHP = ZA. If ZA = 45°, the point P escapes to infinity. If ZA < 45°, the 
point P appears on the extension of AC over C, and ZFHP = 1 80° — ZA. 

13. By the law of cosines applied to ACA \B\, we obtain A\B\ = A i C 2 + if i C 2 — 
A\C B\C>A\C BiC. Analogously, BiCj >BiA C\A and CiA 2 > CiB A\B, 
so that multiplying these inequalities yields 



A\B\ ■ B\C\ ■ CiA? >A\B A\C B\A ■ B\C C\A ■ C X B. (1) 


Now, the lines AA\,BB\,CC\ concur, so by Ceva’s theorem, A X B ■ B\C • CiA = 
AZ?i ■ BC\ • CAi, which together with (1) gives the desired inequality. Equality 
holds if and only if CAi = CB X , etc. 


14. Let a, b, c, d, e, and / denote the 
lengths of the sides AB, BC, CD, DE, 
EF, and FA respectively. Note that 
ZA = ZD, ZB = ZE, and ZC = ZF . 
Draw the lines PQ and RS through A 
and D perpendicular to BC and EF 
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respectively ( P,R e BC, Q. S e EF). Then BF>PQ = RS. Therefore 2BF > 
PQ + RS, or 

2 BF > (a sin B + / sinC) + (csinC + dsinB), 
and similarly, 2 BD > (csinA + bs'mB) + (esinB + /sinA), (1) 

2 DF > (e sin C + d sinA) + ( a sinA + b sinC) . 


Next, we have the following formulas for the considered circumradii: 


R BF 
A 2 sinA’ 

It follows from (1) that 


Rc = 


BD 

2sinC’ 


Re = 


DF 

2sin£ 


1 ( sinfi sinA\ 1, /sinC siniA 

Ra+Rc+Re > t a I — — - + — — — ) + —b ( — — - + . I H 

4 \sinA sin BJ 4 \sin B sin CJ 


> -( a + b+ ■ 


K- 


with equality if and only if ZA = ZB = ZC = 120° and FB _L BC etc., i.e., if 
and only if the hexagon is regular. 

Second solution. Let us construct points A" ,C" ,E" such that ABA"F, CDC"B, 
and EFE"D are parallelograms. It follows that A",C",B are collinear and also 
C" ,E",B and E",A",F. Furthermore, E' 

denote by A' be the intersection of 
the perpendiculars through F and B 
to FA" and BA" , respectively, and let 
C' and E' be analogously defined. 

Since A'FA"B is cyclic with the diam- 
eter being A' A" and since A FA"B = 

A BAF, it follows that 2 R A = A' A" = 
x. Similarly, 2R C = C'C" = y and 
2 R e = E'E" = z. We also have AB = 

AB = FA" = y a , A"B = z a , CD = C"B = 

and ED = E"F = y e . The original inequality we must prove now becomes 



x+y+z>y a +Za+Zc+x c +x e +y e . 


(1) 


We now follow and generalize the standard proof of the Erdos-Mordell in- 
equality (for the triangle A'C'E'), which is what (1) is equivalent to when 
A" = C" = E". 

We set C'E' = a, A'E' = c and A'C' = e. Let A i be the point symmetric to A" with 
respect to the bisector of ZE'A'C'. Let F\ and B\ be the feet of the perpendiculars 
fromAi toA'C' and A'A, respectively. In that case, A [ F\ =A"F =y a andAjBi = 
A" B = z a - We have 


ax — A'Ai • E'C > 2S A i E ' Al c' — 2S A t E : Al + 2 S A / C ' Al 
= cz a + ey a ■ 
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Similarly, cy > ex c + az c and ez > ay e + cx e . Thus 


c a e c a e 



Let us set a\ = a = y ' 2 y “ , e\ = 7jL 2 y £ - . We note that A A"C"E" ~ A A'C'E 1 

andhenceai/a = ei/c = ei/e = &. Thus (| — |)ei + (| — f) fl i + (f — f) c i = 
k (f-f + f-f + f-f) =0 - Equation (2) reduces to 



Using c/a+a/c, e/c + c/e, a/e + e/a>2 we finally get x+y + z > y a +z a + 
z c + x c +x e + y e . 

Equality holds if and only if a = c = e and A" = C" = E" = center of A A'C'E' , 
i.e., if and only if ABCDEF is regular. 

Remark. From the second proof it is evident that the Erdos-Mordell inequality is 
a special case of the problem. If P a ,Pb,Pc are the feet of the perpendiculars from 
a point P inside AABC to the sides BC,CA,AB, and P a PP b P c ,P h PP c Pa,P c PPaPb 
parallelograms, we can apply the problem to the hexagon P a P' c P b P' a P c P' h to prove 
the Erdos-Mordell inequality for AABC and point P. 

15. Denote by ABCD and EFGH the two rectangles, where AB = a, BC = b, EF = c, 
and FG = d. Obviously, the first rectangle can be placed within the second one 
with the angle a between AB and EF if and only if 

acosa + ^sina < c, asina+bcosa <d. (1) 

Hence ABCD can be placed within EFGH if and only if there is an a S [0, jt/ 2] 
for which (1) holds. 

The lines l\{ax-\-by = c) and hibx + ay = d) and the axes x and v bound a region 
ffl. By (1), the desired placement of the rectangles is possible if and only if M 
contains some point (cos a, sin o;) of the unit circle centered at the origin (0,0). 
This in turn holds if and only if the intersection point L of l\ and h lies outside 
the unit circle. It is easily computed that L has coordinates ^ ^ • Now 

L being outside the unit circle is exactly equivalent to the inequality we want to 
prove. 

Remark. If equality holds, there is exactly one way of placing. This happens, for 
example, when ( a,b ) = (5,20) and (c, d) = (16, 19). 

Second remark. This problem is essentially very similar to (SL89-2). 
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16. Let A ] be the point of intersection of OA' and BC: similarly define B\ and C\. 
From the similarity of triangles OBA\ and OA' B we obtain OA \ ■ OA' = R 2 . Now 
it is enough to show that 8OA1 • OB' ■ OC < R 3 . Thus we must prove that 




where 


OA i OB x 

OA ~ ’ OB 


OC, 

u, = V. 

OC 


(1) 


On the other hand, we have 


X , B _ j _ v _ Sqbc + Saoc + Sabo 
1 +A 1 +M 1 + v Sabc Sabc Sabc 


Simplifying this relation, we get 

1 = /l /I + /tv + vX + 2Xy, v > 3 (AjUv) 2/3 + 2A/xv, 

which cannot hold if Xfiv > g. Hence Xjiv < |, with equality if and only if 
X = n = v = 7. This imphes that O is the centroid of ABC, and consequently, 
that the triangle is equilateral. 

Second solution. In the official solution, the inequality to be proved is trans- 
formed into 


cos(A — B)cos(B — C)cos(C — A) > 8cosAcosBcosC. 

Since ^r 1 = = SlSlc-i ' the last inequahty becomes (xy + 

l)(yz+ l)(ct+ 1) > 8(x>’ — l)(yz— 1 )(zx— 1), where we write x, y, z for tanA, 
tan B, tanC. Using the relation x+y + z = xyz, we can reduce this inequality to 

{2x+y + z)(,x + 2y + z)(x+y + 2z)>S(x+y)(y + z)(z+x). 

This follows from the AM-GM inequality: 2x + y + z = (x + y) + {x + z) > 
2^/(x + y)(x+z), etc. 

17. Let the diagonals AC and BD meet in X. Either ZAXB or ZAXD is greater than 
or equal to 90°, so we assume w.l.o.g. that ZAXB > 90°. Let a, j3 , a', J3' denote 
ZCAB, ZABD, ZBDC, ZDCA. These angles are all acute and satisfy a + j3 = 
a' + J3'. Furthermore, 

AD BC BC AD 

A 2sinj3’ B 2sina’ C Isina'' D 2sinj3'' 

Let ZB + ZD = 180°. Then A,B,C,D are concyclic and trivially R A +Rc = 
Rb + Rd- 

Let ZB + ZD > 180°. Then D lies within the circumcircle of ABC, which im- 
plies that J3 > P'. Similarly a < a', so we obtain Ra < Rd and Rc < Rb- 
Thus Ra+R C < Rb + Rd- 

Let ZB + ZD < 180°. As in the previous case, we deduce that Ra > Rd and 
Rc> Rb, so Ra + Rc > Rb + Rd- 
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18. We first prove the result in the simplest case. Given a 2-gon ABA and a point O, 
let a, b, c, h denote OA, OB.AB, and the distance of O from AB. Then D = a + b, 
P = 2c, and H = 2 h, so we should show that 

(a + b) 2 > 4h 2 + c 2 . (1) 

Indeed, let / be the line through O parallel to AB, and D the point symmetric to B 
with respect to l. Then (a + b) 2 = (OA + OB) 2 = (OA + OD) 2 >AD 2 = c 2 +4h 2 . 
Now we pass to the general case. Let A 1 A 2 . . . A n be the polygon J 5- and denote 
by di, pi, and hi respectively OA t , AjAj + 1 , and the distance of O from A;A,-+i 
(where A n+ 1 = A| ). By the case proved above, we have for each i, di + t/ !+ i > 
\J 4h 2 + p 2 . Summing these inequalities for i = 1 , . . . , n and squaring, we obtain 

4 D 2 > (i'll yj4h 2 + p^j . 

It remains only to prove that 


X ^ hl i+P 2 i > y X(4A? + Pi) = V 4H 2 + D 2 . 

But this follows immediately from the Minkowski inequality. 

Equality holds if and only if it holds in (1) and in the Minkowski inequality, 
i.e., if and only if c / 1 = ■ ■ ■ = d„ and h\/p\ = ■ ■ ■ = h n /pn ■ This means that & 
is inscribed in a circle with center at O and p\ = • • • = p„, so ^ is a regular 
polygon and O its center. 

19. It is easy to check that after 4 steps we will have all a,b,c,d even. Thus \ab — 
cd\,\ac — bd\,\ad — bc\ remain divisible by 4, and clearly are not prime. The 
answer is no. 

Second solution. After one step we have a + b + c + d = 0. Then ac — bd = 
ac + b(a + b + c) = ( a + b)(b + c ) etc., so 

\ab— cd\ ■ \ac— bd\ ■ \ad— bc\ = (a + b) 2 (a + c) 2 (b + c) 2 . 

However, the product of three primes cannot be a square, hence the answer is no. 

20. Let I5a+I6b = x 2 and 16 a — 15 b = y 2 , where x,y £ N. Then we obtain 

x* + y 4 = ( 15a + 1 6b) 2 + ( 1 6a - 15Z>) 2 = ( 1 5 2 + 1 6 2 ) (a 2 + b 2 ) = 48 1 (a 2 + b 2 ) . 

In particular, 481 = 13-37 x 4 + y 4 . We have the following lemma. 

Lemma. Suppose that p \ x 4 +y 4 , where x.y £ Z and p is an odd prime, where 
p ^ 1 (mod 8). Then p \ x and p \ y. 

Proof. Since p \ x 8 — y 8 and by Fermat’s theorem p \ x p ~ l — y p ~ { , we deduce 
that p\x d — y 1 , where d = (p— 1,8). But d y 8, so d \ 4. Thus p \ x 4 —y 4 , 
which implies that p | 2 y 4 , i.e., p \ y and p \ x. 
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In particular, we can conclude that 13 \x,y and 37 | x,y. Hence x and y are divis- 
ible by 481. Thus each of them is at least 481. 

On the other hand, x = y = 481 is possible. It is sufficient to take a = 31-481 
and b = 481. 

Second solution. Note that 1 5x 2 + 16y 2 = 481a 2 . It can be directly verified that 
the divisibility of I5x 2 + 16y 2 by 13 and by 37 implies that both x and y are 
divisible by both primes. Thus 481 | x. y. 

21. (a) It clearly suffices to show that for every integer c there exists a quadratic 

sequence with ao = 0 and a n = c, i.e., that c can be expressed as ±1 2 ± 
2 2 ± • • • ± n 2 . Since 

(n + 1) 2 — (« + 2) 2 — (n + 3) 2 +(« + 4) 2 = 4, 

we observe that if our claim is true for c, then it is also true for c ± 4. Thus 
it remains only to prove the claim for c = 0, 1,2,3. But one immediately 
finds 1 = l 2 , 2 = -l 2 - 2 2 - 3 2 +4 2 , and 3 = -l 2 +2 2 , while the case 
c = 0 is trivial. 

(b) We have ao = 0 and a n = 1996. Since a n < l 2 + 2 2 H \-n 2 = \n(n + 

l)(2n+ 1), we get ay] < 1785, so n > 18. On the other hand, ais is of the 

same parity as l 2 + 2 2 -\ 1- 18 2 = 2109, so it cannot be equal to 1996. 

Therefore we must have n > 19. To construct a required sequence with 

n = 19, we note that 1 2 + 2 2 H b 19 2 = 2470= 1996 + 2 -237; hence it is 

enough to write 237 as a sum of distinct squares. Since 237 = 14 2 + 5 2 +4 2 , 
we finally obtain 

1996 = l 2 + 2 2 + 3 2 — 4 2 — 5 2 + 6 2 H H 13 2 — 14 2 + 15 2 H 1- 19 2 . 


22. Let a, b G N satisfy the given equation. It is not possible that a = b (since it leads 
to a 2 + 2 = 2a), so we assume w.l.o.g. that a > b. Next, for a > b = 1 the equation 
becomes a 2 = 2a, and one obtains a solution (a.b) = (2, 1). 

Let b > 1 . If [yj = a and = /3, then we trivially have ab>afi. Since also 

a 2 ^ > 2, we obtain a + j3 > a/3 +2, or equivalently (a — l)(j3 — 1) < — 1. But 
a > 1, and therefore /3 = 0. It follows that a > b 2 , i.e., a = b 2 + c for some c > 0. 
Now the given equation becomes b 3 + 2 be + = p )4+2 ^^ 2+(r j +b 2 + be, 

which reduces to 


(c-l)ft + 


[~ b 2 {c-\- 1) + C 2 ! 

[_ b 3 + be \ ' 


(1) 


If c = 1, then (1) always holds, since both sides are 0. We obtain a family of 
solutions (a.b) = (n.n 2 + 1) or (a.b) = ( n 2 + 1 ,n). Note that the solution (1,2) 
found earlier is obtained for n = 1. 2 

If c > 1, then (1) implies that b >(c~ 1 )b. This simplifies to 

c 2 (b 2 — 1) + b 2 (c(b 2 - 2) - (b 2 + 1)) < 0. 


(2) 
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Since c > 2 and b 2 — 2 > 0, the only possibility is b = 2. But then (2) becomes 
3c 2 + 8c — 20 < 0, which does not hold for c > 2. 

Hence the only solutions are ( n,n 2 + 1) and (n 2 + l,n), n G N. 

23. We first observe that the given functional equation is equivalent to 


4/ 


(3m+l)(3n+l)-l 


+ l = (4/(m) + l)(4/(n) + l). 


This gives us the idea of introducing a function g : 3No + 1 — *• 4No + 1 defined 
as g(x) = 4/ ( iyi) + 1. By the above equality, g will be multiplicative, i.e., 

g(xy) = g{x)g(y ) for all x,y G 3N 0 + 1. 


Conversely, any multiplicative bijection g from 3No + 1 onto 4No + 1 gives us a 
function / with the required property: f(x) = sSi+Jti, 

It remains to give an example of such a function g. Let P\,Pi,Q\,Qi be the 
sets of primes of the forms 3k + 1 , 3k + 2, 4k + 1 , and 4k + 3, respectively. It is 
well known that these sets are infinite. Take any bijection h from Pi U P 2 onto 
<2i U Q 2 that maps P\ bijectively onto Q\ and P 2 bijectively onto Q 2 . Now define 
g as follows: g(l) = 1, and for n = p\P 2 ■ ■ ■ p m (p;s need not be different) define 
g(n) = h(p\ )h(p 2 ) ■ ■ ■ h (p m ) . Note that g is well-defined. Indeed, among the pfi 
an even number are of the form 3k + 2, and consequently an even number of 
h{pi ) s are of the form 4k + 3. Hence the product of the /i(p,js is of the form 
4k + 1. Also, it is obvious that g is multiplicative. Thus, the defined g satisfies all 
the required properties. 

24. We shall work on the array of lattice points defined by srf = {(x,y) G Z 2 | 0 < 
x < 19, 0 < y < 11}. Our task is to move from (0,0) to (19,0) via the points 
of . 2 / so that each move has the form (x,y) — > (x + a.y + b), where a,b G Z and 
a 2 + b 2 = r. 

(a) If r is even, then a + b is even whenever a 2 + b 2 = r (a,b G Z). Thus the 
parity of x+y does not change after each move, so we cannot reach (19, 0) 
from (0,0). 

If 3 | r, then both a and b are divisible by 3, so if a point (x,y) can be reached 
from (0,0), we must have 3 | x. Since 3 \ 19, we cannot get to (19,0). 

(b) We have r = 13 = 8 2 + 3 2 , so each move is either (x,y) — > (x ± 8,y ± 3) or 
(. x,y ) — > (x± 3,y± 8). One possible solution is shown in Fig. 1. 

(c) We have 97 = 9 2 +4 2 . Let us partition ,v/ as 36 U where 38 = {(x.y) G 
•^|4<y<7}.Itis easily seen that moves of the type (x, y ) — > (x ± 9 , y ± 4) 
always take us from the set 38 to if and vice versa, while the moves (x.y) — ► 
(x ± 4,y ± 9) always take us from to . Furthermore, each move of the 
type ( xy ) — *• (x±9,y±4) changes the parity of x, so to get from (0,0) to 
(19,0) we must have an odd number of such moves. On the other hand, 
with an odd number of such moves, starting from we can end up only in 
38, although the point (19,0) is not in 38. Hence, the answer is no. 
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Remark. Part (c) can also be solved by examining all cells that can be reached 
from (0,0). All these cells are marked in Fig. 2. 
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25. Let the vertices in the bottom row be assigned an arbitrary coloring, and suppose 
that some two adjacent vertices receive the same color. The number of such 
colorings equals 2” — 2. It is easy to see that then the colors of the remaining 
vertices get fixed uniquely in order to satisfy the requirement. So in this case 
there are 2" — 2 possible colorings. 

Next, suppose that the vertices in the bottom row are colored alternately red and 
blue. There are two such colorings. In this case, the same must hold for every 
row, and thus we get 2" possible colorings. 

It follows that the total number of considered colorings is (2" — 2) + 2" = 2 n+ 1 — 
2. 

26. Denote the required maximum size by Mk(m,n). If m < , then trivially 

M = k, so from now on we assume that m > . 

First we give a lower bound for M. Let r = r^{m,n) be the largest integer such 

that r + (r+ 1) H \-(r+n— 1) < m. This is equivalent to nr < m— n ^ n ~ l > < 

n(r + 1), so r = [j — ^y~] ■ Clearly no n elements from {r + 1, r+2, . . . ,k} add 
up to m, so 

M>k-r k (m,n) =k- ^ ~ “y-j • (1) 

We claim that M is actually equal to k — r^im.n). To show this, we shall prove 
by induction on n that if no n elements of a set S C { 1 , 2, . . . , k} add up to m, 
then |S| < k — 

For n = 2 the claim is true, because then for each i = 1 , . . . , r^(m, 2) = 
at least one of i and m — i must be excluded from S. Now let us assume that 
n > 2 and that the result holds for n — 1 . Suppose that SC {] .2.. . . ,k} does not 
contain n distinct elements with the sum m, and let x be the smallest element 
of S. We may assume thatx < r^(m,n), because otherwise the statement is clear. 
Consider the set S' = {y — x \ y £ S, y ^=x}. Then S' is a subset of {1,2 ,...,k — x} 
no n — 1 elements of which have the sum m — nx. Also, it is easily checked that 
n — l<m — nx— l<k — x, so we may apply the induction hypothesis, which 
yields that 

|S| < 1 +k — x— rk(m — nx,n— 1) = k — 



(2) 
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m ax 

On the other hand, ( — r^(m, n) = — n ( n -\) — > 0 because x < r* ( m,n ) ; 
hence (2) implies IS 1 ] < k— r^m.n) as claimed. 

27. Suppose that such sets of points .<S , SB exist. 

First, we observe that there exist five points A,B,C,D,E in ,<S such that their 
convex hull does not contain any other point of stf . Indeed, take any point A 6 
,<S. Since any two points of ,<S are at distance at least 1, the number of points 
X G srf with XA < r is finite for every r > 0. Thus it is enough to choose four 
points B,C,D,E of srf that are closest to A. Now consider the convex hull of 
A,B,C,D,E. 

Suppose that “to is a pentagon, say ABODE. Then each of the disjoint triangles 
ABC,ACD,ADE contains a point of SB. Denote these points by P,Q,R. Then 
A PQR contains some point F £ srf , so F is inside ABODE, a contradiction. 
Suppose that ^ is a quadrilateral, say ABCD, with E lying within ABCD. Then 
the triangles ABE , BCE , ODE , DAE contain some points P, Q, R , S of SB that form 
two disjoint triangles. It follows that there are two points of -<S inside ABCD, 
which is a contradiction. 

Finally, suppose that ^ is a triangle with two points of .<S inside. Then ‘S is the 
union of five disjoint triangles with vertices in srf , so there are at least five points 
of SB inside c €. These five points make at least three disjoint triangles containing 
three points of .<S . This is again a contradiction. 

It follows that no such sets , SB exist. 

28. Note that w.l.o.g., we can assume that p and q are coprime. Indeed, otherwise 
it suffices to consider the problem in which all x/’s and p,q are divided by 
gcd(p : q). 

Let k, l be the number of indices i with x, + i — x, = p and the number of those i 
with Xj + 1 — x,- = — q (0 < i < ri). From xq = x„ = 0 we get kp = Iq, so for some 
integer t > l,k = qt,l = pt, and n = (p + q)t. 

Consider the sequence >’,■ = Xi +p+q — x,, i = ,n — p — q. We claim that at least 
one of the >’, ’s equals zero. We begin by noting that each y,- is of the form up — vq, 
where u + v = p + q\ therefore yi = (w + v)p — v(p + q) = (p — v) (p + q) is always 
divisible by p + q. Moreover, y i+i -yi= {x i+p+q+ \ - x i+p+q ) - (x i+ i - x,) is 0 
or ±{p + q). We conclude that if no >•,- is 0 then all y,’s are of the same sign. But 

this is in contradiction with the relation yo + y p + q H b y n - p - q = x n — xo = 0. 

Consequently some y,- is zero, as claimed. 

Second solution. As before we assume ( p,q ) = 1. Let us define a sequence of 
points Ai (yi,Zi) (i = 0, 1, . . . ,n) in Nq inductively as follows. Set Aq = (0,0) and 
define (y,+i ,z,+i ) as (y ,■,£<■ + 1) if x i+ \ =xi + p and (y,- + 1 ,zi) otherwise. The 
points Af form a trajectory L in Nq continuously moving upwards and rightwards 
by steps of length 1. Clearly, x,- = pzi — qy t for all i. Since x„ = 0, it follows that 
(. z n ,y n ) = (kq.kp), k e N. Since y„+z n = n> p + q, it follows that k > 1. We 
observe that x, = xj if and only if A{Aj || AqA„. We shall show that such i.j with 
i < j and (i,j) ^ (0,n) must exist. 
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If L meets AqA„ in an interior point, then our statement trivially holds. From 
now on we assume the opposite. Let P;y be the rectangle with sides parallel to 
the coordinate axes and with vertices at ( ip,jq ) and ((i + 1 )p, ( j + 1 )q). Let 
Lij be the part of the trajectory L lying inside Py. We may assume w.l.o.g. that 
the endpoints of Loo lie on the vertical sides of Poo- Then there obviously exists 
d e 1} such that the endpoints of L dd lie on the horizontal sides of 

P dd . Consider the translate L' dd of L dd for the vector —d(p,q). The endpoints of 
Ll dd lie on the vertical sides of Poo- Hence Loo and L' dd have some point X ^ Ao 
in common. The translate Y of point X for the vector d(p,q) belongs to L and 
satisfies XY || AqA„. 

29. Let the squares be indexed serially by the integers: ..., — 1,0, 1,2,... . When a 
bean is moved from i to i + 1 or from i+ 1 to i for the first time, we may assign the 
index i to it. Thereafter, whenever some bean is moved in the opposite direction, 
we shall assume that it is exactly the one marked by i, and so on. Thus, each 
pair of neighboring squares has a bean stuck between it, and since the number 
of beans is finite, there are only finitely pairs of neighboring squares, and thus 
finitely many squares on which moves are made. Thus we may assume w.l.o.g. 
that all moves occur between 0 and l £ N and that all beans exist at all times 
within [0,/]. 

Defining bi to be the number of beans in the ith cell (i £ Z) and b the total number 
of beans, we define the semi-invariant S = r£> ( . Since all moves occur above 

0, the semi-invariant S increases by 2 with each move, and since we always have 
S < b ■ l 2 , it follows that the number of moves must be finite. 

We now prove the uniqueness of the final configuration and the number of moves 
for some initial configuration {bi}. Let x, > 0 be the number of moves made in 
the ith cell (i £ Z) during the game. Since the game is finite, only finitely many 
of xi s are nonzero. Also, the number of beans in cell i, denoted as a, at the end 
is 

(Vt £ Z) C L = bi -\-Xi~n — 2 Xi £ {0, 1} . (1) 

Thus it is enough to show that given bi > 0, the sequence {x; }/ e z of nonnegative 
integers satisfying (1) is unique. 

Suppose the assertion is false, i.e., that there exists at least one sequence bi > 0 
for which there exist distinct sequences {x,} and (x'} satisfying (1). We may 
choose such a {£>,} for which min {LieZ x h'LieZ x 'i} is minimal (since X, eX x,- i s 
always finite). We choose any index j such that bj > 1 . Such an index j exists, 
since otherwise the game is over. Then one must make at least one move in the 
jth cell, which implies that Xj,xfj > 1. However, then the sequences {x,} and 
{x'} with Xj and x'j decreased by 1 also satisfy (1) for a sequence {bi} where 
bj-i,bj,bj + \ is replaced with bj- 1 + 1 ,bj — 2, bj + \ + 1. This contradicts the 
assumption of minimal m i n { x x,- - Xiez } f° r the initial {bi}. 

30. For convenience, we shall write f 2 , fg, . . . for the functions /o/,/og, We 

need two lemmas. 

Lemma 1. If /(x) £ S and g(x) £ T, then x £ 5fl T. 
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Proof. The given condition means that f 3 (x) = g 2 f{x ) and gfg{x) = fg 2 (x). 
Since x G 5U T = U, we have two cases: 

x G 5. Then f 2 (x) = g 2 (x), which also implies f 3 (x) = fg 2 (x). Therefore 
gfg{x) = fg 2 {x) = f 3 (x) = g 2 f(x), and since g is a bijection, we ob- 
tain fg{x) = gf(x), i.e., xeT. 

x G 7\ Then fg(x) = gf(x), so g 2 f(x) = gfg{x). It follows that f 3 (x) = 
g 2 f(x) = gfg(x) = fg 2 (x), and since / is a bijection, we obtain x € S. 
Hence x G Sfl T in both cases. Similarly, f(x') G T and g(x) G S again imply 
xesnr. 

Lemma 2. =g(SnT) =SHT. 

Proof. By symmetry, it is enough to prove f(S fi T) = Sfl T, or in other words 
that/ _1 (STir) =SC\T. Since .STlT is finite, this is equivalent to /(Sfl T) C 

sht. 

Let f(x) G SC\T. Then if g(x) G 5 (since f(x) G T), Lemma 1 gives x G 
SC\T; similarly, if g(x) G T, then by Lemma 1 , x G S D T. 

Now we return to the problem. Assume that f(x) G 5. If g(x) £ S, then g(x) G T, 
so from Lemma 1 we deduce that x G S fl T. Then Lemma 2 claims that g(x) G 
SOT too, a contradiction. Analogously, from g(x) G S we are led to f(x) G S. 
This finishes the proof. 
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4.38 Solutions to the Shortlisted Problems of IMO 1997 

1 . Let ABC be the given triangle, with ZB = 90° and AB = m, BC = n. For an 
arbitrary polygon & we denote by w{0 > ') and b(^) respectively the total areas 
of the white and black parts of 9*. 

(a) Let D be the fourth vertex of the rectangle ABCD. When m and n are of 
the same parity, the coloring of the rectangle ABCD is centrally symmetric 
with respect to the midpoint of AC. It follows that w(ABC) = \w(ABCD) 
and b(ABC) = \ b{ABCD) ; thus f(m, n) = \\ w{ABCD) - b{ABCD) \ . Hence 
f(m, n) equals \ if m and n are both odd, and 0 otherwise. 

(b) The result when m,n are of the same parity follows from (a). Suppose that 
m > n, where m and n are of different parity. Choose a point E on AB 
such that AE = 1. Since by (a) \w(EBC) — b{EBC)\ = f(m — 1 ,n) < 
we have f(m,n)< \ + \w{EAC)-b(EAC)\< \+S{EAC) = \ + *=± = §. 
Therefore /(m, n) < ^min(m,n). 

(c) Let us calculate f(m, n) for m = 2k+\,n = 2k, k G N. With E defined as in 

(b), we have BE = BC = 2k. If the square at B is w.l.o.g. white, CE passes 
only through black squares. The white part of A EAC then consists of 2k 
similar triangles with areas \ j£+\ = Aklik+i) ’ w ^ ere * = 1,2, . . . , 2k. The 

total white area of EAC is 



Therefore the black area is (8k- 1)/12, and /(2k + 1,2k) = (2k- l)/6, 
which is not bounded. 

2. For any sequence X = (x\ ,X 2 , . ■ ■ ,x„) let us define 


X = (l,2,...,x 1 ,l,2,...,x 2 ,...,l,2,...,x n ). 


Also, for any two sequences A, B we denote their concatenation by AB. It clearly 
holds that AB = A B. The sequences R i , R2 , . . . are given by R 1 = ( 1 ) and R„ = 
R n -i(n ) forn > 1. 

We consider the family of sequences Q„i for n. i g N, i < n, defined as follows: 

<2«l = (l) ! Qnn = {n), and Q ni = Q n -i,i-iQn-i,i ifl <i<n. 
These sequences form a Pascal-like triangle, as shown in the picture below: 


Qu 

Qn 

Qu 

Qm 

Qsi 


112 123 4 

1112 112123 1234 5 


1 2 
1 12 3 


We claim that R„ is in fact exactly QniQni ■ ■ ■ Qnn ■ Before proving this, we ob- 
serve that Q n i = Qn- i ,c This follows by induction, since Q„i = Q n -u-iQn-u = 
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Qn— 2 ,i—i Qn—2,t = Qn- 1 ,< for n>3,i>2 (the cases i = 1 and n = 1,2 are trivial). 
Now7?i = <2n and 


R n =R n -i(n) = <2„— 1,1 ...<2n— l,n— 1(«) = Qn,l ■■■Qn,n-lQ> 


for n> 2, which justifies our claim by induction. 

Now we know enough about the sequence R n to return to the question of the 
problem. We use induction on n once again. The result is obvious for n = 1 and 
n = 2. Given any n> 3, consider the Mi elements of R n from the left, say u, 
and from the right, say v. Assume that u is a member of Q n j, and consequently 
that v is a member of Q n , n +i-j- Then u and v come from symmetric positions of 
R n - 1 (either from Q n -ij:Qn-\,n-j, or from Q n -i,j-\,Qn-\,n+\-j), and by the 
inductive hypothesis exactly one of them is 1. 

3. (a) For n = 4, consider a convex quadrilateral ABCD in which AB = BC = 

AC = BD and AD — DC , and take the vectors AB, BC, CD, DA. For n = 5, 
take the vectors AB, BC, CD, DE, EA for any regular pentagon ABCDE. 
(b) Let us draw the vectors of V as originated from the same point O. Consider 
any maximal subset B c V, and denote by u the sum of all vectors from 
B. If Z is the line through O perpendicular to u, then B contains exactly 
those vectors from V that lie on the same side of Z as u does, and no others. 
Indeed, if any v ^ B lies on the same side of Z, then \u + v| > w|; similarly, 
if some v G B lies on the other side of Z, then | u — v| > | u \ . 

Therefore every maximal subset is determined by some line l as the set of 
vectors lying on the same side of Z. It is obvious that in this way we get at 
most 2 n sets. 


4. 


(a) Suppose that an nx n coveralls matrix A exists for some n > 1. Let 
x £ {l,2,...,2n— l}bea fixed number that does not appear on the fixed 
diagonal of A. Such an element must exist, since the diagonal can contain 
at most n different numbers. Let us call the union of the Zth row and the Zth 
column the ith cross. There are n crosses, and each of them contains ex- 
actly one x. On the other hand, each entry x of A is contained in exactly two 
crosses. Hence n must be even. However, 1997 is an odd number; hence no 
coveralls matrix exists for n = 1997. 

f 1 2l 

(b) For n = 2,A2= ^ ^ is a coveralls matrix. For n = 4, one such matrix is, 


for example, 


A4 — 


1256 
3 17 5 
46 12 
74 3 1 


This construction can be generalized. Suppose that we are given an n x n 
coveralls matrix A n . Let B n be the matrix obtained from A n by adding 2 n to 
each entry, and C„ the matrix obtained from B n by replacing each diagonal 
entry (equal to 2n + 1 by induction) with 2 n. Then the matrix 
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is coveralls. To show this, suppose that i < n (the case i > n is similar). The 
ith cross is composed of the ith cross of A„, the ith row of B„, and the ith 
column of C„. The ith cross of A, covers 1 , 2, . . . , 2 n— 1 . The ith row of B n 
covers all numbers of the form 2 n + j, where j is covered by the ith row 
of A n (including j = 1). Similarly, the ith column of C„ covers 2 n and all 
numbers of the form 2 n + k, where k > 1 is covered by the ith column of 
A„. Thus we see that all numbers are accounted for in the ith cross of A 2 „, 
and hence A 2 n is a desired coveralls matrix. It follows that we can find a 
coveralls matrix whenever n is a power of 2. 

Second solution for part b. We construct a coveralls matrix explicitly for 
n = 2 k . We consider the coordinates/cells of the matrix elements modulo 
n throughout the solution. We define the i-diagonal (0 < i < n) to be the 
set of cells of the form ( j. j + i), for all j. We note that each cross contains 
exactly one cell from the 0-diagonal (the main diagonal) and two cells from 
each i-diagonal. For two cells within an i diagonal, x and y, we define x and 
y to be related if there exists a cross containing both x and y. Evidently, for 
every cell x not on the 0-diagonal there are exactly two other cells related to 
it. The relation thus breaks up each i-diagonal (i > 0) into cycles of length 
larger than 1 . Due to the diagonal translational symmetry (modulo n), all 
the cycles within a given i-diagonal must be of equal length and thus of an 
even length, since n = 2 k . 

The construction of a coveralls matrix is now obvious. We select a number, 
say 1, to place on all the cells of the 0-diagonal. We pair up the remaining 
numbers and assign each pair to an i-diagonal, say (2i,2i+ 1). Going along 
each cycle within the i-diagonal we alternately assign values of 2 i and 2 i + 
1. Since the cycle has an even length, a cell will be related only to a cell of 
a different number, and hence each cross will contain both 2 i and 2i+ 1. 

5. We shall prove first the 2-dimensional analogue: 

Lemma. Given an equilateral triangle ABC and two points M,N on the sides 
AB and AC respectively, there exists a triangle with sides CM, BN, MN. 

Proof. Consider a regular tetrahedron ABCD. Since CM = DM and BN = DN, 
one such triangle is DMN. 

Now, to solve the problem for a regular tetrahedron ABCD, we consider a 
4-dimensional polytope ABCDE whose faces ABCD, ABCE, ABDE, ACDE, 
BCDE are regular tetrahedra. We don’t know what it looks like, but it yields a 
desired triangle: for M e ABC and N e ADC, we have DM = EM and BN = EN; 
hence the desired triangle is EMN. 

Remark. A solution that avoids embedding in M 4 is possible, but no longer so 
short. 

6. (a) One solution is 

x = 2 n2 3 n+1 , y = 2" 2_ "3”, z = 2 n2 ~ 2n+2 3 n - 1 . 
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(b) Suppose w.l.o.g. that gcd(c.a) = 1. We look for a solution of the form 

x = p m , y = p n , z = qp r , p,q,m,n,r£N. 

Then xf l +y b = p ma + p nb and ?! = q c p rc , and we see that it is enough to 
assume ma — I m nb = rc (there are infinitely many such triples ( m,n,r )) 
and q c = p+ 1 . 

7. Let us set AC = a,CE = b,EA = c. Applying Ptolemy’s inequality for the quadri- 
lateral ACEF we get 


AC ■ EF + CE ■ AF > AE ■ CF. 

Since EF = AF, this implies ^ Similarly §§ > jfj and fjf > 

Now, BC DE FA a b c 

BE + DA + FC~ b + c + c + a + a + b' 

Hence it is enough to prove that 

a b c > 3 . . 

b + c c + a a + b ~ 2' 

If we now substitute x = b + c, y = c + a, z = a + b and S = a + b + c the in- 
equality ( 1 ) becomes equivalent to S{\/x+\/y+\/y) — 3>3/2 which follows 
immediately form \/x+ 1/y+l /z> 9 /{x+y+z) = 9/(25). 

Equahty occurs if it holds in Ptolemy’s inequalities and also a = b = c. The 
former happens if and only if the hexagon is cyclic. Hence the only case of 
equality is when ABCDEF is regular. 

8. (a) Denote by b and c the perpendicular bisectors of AB and AC respectively. 

If w.Lo.g. b and AD do not intersect (are parallel), then Z BCD = ZBAD = 
90°, a contradiction. Hence V, W are well-defined. Now, ZDWB = 2ZDAB 
and ZDVC = 2ZDAC as oriented angles, and therefore Z(WB,VC) = 
2(ZDVC— ZDWB) = 2 ZBAC — 2ZBCD is not equal to 0. Consequently 
CV and BW meet at some T with ZBTC = 2ZBAC. 

(b) Let B' be the second point of intersection of BW with T . Clearly AD = BB! . 
But we also have ZBTC = 2 ZBAC = 2 ZBB'C, which implies that CT = 
TB'. It follows that AD = BB' = \BT ±TB'\ = \BT ±CT |. 

Remark. This problem is also solved easily using trigonometry. 

9. For i = 1,2,3 (all indices in this prob- 
lem will be modulo 3) we denote by O, 
the center of C, and by M, the midpoint 
of the arc A !+ iA i+ 2 that does not con- 
tain A;. First we have that O l+ \ O l+ 2 is 
the perpendicular bisector of IBi, and 
thus it contains the circumcenter 7?, of 
A, 5,7. Additionally, it is easy to show 
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that T i+ \Ai = T i+ \I and T- l+2 Ai = T i+ 2 l which implies that R t lies on the line 
T i+ iT i+2 . Therefore Rj = O i+ \ O i+2 fl T i+ \ T i+2 . Now, the lines Ti0i,T 2 0 2 ,T 3 0 2 
are concurrent at I. By Desargues’s theorem, the points of intersection of 
Oi+\Oj +2 and T i+ ] T i+2 , i.e., the /?,•’ s, lie on a line for i = 1,2,3. 

Second solution. The centers of three circles passing through the same point I 
and not touching each other are collinear if and only if they have another com- 
mon point. Hence it is enough to show that the circles <4,#,/ have a common 
point other than I. 

Now apply inversion at center I and with an arbitrary power. We shall denote by 
X' the image of X under this inversion. In our case, the image of the circle Q 
is the line B' i+l B' i+2 while the image of the line A, + iA (+ 2 is the circle IA' i+l A' i+2 
that is tangent to /l'fi' +2 , and B\B' i+2 . These three circles have equal radii, so their 
centers P\,P 2 ,P} form a triangle also homothetic to A B\B' 2 B' 3 . Consequently, 
points A' v A' 2 ,A' v that are the reflections of I across the sides of P\P 2 P 2 , are ver- 
tices of a triangle also homothetic to B\B 2 B' 3 . It follows that A\B\,A' 2 B' 2 ,A' 3 B' 3 
are concurrent at some point J' , i.e., that the circles AfiJ all pass through J . 

10. Suppose that k > 4. Consider any polynomial F (x) with integer coefficients such 
that 0 < F(x) < k for x = 0, 1, . . . ,k+ 1. Since F(k+ 1) — F( 0) is divisible by 
k+ 1, we must have F(k+ 1) = F( 0). Hence 

F(x) - F{ 0) = x(x — k— l)Q(x) 

for some polynomial Q(x) with integer coefficients. In particular, F{x) — F( 0) 
is divisible by x(k+ 1 — x) > k+ 1 for every x = 2,3, . . . ,k— 1, so F(x) = F(0) 
must hold for any x = 2, 3 , . . . , k — 1 . It follows that 

F(x)-F(0)=x{x-2){x-3)---(x-k+l)(x-k-l)R(x) 

for some polynomial R(x) with integer coefficients. Thus *>|F(1)-F(0)| = 
k(k — 2)!|/?(1)|, although k(k— 2)! > k for k > 4. In this case we have F(l) = 
F( 0) and similarly F(k) =F( 0). Hence, the statement is true for k > 4. 

It is easy to find counterexamples for k < 3. These are, for example, 

( x(2 — x) for k = 1 , 

F(x) = < x(3 — x) for k = 2, 

[x(2-x) 2 (4-x) for k = 3. 

11. All real roots of P(x) (if any) are negative: say —ai,—a 2 ,.. .,—ak. Then P(x) 
can be factored as 


P(x) =C(x+a{)---(x + a k )(x l -bix+ci)---(x 1 -b m x + c m ), (1) 

where x 2 — bix + a are quadratic polynomials without real roots. 

Since the product of polynomials with positive coefficients is again a polynomial 
with positive coefficients, it will be sufficient to prove the result for each of the 
factors in (1). The case of x + a 2 is trivial. It remains only to prove the claim for 
every polynomial x 2 —bx + c with b 2 < 4c. 
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From the binomial formula, we have for any n e N, 

n+2 


(i +*)V-*. + «> - X tO-z) ' ‘0 - 0 + <")P = 5°* 

where 

n\ ((b + c + l)i 2 — ((b + 2c)n + (2b + 3c + 1))/' + c(n 2 + 3n + 2)) x' 


Ci = - 


i\(n-i + 2)! 


The coefficients Q of x‘ appear in the form of a quadratic polynomial in i de- 
pending on n. We claim that for large enough n this polynomial has negative 
discriminant, and is thus positive for every i. Indeed, this discriminant equals 
D = ((b + 2c)n + (2b + 3c+ 1)) 2 — A(b + c + l)c(n 2 + 3n + 2) = (b 2 — Ac)n 2 — 
2Un + V, where U = 2 b 2 + be + b — 4c and V = (2b + c + l) 2 — 4c, and since 
b 2 — Ac < 0, for large n it clearly holds that D < 0. 


12. Lemma. For any polynomial P of degree at most n, the following equality 
holds: 


n + 1 


I(-iy 



P(i]=0. 


Proof See (SL81-13). 

Suppose to the contrary that the degree of / is at most p — 2. Then it follows 
from the lemma that 



p - 1 


/(*') = X f(i) (mod p), 
;=o 


since ( p i ') = (p ^)"iP 0 = (— 1)‘ (mod p). But this is clearly impossible 
if f(i ) equals 0 or 1 modulo p and /( 0) = 0, /( 1) = 1. 

Remark. In proving the essential relation XfJo' /(0 = 0 (mod p), it is clearly 

enough to show that Sk = \ k + 2 k -\ 1- (/? — 1 )* is divisible by p for every 

k < p — 2. This can be shown in two other ways. 

(1) By induction. Assume that So = ■ = 5 *- 1 (mod p). By the binomial for- 

mula we have 


0= ^[(n+l) k+1 -n k+1 ] = (k4-t)S k +^ ( k+ ^5/ (modp), 

n= 0 i=0 \ 1 / 


and the inductive step follows. 

(2) Using the primitive root g modulo p. Then 


S k =l+g?+...+g? 


Mp~ 2 ) _ : 


k(.P~ 1 ) _ 1 


4_1 


= 0 (mod p). 
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13. Denote A(r) and B(r) by A(n. r) and B(n, r ) respectively. 

The numbers A(n. r ) can be found directly: one can choose r girls and r boys in 
(") 2 ways, and pair them in r! ways. Hence 


A(n,r) 


„! 2 


' (n — r)\ 2 r\ 


Now we establish a recurrence relation between the B(n,r)’ s. Let n > 2 and 
2<r<n. There are two cases for a desired selection of r pairs of girls and boys: 

(i) One of the girls dancing is g„. Then the other r— 1 girls can choose their 
partners in B(n— l,r — 1) ways and g„ can choose any of the remaining 
2 n — r boys. Thus, the total number of choices in this case is (2 n — r)B{n — 
l,r— 1). 

(ii) g n is not dancing. Then there are exactly B(n — l,r) possible choices. 
Therefore, for every n > 2 it holds that 


B(n,r) = (2n-r)B(n- l,r- l)+£(n- l,r) for r = 2, . . . ,n. 


Here we assume that B(n, r) = 0 for r > n, while B(n, 1) = 1+ 3 H H (2 n — 

1) = n 2 . 

It is directly verified that the numbers A(n,r) satisfy the same initial conditions 
and recurrence relations, from which it follows that A(n,r) = B(n, r) for all n 
and r<n. 

14. We use the following nonstandard notation: (1°) forx,y e N, x ~ y means thatx 
and y have the same prime divisors; (2°) for a prime p and integers r > 0 and 
x > 0, p r || x means that x is divisible by p r , but not by p r+1 . 

First, b m — 1 ~ b n — 1 is obviously equivalent to b m — 1 ~ gcd (b m — 1 , b n — 1) = 
b d — 1 , where d = gcd (m, n ) . Setting b d = a and m = kd, we reduce the condition 
of the problem to a k — 1 ~ a — 1 . We are going to show that this implies that a + 1 
is a power of 2. This will imply that d is odd (for even d, a + 1 = b d + 1 cannot 
be divisible by 4), and consequently b + 1, as a divisor of a + 1, is also a power 
of 2. But before that, we need the following important lemma (Theorem 2.129). 

Lemma. Let a,k be positive integers and p an odd prime. If a > 1 and J3 > 0 
are such that p a \\ a- 1 and p^ || k, then \\a k - 1. 

Proof. We use induction on /3 . If J3 = 0, then = a k ~ l H h a + 1 = k 

(mod p) (because a = 1), and it is not divisible by p. 

Suppose that the lemma is true for some j3 > 0, and let k = p^ +l t where 
p \ t. By the induction hypothesis, a k ! p = a pl>l = mp a+ P + 1 for some m 
not divisible by p. Furthermore, 

a k -l = (mpV+P+iy-l 

= (mp a+ P)P + • • • + Q hp a+P ) 2 + mp‘* P \ 

Since p | ( 2 ) = p 2 1 , summands except for the last one are divisible 
by p a +P+ 2 . Hence p a +f i+l \\ a k - I , completing the induction. 
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Now let a k — 1 ~ a — 1 for some a.k> 1. Suppose that p is an odd prime divisor 

of k, with pP || k. Then putting X = a p!> 1 H 1- a + 1 we also have (a — 1 )X = 

a' ,P — 1 ~ a — 1 ; hence each prime divisor q of X must also divide a — 1 . But 
then a' = 1 (mod q) for each i G No, which gives us X = p& (mod q). Therefore 
q | pP, i.e., q — p', hence X is a power of p. 

On the other hand, since p \ a — 1 , we put p a \ \ a — 1 . From the lemma we obtain 
p a+ P || a pP — 1, and deduce that pP | X . But X has no prime divisors other than 
p, so we must have X = pP . This is clearly impossible, because X > pP for a > 1 . 
Thus our assumption that k has an odd prime divisor leads to a contradiction: in 
other words, k must be a power of 2. 

Now</— 1 ~a — 1 implies a — 1 ~ a 2 — 1 = (a — l)(a+l), and thus every prime 
divisor q of a + 1 must also divide a — 1. Consequently q = 2, so it follows that 
a + 1 is a power of 2. As we explained above, this gives that b + 1 is also a power 
of 2. 

Remark. In fact, one can continue and show that k must be equal to 2. It is not 
possible for a 4 — 1 ~ « 2 — 1 to hold. Similarly, we must have <7=1. Therefore 
all possible triples ( b,m,n ) with m> n are (2 s — 1,2, 1). 

15. Let a +2>f , f = 0, 1 , 2, . . . , be a given arithmetic progression that contains a square 
and a cube (a, b > 0). We use induction on the progression step b to prove that 
the progression contains a sixth power. 

(i) bm T: this case is trivial. 

(ii) b = p m for some prime p and m > 0. The case p m \ a trivially reduces to 
the previous case, so let us have p m \ a. 

Suppose that gcd(a,p) = 1 . If x,y are integers such that x 2 = y 3 = a (here 
all the congruences will be mod p m ), then x 6 = a 3 and y 6 = a 2 . Consider an 
integer yi such that yy\ = 1. It satisfies a 2 (xyi) 6 = x 6 y 6 yj = x 6 = a 3 , and 
consequently (xyi) 6 = a. Hence a sixth power exists in the progression. 

If gcd(a.p) > 1, we can write a = p k c, where k <m and p \ c. Since the 
arithmetic progression x, = a + bt = p k (c + p m ~ k t) contains a square, k 
must be even; similarly, it contains a cube, so 3 | k. It follows that 6 | k. The 
progression c + p m ~ k t thus also contains a square and a cube; hence by the 
previous case it contains a sixth power and thus x t does also. 

(iii) b is not a power of a prime, and thus can be expressed as b = b\b 2 , where 
b\ , Z?2 > 1 and gcd(b} ,62) = 1. It is given that progressions a + b\t and 
a + b 2 t both contain a square and a cube, and therefore by the inductive 
hypothesis they both contain sixth powers: say z\ and z\, respectively. By 
the Chinese remainder theorem, there exists z £ N such that z = zi (mod 
b 1) and z = zi (mod hi). But then z 6 belongs to both of the progressions 
a + bit and a + bit. Hence z 6 is a member of the progression a + bt. 

16. Let d a (X),db(X),d c (X) denote the distances of a points interior to AABC from 
the lines BC,CA,AB respectively. We claim that X G PQ if and only if d a (X) + 
d b (X) = d c (X). Indeed, if A e PQ and PX = kPQ then d a (X) = kd a {Q), d b {X) = 
(1 —k)d b (P), and d c (X) = (1 —k)d c (P)+kd c (Q), and simple substitution yields 
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d a {X) + db(X) = d c (X ) . The converse follows easily. In particular, O £ PQ if 
and only if d a (0) +db(0) = d c (0), i.e., cos a + cos /3 = cosy. 

We shall now show that I £ DE if and only if AE + BD = DE . Let K be the point 
on the segment DE such that AE = EK. Then ZEKA = jZDEC = jZCBA = 
ZIBA\ hence the points A.B.I.K are coney clic. The point / lies on DE if and 
only if ZBKD = ZBAI = ± ZB AC = \ZCDE = ZDBK, which is equivalent to 
KD — BD, i.e., to AE +BD = DE. But since AE = AB cos a, BD =AB cos/3, and 
DE — AB cos y, we have that I £ DE 4=> cos a + cos /3 = cos y. The conditions for 
O € PQ and I £ DE are thus equivalent. 

Second solution. We know that three points X , Y, Z are collinear if and only if for 
some A, j itgl with sum 1, we have A CX + pCY = CZ. Specially, if CX = pCA 
and CY = qCB for some p, q, and CZ = kCA + ICB, then Z lies on XY if and only 
if kq + lp = pq. 

Using known relations in a triangle we directly obtain 


CP = 


- CB , 


CO = 


CE = 


sin p +siny 
sin 2a ■ CA + sin2j3 • CB 
sin2a + sin2j3 + sin2y ’ 
tan/3 


tan/3 + tany 


CA. 


CQ = 


CD = 


CI = 


sin a + sin y 
tan/3 


CA, 


o CB 1 

tan/3 +tany 
sin a ■ CA + sin /3 • CB 
sin a + sin/3 +siny 


Now by the above considerations we get that the conditions (1) P,Q,0 are 
collinear and (2) D,E,I are collinear are both equivalent to cos a + cos/3 = 
cosy. 

17. We note first that x and y must be powers of the same positive integer. Indeed, 
if x = pf' ■ ■ ■ p° k k and y = pf 1 • • • p% k (some of oc, and /3, may be 0, but not both 
for the same index i), then x y = y* implies \ = k for some p,q> 0 with 

gcd(p, q) = 1 , so for a = /?“' ' ip ■ ■ ■ p^ p we can take x = a p and y = a q . 

If a = 1, then (x.y) = (1,1) is the trivial solution. Let a > 1. The given equa- 
tion becomes a pa ^ = a qaP , which reduces to pa 2q = qa v . Hence p ^ q, so we 
distinguish two cases: 

(i) p> q. Then from a 2q < a p we deduce p > 2 q. We can rewrite the equation 
as p = a p ~ 2q q, and putting p = 2q + d, d > 0, we obtain d = q(a d — 2) . By 
induction, 2 d — 2 > d for each d > 2, so we must have d <2. For d = 1 
we get q = 1 and a = p = 3, and therefore (x,y) = (27, 3), which is indeed 
a solution. For d = 2 we get q = 1, a = 2, and p = 4, so (x,y) = (16,2), 
which is another solution. 

(ii) p < q. As above, we get q/p = a 2q ~ p , and setting d = 2q — p > 0, this is 
transformed to a d = a^ 2ad ~ l ' >p , or equivalently to d = (2 a d — 1 )p. However, 
this equality cannot hold, because 2 a d — 1 > d for each a>2,d> 1 . 

The only solutions are thus (1,1), (16, 2), and (27,3). 
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18. By symmetry, assume that AB > AC. The point D lies between M and P as well 
as between Q and R, and if we show that DM ■ DP = DQ ■ DR, it will imply that 
M,P, Q,R lie on a circle. 

Since the triangles ABC, AEF,AQR are similar, the points B,C,Q,R lie on a cir- 
cle. Hence DB ■ DC = DQ ■ DR, and it remains to prove that 


DB ■ DC = DM ■ DP. 


However, the points B,C,E,F are concyclic, but so are the points E,F,D,M 
(they lie on the nine-point circle), and we obtain PB ■ PC = PE ■ PF = PD ■ PM. 
Set PB = x and PC = y. We have PM = ^ and hence PD = J^. It follows 

that DB = PB — PD — DC = and DM = f rom w hi c h we 

x-\-y 9 x+y 9 2(jc + y) ’ 

immediately obtain DB ■ DC = DM ■ DP = , as needed. 

19. Using that a„+ 1 = 0 we can transform the desired inequality into 


y/ai+02~\ h«n+ 1 


< y/Ty/ai (^2— \/l)y/a 2 -\ b ( \Jn -\- 1 — \/n)y/a n + 1 - (1) 

We shall prove by induction on n that (1) holds for any a \ > U 2 > ■ ■ ■ > a n+ \ > 
0, i.e., not only when a n+ \ = 0. For n = 0 the inequality is obvious. For the 
inductive step from n — 1 to n, where n > 1, we need to prove the inequality 

\A*H b«n+i — \~a n < (Vn+ 1 — \/n)^/a n+ \. (2) 


Putting S = ai+ci 2 -\ 1 -a n , this simplifies to 

y/S + On+ 1 - Vs < \/ na n+ i+a n+ i - y/na n+ \. 

For a n +i = 0 the inequality is obvious. For a n+ \ > 0 we have that the func- 
tion /( x) = y/x+a n+ 1 — s/x = — j s strictly decreasing on M + ; hence 
(2) will follow if we show that S > na n+ \. However, the latter is true because 

£Zl, . . . > On+l- 

Equality holds if and only if at = 02 = ■ • • = at and a^+i = ■ ■ ■ = a n+ 1 = 0 for 
some k. 

Second solution. Setting bk = y/ak — y/ak+i for k = 1 ..... n we have a, = (bj + 
b b n ) 2 , so the desired inequality after squaring becomes 

±kbl + 2 X kb k b l <f j kbl + 2 X Vklb k b u 

k = 1 \<k<l<n k= 1 1 <k<l<n 

which clearly holds. 

20. To avoid dividing into cases regarding the position of the point X, we use ori- 
ented angles. 
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Let R be the foot of the perpendicular from X to BC. It is well known that the 
points P,Q,R lie on the corresponding Simson line. This line is a tangent to y 
(i.e., the circle XDR) if and only if Z PRD = ZRXD. We have 


ZPRD = ZPXB = 90° - ZXBA = 90° - ZXBC + ZABC 
= 90° -ZDAC+ ZABC 


and 


ZRXD = 90° - ZADB = 90° + ZBCA - ZDAC\ 


hence ZPRD = ZRXD if and only if ZABC = ZBCA, i.e, AB = AC. 

21. For any permutation n = (yi,y2j • • • ,>’«) of (x\ ,X2, . . . ,x„), denote by S(n) the 

sumyi + 2y2-\ Yny n . Suppose, contrary to the claim, that |S(tt)| > for 

any n. 

Further, we note that if n' is obtained from n by interchanging two neighboring 
elements, say yk andyt+t. then S(k) and S{n') differ by \yk+yk+i \ < n+ 1, and 
consequently they must be of the same sign. 

Now consider the identity permutation jto = (xi , . . . ,x„) and the reverse permu- 
tation no = (x n , . . . ,x{). There is a sequence of permutations Kq, K \ , . . . , n m = Tqj 
such that for each i, 7T,- + i is obtained from 7T, by interchanging two neighboring 
elements. Indeed, by successive interchanges we can putx„ in the first place, then 
x n -\ in the second place, etc. Hence all 5(«o), . . . ,S(n m ) are of the same sign. 

However, since |S(7To) +5(^ m )| = (n+ l)|xi H Yx n \ =n+l,this implies that 

one of S(kq) and S(kq) is smaller than in absolute value, contradicting the 
initial assumption. 

22. (a) Suppose that / and g are such functions. From g(f(x)) = x 3 we have 

f(x 1) 7^ f(x 2 ) whenever x\ 7^ X2. In particular, /(— 1),/(0), and /(l) are 
three distinct numbers. However, since f{x) 2 = f(g(f(x))) = /'(x 3 ), each 
of the numbers /(— l),/(0),/(l) is equal to its square, and so must be 
either 0 or 1. This contradiction shows that no such f,g exist. 

(b) The answer is yes. We begin with constructing functions F, G : (I, 00 ) — ► 
(l,°o) with the property F(G(x)) = x 2 and G(F(x)) =x 4 for x > 1. Define 
the functions (p,y/ by F(2 2 ’) = 2 2<p ® and G( 2 2 ') = 2 2¥<J) . These functions 
determine F and G on the entire interval (1 , °°), and satisfy (p(\f/(t)) = t + 1 
and i/r((p(f)) = t + 2. It is easy to find examples of (p and 1//: for example, 
<p(f) = \t + 1, yr(f ) = 2 1. Thus we also arrive at an example for F, G: 


F(x) = 2 22l ° S2 ' OS2X+1 = 2 2 ^, G(x) = 2 22l082l082 < = 2'^. 


It remains only to extend these functions to the whole of M. This can be 
done as follows: 



G(x) for x > 1 , 
1/G(1/je) for 0 <x < 1, 
x for xe {0,1}; 
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and then /(*)=/( |x|), g(x)=g(|*|) forxeM. 

It is directly verified that these functions have the required property. 

23. Let K.L.M, and N be the projections of O onto the lines AB,BC,CD, and DA, 
and let oq, oq, oq, a^, /3i, fa, fa, fa denote the angles OAB, OBC, OCD, ODA, 
OAD, OBA, OCB, ODC, respectively. 

We start with the following observation: Since NK is a chord of the circle 
with diameter OA, we have OA sin ZA = NK = ON cos oq + OK cos fa (because 
ZONK = oq and ZOKN = /3i). Analogous equalities also hold: OB sin ZB = 
KL = OK cos oq + OLcosfa, OC sin ZC = LM = OLcosoq + OM cos fa and 
ODsinZD = MN = OM cos oq + ON cos fa. Now the condition in the problem 
can be restated as NK + LM = KL + MN (i.e., KLMN is circumscribed), i.e., 

OK( cos fa — cosoq) + QL(cosoq — cos fa) , , 

H-OM(cos^3 — cos«4) + OiV(cosai — cos/34) = 0. ' 

To prove that ABCD is cyclic, it suffices to show that oq = fa. Assume the con- 
trary, and let w.l.o.g. oq > fa. Then point A lies inside the circle BCD, which 
is further equivalent to fa > 0:2. On the other hand, from oq + fa = 053 + fa we 
deduce oq > fa, and similarly fa > oq. Therefore, since the cosine is strictly 
decreasing on (0, n), the left side of (1) is strictly negative, yielding a contradic- 
tion. 

24. There is a bijective correspondence between representations in the given form of 
2k and 2k + 1 for £ = 0 , 1 ,..., since adding 1 to every representation of 2k, we 
obtain a representation of 2k + 1, and conversely, every representation of 2k + 1 
contains at least one 1, which can be removed. Hence, f(2k+ 1) = /(2&). 
Consider all representations of 2k. The number of those that contain at least 
one 1 equals f(2k — 1) = f(2k — 2), while the number of those not containing 
a 1 equals f(k ) (the correspondence is given by division of summands by 2). 
Therefore 

f{2k)=f(2k-2)+f{k). (1) 

Summing these equalities over k = 1 we obtain 

/(2«) = /(0) +/(1) H (2) 

We first prove the right-hand inequality. Since / is increasing, and /( 0) + /(1) = 

/( 2), (2) yields f(2n) < nf(n ) for n> 2. Now /( 2 3 ) = /( 0) H 1-/(4) = 

10 < 2 3 "/ 2 , and one can easily conclude by induction that /( 2" +1 ) < 2"/(2") < 
2" . 2" 2 / 2 < 2(" +1 ) 2 / 2 for each n > 3. 

We now derive the lower estimate. It follows from (1) that f(x + 2) — f(x) is 
increasing. Consequently, for each m and k < m we have /(2m + 2k) — /(2m) > 
/(2m + 2k - 2) - /(2m - 2) > ■ • • > /(2m) - /(2m - 2k), so /(2m + 2k) + 
/(2m — 2k) > 2/(2m) . Adding all these inequalities for k= 1 , 2. .... m, we obtain 
f(0)+f(2) + ■■■+ /(4m) > (2m+ l)/(2m) . But since /( 2) = /( 3), /( 4) = /(5) 
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etc., we also have /(l) +/(3) H 1) > (2m— l)f(2m), which to- 

gether with the above inequality gives 

/(8m) = /(0) +/(1) H b/(4m) > Amf(2m). (3) 

Finally, we have that the inequality /( 2") > 2”“/ 4 holds for n = 2 and n = 3, while 
for larger n we have by induction /(2”) > 2"- 1 /(2"- 2 ) > 2 «-i+("- 2) 2 / 4 - 2« 2 / 4 . 
This completes the proof. 

Remark. Despite the fact that the lower estimate is more difficult, it is much 
weaker than the upper estimate. It can be shown that /( 2") eventually (for large 
n) exceeds 2 cn ~ for any c < 

25. Let MR meet the circumcircle of triangle ABC again at a point X. We claim that 
X is the common point of the lines KP,LQ,MR. By symmetry, it will be enough 
to show that X lies on KP. It is easy to see that X and P lie on the same side of AB 
as K. Let I a = AKdBP be the excenter of AABC corresponding to A. It is easy 
to calculate that ZAI a B = y/2, from which we get ZRPB = ZAI a B = ZMCB = 
ZRXB. Therefore R.B.P.X are concyclic. Now if P and K are on distinct sides 
that T i+i Ai = 7} + 1 / and T i+2 Ai = 

T i+ 2 l other case is similar), we have 
ZRXP =180°- ZRBP = 90° - j3 /2 = 

ZMAK = 180° - ZRXK, from which 
it follows that K,X,P are collinear, as 
claimed. 

Remark. It is not essential for the state- 
ment of the problem that I? be an inter- 
nal point of AB. Work with cases can 
be avoided using oriented angles. 

26. Let us first examine the case that all the inequalities in the problem are actu- 

ally equalities. Then a „_ 2 = a„_ 1 + a n , a n - 3 = 2a n -\ + a n . . . . mq = F n a n -\ + 
F n ~ia n = 1, where F n is the nth Fibonacci number. Then it is easy to see (from 
F\ + F 2 -t s rFi c = F k+ 2 ) that a$ #-* • +a n = (F n+ 2 — l)a„_i + F n+ ia n = 

+ (p n+l _ F n -i(F„+ 2 -i) ^ ^ Since f„_i(^ +2 -i) < Fn+h it follows that 

ao + a\ H b a n > ; ''~ t /i 2 1 , with equality holding if and only if a n = 0 and 

a„-i = ± 

We denote by M n the required minimum in the general case. We shall prove by 
induction that M n = F " + p l . For Mi = 1 and M2 = 2 it is easy to show that the 
formula holds; hence the inductive basis is true. Suppose that n > 2. The se- 
quences 1 1 ^ i • ■ ■ > and 1 , , • • • , also satisfy the conditions of the problem. 
Hence we have 



and 


ag H \-a n =ao+ai 


02 

ai 


> 1 +a\M n -\ 
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( . a 2 a n 

aoH |-an = ao+ai+«2 H 1 1 

V a 2 a 2 

Multiplying the first inequality by M n ^ 2 — 1 and the second one by M„_ 1 , adding 
the inequalities and using that <21 + a 2 > 1, we obtain (M„_ 1 + M n - 2 + 1 )(«o + 
1 -a n )> + +M„_2+ 1, so 

M„ > . 

_ M n -\ +M„_2+ 1 

Since M„_ 1 = and M n 2 = 77— the above inequality easily yields M n > 

Fn+ p l . However, we have shown above that equality can occur; hence f "^ 2 ~ 1 is 
indeed the required minimum. 


^ > 1 +a\ +a 2 M n - 2 . 
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4.39 Solutions to the Shortlisted Problems of IMO 1998 


1. We begin with the following observation: Suppose that P lies in AAEB, where 
E is the intersection of AC and BD (the other cases are similar). Let M.N be the 
feet of the perpendiculars from P to AC and BD respectively. We have Sabp = 
Sabe ~ Saep - Seep = \ {AE ■ BE — AE ■ EN — BE ■ EM) = \ (AM-BN-EM- 
EN) . Similarly, Scdp = \ ( CM ■ DN — EM ■ EN ) . Therefore, we obtain 


„ _ AM BN -CM DN 

SaBP ~ ?>CDP = X 


( 1 ) 


Now suppose that ABCD is cyclic. 

Then P is the circumcenter of ABCD-, 
hence M and N are the midpoints of AC 
and BD. Hence AM = CM and BN = 

DN\ thus (1) gives us S A bp = Scdp- 
On the other hand, suppose that ABCD 
is not cyclic and let w.l.o.g. PA = PB 

> PC = PD. Then we must have AM 

> CM and BN > DN, and consequently by (1), Sabp > Scdp- This proves the 
other implication. 



Second solution. Let F and G denote the midpoints of AB and CD, and as- 
sume that P is on the same side of FG as B and C. Since PF _L AB, PG _L CD, 
and ZFEB = ZABE, ZGEC = ZDCE, a direct computation yields ZFPG = 
ZFEG = 90° + ZABE + ZDCE. 

Taking into account that Sabp = \AB ■ FP = FE ■ FP, we note that Sabp = Scdp 
is equivalent to FE ■ FP = GE ■ GP, i.e., to FE/EG = GP/PF. But this last is 
equivalent to triangles EFG and PGF being similar, which holds if and only 
if EFPG is a parallelogram. This last is equivalent to ZEFP = ZEGP, or 
2 ZABE = 2 ZDCE. Thus Sabp = Scdp is equivalent to ABCD being cyclic. 


Remark. The problems also allows an analytic solution, for example putting the 
x and y axes along the diagonals AC and BD. 


2. If AD and BC are parallel, then ABCD is an isosceles trapezoid with AB = CD, 
so P is the midpoint of EF. Let M and N be the midpoints of AB and CD. Then 
MN || BC, and the distance d(E,MN) equals the distance d(F,MN) because B 
and D are the same distance from MN and EM/BM = FN/DN. It follows that 
the midpoint P of EF lies on MN, and consequently Sapd '■ Sbpc = AD : BC. 

If AD and BC are not parallel, then they meet at some point Q. It is plain that 
A QAB ~ A QCD, and since AE/AB = CF /CD, we also deduce that AQAE ~ 
A QCF. Therefore ZAQE = ZCQF. Further, from these similarities we obtain 
QE/QF = QA/QC = AB/CD = PE/PF, which in turn means that QP is the 
internal bisector of ZEQF. But since ZAQE = ZCQF, this is also the internal 
bisector of ZAQB. Hence P is at equal distances from AD and BC, so again 
Sapd ■ Sbpc = AD : BC. 
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Remark. The part AB || CD could also be regarded as a limiting case of the other 
part. 

Second solution. Denote A = ,AB = a, BC = b, CD = c, DA = d, /DAB = a, 
ZABC = J3 . Since d(PAD) = c AEAD)+a-d{FAD ) , wg haye ^ = cS EAD +aS FAD = 

XcSABD+(}-k)aSACD . since Sabd = /adsma. and Sacd = jcc/sinj3, we are led to 
Sapd = fpj [A sin a + ( 1 - A ) sin j3 ] , and analogously S B p C = [A sin a + ( 1 - 
A)sin/3], Thus we obtain Sapd ■ Sbpc = d:b. 

3. Lemma. If U, W, V are three points on a line / in this order, and X a point in the 

plane with XW _L UV, then XUXV < 90° if and only ifXW 2 > UW ■ VW. 
Proof. Let XW 2 > UW ■ VW, and let X 0 be a point on the segment XW such that 
X 0 W 2 > UW ■ VW. Then X 0 W /UW = VW/X 0 W, so that triangles X 0 WU 
and VWX 0 are similar. Thus XUXqV = XUX 0 W + ZWUX 0 = 90°, which 
immediately implies that ZUXV < 90°. 

Similarly, if XW 2 < UW ■ VW, then ZUXV > 90°. 

Since BI _L RS, it will be enough by the lemma to show that BI 2 > BR ■ BS. 
Note that A BKR ~ A BSL: in fact, we have ZKBR = ZSBL = 90° - /3 /2 and 
ZBKR = ZAKM = ZKLM = ZBSL = 90° - a/2. In particular, we obtain 
BR/BK = BL/BS = BK/BS, so that BR ■ BS = BK 2 < BI 2 . 

Second solution. Let E,F be the midpoints of KM and LM respectively. The 
quadrilaterals RBIE and SBIF are inscribed in the circles with diameters IR 
and IS. Now we have ZRIS = ZRMS + ZIRM + ZISM = 90° - j3 /2 + ZIBE + 
ZIBF = 90° - J3 /2 + ZEBF. 

On the other hand, BE and BF are medians in A BKM and A BUM in which 
BM > BK and BM > BE. We conclude that ZMBE < \ZMBK and ZMBF < 
jZMBL. Adding these two inequalities gives ZEBF < /3 /2. Therefore ZRIS < 
90°. 

Remark. It can be shown (using vectors) that the statement remains true for an 
arbitrary line t passing through B. 

4. Let K be the point on the ray BN with ZBCK = ZBMA. Since ZKBC = ZABM, 
we get A BCK ~ A BMA. It follows that BC/BM = BK/BA, which implies that 
also ABAK ~ A BMC. The quadrilateral ANCK is cyclic, because ZBKC = 
ZBAM = ZNAC. Then by Ptolemy’s theorem we obtain 


AC ■ BK = AC • BN +AN ■ CK + CN ■ AK. 


(1) 


On the other hand, from the similarities noted above we get 



ABBC 

BM 


After substitution of these values, the equality (1) becomes 


AB ■ BC ■ AC 
BM 


= ACBN + 


BC AM AN AB ■ CM ■ CN 

7777 1 — 


BM 


BM 


which is exactly the equality we must prove multiplied by 


ABBCCA 

BM 
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5. Let G be the centroid of AABC and -ZZ the homo the ty with center G and 
ratio — j. It is well-known that M J 
maps H into O. For every other point 
X, let us denote by X' its image under 
M J . Also, let A2B2C2 be the triangle 
in which A,B,C are the midpoints of 
B2C2, C2A2, and A2B2, respectively. 

It is clear that A', B ' , and C' are the 
midpoints of BC, CA, and AB respect- 
ively. We also have that D' is the re- 
flection of A' across B'C' . Thus D' 
must lie on B2C2 and A'D' _L B2C2. 

However, it also holds that OA' and 
B2C2 are orthogonal, so we conclude that O, D 1 , A' are collinear and D' is the 
projection of O on BoCj. Analogously, E',F' are the projections of O on C2A2 
and A2B2. 

Now we apply Simson’s theorem. It claims that D',E',F' are collinear (which is 
equivalent to D, E, F being collinear) if and only if O lies on the circumcircle of 
A2B2C2. However, this circumcircle is centered at H with radius 2 R, so the last 
condition is equivalent to HO = 2 R. 



6. 


Let P be the point such that A CDP and A CBA are similar and equally oriented. 
Since then ZDCP = ZBCA and ^ it follows that ZACP = ZBCD and 

CF = 5§’ so AACP ~ A BCD. In particular, ^ 

Furthermore, by the conditions of the problem we have ZEDP = 360° — ZB — 
ZD=ZF and g§ = g • §§ = ^ • §§ = §|. Therefore A EDP ~ A EFA as 
well, so that similarly as above we conclude that AAEP ~ A FED and conse- 


quently % = 

Finallv BC AE FD - DB PA 

Finally, ZZL ef db ~ TK fd 


1 = 1 . 


Second solution. Let a, b,c,d,e,f be the complex coordinates of A, B, C,D, E, 
F, respectively. The condition of the problem implies that • jz^, ■ jz^ = — 1 ■ 
On the other hand, since (a — b)(c — d)(e — f) + (b — c)(d— e)(f — a) = (b — 
c) (a — e)(f — d) + (c — a ) (e — b) holds identically, we immediately de- 
duce that jEf ■ f Ef ■ = — 1. Taking absolute values gives ■ jy • = 1. 


7. We shall use the following result. 

Lemma. In a triangle ABC with BC = a, CA = b, and AB = c, 

(a) ZC = 2 ZB if and only if c 2 = b 2 + ab; 

(b) ZC+ 180° = 2 ZB if and only if c 2 = b 2 - ab. 

Proof. 

(a) Take a point D on the extension of BC over C such that CD = b. The 
condition ZC = 2 ZB is equivalent to ZADC = \ZC = ZB, and thus 
to AD = AB = c. This is further equivalent to triangles CAD and ABD 
being similar, so CA/AD = AB/BD, i.e., c 2 = b(a + b ). 
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(b) Take a point E on the ray CB such that CE = b. As above, ZC+ 1 80° = 
2 ZB if and only if A CAE ~ A ABE, which is equivalent to EB/BA = 
EA/AC, or c 2 = b(b — a). 

Let F. G be points on the ray CB such that CF = ±a and CG = fa. Set BC = a, 
CA = b, AB = c, EC = b\, and EB = c\. By the lemma it follows that c 2 = 
b 2 +ab. Also b\ =AG and c i =AF, so Stewart’s theorem gives us c 2 = f& 2 + 
^ c 2 — fa 2 = b 2 + \ab— |a 2 and b\ = —\b 2 + fc 2 + fa 2 =b 2 + f ab+ f a 2 . It 
follows that b\ = fa + b and c 2 = b 2 — ( ab + fa 2 ) =b 2 — ab\. The statement of 
the problem follows immediately from the lemma. 

8. Let M be the point of intersection of AE and BC, and let N be the point on to 
diametrically opposite A. 

Since ZB < ZC, points N and B are 
on the same side of AE. Furthermore, 

ZNAE = ZBAX = 90° - ZABE ; hence 
the triangles NAE and BAX are similar. 

Consequently, A RAY and A NAM are 
also similar, since M is the midpoint 
of AE. Thus ZANZ = ZABZ = ZABY 
= ZANM, implying that N,M,Z are collinear. Now we have ZZMD = 90° — 
ZZMA = ZEAZ = ZZED (the last equality because ED is tangent to to); hence 
ZMED is a cyclic quadrilateral. It follows that ZZDM = ZZEA = ZZAD, which 
is enough to conclude that MD is tangent to the circumcircle of AZD. 

Remark. The statement remains valid if ZB > ZC. 

9. Seta„ + i = 1 -(flH ha„). Then a n+ \ > 0, and the desired inequality becomes 

a\ai ■■■an+i < 1 

(1— a i)(l — ° 2 ) •••(!— a n+ \) ~ n n+l ' 

To prove it, we observe that 

1 — a t = a\ H b a-i-i + a i+ 1 H b a„+ i > n$a \ • • -ai-iai+i • • -a n+ i. 

Multiplying these inequalities for i = 1 , 2, . . . , n + 1 , we get exactly the inequality 
we need. 

10. We shall first prove the inequality for n of the form 2 k , k = 0, 1 , 2, The case 

k = 0 is clear. For k = 1, we have 

l l 2 (Vnf2-\-)(Vn-Vn) 2 >Q 

n + 1 r 2 + l y/n 7i+\ (n + l)(r 2 -l)(v/n^+l) 

For the inductive step it suffices to show that the claim for k and 2 implies that 
for k+ 1. Indeed, 

^ J_ 2 k | 2* 

gn+l' ijnri ■ ■ ■ r 2 k + 1 ^'■ 2 *+i r 2 *+ 2 • • • r 2 k + l + 1 

2*+i 

lkJr \jr\r 2 - ■ ■ r 2k +i + 1 ’ 



> 


(1) 
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and the induction is complete. 

We now show that if the statement holds for 2 k , then it holds for every n < 2 k as 
well. Put r n+ \ = r n+ 2 = ■ ■ ■ = r 2 k = <Jr\ r 2 . . . r n . Then (1) becomes 

1 1 2 k -n 2 k 

r\ + 1 r n + 1 $r\ ■ ■ ■ r n + 1 “ $r\ ■ ■ ■ r n + 1 ' 

This proves the claim. 

Second solution. Define r,- = e x ‘ , where x, > 0. The function f(x) = is con- 
vex for x > 0: indeed, f"{x) = > 0. Thus by Jensen’s inequahty applied 

to /(x x ) f . . . we get ^ + • • • + ^ > nj r ^ rn+v 

1 1 . The given inequality is equivalent to x 3 (x + 1 ) + y 3 (y + 1 ) + z 3 (z + 1 ) > | (x + 
l)(y+ l)(z+ 1). By the A-G mean inequality, it will be enough to prove a 
stronger inequality: 

x 4 +x 3 +y 4 +y 3 +z 4 + z 3 > ^[(x+l) 3 + (y+l) 3 + (z+l) 3 ]. (1) 

If we set Sk = x k +y k + z k , (1) takes the form 54 + 53 > 3S3 + |S2 + §Si + 1. 
Note that by the A-G mean inequality, Si=x-t-y + z>3. Thus it suffices to 
prove the following: 

If Si > 3 and m > n are positive integers, then S m > S n . 

This can be shown in many ways. For example, by Holder’s inequality, 

(x m +y m + z m ) n/m (1 + 1 + 1) > x” + y" + z". 

(Another way is using the Chebyshev inequality: if x > y > z then x* 1 > y k ~ 1 > 
z t_1 ; hence = x-x* _1 +y-y k ~ l +z-z * _1 > ^SiS^-i, and the claim follows by 
induction.) 

Second solution. Assume that x > y > z. Then also ^ v+1 ^ z+1 y > fc +1 u z+ i) > 
(x+iVy+i) - Hence Chebyshev’s inequality gives that 

^ + 4 + 4 

(l +y)(l +2) (1 +*>(l+z) (1 +x)(l +y) 

^ 1 (x 3 +y 3 + z 3 ) • (3 -t-x+y + z) 

-3 (l+x)(l+y)(l+z) ‘ 

Now if we put x + y + z = 3S, we havex 3 +y 3 +z 3 > 3S and (1 +x)(l + y)(l + 
z) < ( 1 + a ) 3 by the A-G mean inequality. Thus the needed inequality reduces to 
— 3’ w hich i s obviously tme because S > 1. 

Remark. Both these solutions use only that x+y+z> 3. 
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12. The assertion is clear for n = 0. We shall prove the general case by induction on 
n. Suppose that c(m, i ) = c(m, m — i ) for all i and m<n. Then by the induction 
hypothesis and the recurrence formula we have c(n + 1 , k) = 2 k c(n. k ) + c(n, k — 
1 ) and c(n + 1 , n + 1 - k) = 2 n+l ~ k c{n, n+ l—k)+c(n,n — k) = 2” +1 -*c(n, k - 
1) + c(n, k). Thus it remains only to show that 

(2*- 1 )c(n,k) = (2 n+1 ~ k -l )c{n,k- 1). 

We prove this also by induction on n. By the induction hypothesis, 

c(n- l,k) = 2 2k _ l l c(n-l,k- 1) 
and 

c(n- l,k-2) = 2n+l _~' l C (n-l,k- 1). 

Using these formulas and the recurrence formula we obtain ( 2 k — 1 )c(n. k) — 
(2 n+l -k-l) c (n,k- 1) = (2 2k -2 k )c(n- l,k)~ {2 n -3-2 k ~ l + l)c(n- l,k- 
1) - (2 n+1 ~ k - 1 )c(n - l,Jt - 2) = ( 2 n - 2 k )c(n - l,k - 1) - (2 n - 3 • 2 k ~ l + 
l)c(n— 1,/c— 1) — ( 2 k ~ 1 — l)c(n— l,k— 1) . = 0. This completes the proof. 
Second solution. The given recurrence formula resembles that of binomial co- 
efficients, so it is natural to search for an explicit formula of the form c(n,k) = 
F(k)F{n-k ) ’ where F ( m ) = /(l)/(2) • ■ ■ f(m) (with F( 0) = 1) and / is a certain 
function from the natural numbers to the real numbers. If there is such an /, then 
c(n,k ) = c(n,n — k) follows immediately. 

After substitution of the above relation, the recurrence equivalently reduces to 
f(n + 1 ) = 2 k f{n —k+\)+ f(k) . It is easy to see that f(m) = 2 m — 1 satisfies 
this relation. 

Remark. If we introduce the polynomial P n (x) = 'Ll = o c (n,k)x k , the recurrence 
relation gives Pq(x) = 1 and P n +i(x) = xP n (x) +P n (2x). As a consequence of the 
problem, all polynomials in this sequence are symmetric, i.e. , P n (x) = x n P n (x~ 1 ) . 

13. Denote by & the set of functions considered. Let / e and let /( 1) = a. 

Putting n = 1 and m = 1 we obtain = a 2 z and f(az 2 ) = f(z) 2 for all 

z € N. These equations, together with the original one, imply f(x) 2 f(y) 2 = 
f{x) 2 f{ay 2 ) = f{x 2 f{f{ay 2 ))) = f{x 2 a 3 y 2 )=f(a{axy) 2 ) =/(oxy) 2 , which im- 
plies f(axy) = f(x)f(y) for all x.y G N. Thus f(ax) = af(x), and we conclude 
that 

af(xy) = f(x)f(y) for all x, y e N. ( 1 ) 

We now prove that f(x) is divisible by a for each x £ N. In fact, we inductively 
get that f(x) k = a i_1 /(x*) is divisible by a k ~ x for every k. If p a and are the 
exact powers of a prime p that divide f(x) and a respectively, we deduce that 
ka > (k— l)/3 for all k, so we must have a > /3 for any p. Therefore a \ fix). 
Now we consider the function on natural numbers g{x) = f(x)/a. The above 
relations imply 
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S(l) = l, g(xy)=g(x)g(y), g(g(x))=x forallx,yeN. (2) 

Since g£& and g(x) < fix) for all x, we may restrict attention to the functions 
g only. 

Clearly g is bijective. We observe that g maps a prime to a prime. Assume to the 
contrary that g{p) = uv,u,v> 1 . Then g(uv) = p, so either gin) = 1 or *(v) = I . 
Thus either g( 1 ) = u or *(1) = v, which is impossible. 

We return to the problem of determining the least possible value of g(l 998). 
Since *(1998) = g(2 ■ 3 3 • 37) = *(2) • *(3) 3 • *(37), and *(2), *(3), *(37) are 
distinct primes, *(1998) is not smaller than 2 3 • 3 • 5 = 120. On the other hand, the 
value of 120 is attained for any function * satisfying (2) and *( 2) = 3, *(3) = 2, 
*(5) = 37, *(37) = 5. Hence the answer is 120. 

14. If x^y+x + y is divisible by xy 2 +y + 7, then so is the number y(x 2 y + x+y) — 
x(xy 2 +y + l) = y 2 -lx. 

If y 2 — lx > 0, then since y 2 — lx < xy 1 + y + 7, it follows that y 2 — lx = 0. 
Hence (x,y) = (It 2 , It) for some t £ N. It is easy to check that these pairs really 
are solutions. 

If y 2 — lx < 0, then lx — y 2 > 0 is divisible by xy 2 +y + 1. But then xy 1 +y + 7 < 
lx—y 2 < lx, from which we obtain y < 2. For y = 1, we are led tox + 8 | lx — 1, 
and hence x+ 8 7(x + 8) — (lx — 1) = 57. Thus the only possibilities are x = 1 1 
and x = 49 , and the obtained pair s ( 1 1 , 1 ) , (49,1) are indeed solutions . For y = 2 , 
we have 4x + 9 | lx — 4, so that 7(4x + 9) — 4(7x — 4) = 79 is divisible by 4x + 9. 
We do not get any new solutions in this case. 

Therefore all required pairs (x,y) are (It 2 , It) (t £ N), (11,1), and (49, 1). 

15. The condition is obviously satisfied if a = 0 or b = 0 or a = b or a, b are both 
integers. We claim that these are the only solutions. 

Suppose that a,b belong to none of the above categories. The quotient a/b = 
(a\ / \b\ is a nonzero rational number: let a/b = p/q, where p and q are coprime 
nonzero integers. 

Suppose that p £ { — 1 , 1 } . Then p divides [an\ for all n, so in particular p divides 
[aj and thus a = kp + e for some k £ N and 0 < e < 1. Note that £^0, since 
otherwise b = kq would also be an integer. It follows that there exists an n £ N 
such that 1 < ne < 2. But then [na\ = [knp + ne J = knp + 1 is not divisible 
by p, a contradiction. Similarly, q £ { — 1 , 1} is not possible. Therefore we must 
have p,q = ±1, and since a f b, the only possibility is b = —a. However, this 
leads to |_— a\ = — [a \ , which is not valid if a is not an integer. 

16. Let S be a set of integers such that for no four distinct elements a,b,c,d £ S, 
it holds that 20 | a + b — c — d. It is easily seen that there cannot exist distinct 
elements a,b,c,d with a = b and c = d (mod 20). Consequently, if the elements 
of S give k different residues modulo 20, then S itself has at most k + 2 elements. 
Next, consider these k elements of S with different residues modulo 20. They 
give different sums of two elements. For k>l there are at least 21 such 
sums, and two of them, say a + b and c + d, are equal modulo 20; it is easy to 
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see that a,b,c,d are distinct. It follows that k cannot exceed 6, and consequently 
S has at most 8 elements. 

An example of a set S with 8 elements is {0,20,40,1,2,4,7,12}. Hence the 
answer is n = 9. 

17. Initially, we determine that the first few values for a n are 1, 3, 4, 7, 10, 12, 13, 
16, 19, 21, 22, 25. Since these are exactly the numbers of the forms 3k + 1 and 
9k + 3, we conjecture that this is the general pattern. In fact, it is easy to see that 
the equation x+y = 3 z has no solution in the set K = {3k + 1 , + 3 | k G N}. 
We shall prove that the sequence {a n } is actually this set ordered increasingly. 
Suppose a n > 25 is the first member of the sequence not belonging to K. We 
have several cases: 

(i) a n = 3r+2, r £ N. By the assumption, one of r+ 1, r+2, r+3 is of the form 
3k + 1 (and smaller than a n ), and therefore is a member a, of the sequence. 
Then 3 a,- equals a„ + 1 , a n + 4, or a„ + 7, which is a contradiction because 
1,4,7 are in the sequence. 

(ii) a n = 9 r,r£ N. Then a„ + ci 2 = 3(3r+ 1), although 3 r + 1 is in the sequence, 
a contradiction. 

(iii) a„ = 9r + 6, r £ N. Then one of the numbers 3r + 3, 3r + 6, 3r + 9 is a 
member a.j of the sequence, and thus 3a j is equal to a n + 3 , a n + 12, or 
a n + 21, where 3 , 1 2 , 2 1 are members of the sequence, again a contradiction. 

Once we have revealed the structure of the sequence, it is easy to compute a 1998. 
We have 1998 = 4 • 499 + 2, which implies 01998 = 9 • 499 + o 2 = 4494. 

18. We claim that, if 2" — 1 divides m 2 + 9 for some m G N, then n must be a power 
of 2. Suppose otherwise that n has an odd divisor d> 1. Then 2 d — 1 | 2" — 1 is 
also a divisor of m 2 + 9 = m 2 + 3 2 . However, 2 d — 1 has some prime divisor p of 
the form 4k— 1, and by a well-known fact, p divides both m and 3. Hence p = 3 
divides 2 d — 1, which is impossible, because for d odd, 2 d = 2 (mod 3). Hence 
n = 2 r for some r £ N. 

Now let n = 2 r . We prove the existence of m by induction on r. The case r= 1 
is trivial. Now for any r > 1 note that 

2 2 " - 1 = ( 2 2 ^' - 1 )( 2 2 ^’ + 1 ). 

The induction hypothesis claims that there exists an mi such that 7F 1 — 1 | 
m\ + 9. We also observe that 2 1 ' + 1 \ m\ + 9 for simple m 2 = 3- 2 T " . By 

the Chinese remainder theorem, there is an m £ N that satisfies m = m\ (mod 
2 2 — 1) and m = m2 (mod 2 2 + 1). It is easy to see that this m 2 + 9 will be 

divisible by both 2 r 1 — 1 and lF 1 + 1 , i.e., that 2 2 ^ — 1 1 m 2 + 9. This completes 
the induction. 

19. For n = p°F ■ ■ ■ , where p t are distinct primes and a, natural numbers, we 

have T (n) = (a,\ + 1) • • • (a r + 1) and z (n 2 ) = (2ai + 1) . . . ( 2a r +1). Putting 
ki = cd+ 1, the problem reduces to determining all natural values of m that can 
be represented as 
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m = 


2*i-l 

*1 


2 * 2-1 

*2 


2 * r - 1 
* r 


(1) 


Since the numerator r (n 2 ) is odd, m must be odd too. We claim that every odd 
m has a representation of the form (1). The proof will be done by induction. 
This is clear for m = 1. Now for every m = 2k — 1 with * odd the result follows 
easily, since m = 1 • k, and k can be written as (1). We cannot do the same 

if * is even; however, in the case m = 4k — 1 with k odd, we can write it as 
m = af-j 3 ' ir ' * an( l this works. 

In general, suppose that m = 2’k— 1, with k odd. Following the same pattern, we 
can write m as 


2* (2*- l)*-(2 f - 1) 4(2* — 1)*— 3 2(2* — 1)*— 1 

2*- 1 (2*-l)it-(2*- 1 -1)‘" 2(2*- l)k-l ' (2*-l)* 


—/~2\ 

The induction is finished. Hence m can be represented as if and only if it is 
odd. 

20. We first consider the special case n = 3 r . Then the simplest choice l0 ' 9 1 = 
11 ... 1 (n digits) works. This can be shown by induction: it is true for r - 1, 
while the inductive step follows from 


10 y - 1 = (io 3r 1 - l) (io 2 y 1 + 10 3 " 1 + 1) , 
because the second factor is divisible by 3. 

In the general case, let * > n/2 be a positive integer and a\. . . . . a n _k be nonzero 
digits. We have 

A = (10^— \)a\ci 2 - ■ - a n -k 
= aid 2 - . .a n -k-ia' n _ k 99 . . .99 hi *2 • • ■ b n -k-ib' n _ k , 

2k— n 


where a' n _ k = a„_£ - 1 , *, = 9 — a,-, and b' n _ k = 9 — a' n _ k . The sum of digits of A 
equals 9k independently of the choice of digits a\, . . .,a n -, t. Thus we need only 
choose * > | and digits a 1 , . . . 1 0 {0,9} and a„_£ £ {0, 1} in order for 

the conditions to be fulfilled. Let us choose 

f 3 r , if3 r <n<2-3 r for some r £ Z, 

k= \2-3 r , if 2 • 3 r < n < 3 r+1 for somereZ; 


and d\(i 2 ■ ■ ■ d n ^k = 22 ... 2. The number 


A = 22. . .2 199. . .9977 . . .78 

n—k—l 2k— n n-k - 1 

thus obtained is divisible by 2 • (10^ — 1), which is, as explained above, divisible 
by 18 • 3 r . Finally, the sum of digits of A is either 9 • 3 r or 18 • 3 r ; thus A has the 
desired properties. 
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21. Such a sequence is obviously strictly increasing. We note that it must be unique. 
Indeed, given ao, «i , • • • then a„ is the least positive integer not of the form 
a, + 2a j + 4a*, i, j,k <n. 

We easily get that the first few a„’s are 0, 1,8,9,64,65,72,73, .... Let {c n } be 
the increasing sequence of all positive integers that consist of zeros and ones 

in base 8, i.e., those of the form to + 2 3 q -| + 2? q t q where U G {0, 1}. We 

claim that a n = c n . To prove this, it is enough to show that each msN can be 

uniquely written as c* + 2c j + 4c*. If m = to + 2t\ H b 2 T t r (fi G {0, 1}), then 

m = c,- +2 Cj + 2 2 c* is obviously possible if and only if c,- = to + 2 3 t 3 + 2 6 tg -| , 

c,- = fi + 2 3 f 4 + . . . , and c* = t 2 + 2 3 t 5 H . 

Hence for n = so + 2.v i H b 2 r .s> we have a n = .s’o + 8si H b 8' .s>. In partic- 

ular, 1998 = 2 + 2 2 + 2 3 + 2 6 + 2 7 + 2 8 + 2 9 + 2 10 , so 

a 199g = 8 + 8 2 + 8 3 + 8 6 + 8 7 + 8 s + 8 9 + 8 10 = 1227096648. 

Second solution. Define f(x) = x" 0 + x“' -\ . Then the assumed property of 

{a n } gives 

f(x)f(x 2 )f(x 4 ) = 1^+^* = £x" = 7^- 

ij,k n 1 x 

We also get as a consequence /(x 2 )/(x 4 )/(x 8 ) = jzjp, which gives f(x) = (1 + 
x)f(x % ). Continuing this, we obtain 

/(*) = (l+^)(l+/)(l+x 82 )-- - . 

Hence the a„’s are integers that have only 0’s and l’s in base 8. 

22. We can obviously change each x into |_xj or [x] so that the column sums remain 
unchanged. However, this does not necessarily match the row sums as well, so 
let us consider the sum S of the absolute values of the changes in the row sums. 
It is easily seen that S is even, and we want it to be 0. 

A row may have a higher or lower sum than desired. Let us mark a cell by — if 
its entry x was changed to |_xj , and by + if it was changed to [x] instead. We 
call a row R 2 accessible from a row R\ if there is a column C such that C fl R] 
is marked + and Cfll ?2 is marked — . Note that a column containing a + must 
contain a — as well, because column sums are unchanged. Hence from each row 
with a higher sum we can access another row. 

Assume that the row sum in is higher. If R\ ,I? 2 , • • • ,Rk is a sequence of rows 
such that /?,_!_ 1 is accessible from R t via some column C, and such that the row 
sum in R * is lower, then by changing the signs in C,- fl Rj and QURi+i ( i = 
1 , 2, . . . , k — 1) we decrease S by 2, leaving column sums unchanged. We claim 
that such a sequence of rows always exists. 

Let 2% be the union of all rows that are accessible from R \ , directly or indirectly; 
let 2% be the union of the remaining rows. We show that for any column C, the 
sum in & fl C is not higher. If 2?C\C contains no +’s, then this is clear. If & fl C 
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contains a +, since the rows of Si are not accessible, the set SiC\C contains no 
— ’s. It follows that the sum in Si, D C is not lower, and since column sums are 
unchanged, we again come to the same conclusion. Thus the total sum in Si is 
not higher. Therefore, there is a row in Si with too low a sum, justifying our 
claim. 

23. (a) If n is even, then every odd integer is unattainable. Assume that n> 9 is 

odd. Let a be obtained by addition from some b, and b from c by multi- 
plication. Then a is 2c + 2, 2c + n,nc + 2, or nc + n, and is in every case 
congruent to 2c + 2 modulo n — 2. In particular, if a = — 2 (mod n — 2), then 
also b = —4 and c = —2 (mod n — 2). 

Now consider any a = kn(n — 2) — 2, where k is odd. If it is attainable, but 
not divisible by 2 or n, it must have been obtained by addition. Thus all 
predecessors of a are congruent to either —2 or —4 (mod n — 2), and none 
of them equals 1, a contradiction. 

(b) Call an attainable number addy if the last operation is addition, and multy 
if the last operation is multiplication. We prove the following claims by 
simultaneous induction on k\ 

(1) n = 6k is both addy and multy; 

(2) n = 6k + 1 is addy for k >2: 

(3) n = 6k + 2 is addy for k > 1 ; 

(4) n = 6k + 3 is addy; 

(5) n = 6k + 4 is multy for k > 1 ; 

(6) n = 6k + 5 is addy. 

The cases k < 1 are easily verified. For k > 2, suppose all six statements 
hold up to k— 1. 

Since 3k is addy, 6k is multy. 

Next, 6k — 2 is multy, so both 6k = (6k — 2) +2 and 6k + 1 = (6k — 2) + 3 
are addy. 

Since 6k is multy, both 6k + 2 and 6k + 3 are addy. 

Number 6k + 4 = 2- (3k + 2) is multy, because 3k + 2 is addy (being either 
6/ + 2 or 6/ + 5). 

Finally, we have 6k + 5 = 3- (2k + 1) +2. Since 2fc+ 1 is 6/ + 1, 6/ + 3, or 
61 + 5, it is addy except for 7. Hence 6k + 5 is addy except possibly for 23. 
But 23 = ((1 • 2 + 2) • 2 + 2) • 2 + 3 is also addy. 

This completes the induction. Now 1 is given and 2 = 1 • 2, 4 = 1 + 3. It is 
easily checked that 7 is not attainable, and hence it is the only unattainable 
number. 

24. Let f(n) be the minimum number of moves needed to monotonize any permuta- 
tion of n distinct numbers. Let us be given a permutation 7r of {1,2,. and 
let k be the first element of n. In f(n — 1) moves, we can transform n to either 

{&, 1,2, . . . ,k— l,k+ 1,. . .,«) or (k,n,n— 1,. . . ,k+ l,fc— 1,. . . , 1). 

Now the former can be changed to (k,k— 1, . . .,2,1 ,k+ 1 which is then 
monotonized in the next move. Similarly, the latter also can be monotonized in 
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two moves. It follows that f{n) < f(n — 1) + 2. Thus we shall be done if we 
show that /( 5) < 4. 

Firstwenotethat/(3) = 1. Consider a permutation of {1,2,3,4}. If either 1 or 
4 is the first or the last element, we need one move to monotonize the other three 
elements, and at most one more to monotonize the whole permutation. Of the 
remaining four permutations, (2,1,4, 3) and (3,4, 1,2) can also be monotonized 
in two moves. The permutations (2,4, 1,3) and (3, 1,4,2) require 3 moves, but 
by this we can choose whether to change them into (1,2, 3, 4) or (4,3,2, 1). 

We now consider a permutation of {1,2, 3, 4, 5}. If either 1 or 5 is in the first or 
last position, we can monotonize the rest in 3 moves, but in such a way that the 
whole permutation can be monotonized in the next move. If this is not the case, 
then either 1 or 5 is in the second or fourth position. Then we simply switch it to 
the outside in one move and continue as in the former case. Hence /( 5) = 4, as 
desired. 

25. We use induction on n. For n = 3, we have a single two-element subset {i,j} 
that is split by ( i,k,j ) (where k is the third element of U). Assume that the 
result holds for some n > 3, and consider a family & of n — 1 proper subsets of 
U = {1,2, . . .,n+ 1}, each with at least 2 elements. 

To continue the induction, we need an element a&U that is contained in all n- 
element subsets of & , but in at most one of the two-element subsets. We claim 
that such an a exists. Let J 5 " contain k n-element subsets and m 2-element subsets 
(k + m < n — 1). The intersection of the n-element subsets contains exactly n + 
1 — k > m + 2 elements. On the other hand, at most m elements belong to more 
than one 2-element subset, which justifies our claim. 

Now let A be the 2-element subset that contains a, if it exists; otherwise, let 
A be any subset from & containing a. Excluding a from all the subsets from 
& \ {A}, we get at most n — 2 subsets of U \ {a} with at least 2 and at most n — 1 
elements. By the inductive hypothesis, we can arrange U \ {a} so that we split 
all the subsets of & except A. It remains to place a , and we shall make a desired 
arrangement if we put it anywhere away from A. 

26. Put n = 2r + 1 . Since each of the ('{) pairs of judges agrees on at most two 
candidates, the total number of agreements is at most k( ") . On the other hand, 
if the ith candidate is passed by xi judges and failed by n — x; judges, then the 
number of agreements on this candidate equals 

/ xA /n — x A xj + (n — x,) 2 — n ^ r 1 + (n — r) 2 — n (n— l) 2 

V2 J + V 2 7 2 - 2 = — 


Therefore the total number of agreements is at least m< ' n 4 ^ , which implies that 

hence ± > fLzl. 

4 m 2n 


Remark. The obtained inequality is sharp. Indeed, if m = ( 2r j{ 1 ) and each can- 
didate is passed by a different subset of r judges, we get equality. A similar 
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example shows that the result is not valid for even n. In that case the weaker 
estimate £ > holds. 

27. Since this is essentially a graph problem, we call the points and segments vertices 
and edges of the graph. We first prove that the task is impossible if k < 4. 

Cases k < 2 are trivial. If k = 3, then among the edges from a vertex A there 
are two of the same color, say AB and AC, so we don’t have all the three colors 
among the edges joining A, B,C. 

Now let k = 4, and assume that there is a desired coloring. Consider the edges 
incident with a vertex A. At least three of them have the same color, say blue. 
Suppose that four of them, AB,AC,AD,AE, are blue. There is a blue edge, say 
BC, among the ones joining B.C. D. E. Then four of the edges joining A, B,C,D 
are blue, and we cannot complete the coloring. So, exactly three edges from A 
are blue: AB,AC,AD. Also, of the edges connecting any three of the 6 vertices 
other than A,B,C,D, one is blue (because the edges joining them with A are not 
so). By a classical result, there is a blue triangle EFG with vertices among these 
six. Now one of EB,EC,ED must be blue as well, because none of BC.BD.CD 
is. Let it be EB. Then four of the edges joining B, E, F, G are blue, which is 
impossible. 

For k = 5 the task is possible. Label the vertices 0, 1 , . . . , 9. For each color, we 
divide the vertices into four groups and paint in this color every edge joining two 
from the same group, as shown below. Then among any 5 vertices, 2 must belong 
to the same group, and the edge connecting them has the considered color. 


yellow: 

01 12 20 

36 69 93 

57 

48 

red: 

23 34 42 

58 81 15 

79 

60 

blue: 

45 56 64 

70 03 37 

91 

82 

green: 

67 78 86 

92 25 59 

13 

04 

orange: 

89 90 08 

14 47 71 

35 

26. 


A desired coloring can be made for k > 6 as well. Paint the edge i j in the (i + j)th 
color for i < j < 8, and in the 2/th color if j = 9 (the addition being modulo 9). 
We can ignore the edges painted with the extra colors. Then the edges of one 
color appear as five disjoint segments, so that any complete k-graph for k > 5 
contains one of them. 

28. Let A be the number of markers with white side up, and B the number of pairs 
of markers whose squares share a side. 

We claim that A + B does not change its parity as the game progresses. Suppose 
that in some move we remove a marker that has exactly k neighbors, among them 
r with white side up (0 < r < k < 4). Of course, this marker has its black side 
up. When it is removed, the r white markers get black side up, while the k — r 
black ones become white. Thus A changes by k — 2 r. As for B, it decreases by k. 
It follows that A decreases by 2 r and preserves its parity, as claimed. 

Initially, A = mn — 1 and B = m(n — 1) + n{m — 1); hence 


A+B = 3 mn — m — n — 1. 
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If we succeed in removing all the markers, we end up with A + B = 0. Hence 
3 mn — m — n — \ = (m — \ )(n — \ ) + 2(mn — 1) must be even, or equivalently at 


least one of m and n is odd. 

On the other hand, the game can be finished successfully if m or n is odd. Assume 
that m is odd. As shown in the picture, we can arrive at the position (1) in m 
moves; with moves we reduce it to the position (1 j), and with the next 
moves to the position (2). We continue until we empty all the columns. 


m 
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4.40 Solutions to the Shortlisted Problems of IMO 1999 

1. Obviously (1 ,p) (where p is an arbitrary prime) and (2,2) are solutions and the 
only solutions to the problem for x < 3 or p < 3. 

Let us now assume x,p> 3. Since p is odd, (p— l) x + 1 is odd, and hence x 
is odd. Let q be the smallest prime divisor of x, which also must be odd. We 
have q\x \ x p ~ l \ (p — \ ) x + 1 => (p—\) x = -1 (mod q). Also from Fermat’s 
little theorem (p — 1 ) q ~ 1 = 1 (mod q). Since q— 1 and x are coprime, there exist 
integers a, J3 such that xa = (q — l)/3 + 1. We also note that a must be odd. 
We now have p — 1 = (p — 1)(9 _1 )0 +1 = (p— l) xa = — 1 (mod q) and hence 
q | p =>• q = p. Since x is odd, p \ x, and x < 2 p, it follows x = p for all x,p > 3. 
Thus 


P'-' I (r-D*+ 1 [f- 1 - ( p y ~' +■■■- (/ 2 ) + .) . 

Since the expression in parenthesis is not divisible by p, it follows that p p ~ l \p 2 
and hence p< 3. One can easily verify that (3,3) is a valid solution. 

We have shown that the only solutions are (1 ,p), (2,2), and (3,3), where p is an 
arbitrary prime. 

2. We first prove that every rational number in the interval (1,2) can be represented 
in the form • Taking b, d such that b^d and a = b + d, we get a 2 — ab + 
b 2 = a 2 — ad + d 2 and 

a 3 +b 3 (a + b)(a 2 — ab + b 2 ) a + b 
a^ + d 3 (a + d)(a 2 — ad + d 2 ) a+d 

For a given rational number l<m/n<2we can select a = m + n and b = 2m — n 
such that along with d = a — b we have = (L This completes the proof of 
the first statement. 

For m/n outside of the interval we can easily select a rational number p/q such 
that ^ In other words 1 < ^ < 2. We now proceed to obtain a, 

b and d for as before, and we finally have 


p 3 m _a 3 + b 3 m ( aq ) 3 + ( bq ) 3 

q 3 n a 3 +d 3 n ( ap) 3 + (dp ) 3 

Thus we have shown that all positive rational numbers can be expressed in the 

form 

3. We first prove the following lemma. 

Lemma. For d,c G N and d 2 | c 2 + 1 there exists b G N such that d 2 (d 2 + 1) | 
b 2 + 1. 

Proof. It is enough to set b = c + d 2 c — d 3 = c + d 2 (c — d). 
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Using the lemma it suffices to find increasing sequences d n and c„ such that 
c n —d n is an increasing sequence and d^ \ c 2 + 1. We then obtain the desired 
sequences a n and b n from a n = c/ 2 and b n = c n + d%(c n — d n ). It is easy to check 
that d„ = 2 2 " + 1 and c„ = 2 nd " satisfy the required conditions. Hence we have 
demonstrated the existence of increasing sequences a„ and b n such that a n (a n + 
1)| bl+l. 

Remark. There are many solutions to this problem. For example, it is sufficient 
to prove that the Pell-type equation 5 a n (a n + 1) = 6 2 + 1 has an infinity of so- 
lutions in positive integers. Alternatively, one can show that a n {a n + 1) can be 
represented as a sum of two coprime squares for infinitely many a n , which im- 
plies the existence of b„. 

4. (a) The fundamental period of p is the smallest integer d(p) such that p \ 

m d{ p) - 1. 

Let s be an arbitrary prime and set N s = 1 0 2s + 1 0 s + 1 . In that case 
N s = 3 (mod 9). Let p s 7^ 37 be a prime dividing N s / 3. Clearly p s 7^ 3. 
We claim that such a prime exists and that 3 | d{p s ). The prime p s exists, 
since otherwise N s could be written in the form N s = 3 • 37 k = 3 (mod 4), 
while on the other hand for s > 1 we have N s = 1 (mod 4). 

Now we prove 3 | d(p s ). We have p s \ N s 1 0 3s — 1 and hence d{p s ) \ 3s. 
We cannot have d(p s ) \ s, for otherwise p s | 10 s ' I => p s (10 2,s + 10 s + 
1, 1(F — 1) = 3; and we cannot have d(p s ) | 3, for otherwise p s | 10 3 — 1 = 
999 = 3 3 • 37, both of which contradict p s 7^ 3, 37. It follows that d (p s ) = 3s. 
Hence for every prime s there exists a prime p s such that d{p s ) = 3s. It 
follows that the cardinality of S is infinite. 

(b) Let r = r(s) be the fundamental period of p e S. Then p 10 3r — 1 , p \ 1 0 r — 

1 => p | 1 0 2r + 1 0 r + 1 . Let Xj = a nd yj = {xj} = 0.ajaj + iaj + 2 

Then aj < 10 yj, and hence 

f(k, p)=a k + a k+r + a k+2r < 10(y* + y k+r + y k +2r) ■ 

\0 k ~^N 

We note that x k +x k+s ^ + x k+2s ( p ) = — - — - is an integer, from which it 
follows that y k +y k+s (p) +y k+2s ( p ) e N. Hence y k +y k+s{p ) +y k+2s ( p ) < 2. 
It follows that f(k,p ) < 20. We note that /(2,7) =4 + 8 + 7 = 19. Hence 
19 is the greatest possible value of f(k,p). 

5. Since one can arbitrarily add zeros at the end of m, which increases divisibility 
by 2 and 5 to an arbitrary exponent, it suffices to assume 2,5 \n. 

If (n, 10) = 1, there exists an integer w > 2 such that 10 w = 1 (mod n). We also 
note that 10 iW = 1 (mod n) and 1 0 ,li 1 1 m 10 (mod n) for all integers i and j. Let 
us assume that m is of the form m = £“ =| 10 w +X}=i 10' ;M ' +1 for integers u, v > 0 
(where if u or v is 0, the corresponding sum is 0). Obviously, the sum of the 
digits of m is equal to u + v, and also m = u + lOv (mod n). Hence our problem 
reduces to finding integers u, v > 0 such that u + v = k and n \ u + lOv = k + 9v. 
Since (n, 9) = 1, it follows that there exists some vq such that 0 < vq < n < k 
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and 9vo = —k (mod n) => n \ k + 9vq. Taking this vo and setting uq = k — vo we 
obtain the desired parameters for defining m. 

6. Let N be the smallest integer greater than M. We take the difference of the 
numbers in the progression to be of the form 10 m + 1, m S N. Hence we can 
take a n = Uq + n(\0 m + 1 ) = b s b s -\ ...bo where uq is the initial term in the 
progression and b s b s -\ ...bo is the decimal representation of a n . Since 2m is 
the smallest integer x such that 10* = 1 (mod 10 m + 1), it follows that 10* = 
10 ; (mod 10 m + 1) 4=> k = / (mod 2m). Hence 

2m- 1 

ao=a n = b s b s -\...bo= ^ c,10 ! (mod 10 m + 1), 

/=o 

where c,- = h,- + b 2 m +i + b^ m+ i -\ >0 for i — 0, 1, ... , 2m — 1 (these c,- also 

depend on n). We note that X^f 1 c, 10' is invariant modulo 10 m + 1 for all n 
and that X^r 1 c,- = X'}=o bj for a given n. Hence we must choose ao and m 
such that ao is not congruent to any number of the form Xf=o _l where 
C 0 + Cl H b C2m-1 < N (C0.C| . . . . . c 2 m-l > 0). 

The number of ways to select the nonnegative integers cq,ci . .C 2 m - \ such 
that Co + ci H H C2 m -i < N is equal to the number of strictly increasing se- 
quences 0 < Co < Co + Cl + 1 < Co + Cl + C2 + 2 H < Co + Cl -| b C2m-1 + 

2m— 1 < N + 2m — 1, which is equal to the number of 2m-element subsets 
of {0, 1 , 2, . . . , IV + 2/n — 1 } , which is ( N+ ^ m ) ■ For sufficiently large m we have 
("+**) < 10 m , and hence in this case one can select ao such that ao is not con- 
gruent to X-fo -1 c, 1 0' modulo 10 m + 1 for any set of integers co,ci, . . . , C 2 m - 1 

such that co + ci -| b C2 m -i < N. Thus we have found the desired arithmetic 

progression. 

7. We use the following simple lemma. 

Lemma. Suppose that M is the interior point of a convex quadrilateral ABCD. 

Then it follows that MA + MB < AD + DC + CB. 

Proof. We repeatedly make use of the triangle inequality. The line AM, in ad- 
dition to A, intersects the quadrilateral in a second point N. In that case 
AM + MB <AN+NB <AD + DC+CB. 

We now apply this lemma in the following way. Let D, E, and F be median 
points of BC, AC, and AB. Any point M in the interior of AABC is contained in 
at least two of the three convex quadrilaterals ABDE, BCEF, and CAFD. Let us 
assume without loss of generality that M is in the interior of BCEF and CAFD. 
In that case we apply the lemma to obtain AM + CM < AF + FD + DC and 
BM + CM <CE- b EF + FB to obtain 

CM A AM + BM+CM < AF + FD + DC+CE + EF + FB 
= AB+AC+BC 

from which the required conclusion immediately follows. 
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8. Let A, B, C, and D be inverses of four of the five points, with the fifth point being 
the pole of the inversion. A separator through the pole transforms into a line 
containing two of the remaining four points such that the remaining two points 
are on opposite sides of the line. A separator not containing the pole transforms 
into a circle through three of the points with the fourth point in its interior. Let 
K be the convex hull of A , B, C, and D. We observe two cases: 

(i) A" is a quadrilateral, for example ABCD. In that case the four separators 
are the two diagonals and two circles ABC and ADC if ZA + ZC < 180 °, 
or BAD and BCD otherwise. The remaining six viable circles and lines are 
clearly not separators. 

(ii) A" is a triangle, for example ABC with D in its interior. In that case the 
separators are lines DA, DB, DC and the circle ABC. No other lines and 
circles qualify. 

We have thus shown that any set of five points satisfying the stated conditions 
will have exactly four separators. 

9 . Let r P Q denote a reflection about the planar bisector of PQ with P,Q £ S. Let 
G be the centroid of S. From r P Q(S) = S it follows that tpq(G ) = G. Hence G 
belongs to the perpendicular bisector of PQ and thus GP = GQ. Consequently 
the whole of S lies on a sphere E centered at G. We note the following two cases: 

(a) S is a subset of a plane n. In this case S is included in a circle k, G being its 
center. Hence its n points form a convex polygon A 1A2 . . . A„. When apply- 
ing rA;A i+2 f° r some 0 < i < n — 1 the point A;+i transforms into some point 
of S lying on the same side of AjA i+ 1, which has to be A i+ \ itself. It thus 
follows that A A I+ 1 = A,- + | A,- + 2 for all 0 < i < n — 1 and hence A1A2 . . . A„ 
is a regular n-gon. 

(b) The points in S are not coplanar. It follows that S is a polyhedron P in- 
scribed in a sphere E centered at G. By applying the previous case to the 
faces of the polyhedron, it follows that all faces are regular n-gons. 

Let us take an arbitrary vertex V and let VV \ , VV2 and VV3 be three consec- 
utive edges stemming from V (V, V\ , V2, and V3 defining two adjacent faces 
of P ). We now look at ry ] y 3 . Since this transformation leaves the half-planes 
[Vj V3, V2 and [V1V3 , V invariant and since V2 and V are the only points of P 
on the respective half -planes, it follows that r Vl y 3 leaves V and V2 invari- 
ant. This transform also swaps Vj and V3. Hence, the face determined by 
VV1V2 is transformed by ry x y 3 into the face VV3V2, and thus the two faces 
sharing VV2 are congruent. We conclude that all faces are congruent and 
similarly that vertices are endpoints of the same number of edges; hence P 
is a regular polyhedron. 

Finally, we have to rule out S being vertices of a cube, a dodecahedron, or 
an icosahedron. In all of these cases if we select two diametrically opposite 
points P and Q, then S \ {P, Q} is not symmetric with respect to the bisector 
of PQ, which prevents r P Q from being an invariant transformation of S. 
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It thus follows that the only viable finite completely symmetric sets are vertices 
of regular n-gons, the tetrahedron, and the octahedron. It is not explicitly asked 
for, but it is easy to verify that all of these are indeed completely symmetric. 
Remark. On the IMO, a simpler version of this problem was adopted, adding the 
condition that S belongs to a plane and thus eliminating the need for the second 
case altogether. 

10. We use the following lemma. 

Lemma. Let ABC be a triangle and X £ AB such that AX : XB = m : n. Then 
(m + n ) cot ZCXB = n cot/4 — mcotfi and m cot ZAC X = ( n + m ) cotC + 
ncotA. 

Proof. Let CD be the altitude from C and h its length. Then using oriented 
segments we have AX = AD + DX = h cotA — h cot ZCXB and BX = BD + 
DX = hcotB + h cot ZCXB. The first formula in the lemma now follows 
from n ■ AX = m • BX. The second formula immediately follows from the 
first part applied to the triangle ACX and the point X' £ AC such that XX' \ \ 
BC. 

Let us set cot A = x, cot B = y, and cotC = z. Applying the second formula in the 
lemma to A ABC and the points, we obtain 4 cot Z ACX = 9z+5x. Applying the 
first formula in the lemma to A CXZ and the point Y and using ZXYZ = 45° and 
cot ZCXZ = —y, we obtain 3 cot ZXYZ = cot ZAC X - 2cot ZCXZ = + 

2y =>• 5x + 8y + 9z = 12. 

We now use the well-known relation for cotangents of a triangle xy+yz+xz = 1 
to get 9 = 9(x + y)z + 9xy = (x+y)(\2- 5x- 8z) +9xy = 9 => (4y +x- 3) 2 + 
9(x — l) 2 = 0=^x= 1, y = j, z= y- It follows that x, y, and z have fixed values, 
and hence all triangles T in Z are similar, with their smallest angle A having 
cotangent 1 and thus being equal to ZA = 45°. 

11. Let £2(1, r) be the incircle of A ABC. Let D, E, and F denote the points where 
£2 touches BC, AC, and AB, respectively. Let P, Q, and R denote the midpoints 
of EF, DF, and DE respectively. We prove that £2 a passes through Q and R. 
Since A IQD - A 1DB and A IRD ~ A I DC, we obtain IQIB = IRIC = r 2 . We 
conclude that B,C, Q, and R lie on a single circle r a . Moreover, since the power 
of I with respect to is r 2 , it follows for a tangent IX from / to that X lies 
on £2 and hence £2 is perpendicular to r a . From the uniqueness of £2 a it follows 
that £2 a = r a . Thus £2 a contains Q and R. Similarly £2f, contains P and R and £2, 
contains P and Q. Hence, A' =P,B' = Q and C' = R. Therefore the radius of the 
circumcircle of A A'B'C' is half the radius of £2. 

12. We first introduce the following lemmas. 

Lemma 1. Let ABC be a triangle, / its inenter and I a the center of the excircle 
touching BC. Let A' be the center of the arc BC of the circumcircle not 
containing A. Then A'B = A'C = A' I = A'I a . 

Proof. The result follows from a straightforward calculation of the relevant 
angles. 
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Lemma 2. Let two circles k\ and k 2 meet each other at points X and Y and 
touch a circle k internally in points M and N, respectively. Let A be one of 
the intersections of the line XY with k. Let AM and AN intersect k\ and k 2 
respectively at C and E. Then CE is a common tangent of k\ and k 2 . 

Proof Since AC ■ AM = AX ■ AY = AE ■ AN, the points M,N,E,C lie on a circle. 
Let MN meet k\ again at Z. If M' is any point on the common tangent 
at M, then ZMCZ = ZM'MZ = ZM'MN = AM AN (as oriented angles), 
implying that CZ || AN. It follows that Z ACE = ZANM = ZCZM. Hence 
CE is tangent to k\ and analogously to k 2 . 

In the main problem, let us define E and F respectively as intersections of NA 
and NB with 132. Then applying Lemma 2 we get that CE and DF are the com- 
mon tangents of Ll\ and Q 2 - 
If the circles have the same radii, 
the result trivially holds. Otherwise, 
let G be the intersection of CE and 
DF. Let O i and O 2 be the centers of 
Q\ and X3 2 . Since 0\D = 0\C and 
ZO\DG = ZOiCG = 90°, it follows 
that 0\ is the midpoint of the shorter 
arc of the circumcircle of A CDG. The 
center O 2 is located on the bisec- 
tor of ZCGD, since CI 2 touches both 
GC and GD. However, t also sits on 
Li\, and using Lemma 1 we obtain 
that O 2 is either at the incenter or at the excenter of A CDG opposite G. Hence, 
&2 is either the incircle or the excircle of CDG and thus in both cases touches 
CD. 

Second solution. Let O be the center of T, and r, r\ , r 2 the radii of T,!],!"). It 
suffices to show that the distance d(0 2 ,CD) is equal to Yi- 
The homothety with center M and ratio r/r\ takes I] ,C,D into T ,A,B, respect- 
ively; hence CD || AB and d(C,AB) = l-p-d{M,AB). Let 0\0 2 meet XY at R. 
Then d{0 2 ,CD) = 0 2 R+ r -=f L d{M,AB), i.e., 

d{0 2 , CD) = 0 2 R + T —p- [0 X 0 2 - 0 2 R + n cos ZOOi 0 2 ], (1) 

since 0,0\, and M are collinear. We have 0\X = 0\0 2 = n, 00\ = r — n, 
OO 2 = r — r 2 , and 0 2 X = r 2 . Using the cosine law in the triangles OO 1 O 2 and 
XO 1 O 2 , we obtain that cos ZOO \0 2 = 2 ^~^ r ^+^ 2 ~ r 2 anc j q 2 r _ di. Substi- 
tuting these values in (1) we get d(0 2 ,CD) = r 2 . 

13. Let us construct a convex quadrilateral PQRS and an interior point T such that 

A PTQ r = A AMB, AQTR ~ A AMD, and APTS ~ A CMD. We then have TS = 

MD-PT — MD and TR _ TRTQTP _ MDMBMC _ MB ( usin „ MA -MCA We also 
MC - dllu TS — TQ TP TS ~ MA MA MD ~ MC ' using mn — vve disu 

have ZSTR = ZBMC and therefore ARTS ~ A BMC. Now the relations between 
angles become 



656 
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ZTPS + ZTQR = ZPTQ and ZTPQ + ZTSR = ZPTS, 

implying that PQ || RS and QR || PS. Hence PQRS is a parallelogram and hence 
AB = PQ = RS and QR = PS. It follows that ^ = ff = ^ => AB ■ CM = 
BC MD and ^ f ^ =QR = PS= cixts _ qd => BM AD = MA ■ CD. 

14. We first introduce the same lemma as in problem 12 and state it here without 
proof. 

Lemma. Let ABC be a triangle and I the center of its incircle. Let M be the center 
of the arc BC of the circumcircle not containing A. Then MB = MC = MI. 
Let the circle XO 1 O 2 intersect the circle LI again at point T . Let M and 
N be respectively the midpoints of arcs BC and AC, and let P be the inter- 
section of £2 and the line through C parallel to MN. Then the lemma gives 
MP = NC = NI = NO\ and NP = MC = MI = M0 2 . Since 0 ] and 0 2 lie on 
XN and XM respectively, we have ZNTM = ZNXM = ZO l X0 2 = ZO l T0 2 
and hence ZNTO\ = ZMT0 2 . Moreover, ZTNO\ = ZTNX = ZTM0 2 , from 
which it follows that AO\NT ~ A 0 2 MT. Thus m = my, = WA = LTF ^ 
MP ■ MT = NP ■ NT => S M pt = Snpt ■ It follows that TP bisects the segment 
MN, and hence it passes through 7. We conclude that T belongs to the line PI 
and does not depend on X . 

Remark. An alternative approach is to apply an inversion at point C. Points 0\ 
and 0 2 become excenters of A AXC and A BXC, and T becomes the projection 
of I c onto AB. 

15. For all x, = 0 any C will do, so we may assume the contrary. Since the equation 

is symmetric and homogeneous, we may assume X; Xi = 1. The equation now 
becomes F(x i,x 2 , . ■ ■ ,x„) = J 4i< jX i Xj(xf Ax'j) = -*;) = 

X,-/(a) < C, where we define f(x) = x 3 — x 4 . We note that for x,y > 0 and 
x+y<2/3, 

f(x+y)+m-f(x)-f(y) = 3xy(x+y)Q-x-y S j>0. (1) 

We note that if at least three elements of {xi,x 2 , ... ,x n } are nonzero the con- 
dition of (1) always holds for the two smallest ones. Hence, applying (1) re- 
peatedly, we obtain F(xi,x 2 , ... ,x n ) < F(a, 1 —a, 0, . . . , 0) = j(2a(l — a))(l — 
2a(l — a)) < | = F ( 5 , 5 , 0 , ... ,0) . Thus we have C= g (for all n), and equality 
holds only when two x,- are equal and the remaining ones are 0 . 

Second solution. Let M = Xj+x^H Vx 2 n . Using ab < (a + 2b) 2 /8 we have 

X x <- x AA + x y) < M^XiXj 

I <!</<« i< j 
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Equality holds if and only if M = 2X,<yX,-Xy and x t Xj(x 2 + x 2 ) = MxiXj for all 
i < j, which holds if and only if n — 2 of the x, are zero and the remaining two 
are equal. 

Remark. Problems (SL90-26) and (SL91-27) are very similar. 

16. Let C(A) denote the characteristic of an arrangement A. We shall prove that max 
C(A) = 2±i. 

Let us prove first C(A) < for all A. Among elements {n 2 — n,n 2 — n + 
1 , ... ,n 2 }, by the pigeonhole principle, in at least one row and at least one col- 
umn there exist two elements, and hence one pair in the same row or column that 
is not (n 2 — n,n 2 ). Hence 


C(A) < max 


i z n 1 - 1 
[ n 2 — n + 1 ’ n 2 — n 

We now consider the following arrangement: 

i + n(j-i-\) 
i + n(n-i + j- 1) 


n 2 - I _ w + 1 
n 2 — n n 


if i < j, 
if i>j. 


We claim that C(a) = Indeed, in this arrangement no two numbers in the 
same row or column differ by less than n — 1, and in addition, n 2 and n 2 — n+ 1 
are in different rows and columns, and hence 


C(A)> 


n 1 - 1 


-1 


17. A game is determined by the ordering t\, . . . ,tjv of the N = Q) transpositions 
(i, j) of the set { 1 , 2, . . . , n} . The game is nice if the permutation P = tfftpf- \ ...t\ 
has no fixed point, and tiresome if P is the identity (denoted by I). Recall that 
every permutation can be written as a composition of disjoint cycles. 

We claim that there exists a nice game if and only if n ^ 3. 

Lor n = 2, P 2 = t\ = (1,2) is obviously nice. Lor n = 3 each game has the form 
P = (b.c)(a,c)(a.b) = ( a,c ) for an appropriate notation of the players, which 
cannot be nice. Now for n > 4 we define P n = (1,2) (1,3) (2,3) ••• (l,n) 
(2 ,n) ■■■ (n — 1 ,n). We obtain inductively that P„ = P„-i(l,n,n— 1, ... ,2) = 
(l,n)(2,n— 1) • • • (i,n+ 1 — i)- ■ ■ is nice for all evenn. 

Also, if n = 2k+ \ is odd, then Q n = P n _i(l,n)(2,n) • • • (k,n)(n — 1 ,n)(n — 
2, n) ■ ■ ■ (k + 1 , n) maps i to n + 1 — i for i < k, to n — 1 — i for k + 1 < i < 2k — 1 , 
and to 3 k+ 1 — i if 2 G {2k. 2k + 1}. Hence Q n is nice. This justifies our claim. 
Now we prove that a tiresome game exists if and only if n = 0, 1 (mod 4). Evi- 
dently every transposition changes the sign of the permutation. Thus the sign of 
jPis (— 1)( J ) and for P to be the identity we must have 2 (”) => n = 0, 1 (mod 4). 
Let us now construct tiresome games for the allowed n. Lor n = 4k we di- 
vide the girls into groups of 4. In each group we perform the following game: 
(3,4)(1,3)(2,4)(2,3)(1,4)(1,2) = I. On the other hand, among two different 
groups (call them {1,2, 3, 4} and {5, 6, 7, 8}) we perform 
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(4, 7)(3, 7) (4, 6) (1 , 6) (2, 8) (3, 8) (2, 7) (2, 6) 

(4> 5) (4, 8) (1,7) (1,8) (3, 5) (3, 6) (2, 5) (1,5) = I. 

For n = 4k + 1 we divide into groups of four as before, with one girl remaining. 
Every time a group (denoted {1,2, 3, 4}) is to play a game the remaining girl 
(denoted 5) joins in, and they play 

(3, 5) (3, 4) (4, 5) (1,3) (2, 4) (2, 3) (1,4) (1,5) (1,2) (2, 5) = I. 

This completes the proof. 

18. Define f(x, y) =x 2 — xy + y 1 . Let us assume that three such sets A, B, and C do 
exist and that w.l.o.g. 1, b, and c (c>b) are respectively their smallest elements. 

Lemma 1. Numbers x, y, and x+y cannot belong to three different sets. 

Proof. The number f(x. x + y) = f(y,x + y) must belong to both the set con- 
taining y and the set containing x, a contradiction. 

Lemma 2. The subset C contains a multiple of b. Moreover, if kb is the smallest 
such multiple, then (k — \)b £ B and (k — \ )b + \ ,kb + \ £ A. 

Proof Let r be the residue of c modulo b. If r = 0, the first statement auto- 
matically holds. Let 0 < r < b. In that case r £ A, and c — r is then not in 
B according to Lemma 1. Hence c — r £ A and since b \ c — r, it follows 
that b | f(c — r,b)£ C, thus proving the first statement. It follows immedi- 
ately from Lemma 1 that (k— l)b £ B. Now by Lemma 1, (k— \)b + 1 = 
kb—(b— 1) must be in A; similarly, kb+l = [(k— 1)&+ 1] +b£Aas well. 
Let us show by induction that ( nk — 1 )b + 1 , nkb + 1 e A for all integers n. The 
inductive basis has been shown in Lemma 2. Assuming that \(n — l)k— \\b+ 1 £ 
A and (n — 1 )kb + 1 S A, we get that (nk— 1)£>+ 1 = ((n — \)kb+f) + ( k — 1 )b = 
[((n — l)k — l)b + 1] +kb belongs to A and nkb + 1 = ((nk — \)b+\) + b = 
((n— l)kb+l)+kb=>nkb+l eA.This finishes the inductive step. In particular, 
f(kb, kb + 1) = (kb + 1 )kb + 1 G A. However, since kb£C,kb+\ £ A, it follows 
that f(kb,kb + 1) £ B, which is a contradiction. 

19. Let A = {f(x) | x £ R} and /( 0) = c. Plugging in x = y = 0 we get /(— c) = 
f(c) + c — 1 , hence c 0. If x £ A, then taking x = f(y) in the original functional 
equation we get f(x) = ^ - y for all x £ A. 

We now show that A—A = {x 1—X2 \ x\ , xj G A} = R. Indeed, plugging in y = 0 
into the original equation gives us f(x—c ) — f(x) =cx+f(c) — 1, an expression 
that evidently spans all the real numbers. Thus, each x can be represented as 
x = x\ —X2, where x\,xj £ A. Plugging x = x\ and f(y) = X2 into the original 
equation gives us 

f(x) = f(x 1 ~X 2 )=f(x 1 ) + XlX 2 + f(x 2 ) - 1 = C - + XlX 2 = C-y. 

Hence we must have c = which gives us c = 1. Thus f(x) = 1 — y for 
all x £ R. It is easily checked that this function satisfies the original functional 
equation. 
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20. We first introduce some useful notation. An arrangement around the circle will 
be denoted by x = (x | , X2 , ■ ■ ■ ,x„}, where the elements are arranged clockwise 
and x\ is fixed to be the smallest number. We will call an arrangement balanced 
if xi < x n < X2 < x n -\ < X3 < x n —2 < ■■■ (the string of inequalities continues 
until all the elements are accounted for). We will denote the permutation of x = 
{xi,X2, ■ ■ ■ ,x n } in ascending order by x' = {x' 1 ,x' 2 , ■ ■ ■ ,x! n }. We will let f{x) = 
{fi{x)\ .fi(x)2 : . ■ ■ ,fi(x ) n -\ } denote the arrangement after one iteration of the 
algorithm where x,- was the deleted element. 

Lemma 1. If an arrangement x is balanced, then f\ (x) is also balanced. 

Proof. In one iteration we have (x 1 , . . . ,x n } — > {x n +X2,X2 +X3, . . . , x n _i +x„}. 
Since x n <X2< x„_i < X3 < x„_2 < • ■ ■ , it follows that x„+X2 <x„+x„_i < 
X2+X3 < x n - 1 +x n -2 < • • • , which means that f\ (x) is balanced. 

We will first show by induction that .Smax can be reached by using the balanced 
initial arrangement (01,03,05, ... ,06,04,02} and repeatedly deleting the small- 
est member. For n = 3 we have S3 = 02 +03, in accordance with the formula. 
Assuming that the formula holds for a given n, we note that for an arrangement 
x = {01,03,05, . . . ,05,04,02} the arrangement /i(x) is also balanced. We now 
apply the induction hypothesis and use that (”T 2 ) + ("~ 2 ) = (”T ') : 


S(x) = S(fi(x)) 


Z \ ([it/2] - l) {Uk +ak+%) + {[n/2] - l ) {an +Un+l) ~ Sm 


We now prove that every other arrangement yields a smaller value. We shall write 

{xi,...,x„} < (yi,. ■ ■ ,y n } whenever x^+y„_ 1 H bxj- < y/ n + yf n _ j b /■ 

holds for all 1 < i < n. 

Lemma 2. Let x be an arbitrary arrangement and y a balanced arrangement, 
both of n elements, such that x < y. Then it follows that f (x) < f\ (y), for 
all i. 

Proof. For any 1 < j < n — 1 there exists kj such that fi(x)j = x^ + x^ j+ \ 
(assuming kj + 1 = 1 if kj = n — 1). Then we have 

fi{x)n-i*¥"-+fi(x)n-j = {x kl +X kl+ i) + --- + (x kj +X kj+ i) 

< 2x( + • • • + 2x}_, + 1 + x > n _ L + x' n _i_ | 

= /i(y)« 1 h — -/ i(y)« x 

for all j, and hence ffx) < f\ (y). 

An immediate consequence of Lemma 2 is / n-2 (x) < f"~ 2 (y), implying S = 
f n ~ 2 {x)i +/" _ 2 (x ) 2 < /( -2 (y)i +fi~ 2 (y) 2 = s max (y). Thus the proof is fin- 
ished. 


21 . Let us call f(n. s) the number of paths from (0, 0) to (n. n ) that contain exactly s 
steps. Evidently, for all n we have f(n, 1) = /( 2,2) = 1, in accordance with the 
formula. Let us thus assume inductively for a given n > 2 that for all 5 we have 
f(n,s) = } (”Z{) ( S 1 ] ) ■ We shall prove that the given formula holds also for all 
f(n + 1 , s), where s > 2. 
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We say that an (n + 1 ,s)- or (n + 1,5 + l)-path is related to a given (n,.v)-path 
if it is obtained from the given path by inserting a step EN between two moves 
or at the beginning or the end of the path. We note that by inserting the step 
between two moves that form a step one obtains an (n+ 1,5) -path; in all other 
cases one obtains an ( n+ 1,5 + l)-path. For each (n..v)-path there are exactly 
2n + 1 — s related (n+ 1,5 + l)-paths, and for each (n,s+ l)-path there are s + 1 
related (n+ 1,5 + l)-paths. Also, each (n + 1,5 + l)-path is related to exactly 
i+l different ( n,s )- or (n,s + l)-paths. Thus: 


( 5 + !)/(«+ 1,5 + 


(2n+ 1 —s)f(n, 
2n+l— 5 /n — 


5 ) + ( 5 + l)/(n,5+ 1) 




i.e., f(n +1,5+1)= (") (”+') . This completes the proof. 

22. (a) Color the first, third, and fifth row red, and the remaining squares white. 

There is total n pieces and 3 n red squares. Since each piece can cover at 
most three red squares, it follows that each piece colors exactly three red 
squares. Then it follows that the two white squares it covers must be on 
the same row; otherwise, the piece has to cover at least three. Hence, each 
white row can be partitioned into pairs of squares belonging to the same 
piece. Thus it follows that the number of white squares in a row, which is 
n, must be even. 

(b) Let a k denote the number of different tilings of a 5 x 2k rectangle. Let b k 
be the number of tilings that cannot be partitioned into two smaller tilings 
along a vertical line (without cutting any pieces). It is easy to see that a\ = 
b\ = 2, &2 = 2, a 2 = 6 = 2 • 3, bj, = 4, and subsequently, by induction, 
b'ik > 4, b^k+i > 2, and b^+i > 2. We also have ak = b k + b i a k-i ■ For 

k > 3 we now have inductively 


k > 2+ £ 2 a k -i >2-3 k ~ 1 + 2a k -i >2-3 k 


23. Let r{m) denote the rest period before the mth catch, t(m) the number of min- 
utes before the mth catch, and f(n ) as the number of flies caught in n min- 
utes. We have r(l) = 1, r(2m) = r{m), and r(2m+ 1) = f(m)+ 1. We then 
have by induction that r(m) is the number of ones in the binary representa- 
tion of m. We also have t(m) = r(i) and = m. From the recur- 

sive relations for r we easily derive f(2m+ 1) = 2t{m) +m + 1 and conse- 
quently t (2m) = 2f (m) + m — r(m). We then have, by induction on p, t(2 p m) = 
2 Pt(m) +p-m ■ 2P~ l - (2 P - l)r(m). 

(a) We must find the smallest number m such that r(m + 1) = 9. The smallest 
number with nine binary digits is 11111111 12 = 511; hence the required m 
is 510. 
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(b) We must calculate f(98). Using the recursive formulas we have f (98) = 
2*(49) +49 — r(49), *(49) = 2*(24)+25, and *(24) = 8*(3) + 36- 7r(3). 
Since we have *( 3) = 4, r(3) = 2 and r( 49) = r(11000l2) = 3, it follows 
*(24) = 54 ^ f(49) = 133 => *(98) = 312. 

(c) We must find m c such that t(m c ) < 1999 < t(m c + 1). One can estimate 
where this occurs using t (2 p (2 q — 1 ) ) = (p + q) 2 p+q ~ 1 — p2 p ~ l — q2 p + q, 
which follows from the recursive relations. It suffices to note that *(462) = 
1993 and *(463) = 2000; hence m c = 462. 

24. Let S = (0, 1, ... ,1V 2 — 1} be the group of residues (with respect to addition 
modulo N 2 ) and 4 an n-element subset. We will use |X| to denote the number of 
elements of a subset X of S, and X to refer to the complement of X in S. For i e 5 
we also define A,- = {a + i \ a £ A). Our task is to select 0 < *'i < • • • < fjv <N 2 — 1 
such that > I IS). Eachx G S appears in exactly N sets A, . We have 

N 

i n*. 

(1<-<W j- 1 


= S \{x&S\x£A h ,...,A iN }\ 

(1<-<W 

= x l{ii < ■ ■ ■ < m\x i Aij, . . . ,A ijv }| 
xes 



Hence 


X 

h<-<i N 


N 





\s\- 


ym 
'n 2 -n' 

N 


|S|. 


Thus, by the pigeonhole principle, one can choose i\ < ■■■ < iy such that 
|U^ 1 A ii |>(l-(^ iV )/(S)|S|. Since 



/ 


(n 2 -n\ 
V N ) 


> 


N 2 

N 2 -N 



> e > 2, 


it follows that ||JyL i A, y | > \ |S| ; hence the chosen i\ < ■ ■ ■ < are indeed the 
elements of B that satisfy the conditions of the problem. 


25. Let n = 2k. Color the cells neighbor- 
ing the edge of the board black. Then 
color the cells neighboring the black 
cells white. Then in alternation color 
the still uncolored cells neighboring 
the white or black cells on the bound- 
ary the opposite color and repeat until 
all cells are colored. 
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We call the cells colored the same color in each such iteration a “frame.” In the 
color scheme described, each cell (white or black) neighbors exactly two black 
cells. The number of black cells is 2 k(k + 1 ) , and hence we need to mark at least 
k(k+ 1) cells. 

On the other hand, going along each black-colored frame, we can alternately 
mark two consecutive cells and then not mark two consecutive cells. Every cell 
on the black frame will have one marked neighbor. One can arrange these se- 
quences on two consecutive black frames such that each cell in the white frame 
in between has exactly one neighbor. Hence, starting from a sequence on the 
largest frame we obtain a marking that contains exactly half of all the black 
cells, i.e., k(k+ 1) and neighbors every cell. 

It follows that the desired minimal number of markings is k(k + 1). 

Remark. For n = 4k — 1 and n = 4k + 1 one can perform similar markings to 
obtain minimal numbers 4k 2 — 1 and (2k + l) 2 , respectively. 

26. We denote colors by capital initial letters. Let us suppose that there exists a 
coloring / : Z — > [R, G, B. Y} such that for any a G Z we have f{a.a+x,a + 
y,a + x + y} = {R.G.B.Y}. We now define a coloring of an integer lattice g : 
ZxZ-» {R.G.B.Y} by the rule g(i,j) = f(xi + yj). It follows that every unit 
square in g must have its vertices colored by four different colors. 

If there is a row or column with period 2, then applying the condition to adjacent 
unit squares, we get (by induction) that all rows or columns, respectively, have 
period 2. 

On the other hand, taking a row to be not of period 2, i.e., containing a sequence 
of three distinct colors, for example GRY, we get that the next row must contain 
in these columns YBG, and the following GRY, and so on. It would follow that 
a column in this case must have period 2. A similar conclusion holds if we start 
with an aperiodic column. Hence either all rows or all columns must have period 
2. 

Let us assume w.l.o.g. that all rows have a period of 2. Assuming w.l.o.g. 
{g(0,0),g(l,0)} = {G,B}, we get that the even rows are painted with {G,B} 
and odd with {T,I?}. Since x is odd, it follows that g(y,0) and g(0,x) are of 
different color. However, since g(y, 0) = f(xy) = g(0,x), this is a contradiction. 
Hence the statement of the problem holds. 

27. Denoted = {0, 1,2} and B = (0, l,3}.Let/ r (x) =I a6r x fl . Then define F T (x) = 
fr (x)f'r (x 2 ) ■ ■ ■ fr (x p ~ 1 ) . We can write F T (x) = Xfio~ ' ^ a i x ‘, where a,- is the 
number of ways to select an array (xi, . . . ,x p -\} where x,- G T for all i and 

xi + 2x2 H + (p — l)x p _i = i. Let w = cos(27t/ p) + isin(27r/ p), a pth root 

of unity. Noting that 



it follows that F T (l) + F T (w) -I \-Ft(w p ') = pE(T). 
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Since |A| = \B\ =3, it follows that 7^(1) = F B (\ ) = 3 P 1 . We also have for p \ i, j 
that F T (w l ) = Fj(w). Finally, we have 


Pzl . Pzll-w 3i 

fa ( w ) = n(! + w '+ w ) = n , - i = !■ 


Hence, combining these results, we obtain 

E(A) = 3, " +p -' and E(B) = 3'" + ( P -l)W . 

P P 

It remains to demonstrate that Fb(w ) > 1 for all p and that equality holds 
only for p = 5. Since E(B) is an integer, it follows that Fb(w) is an inte- 
ger and Ffi(w) = 1 (mod p). Since = / g(w ! ), it follows that Fb(w) = 

|/b(w)| 2 |/b(w 2 )| 2 ---|/b^w^ _ 1 ^ 2 ^| > 0. Hence F B (w) > 1 
It remains to show that Fb(w) = 1 if and only if p = 5. We have the formula 

(x-w)(x-w 2 )---(x-w p ~ 1 ) = x p ~ l + x p ~ 2 -\ bx+1 = Let f B {x) = 

x 3 +x+ 1 = (x — X)(x — p)(x — v) , where A, p, and v are the three zeros of the 
polynomial /b{x). It follows that 





since (A — l)(/x — l)(v — 1) = —fs{ 1) = —3. We also have A + p + v = 0, 
Apv = -1, AjU+Av+/xv = l,andA 2 +p 2 + v 2 = (A+p + v) 2 -2(Ap+Av+ 
p v) = -2. By induction (using that (A r + p r + v r ) + (A r_2 + p r ~ 2 + v r_2 ) + 
(A r_3 + p r ~ 3 + v r - T ) = 0), it follows that X r +p r + v r is an integer for all r e N. 
Let us assume F B {x ) = 1. It follows that (A p — l)(p p — \)(v p — 1) = —3. Hence 
A p , p p , V p are roots of the polynomial p(x) =x 3 — qx 1 + (\+q)x+\, where q = 
A p + p p + V p . Since fn (x) is an increasing function in real numbers, it follows 
that it has only one real root (w.l.o.g.) A, the other two roots being complex 
conjugates. From /«(— 1) <0<f B {— 1/2) it follows that — 1 < A < —1/2. It also 
follows that A p is the x coordinate of the intersection of functions y = x 3 +x+ 1 
and y = q(x 2 — x). Since A < A p < 0, it follows that q > 0; otherwise, q(x 2 — x) 
intersects x 3 +x + 1 at a value smaller than A. Additionally, as p increases, X p 
approaches 0, and hence q must increase. 

For p = 5 we have 1 +W + w 3 = — w 2 (l + w 2 ) and hence G(w) = nf=/ (I + 
w 2p ) = 1. For a zero of f B {x) we have x 5 = — x 3 — x 2 = — x 2 +x+ 1 and hence 
q = A 5 + p 5 + v 5 = - (A 2 + p 1 + v 2 ) + (A + p + v) + 3 = 5. 

For p > 5 we also have q> 6. Assuming again F B (x) = 1 and defining p(x) as 
before, we have p(— 1) < 0, p( 0) > 0, p{ 2) < 0, and p(x) > 0 for a sufficiently 
large x > 2. It follows that p{x) must have three distinct real roots. However, 
since p p , v p e K v p = pF = p p , it follows that p(x) has at most two real 
roots, which is a contradiction. Hence, it follows that F B {x) > 1 for p > 5 and 
thus E(A) < E(B), where equality holds only for p = 5. 
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4.41 Solutions to the Shortlisted Problems of IMO 2000 

1 . In order for the trick to work, whenever x+y = z + t and the cards x.y are placed 
in different boxes, either z, t are in these boxes as well or they are both in the 
remaining box. 

Case 1. The cards i,i+ l,i + 2 are in different boxes for some i. Since i + 
(f + 3) = (i + 1) + (i + 2), the cards i and i + 3 must be in the same box; 
moreover, i — 1 must be in the same box as i + 2, etc. Hence the cards 
1 , 4, 7 , . . . , 1 00 are placed in one box, the cards 2, 5 , . . . , 98 are in the second, 
while 3, 6 , ..., 99 are in the third box. The number of different arrangements 
of the cards is 6 in this case. 

Case 2. No three successive cards are all placed in different boxes. Suppose that 
1 is in the blue box, and denote by w and r the smallest numbers on cards 
lying in the white and red boxes; assume w.l.o.g. that w <r. The card w+ 1 
is obviously not red, from which it follows that r > w+ 1. Now suppose 
that r < 100. Since w+r = (w— 1) + (r + 1), r+1 must be in the blue 
box. But then (r + l) + w = r+(w+l) implies that w + 1 must be red, 
which is a contradiction. Hence the red box contains only the card 100. 
Since 99 + w = 100 + (w — 1), we deduce that the card 99 is in the white 
box. Moreover, if any of the cards k, 2 < k < 99, were in the blue box, then 
since lc+99 = (k— 1) + 100, the card k — 1 should be in the red box, which 
is impossible. Hence the blue box contains only the card 1, whereas the 
cards 2, 3, ..., 99 are all in the white box. 

In general, one box contains 1, another box only 100, while the remaining 
contains all the other cards. There are exactly 6 such arrangements, and the 
trick works in each of them. 

Therefore the answer is 12. 

2. Since the volume of each brick is 12, the side of any such cube must be divisible 
by 6. 

Suppose that a cube of side n = 6k can be built using 'jj = 18k 3 bricks. Set a 
coordinate system in which the cube is given as [0,n] x [0 ,n] x [0,n] and color in 
black each unit cube [2p,2p+ 1] x [2q, 2q + \\ x [2r,2r+l]. There are exactly 
^ = 27k 3 black cubes. Each brick covers either one or three black cubes, which 
is in any case an odd number. It follows that the total number of black cubes 
must be even, which implies that k is even. Hence 12 | n. 

On the other hand, two bricks can be fitted together to give a 2 x 3 x 4 box. Using 
such boxes one can easily build a cube of side 12, and consequently any cube of 
side divisible by 12. 

3. Clearly m(S) is the number of pairs of point and triangle (P , , PiPjPk) such that P t 
lies inside the circle PiPjPk ■ Consider any four-element set Sjj# = {Pi- Pj-Pk,Pi}- 
If the convex hull of Syj; is the triangle PiPjPk, then we have a, = aj = ak = 0, 
A; = 1 . Suppose that the convex hull is the quadrilateral PiPjPkPi . Since this 
quadrilateral is not cyclic, we may suppose that ZPi + ZPk < 1 80° < ZPj + ZPi . 
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In this case a* = = 0 and cij = cii = 1. Therefore m(Siji c i) is 2 if P, , Pj . P b , P/ 

are vertices of a convex quadrilateral, and 1 otherwise. 

There are (4) four-element subsets S^. If a(S) is the number of such sub- 
sets whose points determine a convex quadrilateral, we have m(S ) = 2a{S) + 
((") —a(S)) = (4) +a(S) < 2(4). Equality holds if and only if every four dis- 
tinct points of S determine a convex quadrilateral, i.e. if and only if the points of 
S determine a convex polygon. Hence /(«) = 2 ( 4 ) has the desired property. 

4. By a good placement of pawns we mean the placement in which there is no block 
of k adjacent unoccupied squares in a row or column. 

We can make a good placement as follows: Label the rows and columns with 
0, 1 — 1 and place a pawn on a square (i, j ) if and only if k divides i+j+\. 
This is obviously a good placement in which the pawns are placed on three lines 
with k, 2 n — 2k, and 2 n — 3k squares, which adds up to 4« — 4 k pawns in total. 
Now we shall prove that a good place- 
ment must contain at least 4n — 4 k 
pawns. Suppose we have a good place- 
ment of m pawns. Partition the board 
into nine rectangular regions as shown 
in the picture. Let a,b,...,h be the 
numbers of pawns in the rectangles 
A,B,... ,H respectively. Note that each 
row that passes through A,B, and C 
either contains a pawn inside B, or 
contains a pawn in both A and C. It follows that a + c + 2b> 2{n — k). We 
similarly obtain that c+e+2d,e+g + 2 /, and g+a + 2h are all at least 2(n — k). 

Adding and dividing by 2 yields a + b-\ f h > 4 (n — k), which proves the 

statement. 

5. We say that a vertex of a nice region is convex if the angle of the region at 
that vertex equals 90°; otherwise (if the angle is 270°), we say that a vertex is 
concave. 

For a simple broken line C contained in the boundary of a nice region R we 
call the pair ( R,C ) a boundary pair. Such a pair is called outer if the region R is 
inside the broken line C, and inner otherwise. Let SBu SB a be the sets of inner and 
outer boundary pairs of nice regions respectively, and let SB = SBi U 3B 0 . For a 
boundary pair b = (R, C ) denote by q, and v b respectively the number of convex 
and concave vertices of R that belong to C. We have the following facts: 

(1) Each vertex of a rectangle corresponds to one concave angle of a nice re- 
gion and vice versa. This correspondence is bijective, so Ybess v b — 4n. 

(2) For a boundary pair b = ( R , C) the sum of angles of R that are on C equals 
(c b + v b — 2) 1 80° if b is outer, and (c b +v h + 2)\ 80° if b is inner. On the 
other hand the sum of angles is obviously equal to c b ■ 90° + v b ■ 270°. It 

immediately follows that c b — Vb = 


f 4 if beSB 0 , 
\ -4 if be S&i. 


A 

B 

C 

H 


D 

G 

F 

E 


n — k 2k — n n — k 
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(3) Since every vertex of a rectangle appears in exactly two boundary pairs and 
each boundary pair contains at least one vertex of a rectangle, the number 
K of boundary pairs is less than or equal to 8n. 

(4) The set SAi is nonempty, because every boundary of the infinite region is 
inner. 

Consequently, the sum of the numbers of the vertices of all nice regions is equal 
to 


X ( Cb + Vb ) = X ( 2v b +(c b -v b )) < 2-An + A{K- l)-4< 40n-8. 
be@ be38 

6. Every integer z has a unique representation z = px + qy, where x.y £ Z, 0 < 
x < q — 1. Consider the region T in the xy-plane defined by the last inequality 
and px + qy > 0. There is a bijective correspondence between lattice points of 
this region and nonnegative integers given by ( x,y ) ^ z = px + qy. Let us mark 
all lattice points of T whose corresponding integers belong to S and color in 
black the unit squares whose left-bottom vertices are at marked points. Due to 
the condition for S, this coloring has the property that all points lying on the right 
or above a colored point are colored as well. In particular, since the point (0, 0) 
is colored, all points above or on the line y = 0 are colored. What we need is the 
number of such colorings of T. 

The border of the colored subregion C of T determines a path from (0, 0) to 
(q. —p) consisting of consecutive unit moves either to the right or downwards. 
There are ( p ^ q ) such paths in total. We must find the number of such paths not 
going below the line l : px + qy = 0. 

Consider any path y = AqAi . . .A p+q from Aq = (0, 0) to A p+q = (q, —p). We 
shall see the path y as a sequence G1G2 . . . G p+q of moves to the right (R) or 
downwards (D) with exactly p D’s and q R’s. 

Two paths are said to be equivalent if one is obtained from the other by a circular 
shift of the corresponding sequence G1G2 . . . G p+q . We note that all the p + q 
circular shifts of a path are distinct. Indeed, G\ . . . G p+q = G i+ i . . . G- l+p+q would 
imply G\ = G,+ 1 = G2,+ 1 = • • • (where Gj +p+q = Gy), so G| = • • • = G p+q , 
which is impossible. Hence each equivalence class contains exactly p + q paths. 
Let U, 0 < i < p + q, be the line through A; that is parallel to the line l. Since 
gcdip.q) = 1, all these lines are distinct. 

Let l m be the unique lowest line among the Z,s. The path G m+ iG m+ 2 . . . G m+p+q 
must be above the line Z. Every other cyclic shift gives rise to a path having at 
least one vertex below the line Z. Thus each equivalence class contains exactly 
one path above the line Z, so the number of such paths is equal to { P+ p q ) ■ 
Therefore the answer is — J— ( p+q ) . 

p+q\ p ) 

7. Note that at most one of the three factors is negative: for example, a — 1 + j r b — 
1 + i < 0 implies b, 5 < 1, which is false. If exactly one factor is negative, the 
product is negative. Now assume that they are all positive. Elementary computa- 
tion gives (a— l + j)(ii— l + i)=aZ? — a+| — Z?+l — i+1 — j + Using 
ab = i and g=swe obtain 
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«- 1 + ^ 


b—\+— ) = b— — +2< 


since b + 5 > 2. Similarly we obtain 


-l + - (c-l + - <- and (c — 1 + -) ( a — 1 + — ] < — 


The desired inequality follows by multiplying the previous three inequalities. 
Equality holds if and only if a = b = c= 1. 

8 . We note that {ta} lies in ( 5 , 5 ] if and only if there is an integer k such that k + 

5 <ta<k+^, i.e., if and only if r £ I k = [ ^ +X J 3 , k+ ^ 3 j for some k. Similarly, 
t should belong to the sets J m = and K n = 2^] for 

some m, n. We have to show that 4 H J m fl K n is nonempty for some integers 
k,m,n. 

The intervals K n are separated by a distance and since ^ < 33 , each of the 
intervals J m intersects at least one of the K n ’s. Hence it is enough to prove that 
J m C 4 for some k, m. 

Let u m and v m be the left and right endpoints of J m . Since av m = au m + ^ < 
au m + 3, it will suffice to show that there is an integer m such that the fractional 
part of au m lies in [ 5 , 7 ]- 

Let a = da, b = dfi, gcd(a,j3) = 1. Setting m = dji, we obtain that au m = 
a mj_i /3 Since an gives all possible residues modulo j3, 

every term of the arithmetic progression j)+ jp (j£Z) has its fractional part 
equal to the fractional part of some au m . Now for /3 > 6 the progression step is 
p < 3 , so at least one of the au m has its fractional part in [1/3, 1/2], If otherwise 
/3 < 5, the only irreducible fractions jj that satisfy 2a < j3 are j, hence 
one can take m to be 1 , 1 , 2, 3 respectively. This justifies our claim. 

9. Let us first solve the problem under the assumption that g(a) = 0 for some a. 
Setting y = a in the given equation yields g(x) = (a + 1 )f(x) — xf(a). Then 
the given equation becomes f(x + g(y)) = (a+ 1 -y)f(x) + (f(v) - f(a))x, so 
setting y= a+ 1 , we get f(x+n) =mx, where n =g(a+ 1 ) andm = /(a + l) — 
f(a). Hence / is a linear function, and consequently g is also linear. If we now 
substitute f(x) = ax + b and g(x) = cx + d in the given equation and compare 
the coefficients, we easily find that 

/(*) = C \^ c and g(x)=cx-c 2 , ceM\{-l}. 

Now we prove the existence of a such that g(a) = 0. If /( 0) = 0, then putting 
y = 0 in the given equation, we obtain /(x + g( 0 )) = g(x), so we can take a = 

~g( 0 ). 

Now assume that /( 0) = b ^ 0. By replacing x by g(x) in the given equation 
we obtain f(g(x)+g(y)) = g{x)f(y) - yf{g(x))+g(g{x)), and analogously, 
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f(g(x) + g(y)) = g(y)f(x)-xf(g(y))+g(g{y)). The given functional equation 
for x = 0 gives f{g{y)) = a — by, where a = g{ 0). In particular, g is injective 
and / is surjective, so there exists cgB such that /(c) = 0. Now the above two 
relations yield 

g(x)f(y) ~ cty+g(g(x)) = g{y)f(x) - ax+g{g{y)). (1) 

Plugging y = c in (1), we getg(g(*)) = g(c)f(x) - ax+g{g{c)) +ac= kf(x) - 
ax + d. Now (1) becomes g(x)f(y) + kf(x) = g(y)f(x) + kf(y). For y = 0 we 
have g(x)b + kf(x ) = a fix) + kb, whence 

g(x) = ^f(x) + k. 

Note that g(0) = a k = g(c), since g is injective. From the surjectivity of / it 
follows that g is surjective as well, so it takes the value 0. 

10. Clearly F( 0) = 0 by (i). Moreover, it follows by induction from (i) that F( 2") = 
f n +i, where f n denotes the nth Fibonacci number. In general, if n = £&2 fc + 

e k _]2 k { -\ b £i • 2 + e 0 (where £,■ G {0, 1}), it is straightforward to verify 

that 

F (n) = £kfk+ 1 + £k-ifk H p £1/2 + £o/i • (1) 

We observe that if the binary representation of n contains no two adjacent ones, 

then F(3n) = F(4n). Indeed, if n = e kr 2 kr H V£ k{} 2 k{> , where k l+ \ —k t >2 for 

all i, then 3 n = £ kr (2^ +1 + 2 kr ) H b£* 0 {2 kl,+ ' +2 k o). According to this, in 

computing F(3n) each /+ 1 in (1) is replaced by / + i +fi+ 2 = fi+3 > leading to 
the value of F(4n). 

We shall prove the converse: F (3 n) < F(4n) holds for all n > 0, with equality if 
and only if the binary representation of n contains no two adjacent ones. 

We prove by induction on m > 1 that this holds for all n satisfying 0 < n < 2 m . 
The verification for the early values of m is direct. Assume that it is true for a 
certain m and let 2 m <n< 2 n+1 . If n = 2 m +p, 0 < p < 2 m , then (1) implies 
F (4 n) = F(2 m+2 + 4 p) = f m+ 3 + F(4p). Now we distinguish three cases: 

(i) If 3p < 2 m , then the binary representation of 3 p does not carry into that of 
3 • 2 m . Then it follows from (1) and the induction hypothesis that 

F(3n) = F ( 3 ■ 2 m ) + F(3p) = f m+3 + F(3p) < f m+3 +F(4p) = F(4n). 

Equality holds if and only if F{3p) = F{4p), i.e. p has no two adjacent 
binary ones. 

(ii) If 2 m <3 p < 2 m+ 1 , then the binary representation of 3 p carries 1 into 
that of 3 • 2 m . Thus F{3n) = f m+3 + (F(3p) - / m+1 ) = f m+2 +F(3p) < 
f m+3 + F(4p) = F(4n). 

(iii) If 2 m+1 < p <3- 2 m , then the binary representation of 3 p caries 10 into 
that of 3 • 2 m , which implies 


F(3n) = f m+3 +f m +i + (F(3p)-f m+2 ) = 2f m+l +F{3p) < F(4n). 
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It remains to compute the number of integers in [0,2 m ) with no two adjacent 
binary l’s. Denote their number by u m . Among them there are u m -\ less than 
2 m_1 and u m -2 in the segment [2 m_1 ,2 m ). Hence u m = u m -\ +u m - 2 for m > 3. 
Since ui = 2 = fy, m 2 = 3 = fy, we conclude that u m = f m+ 2 = F(2 m+] ). 


1 1 . We claim that for A > we can take all fleas as far to the right as we want. In 
every turn we choose the leftmost flea and let it jump over the rightmost one. Let 
d and 8 denote the maximal and the minimal distances between two fleas at some 
moment. Clearly, d > (n — 1)5. After the leftmost flea jumps over the rightmost 
one, the minimal distance does not decrease, because Xd> 8. However, the 
position of the leftmost flea moved to the right by at least 8, and consequently 
we can move the fleas arbitrarily far to the right after a finite number of moves. 
Suppose now that A < ^ry. Under this assumption we shall prove that there is 
a number M that cannot be reached by any flea. Let us assign to each flea the 
coordinate on the real axis on which it is settled. Denote by Sk the sum of all the 
numbers in the kth step, and by Wk the coordinate of the rightmost flea. Clearly, 
Sk < nwk- We claim that the sequence is bounded. 

In the (k+ l)th move let a flea A jump over B, landing at C, and let a.b. c be 
their respective coordinates. We have ,?£+i — Sk — c — a. Then by the given rule, 
A {b — a) = c — b = Sk+i—Sk+a — b, which implies sjt + i — Sk = (1+A ){b — a) = 
kjp ( c—b ). Hence Sk + 1 — s* > kjp (w*+i — w&). Summing up these inequalities 
for k = 0, ... ,n — 1 yields s n — so > — wq). Now using s„ < nw n we 


conclude that 



w„ < 


1+A 

— j— w 0 -s 0 . 


Since — n > 0, this proves the result. 

12. Since D(A) = D(B), we can define f(i) > g(i ) > 0 that satisfy b t — 6,_i = — 

cig^ for all i. 

The number b,-+i — bj-i € D{B) = D(A) can be written in the form a u — a v , 
u > v > 0. Then b l+ \ — b t - \ = 6, + i — b t + bj — b t - \ implies «/(i+i) +«/(;) +a v = 
a g (i+i) +a g (i)+au, so the B3 property of A implies that (f(i + l),/(i),v) and 
(g(i+ \ ).g(i'),u) coincide up to a permutation. It follows that either f(i + 1) = 
g(i) or /(i) = g(i + 1). Hence if we define R = {i € No | f(i+ 1) = g(;)} and 
S = {i e No | f(i) = g(i+ 1)}; it follows that/?US = No- 
Lemma. If i £ R , then also i + 1 £ R. 

Proof. Suppose to the contrary that i £ R and i + 1 £ S, i.e., g(i) = f(i + 
1) = g(i + 2). There are integers x and y such that b l+ 2 — fo,-i = a x — 
a y . Then a x -a y = a /(i+2 ) - a g ( i+2 ) + «/(;+ 1) - a g (i+ 1) + «/(<) - a g (i) = 
a f {i+2)+a f{{) -a g[i+l) -a g(i) , so by thefi 3 property, (x,g(i+l),g{i)) and 
Cy;/0 + 2),/0)) coincide up to a permutation. But this is impossible, since 
/0+ 2) , /(i) >g(i+ 2) = g(i) = /0+1) > g 0+ !)• This proves the lemma. 
Therefore if i £ R f then it follows that every j > i belongs to R. Consequently 
g(i) = f(i + 1) > g(i+ 1) = /0 + 2) > g(i + 2) = f(i+ 3) > ■ ■ ■ is an infinite 
decreasing sequence of nonnegative integers, which is impossible. Hence S = 
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N 0 , i.e., 

b i+ 1 - bi = df(i+i) -«/(i) for all i G N 0 . 

Thus /( 0 ) = g(l) < /(l) < /( 2 ) < ■ • • , implying /(;') > i. On the other hand, 
for any i there exist j. k such that a — a,- = bj — b k = a fU) — «/(&), so by the 
property i G {f(i),f(k)} is a value of /. Hence we must have f(i) = i for all 
i, which finally gives A = B. 

13 . One can easily find ^-independent polynomials for n = 0 , 1 . For example, 
Pq(x) = 2000 x 2000 H h 2 x 2 + x + 0 is 0 -independent (for Q G M(P 0 ) it suf- 

fices to exchange the coefficient 0 of Q with the last term), and P\ (x) = 

2000x 20 °° -| 1- 2x 2 +x — (1 + 2 H 1- 2000) is 1 -independent (since any 

Q G M(P \ ) vanishes at x = 1 ). Let us show that no n-independent polynomials 
exist for n ^{0,1}. 

Consider separately the case n = — 1 . For any set T we denote by S(T) the 

sum of elements of T. Suppose that P(x) = fl200(pc 2000 4 b « i x + «o is — 1 - 

independent. Since P(-l) = (ao +«2 H b fl200o) — (ai + «3 H b <21999), 

this means that for any subset E of the set C = {aofoi, ■ • • ,«200o} having 
1000 or 1001 elements there exist elements e G E and / G C\E such that 
S(E U {/} \ {e}) = jS(C'), or equivalently that S(E) - \S{C) =e-f. We may 
assume w.l.o.g. that «o < «t < ■ ■ ■ < «2000- 

Suppose that E is a 1000 -element subset of C containing bo, b\ but not (>1999, 
^2000- By the — 1 -independence of P there exist e G E and / G C \ E such that 
S(E) — jS(C) = e — f. The same must hold for the set E' = E U {&1999, &2000} \ 
{bo,b{\, so for some e' G E' and f' e C\E' we have S(E’) — | 5 (C) = e' — 
f. It follows that b \ 999 + foooo — bo~b\ = S(E') — S(E) = e + e' — f — f . 
Therefore the transposition e / must involve at least one of the elements 
bo, b\, & 1999 , ^2000- 

There are 7994 possible transpositions involving one of these four elements. 
On the other hand, by (SL 93 - 12 ) the subsets E of C containing bo , b \ but not 
^1999,^2000 give at least 998 • 999 + 1 distinct sums of elements, far exceeding 
7994 . This is a contradiction. 

For the case \n\ > 2 we need the following lemma. 

Lemma. Letn> 2 be a natural number and P(x) = a m x m H bflix+ao a poly- 

nomial with distinct coefficients. Then the set {Q(n) \ Q G M(P)} contains 
at least 2 m elements. 

Proof. We shall use induction on m. The statement is easily verified for m = 1 . 
Assume w.l.o.g. that a m < ■ ■ ■ < ai < ao. Consider two polynomials Qk and 
Qk+i of the form 


Qk(x) = a m x m + -.*-f a k / + ao^ 1 -b b k -\x k 2 H b b \ , 

Qk+ 1 (x) = a m x" ! + a k + i^ +l + a 0 x k + c k x k ~ 1 H b ci, 

where {bk~\, ■ ■ ■ ,b\) and (c k ,. . . . C| ) are respectively permutations of the 
sets {a k - 1, . . . ,ai} and {a k . ..., at}. We claim that Q k +t (n) > Qk{n). In- 
deed, since «o — c k < flo — a k and bj — cj < ao — a k for 1 < j < n — 1 , we 
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haveQ k+ i{n)-Q k (x) = (ao-a k )n k -(a 0 -c k )n k 1 - {b k -i -c k -i)n k 2 - 

(b\ — ci ) > (ao — a k ) ( n k — n k ~ 1 n— 1 ) > 0. Furthermore, by the 

induction hypothesis the polynomials of the form Q k (x) take at least 2 k ~ 2 
values at x = n. Hence the total number of values of Q(n) for Q e M(P) is 
at least 1 + 1 + 2 + 2 2 + • • • + 2 m ~ x = 2“ 

Now we return to the main result. Suppose that P(x) = a^mx 2000 +a 1999V 1 999 + 

ao is an n-independent polynomial. Since Pi(x) = u^ooov 2000 +a 1998 V 1998 H P 

U 2 X 2 +ao is a polynomial in t = x 2 of degree 1000, by the lemma it takes at 
least 2 1000 distinct values at x = n. Hence {Q(n) \ Q e M(P)} contains at least 
2 1000 elements. On the other hand, interchanging the coefficients and bj in 

a polynomial Q(x ) = ^2 ooo-v 2000 H 1- bo modifies the value of Q at x = n by 

(bt — bj)(n l — n J ) = (a k — a{)(n l — n- 7 ) for some k,l. Hence there are fewer than 
2001 4 possible modifications of the value at n. Since 2001 4 < 2 1000 , we have 
arrived at a contradiction. 

14. The given condition is obviously equivalent to a 2 = 1 (mod n) for all integers 

a coprime to n. Let n = ' ■ ■ p k k be the factorization of n into primes. 

Since by the Chinese remainder theorem the numbers coprime to n can give any 
remainder modulo pf' except 0, our condition is equivalent to a 2 = 1 (mod pf‘) 
for all i and integers a coprime to p t . 

Now if pi > 3, we have 2 2 = 1 (mod pf‘), so p, = 3 and a, = 2. If pj = 2, then 
3 2 = 1 (mod 2 a J ) implies ctj < 3. Hence n is a divisor of 2 3 • 3 = 24. Conversely, 
each n \ 24 has the desired property. 

15. Let n = 2 • • • p k k be the factorization of n onto primes (p\ < p 2 < ■■■ < 

p k ). Since An is a perfect cube, we deduce that p\ =2 and a\ = 3j3i + 1, 
«2 = 3p2, ...,a k = 3/3* for some integers Pi > 0. Using d(n) = (oq + 1) • (02 + 
1) • • • (a k + 1) we can rewrite the equation din) 2 = An as 

(3ft +2) • (302 + !)••• (3/3* + 1) = 2ft +1 p* ■■■p^. 

Since d(n) is not divisible by 3, it follows that p t > 5 for i > 2. Thus the above 
equation is equivalent to 


30t +2 _ pj k 

2 A+l 302 + 1 30*+ r ; 

For i > 2 we have pf > (1+4)0* > 1 +40,; hence (1) implies that 42 > 1, 
which leads to 0i < 2. 

For 0i = 0 or 0i = 2 we have that f 2 = 1, and therefore 0 2 = • • • = 0* = 0. 
This yields the solutions n = 2 and n = 2 7 = 128. 

For 0i = 1 the left-hand side of (1) equals |. On the other hand, if p, > 5 or 

ft 

Pi> 1, then 3 p‘ + ! > which is impossible. We conclude that P 2 = 5 and k = 2, 
so n = 2000. 

Hence the solutions for n are 2, 128, and 2000. 
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16. More generally, we will prove by induction on k that for each leN there exists 

that has exactly k distinct prime divisors such that n k | 2"* + 1 and 3 | n k . 
For k = 1, n\ = 3 satisfies the given conditions. Now assume that k > 1 and n k = 
3 “ra where 3 f m, so that m has exactly k — 1 prime divisors. Then the number 
3«£ = 3 “+ 1 m has exactly k prime divisors and 2 3 "* I I = (2”* + 1 ) (2 2 "* - 2 n * + 1 ) 
is divisible by 3 n k , since 3 | 2 2nk — 2 n * + 1 . We shall find a prime p not dividing n k 
such that n k+ i = 3 pn k . It is enough to find p such that p | 2 3n * + 1 and p\2 nk + \. 
Moreover, we shall show that for every integer a > 2 there exists a prime number 
p that divides a 3 + 1 = (a + 1 ) (a 2 — a + 1 ) but not a + 1 . To prove this we observe 
that gcd(a 2 — a + l,a + 1) = gcd(3,a + 1). Now if 3\ a+ 1, we can simply take 
p= 3; otherwise, if a = 3b — 1, then a 2 — a + 1 = 9 b 2 — 96 + 3 is not divisible 
by 3 2 ; hence we can take for p any prime divisor of tr 1 1 . 

17. Trivially all triples (a, 1 ,n) and (1 ,m,n) are solutions. Assume now that a > 1 
and m > 1. 

If m is even, then a m + 1 = (— l) m + 1 = 2 (mod a + 1), which implies that a m + 
1 =2'. In particular, a is odd. But this is impossible, since 2 < a m + 1 = (a m - /2 ) 2 + 
1 = 2 (mod 4). Hence m is odd. 

Let p be an arbitrary prime divisor of m and m = pm\ . Then a m + 1 | (a + 1)” | 
(i a mi + 1)", so b p + 1 | (b + 1)" for b = a mi . It follows that 

P = ^±1 = b p ~ 1 - b p ~ 2 H h i I (b+ 1)”. 

6+1 

Since P = p (mod b + 1), we deduce that P has no prime divisors other than p\ 
hence P is a power of p and p \ b+\ . Let b = kp—],keN. Then by the binomial 
formula we have b‘ = ( kp — 1 )' = (— 1) ,+1 ( ikp — 1) (mod p 2 ), and therefore P = 

—kp((p— 1) + (p — 2)-| 1-1 )+p = p (mod p 2 ). We conclude that P < p. But 

we also have P > b p ~ l — b p ~ 2 > b p ~ 2 > p for p > 3, so we must have P = p = 3 
and 6 = 2. Since 6 = a”* 1 , we obtain a = 2 and m = 3. The triple (2,3 ,n) is 
indeed a solution if n > 2. 

Hence the set of solutions is {(a, l,n), (l,m,n) | a,m,n € N}U{(2,3,n) | n > 2}. 
Remark. This problem is very similar to (SL97-14). 

18. The area of the triangle is S = pr = p 2 /n and S = \J p(p — a)(p — b)(p — c). It 
follows that p 3 = n 2 (p — a) (p — 6) (p — c), which by putting x = p — a,y = p — b, 
and z = p — c transforms into 

(x+y + z) 3 =n 2 xyz. (1) 

We will be done if we show that (1) has a solution in positive integers for 
infinitely many natural numbers n. Let us assume that z = k(x + y) for an in- 
teger k > 0. Then (1) becomes (k + l) 3 (x + y) 2 = kn 2 xy. Further, by setting 
n = 3(6+ 1) this equation reduces to 

(k+l)(x+y) 2 = 9kxy. 


(2) 
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Set t = x/y. Then (2) has solutions in positive integers if and only if (k+ l)(f + 
l) 2 = 9 kt has a rational solution, i.e., if and only if its discriminant D = k(5k — 4) 
is a perfect square. Setting k = u 2 , we are led to show that 5u 2 — 4 = v 2 has 
infinitely many integer solutions. But this is a classic Pell-type equation, whose 
solution is every Fibonacci number u = i. This completes the proof. 

19. Suppose that a natural number N satisfies N = a\-\ \-a\,2N = b\-\ 1 -b 2 , 

where a,, bj are natural numbers such that none of the ratios dj/dj , bi/bj, a t /bj, 
bj / dj is a power of 2. 

We claim that every natural number n > 1^=0 2 (2iN + 1) 2 can be represented as 
a sum of distinct squares. Suppose n = 4qN + r, 0 < r < 4 N. Then 

r— 1 

n = 4Ns+^(2iN+l) 2 
i = o 

for some positive integer s, so it is enough to show that 4Ns is a sum of distinct 
even squares. Let s = £c=i 2 2Uc + Y!d=\ 2 2vrf+1 be the binary expansion of s. Then 

4 Ns = i £ (2^ ai ) 2 + £ £(2 Ud+l bj) 2 , 

c= 1 i= 1 d= I j= I 

where all the summands are distinct by the condition on ai,bj. 

It remains to choose an appropriate N: for example N = 29, because 29 = 5 2 + 2 2 
and 58 = 7 2 + 3 2 . 

Second solution. It can be directly checked that every odd integer 67 < n < 
211 can be represented as a sum of distinct squares. For any n > 211 we can 
choose an integer m such that m 2 > j and n — m 2 is odd and greater than 67, and 
therefore by the induction hypothesis can be written as a sum of distinct squares. 
Hence n is also a sum of distinct squares. 

20. Denote by k\ , the given circles and by kj the circle through A, B, C, D. We shall 
consider the case that £3 is inside k\ and £2, since the other case is analogous. 
Let AC and AD meet k\ at points P 
and R, and BC and BD meet at Q 
and S respectively. We claim that PQ 
and RS are the common tangents to k\ 
and £2, and therefore P,Q,R,S are the 
desired points. The circles k\ and £3 
are tangent to each other, so we have 
DC || RP. Since 

AC ■ CP = XC ■ CY = BC ■ CQ, 

the quadrilateral ABQP must be cyclic, implying that the angles ZAPQ, ZABQ, 
ZADC, ZARP are all equal. It follows that PQ is tangent to k\ . Similarly, PQ is 
tangent to kn. 

21 . Let K be the intersection point of the lines MN and AB. 
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Since KA 2 = KM ■ KN = KB 2 , it fol- 
lows that K is the midpoint of the seg- 
ment AB, and consequently M is the 
midpoint of AB. Thus it will be enough 
to show that EM _L PQ, or equiva- 
lently that EM _L AB. However, since 
AB is tangent to the circle G\ we have 
ZBAM = Z ACM = ZEAB, and sim- 
ilarly ZABM = ZEBA. This implies 
that the triangles EAB and MAB are congruent. Hence E and M are symmetric 
with respect to AB\ hence EM _L AB. 

Remark. The proposer has suggested an alternative version of the problem: to 
prove that EN bisects the angle CND. This can be proved by noting that EANB 
is cyclic. 

22 . Let L be the point symmetric to H with respect to BC. It is well known that L 
lies on the circumcircle k of AABC. Let D be the intersection point of OL and 
BC. We similarly define E and F. Then 



OD + DH = OD + DL=OL = OE + EH = OF + FH. 

We shall prove that AD, BE, and CF 
are concurrent. Let line AO meet BC 
at D 1 . It is easy to see that ZOD'D = 

ZODD 1 -, hence the perpendicular bi- 
sector of BC bisects DD' as well. 

Hence BD = CD' . If we define E' 
and F' analogously, we have CE = 

AE' and AF = BF' . Since the lines 
AD' ,BE' ,CF' meet at O, it follows 
that: 



BD CE AF BD ' CE' AF' 

DC'ea'fB ~D f CE r A~F r B~ 

This proves our claim by Ceva’s theorem. 

23 . First, suppose that there are numbers ( c,- ) assigned to the vertices of the poly- 
gon such that 


AiAj = bjC{ — biCj for all i, j with 1 < i < j < n. ( 1 ) 

In order to show that the polygon is cyclic, it is enough to prove that A i , A2, A3, A; 
lie on a circle for each i, 4 < i < n, or equivalently, by Ptolemy’s theorem, that 
A\Ai -A3Ai+A2A3 ■ A ;A 1 = A \At, But this is straightforward with regard 

to ( 1 ). 

Now suppose that AiA 2...A„ is a cyclic quadrilateral. By Ptolemy’s theorem 
we have A,A y - = A2A ; - • — A2A, • for all i,j. This suggests taking b\ = 


4.41 Shortlisted Problems 2000 


675 


— A\A 2 , bi = A 2 A i for i > 2 and c t = for all i. Indeed, using Ptolemy’s 
theorem, one easily verifies (1). 


24. Since ZABT = 180° — y and Z ACT = 180° — /3, the law of sines gives = 

= abJtZI = § = which im P lies BP = wfe - Denote b y M and 
N the feet of perpendiculars from P and Q on AB. We have cotZABQ = ^ = 


2 BN _ BA+BM _ c+BP cos/1 _ b 2 +c 2 +ac cos /3 _ 2 (b 2 +c 2 )+a 2 +c 2 -b 2 _ a 2 +b 2 + 3c 2 _ 
PM — BPsinf} — BPsinfi ~ casin/3 — 2casinj3 — 4S' A BC _ 

2 cot a + 2cot/3 + coty. Similarly, cot /.BAS = 2 cot a + 2cot/3 + coty; hence 
ZABQ = ABAS. 

Now put p = cot a and q = cot j3 . Since p+q> 0, the A-G mean inequality gives 


us cot ZABQ = 2p + 2q+' T ^>2p + 2q+ /4 = \{p + q) + ^ > 


2\J\ = \/7- Hence ZABQ < arctan ■ Equality holds if and only if cot a = 
cot/3 = -jj, i.e., when a: b: c = 1 : 1 : 


25. By the condition of the problem, A ADX and A BCX are si mi lar. Then there 
exist points Y' and Z' on the perpendicular bisector of AB such that A AY'T! 
is similar and oriented the same as AADX, and A BY'Z! is (being congruent to 
A AY'Z') similar and oriented the same as A BCX. Since then AD/ AY' =AX/AZ' 
and ZDAY' = ZXAZ ! , A ADY' and A AXZ' are also similar, implying = 

Analogously, |§ = It follows from = |§ that CY' = DY', which means 
that Y' lies on the perpendicular bisector of CD. Hence Y' = Y. 

Now ZAYB = 2ZAYZ' = 2ZADX, as desired. 


26. The problem can be reformulated in the following way: Given a set S of ten 
points in the plane such that the distances between them are all distinct, for each 
point P £ S we mark the point Qe S\ {P} nearest to P. Find the least possible 
number of marked points. 

Observe that each point A £ S is the nearest to at most five other points. Indeed, 
for any six points P\,.... P(, one of the angles PiAPj is at most 60°, in which 
case PiPj is smaller than one of the distances APi,APj. It follows that at least two 
points are marked. 

Now suppose that exactly two points, say A and B, are marked. Then AB is 
the minimal distance of the points from S, so by the previous observation the 
rest of the set S splits into two subsets of four points according to whether the 
nearest point is A or B. Let these subsets be {A t .A2.A3.A4} and {B t .B2.B2.B4} 
respectively. Assume that the points are labelled so that the angles A;AA; + i are 
successively adjacent as well as the angles BjBB i+ i, and that A \,B\ lie on one 
side of AB, and A4,B 4 lie on the other side. Since all the angles A{AA i+ 1 and 
BjBB i+ i are greater than 60°, it follows that 


zAiAB + ZBAA4 + ZB\BA + ZABB4 < 360° . 


Therefore ZA\AB + ZB\BA < 180° or ZA4AB + ZB4BA < 180°. Without loss 
of generality, let us assume the first inequality. 
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On the other hand, note that the quadrilateral ABB\Ai is convex because A t and 
B\ are on different sides of the perpendicular bisector of AB. From A\B\ > A\A 
and BB\ > AB we obtain ZA\AB\ > ZA\B\A and ZBAB\ > ZAB\B. Adding 
these relations yields ZA\AB > ZA\B\B. Similarly, ZB] BA > ZB]A\A. Adding 
these two inequalities, we get 

180 ° > ZA\AB+ ZBiBA > ZA\B\B+ ZB\A\A\ 

hence the sum of the angles of the quadrilateral ABB\A\ is less than 360 °, which 
is a contradiction. Thus at least 3 points are marked. 

An example of a configuration in which exactly 3 gangsters are killed is shown 
below. 



27 . Denote by a\, 0C2, (X3 the angles of AA1A2A3 at vertices A\,A2,A^ respectively. 
Let T ] , 73 , T3 be the points symmetric to L \ , 7.2,7. 3 with respect to A 1 1.A2I, and 
A3I respectively. We claim that T\ T2T3 is the desired triangle. 

Denote by 5 ] and R\ the points sym- 
metric to K\ and K3 with respect to 
L\ L3. It is enough to show that T\ 
and 73 he on the line R\S\. To prove 
this, we shall prove that ZK\S\T\ = 

ZK' K\S\ for a point K' on the line 
K\ Kj such that Kj and K' lie on differ- 
ent sides of K\ . We show first that 5 i £ 

Ai 7 . Let X be the point of intersection 
of lines Ai/ and L1L3. We see from the 
triangle A1L3X that ZL\Xl = 0,3/2 = 

ZL1A3I, which implies that L1XA3I 
is cyclic. We now have ZA\XAj = 

90 ° = ZA ] AT| A3 ; hence A\K{XA3 is also cyclic. This fact now implies that 
ZKiXI = ZK]A 3 A] =a 3 = 2 ZL]XI. Therefore X x L x bisects the angle K]X { I. 
Hence 5 i £ XI as claimed. Now we have ZK\S\ T\ = ZK\S\L\ J r 2 ZL]S\X = 
ZS\K\L\ + 2 ZL\K]X. It remains to prove that the line K\X bisects ZA^K\ K' . 
From the cyclic quadrilateral A\K\XA3 we see that ZXK1A3 = a\/ 2 . Since 
A1K3K1A3 is cyclic, we also have ZK' K\A^ = a\ = 2 ZXK\A^, which proves 
the claim. 


Ai 
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4.42 Solutions to the Shortlisted Problems of IMO 2001 


1. First, let us show that there is at most one such function. Suppose that fa and fa 
are two such functions, and consider g = fa— fa. Then g is zero on the boundary 
and satisfies 

g(p,q,r) = ^\g{p+\,q-\,r) + --- + g{p,q-\,r+\)}, 


i.e., g(p, q, r) is equal to the average of the values of g at six points {p+\,q — 
1 that lie in the plane n given by x + y + z = p + q + r. Suppose that 

( p , q, r ) is the point at which g attains its maximum in absolute value on n fl T. 
The averaging property of g implies that the values of g at (p + 1 , q — 1 , r) etc. 
are all equal to g(p,q,r). Repeating this argument we obtain that g is constant 
on the whole of n fl T, and hence it equals 0 everywhere. Therefore fa = fa. 

It remains to guess /. It is natural to try f(p,q,r) = pqr first: it satisfies 
f(jp,q,r) = l{f{p+l,q-l,r) + ---+f(p,q-l,r+l)\ + E^.Tims we sim- 
ply take 


f(p,q,r) 


3 

p + q + r 


f(p,q,r) 


Ipqr 

p + q + r 


and directly check that it satisfies the required property. Hence this is the unique 
solution. 


2. It follows from Bernoulli’s inequality that for each n e N, (l + i)" > 2, or 
\/2 < 1 + i. Consequently, it will be enough to show that 1 +a„> (l + i) a n -\. 
Assume the opposite. Then there exists N such that for each n>N, 


l +a n < 



1 

^+1 


an On- ]_ 

n+l~ n 


Summing for n = N, . . . ,m yields ^ H h ^y). However, 

it is well known that the sum H b can be arbitrarily large for m large 

enough, so that is eventually negative. This contradiction yields the result. 

Second solution. Suppose that 1 +a n < s/2a„-\ for all n> N. Set b n = 
2 _ (t+t/i-t— +i/n) anc j multiply both sides of the above inequality to obtain 
b n + b„a„ < b n -ia n -\. Thus 


b N a N > b N a N - b n a„ >b N + b N+ \ -| \-b n . 

However, it can be shown that X„>/v b^ diverges: in fact, since 1 + j H b 

\ < 1 -bln n, we have b n > 2 -1_ln " = \n~ Xnl > and we already know that 
ln>N Tn diverges. 

Remark. As can be seen from both solutions, the value 2 in the problem can be 
increased to e. 
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3. By the arithmetic-quadratic mean inequality, it suffices to prove that 

xf *2 i x 2 t 

(1+X 2 ) 2 + (l+xf+X 2 2 ) 2+ '" + (l+X 2 + ---+X 2 n ) 2 < ‘ 

Observe that for k > 2 the following holds: 

r 2 r 2 

< f* 

(l+x 2 + ---+x 2 ) 2 ~ (l + ---+4_ 1 )(l + ---+4) 

_ 1 1 

1+x^H l+x^ + \-Xfr 

X 2 1 

For k = 1 we have < 1 — Summing these inequalities, we obtain 

X 2 X n 1 

(l+xf) 2 + + (l+x^H t-x 2 ) 2 “ 1+xf-f hx 2 < 

Second solution. Let a n [k) = sup ( 2 X i H b 75 — j ) an d o n = a n ( \ ). 

\ k +x^ k +*i H \-x% J 

We must show that a n < y/n. Replacing x, by fcx,- shows that a n {k) = a n /k. Hence 


a n = sup 



= sup(sin0cos0 H-a„_icos0), (1) 


where tan0 = xi. The above supremum can be computed explicitly: 

( 3a n -t + a n-i + 8 J y4 — a 2 _ 1 +an-i-y/u^_ 1 + 8. 


1 


" — 8-*/2 

However, the required inequality is weaker and can be proved more easily: if 
a n - 1 < \Jn — 1, then by (1) a n < sin0 + y/n — 1 cos 0 = y/nsin^ + a) < y^n, 
for a e (0, 7t/2) with tana = y^n. 

4. Let (*) denote the given functional equation. Substituting y = 1 we get /(x) 2 = 
x/(x)/(l). If /( 1) = 0, then /(x) = 0 for all x, which is the trivial solution. 
Suppose /( 1) = C ± 0- Let G = {y e R | f(y) ± 0}. Then 


/(*) = 


Cx if x e G, 

0 otherwise. 


( 1 ) 


We must determine the structure of G so that the function defined by (1) satisfies 

(*)■ 

(i) Clearly lsG, because /( 1)^0. 

(ii) If x e G, y G, then by (*) it holds f(xy)f(x) = 0, so xy^G. 

(iii) If x , y £ G, then x/y 6 G (otherwise by (ii), y{x/y) = x ^ G). 
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(iv) If x,y £ G, then by (iii) we have x~ l £ G, so xy = y/x~ l £ G. 

Hence G is a set that contains 1, does not contain 0, and is closed under multipli- 
cation and division. Conversely, it is easy to verify that every such G in (1) gives 
a function satisfying (*). 


5. 


Let a\,ci 2 ,. ■ ■ ,a n satisfy the conditions of the problem. Then and 

hence > 2 for k = 1 The inequality (a^+i — 1 )ut-i > a 2 {cik — 1) can be 
rewritten as 


+ a-k < ak - 1 

dk dk+\ — 1 ~ dk~ 1 


Summing these inequalities for k = i + 1 , . . . , n — 1 and using the obvious in- 
equality we obtain -| 1- 2^4. < — Therefore 

U J a„ a„—l fl;+i a n a;+ i-l 


at < 99 fl 0 
ai+i — 100 a\ 


di - 1 a,- 

a, a i+ 1 - 1 


for i = 1,2, . . . ,n — 1. 


(1) 


Consequently, given ao, fli, . . . , a*, there is at most one possibility for a l+ \ . In our 
case, (1) yields a\ =2,a2 = 5, aj = 56, = 280 2 = 78400. These values satisfy 

the conditions of the problem, so that this is a unique solution. 

6. We shall determine a constant k > 0 such that 


V a 2 + Zbc d k + b k + c k 


for all a,b,c> 0. 


(1) 


This inequality is equivalent to (a k + b k + c k ) 2 > a 2k 2 (a 2 + Zbc), which further 
reduces to 

(a k + b k + c k ) 2 - a 2k > Za 2k ~ 2 bc. 

On the other hand, the AM-GM inequality yields 

(a k + b k + c k ) 2 - a 2k = ( b k + c *) (2 a k + b k + c k ) > Za k / 2 b 3k ^c 3k /\ 


and therefore k = 4/3 is a good choice. Now we have 
a b c 

Vd 2 + 8 be Vb 2 + 8ca Vc 2 + Zab 
a 4 / 3 b 4 / 3 


r 4/3 


r + 


+ - 


a 4/3 + ^4/3 + c4/3 ^ a 4/3 + £4/3 + c 4/3 ^ fl 4/3 + £4/3 + c 4/3 


- = 1. 


Second solution. The numbers x = - 
satisfy 


. y = 


\/ b 2 +&ca 


and z = - 


Ourtaskis to prove x+y+z> 1. 

Since / is decreasing on each of the variables x,y,z, this is the same as proving 
that x,y,z> 0, x + y + z 1 implies f(x.y.z) > 8 3 . However, since — 1 = 
(x+y+z) -x 1 _ (2x+y+z)(y+z ) , ^ j ne q Ua |j t y f( x .y.z) > 8 3 becomes 
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(2x+y + z){x + 2y + z){x+y + 2z)(y+z)(z+x){x+y) ^ o3 

which follows immediately by the AM-GM inequality. 



. b H — . c > is true for all a, b, c > 0 if and only if A > 8. 

V^+kca x/^+kab vl+* 

Firstly suppose that A > 8. Setting x = be/ a 2 , y = ca/b 2 , z = ab/c 2 , we reduce 
the desired inequality to 

F(x,y,z) = f(x) + f(y)+f(z ) > -jL=, where f{t) = ^=L=, (2) 

Vl +k Vi +kt 

for x, y, z > 0 such that xyz = 1 . We shall prove (2) using the method of Lagrange 
multipliers. 

The boundary of the set D = {(x.y.z) € K+ | xyz =1} consists of points ( x,y,z ) 
with one of x.y.z being 0 and another one being +°°. If w.l.o.g. x = 0, then 
F(x,y,z) > f{x) = 1 > 3/VT+k. 

Suppose now that ( x,y,z ) is a point of local minimum of F on D. There exists 
A e R such that (x,y,z) is stationary point of the function F (x.y.z) + Xxyz. Then 
(x.y.z.. X) is a solution to the system f (x) + ?iyz = f (y) + 'kxz = f (z) + Xxy = 0, 
xyz = 1. Eliminating A gives us 


xf (*) = yf (y) =zf(z), xyz = 1 • (3) 

The function tf'(t) = 2 ~^ 3 y 2 decreases on the interval (0,2/A] and increases 
on [2 /k,+°°) because ( tf(t ))' = ^~ 2 ^ 2 ■ It follows that two of the numbers 
x,y,z are equal. If x = y = z, then (1,1,1) is the only solution to (3). Suppose 
that x = y V z. Since (y/'(y)) 2 - (zf{z)) 2 = (3) gives 

us y 2 z = 1 and A 3 y 2 z 2 — 3 kyz — y — z = 0. Eliminating z we obtain an equa- 
tion in y, k 3 /y 2 — 3 k/y — y — 1/y 2 = 0, whose only real solution is y = k- 1. 
Thus ( k — 1 , A — 1,1/ (A — l) 2 ) and the cyclic permutations are the only solu- 
tions to (3) with x ,y,z being not all equal. Since F(k— 1, A — 1 , 1 / (A — l) 2 ) = 
(A+ 1)/VA 2 — A+1 > F(l, 1, 1) = 1, the inequality (2) follows. 

For 0 < A < 8 we have that 


a 

_i_ 

b 

_l_ 

c 

\/ a 2 + kbc 

Vb 2 + kca 

yjc 2 + kab 

a 

_ i— 

b 

X- 

c 

V a 2 + 8 be 

Vb 2 + %ca 

Vc 2 + Sab 


> I- 


If we fix c and let a, b tend to 0, the first two summands will tend to 0 while the 
third will tend to 1. Hence the inequality cannot be improved. 
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7 . It is evident that arranging of A in increasing order does not diminish m. Thus 

we can assume that A is nondecreasing. Assume w.l.o.g. that a\ = 1 , and let b L 
be the number of elements of A that are equal to i (1 < i < n = 02001)- Then we 
have bi+b2-\ \~b n = 2001 and 

m = b bn—lbti— i b n • (1) 

Now if bi,bj (i < j ) are two largest b’s, we deduce from ( 1 ) and the AM- 

GM inequality that m < bibj(b\ H bfr;-i + b x+ 1 H b£>y-i +bj + \ +b n ) < 

(^T ") 3 = 667 3 (&1&2&3 < b\bibj, etc.). The value 667 3 is attained for b\ = 6 2 = 
b 3 = 667 (i.e., a x = ■■■ = a 667 = 1 , a 668 = ■ ■ ■ = <21334 = 2 , 01335 = • • ■ = <22001 = 
3 ). Hence the maximum of m is 667 3 . 

8. Suppose to the contrary that all the S(a)’s are different modulo n\. Then the 

sum of S(a) ’s over all permutations a satisfies S(a) = 0 + H b (n ! — 1 ) = 

(mod n ! ) . On the other hand, the coefficient of c, in S (a) is equal 

to (n — 1) ! (1 + 2 H b«) = rL Y-n\ for all i, from which we obtain 

^S(a)=^-!-(c H bc„)n! = 0 (modn!) 

for odd n. This is a contradiction. 

9 . Consider one such party. The result is trivially true if there is only one 3 -clique, 
so suppose there exist at least two 3 -cliques Ci and C2. We distinguish two cases: 

(i) Ci = {a,b,c} and C2 = {a,d,e} for some distinct people a,b,c,d,e. If the 
departure of <2 destroys all 3 -cliques, then we are done. Otherwise, there is 
a third 3 -clique C3, which has a person in common with each of Ci , C2 and 
does not include a: say, C3 = {b,d,f} for some /. We thus obtain another 
3 -clique C4 = {a,b,d}, which has two persons in common withC3, and the 
case (ii) is applied. 

(ii) Ci = {a,b,c} and C2 = {a,b,d} for distinct people a,b,c,d. If the depar- 
ture of a,b leaves no 3 -clique, then we are done. Otherwise, for some e 
there is a clique {c, < 7 , e}. 

We claim that then the departure of c,d breaks all 3 -cliques. Suppose the 
opposite, that a 3 -clique C remains. Since C shares a person with each of 
the 3 -cliques {c, d, a} , {c, d,b},{c,d,e}, it must b eC={a,b,e}. However, 
then {a,b,c,d, e } is a 5 -clique, which is assumed to be impossible. 

10 . For convenience let us write a = 1776 , b = 2001, 0 < a < b. There are two types 
of historic sets: 

(1) {x,x+a,x+a + b} and (2) {x,x + b,x + a + b}. 

We construct a sequence of historic sets H \ , H2 , H3 , . . . inductively as follows : 

(i) H\ = { 0 ,a,fl + h}, and 

(ii) Let y„ be the least nonnegative integer not occurring in U n = H\ fl ■ • • n H n . 
We take H n+ \ to be {y n ,yn + a,y n + a + b} if y n + a £ U„, and {y n ,y n + 
b.y n +a + b} otherwise. 
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It remains to show that this construction never fails. Suppose that it failed at the 
construction of H n+ \. The element y n +a + b is not contained in U n , since by 
the construction the smallest elements of H\, . . . ,H n are all less than y„ . Hence 
the reason for the failure must be the fact that both y n + a and y n + b are covered 
by U n . Further, y n + b must have been the largest element of its set Hk, so the 
smallest element of H k equals y n — a. But since y n is not covered, we conclude 
that H k is of type (2). This is a contradiction, because y n was free, so by the 
algorithm we had to choose for H k the set of type (1) (that is, {y n — a,y n ,y n +b}) 
first. 

11. Let (xo,xi, . . . ,x„) be any such sequence: its terms are clearly nonnegative in- 
tegers. Also, xo = 0 yields a contradiction, so xq > 0. Let m be the number of 
positive terms among x\,...,x n . Since x,- counts the terms equal to i, the sum 

x\ H hx„ counts the total number of positive terms in the sequence, which is 

known to be m + 1. Therefore among xi , . . . , x„ exactly m — 1 terms are equal to 
1, one is equal to 2, and the others are 0. Only xo can exceed 2, and consequently 
at most one of X3,X4, . . . can be positive. It follows that m< 3. 

(i) m = 1 : Then X2 = 2 (since xi = 2 is impossible), so xo = 2. The resulting 
sequence is (2, 0,2,0). 

(ii) m = 2: Either X| = 2 or X2 = 2. These cases yield (1,2, 1,0) and (2, 1,2, 0,0) 
respectively. 

(iii) m = 3 : This means that x^ > 0 for some k> 2. Hence xo = k and x,t = 1 . Fur- 
ther, xi = 1 is impossible, so xi = 2 and X2 = 1 ; there are no more positive 
terms in the sequence. The resulting sequence is (p, 2, 1 , 0, . . . , 0, 1 , 0, 0, 0). 

p-3 

Remark. The same problem occurred as (LL83-15), proposed by Canada. 

12. For each balanced sequence a = (ai,£/2, ■ ■ ■ .ain) denote by f(a) the sum of j’s 

for which aj = 1 (for example, /( 100101) = 1+ 4 + 6=11). Partition the ( 2 ") 
balanced sequences into n + 1 classes according to the residue of / modulo n + 1 . 
Now take S to be a class of minimum size: obviously 151 < ( 2 ”) . We claim 

that every balanced sequence a is either a member of S or a neighbor of a member 
of S. We consider two cases. 

(i) Let a\ be 1. It is easy to see that moving this 1 just to the right of the Mi 0, 
we obtain a neighboring balanced sequence b with f(b) = f(a) + k. Thus 
if a $ S, taking a suitable k G {1.2,... ,n} we can achieve that b G S. 

(ii) Let a\ be 0. Taking this 0 just to the right of the Mi 1 gives a neighbor b 
with f(b) = f(a) — k, and the conclusion is similar to that of (i). 

This justifies our claim. 

13. At any moment, let p t be the number of pebbles in the ith column, i = 1,2, 

The final configuration has obvious properties p\>p 2 > - and pi+\ G {pi,Pi — 

1}. We claim that pi+\ = pi> 0 is possible for at most one i. 

Assume the opposite. Then the final configuration has the property that for some 
r and s>r we have p r+ \ = p r , p s+ \ = p s > 0 and p r+ t = p r + 1 — k + 1 for all k = 
1, . . . ,s — r. Consider the earliest configuration, say C, with this property. What 
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was the last move before C? The only possibilities are moving a pebble either 
from the rth or from the vth column; however, in both cases the configuration 
preceding this last move had the same property, contradicting the assumption 
that C is the earliest. 

Therefore the final configuration looks as follows: p\ = a G N, and for some r, 
Pi equals a—(i— 1) iff < r, and a — (i — 2) otherwise. It is easy to determine a, r. 

since n = p\ + p 2 H = , t a+1 H a+2 ) _ r , we g e t a ( a + l l < n < («+ 1 K«+ 2 ) , from 

which we uniquely find a and then r as well. 


The final configuration for n = 13: 



14. We say that a problem is difficult for boys if at most two boys solved it, and 
difficult for girls if at most two girls solved it. 

Let us estimate the number of pairs boy-girl both of whom solved some problem 
difficult for boys. Consider any girl. By the condition (ii), among the six prob- 
lems she solved, at least one was solved by at least 3 boys, and hence at most 
5 were difficult for boys. Since each of these problems was solved by at most 
2 boys and there are 21 girls, the considered number of pairs does not exceed 
5-2-21-210. 

Similarly, there are at most 210 pairs boy-girl both of whom solved some prob- 
lem difficult for girls. On the other hand, there are 21 2 > 2 • 210 pairs boy-girl, 
and each of them solved one problem in common. Thus some problems were 
difficult neither for girls nor for boys, as claimed. 

Remark. The statement can be generalized: if 2 (m— 1)(« — 1) + 1 boys and as 
many girls participated, and nobody solved more than m problems, then some 
problem was solved by at least n boys and n girls. 

15. Let MNPQ be the square inscribed in AABC with M £ AB, N G AC, P.Q £ BC, 
and let A4 ! meet MN.PQ at K, X respectively. Put MK = PX = m, NK = QX = 
n, and MN = d. Then 

BX m BX + m BP dcot/3+d cotj3 + 1 

XC n XC+n CQ dcoty+d coty+ 1 

Similarly, if BB\ and CCi meet AC and BC at Y,Z respectively then jx = cotK+i 
and Z§ = 33if+P Therefore fyyyM = h so by Ceva’s theorem, AX.BY.CZ 
have a common point. 

Second solution. Let A 2 be the center of the square constructed over BC out- 
side A ABC. Since this square and the inscribed square corresponding to the 
side BC are homothetic, A, A\, and A 2 are collinear. Points Bi , C 2 are anal- 
ogously defined. Denote the angles BAA 2 ,AjAC ,CBB j, B 2 BA,ACC 2 ,C 2 CB by 
a\ , a. 2 , /3i , /3i , yi , Ji . By the law of sines we have 
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sinai sin(/3+45°) sin/3i sin(y+45°) sin sin(a + 45°) 

sina 2 sin(y+45°)’ sin/3 2 sin(a + 45°)’ siny 2 sin(j3+45°)' 

Since the product of these ratios is 1, by the trigonometric Ceva’s theorem 
AA 2 .BB 2 -CC 2 are concurrent. 

16. Since ZOCP = 90° — ZA, we are led to showing that ZOCP > ZCOP, i.e., OP > 
CP. By the triangle inequality it suffices to prove CP < \CO. 

Let CO = R. The law of sines yields 

CP = ACcos y = 2R sin /3 cos y < 2 R sin J3 cos(j3 + 30°) . 

Finally, we have 

2sin/3cos(/3 +30°) = sin(2j3 + 30°) — sin30° < 
which completes the proof. 

17. Let us investigate a more general problem, in which G is any point of the plane 
such that AG, BG,CG are sides of a triangle. 

Let F be the point in the plane such that BC : CF : FB = AG : BG : CG and F. A 
lie on different sides of BC. Then by Ptolemy’s inequality, on BPCF we have 
AG ■ AP + BG ■ BP + CG ■ CP = AG ■ AP + jg(CF ■ BP + BF ■ CP) >AG AP + 
j^BC PF. Hence 

AG ■ AP + BG ■ BP +CG ■ CP > AG ■ AF, (1) 


where equality holds if and only if P lies on the segment AF and on the circle 
BCF. Now we return to the case of G the centroid of A ABC. 

We claim that F is then the point G 
in which the line AG meets again the 
circumcircle of A BGC. Indeed, if M is 
the midpoint of AB, by the law of sines 

we have = mZMGC _ sjnZBGM 
CG sir 
50 , and similarly 
implies 


l Z.CBG sin z^AGM 

^ = Thus (1) 

BG CG v ' 



AGAP + BGBP + CGCP>AGAG. 


It is easily seen from the above considerations that equality holds if and only if 
P = G, and then the (minimum) value of AG ■ AP + BG ■ BP + CG ■ CP equals 


AG 2 +BG 2 + CG 2 


a 2 + b 2 + c 2 
3 


Second solution. Notice that AG ■ AP > AG ■ AP = AG ■ (AG + GP). Summing 
this inequality with analogous inequalities for BG • BP and CG ■ CP gives us 

agap+bgbp+cgcp>ag 2 +bg 2 +cg 2 + (ag+bg+cg)gp = 

AG 2 +BG 2 + CG 2 = al + b l+ (2 . Equality holds if and only if P = Q. 
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18. Let a\, Pi, yi, (Xa, P 2 , 7i denote the angles ZMAB, ZMBC, ZMCA, ZMAC, 
ZMBA, ZMCB respectively. Then 

MB' MC' MC'-MA' „ „ MA'-MB' 

MA 2 = sin0! i sina 2- MB 2 = sm fr sin &> MC 2 = sm ri smn; 

hence p(M) 2 = sin a.\ sin a .2 sin /3 1 sin P 2 sin 7 sin 72 . Since 

sinai sina 2 = ^(cos(ai — a i) ~ cos(ai + 0 ( 2 ) < ^(1 — cosa) = sin 2 
we conclude that 

oc f5 y 
p(M) < sin - sin sin 

Equality occurs when 00 = a. 2 , pi = p 2 , and 71 = yi, that is, when M is the 
incenter of A ABC. 

It is well known that p (ABC) = sin j sin 4 sin \ is maximal when AABC is 
equilateral (it follows, for example, from Jensen’s inequality applied to lnsinx). 
Hence max p(ABC) = g. 

19. The hexagon AEBFCD is obviously 
convex. Therefore ZAEB + ZBFC + 

ZCDA = 360°. Using this relation 
we obtain that the circles ( 0 \, © 2 , 

©3 with centers at D. E, F and radii 
DA, EB, FC respectively all pass 
through a common point O. Indeed, 
if ©1 fl ©2 = {O}, then ZAOB = 

180° - ZAEB /I and ZBOC = 180° - 
ZBFC/ 2. We now have ZCOA = 

180° — ZCDA/2 as well, i.e., 06© 3 . 

The point O is the reflection of A with 
respect to DE. Similarly, it is also the reflection of B with respect to EF, and that 
of C with respect to FD. Hence 

DB _ . D'B _ Sebf _ . Sqef 
DD' DD' Sedf Sdef 

Analogously §§r = 1 + and ^7 = 1 + . Adding these relations gives 

us 

DB EC FA _ Sqef + Sq DF + Sq DE _. 

DD' EE' FF'~ + S DEF 

20. By Ceva’s theorem, we can choose real numbers x,y,z such that 

BD _z CE _x AF _ y 
DC y' EA z’ ¥b x' 



4 Solutions 


The point P lies outside the triangle ABC if and only if x,y,z are not all of the 
same sign. In what follows, Sx will denote the signed area of a figure X. 

Let us assume that the area Sabc of A ABC is 1. Since Spec ■ Spca ■ Spab = x ■ 
y : z and S PB d : S PDC = z : y, it follows that S PB d = Hence S PBD = 

y{t+z)x?y+z ’ Spce = z( z +x)x ^ z > S PAF = x(x ' +y) ■ By the condition of the 

problem we have \Sp BD \ = \S P ce \ = \S P af\, or 

\x(x+y)\ = \y(y+z)\ = \z(z+x)\. 

Obviously x, y, z are nonzero, so that we can put w.l.o.g. z = 1 . At least two of the 
numbers x(;r + y),y(y + 1), 1(1 +x) are equal, so we can assume thatx(x+y) = 
y(y + 1). We distinguish two cases: 

(i) x(x + y) = y(y+ 1) = l+x. Then x = y 2 + y — 1, from which we obtain 
(y 2 + >’ — 1 ) (>’ 2 + 2y — 1 ) = y(y + 1). Simplification gives y 4 + 3y 3 —y 2 — 
4y + 1 = 0, or 

(y-i)(y 3 +4y 2 +3y-i) = o. 

If y = 1 , then also z = x = 1 , so P is the centroid of A ABC, which is not an 
exterior point. Hence y 3 + 4y 2 + 3y — 1 = 0. Now the signed area of each of 
the triangles PBD,PCE,PAF equals 

S = yz 

(x+y)(x+y + z) 


(y 2 + 2y— l)(y 2 + 2y) y 3 +4y 2 + 3y-2 

It is easy to check that not both of x,y are positive, implying that P is indeed 
outside A ABC. This is the desired result. 

(ii) x(x +y) = y(y + 1) = — 1 — x. In this case we are led to 


/(y) = y 4 + 3y 3 +y 2 - 2y + 1 = 0. 


We claim that this equation has no real solutions. In fact, assume that yo is 
a real root of /(y). We must have yo < 0, and hence u = — yo > 0 satisfies 
3 m 3 — m 4 = (m + 1) 2 . On the other hand, 


3 m 3 - w 4 = m 3 (3 - u) = 4m (3 - u) 

( u/2 + u/2 + 3 — u\ 


< 4m 


< («+l) 2 , 


= 4m 


where at least one of the inequalities is strict, a contradiction. 
Remark. The official solution was incomplete, missing the case (ii). 
21. We denote by p(XYZ) the perimeter of a triangle XYZ. 
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If O is the circumcenter of AABC, then A\,B\,C\ are the midpoints of the corre- 
sponding sides of the triangle, and hence p{A\B\C\) = p{AB\C\) = p (A \ BC \ ) = 
p(A\B\C). 

Conversely, suppose that p(A\B\Ci) > p{AB\C{),p{A\BC\),p{A\B\C). Let a \ , 
a 2 , 0i, 02, yi, 72 denote the angles ZB\A\C, ZC\A\B, ZC\B\A, ZA\B\C, 
ZA\C\B, ZBiCiA. 

Suppose that yi,02 > a. If A 2 is 
the fourth vertex of the parallel- 
ogram B\AC\A 2 , then these condi- 
tions imply that A\ is in the interior 
or on the border of AB\C\A 2 , and 
therefore p(A\B\C\) < p{A 2 B\C\ ) = 
p{AB\C\). Moreover, if one of the in- 
equalities 71 > a, 02 > a is strict, 
then p(A\B\C\) is strictly less than 
p(AB\C \ ), contrary to the assumption. Hence 



02 > a = 
Ji>P = 
«2 >7 = 


- 7i < a, 

- ai < /3, 

<7. 


( 1 ) 


the last two inequalities being obtained analogously to the first one. Because of 
the symmetry, there is no loss of generality in assuming that 71 < a. Then since 
Yi+oc 2 = 180° — J3 = a + 7, it follows that a 2 > 7. From (1) we deduce j3i < 7, 
which further implies 72 > 0 ■ Similarly, this leads to a\ < 0 and 0 2 > a. To sum 
up, 

7i < a < 02, oci <p <Y 2 , 0i < 7 < a 2 . 

Since OA\BC\ and OB \ CA \ are cyclic, we have ZA\OB = 71 and ZA\OC = 02. 
Hence BO : CO = cos 02 : cos 71, hence BO < CO. Analogously, CO < AO and 
AO < BO. Therefore AO = BO = CO, i.e., O is the circumcenter of ABC. 

22. Let S and T respectively be the points on the extensions of AB and AQ over B and 
Q such that BS = BP and QT = QB.lt is given that AS = AB+BP = AQ + QB = 
AT. Since ZPAS = ZPAT, the triangles APS and APT are congruent, from which 
we deduce that ZATP = ZASP = 0/2 = ZQBP. Hence ZQTP = ZQBP. 

If P does not lie on BT, then the last equality implies that A QBP and A QTP 
are congruent, so P lies on the internal bisector of ZBQT . But P also lies on 
the internal bisector of ZQAB; consequently, P is an excenter of AQAB, thus 
lying on the internal bisector of ZQBS as well. It follows that ZPBQ = 0/2 = 
ZPBS = 180° — 0, so 0 = 120°, which is impossible. 

Therefore P G BT, which means that T = C. Now from QC = QB we conclude 
that 120° - 0 = 7 = 0/2, i.e., 0 = 80° and 7 = 40°. 

23. For each positive integer x, define a(x) = jc/ 1 (/ if r is the positive integer sat- 
isfying 10 r < x < 10 r+1 . Observe that if a(x)a(y) < 10 for some x. y G N, then 


4 Solutions 


a(xy) = a(x)a(y). If, as usual, [f] means the integer part of t, then [a(x)] is 
actually the leftmost digit of x. 

Now suppose that n is a positive integer such that k < a((n + k)\) < k+ 1 for 
k = 1,2, ... ,9. We have 


1 < a(n + k) = 


«((" + *) !) 

a((n + k- 1)!) 


+ 1 

k— 1 


for 2 < k < 9, 


from which we obtain a(n + /:+!) > a(n + k) (the opposite can hold only if 
a(n + k) > 9). Therefore 

1 < a(n+ 2) < ••• < a(n + 9) < 

On the other hand, this implies that a((n + 4)!) = a((n+ 1) !)«(« + 2)a{n + 
3)a(n + 4) < (5/4) 3 a((n+ 1)!) <4, contradicting the assumption that the left- 
most digit of (n + 4) ! is 4. 

24. We shall find the general solution to the system. Squaring both sides of the first 
equation and subtracting twice the second equation we obtain ( x — y) 1 = z 2 + u 2 . 
Thus ( z,u,x — y ) is a Pythagorean triple. Then it is well known that there are 
positive integers t,a,b such that z = t(a 2 — b 2 ), u = 2tab (or vice versa), and 
x — y = t(a 2 +b 2 ). Using that x+y = z + u we come to the general solution: 

x = t(a 2 + ab), y = t{ab — b 2 )\ z = t{a 2 — b 2 ), u = 2tab. 


Putting a/b = k we obtain 


x 

y 


£t = 3 + C *-') + ^23 + 2V2, 


with equality for k — 1 = \/2. On the other hand, k can be arbitrarily close to 
1 + \/2, and so x/y can be arbitrarily close to 3 + 2y/2. Hence m = 3 + 2\/2. 
Remark. There are several other techniques for solving the given system. The 
exact lower bound of m itself can be obtained as follows: by the system ^4 j — 
62 + 1= (s=h) > 0, so x/y > 3 + 2\/2. 


25. Define = \a n+ \— a n \ for n> 1. From the equalities a n+ \ = b n -\ +b n - 2 , from 
a n = b n - 2 +b n -3 we obtain b n = \b n -i — b n - 3 |. From this relation we deduce 
that b m < m'dx(b n ,b n+ \,b n+ 2 ) for all m > n, and consequently b„ is bounded. 
Lemma. If max(b n ,b n+ i,b n+ 2 ) =M> 2, then max(fo„ + g,fo„ + 7 ,fe n+ g) < M - 1 . 
Proof. Assume the opposite. Suppose that bj = M, j G {n.n+ \ .n + 2}, and let 
bj + 1 = x and bj +2 = y. Thus bj + 3 = M — y. If x,y, M — y are all less than 
M, then the contradiction is immediate. The remaining cases are these: 

(i) x = M. Then the sequence has the form M. M.y.M —y.y , . . . , and since 
max(y,M — y,y) = M, we must have y = 0 or y = M. 


4.42 Shortlisted Problems 2001 


(ii) y = M. Then the sequence has the form M,x,M,0,x,M — x, ..., and 
since max(0,x,M — x) = M, we must have x = 0 or x = M. 

(iii) y = 0. Then the sequence is M,x,0,M,M —x,M —x,x,..., and since 
max(M — x,x,x) = M, we have x = 0orx = M. 

In every case M divides both x and y. From the recurrence formula M also 
divides b t for every i < j. However, £>2 = 12 12 - 1 1 1 1 and bn — ll 11 are 
relatively prime, a contradiction. 

From max(&i,&2,&3) < 13 13 and the lemma we deduce inductively that b n < 1 
for all n > 6 ■ 13 13 — 5. Hence a n = b n - 2 + b n - 3 takes only the values 0, 1, 2 
for n > 6 ■ 13 13 — 2. In particular, <2,414 is 0, 1, or 2. On the other hand, the 
sequence a n modulo 2 is as follows: 1 , 0, 1 , 0, 0, 1 , 1 ; 1 , 0, 1,0, . . . ; and therefore 
it is periodic with period 7. Finally, 14 14 = 0 modulo 7, from which we obtain 
a l4 M = aq = 1 (mod 2). Therefore a 14 i4 = 1. 

26. Let C be the set of those a G {1, 2, ... ,p — 1} for which a p ~ l = 1 (mod p 2 ). 

At first, we observe that a,p — a do not both belong to C, regardless of the value 
of a. Indeed, by the binomial formula, 

(p — a) p l — a p ~ l =—(p— \)pa p ~ 2 ^ 0 (mod p 2 ). 

As a consequence we deduce that |C| < Further, we observe that p — k€ 
C 4=> k = k(p — k) p ~ x (mod p 2 ), i.e., 

p-kGC^k = k(k p ~ x -{p- 1 )pk p ~ 2 ) =k p +p (mod p 2 ). (1) 

Now assume the contrary to the claim, that for every a = 1 ..... p — 2 one of 
a, a + 1 is in C. In this case it is not possible that a, a + 1 are both in C, for then 
p — a,p — a — l£C. Thus, since 1 € C, we inductively obtain that 2, 4, . . . , p — 
1 ^ C and 1,3,5, ... ,p — 2 G C. In particular, p — 2,p — 4 G C, which is by (1) 
equivalent to 2 = 2 p + p and 4 = 4 p + p (mod p 2 ). 

However, squaring the former equality and subtracting the latter, we obtain 
2 P+ 1 p = p (mod p 2 ), or 4 = 1 (mod p), which is a contradiction unless p = 3. 
This finishes the proof. 

27. The given equality is equivalent to a 2 — ac + c 2 = b 2 + bd + d 2 . Hence (ab + 
cd) (ad + be) = ac(b 2 + bd + d 2 ) + bd(a 2 — ac + c 2 ), or equivalently, 

(ab + cd) (ad + be) = (ac + bd)(a 2 — ac + c 2 ). (1) 

Now suppose that ab + cd is prime. It follows from a> b > c > d that 

ab + cd> ac + bd> ad + bc\ (2) 

hence ac + bd is relatively prime with ab + cd. But then (1) implies that ac + bd 
divides ad + be, which is impossible by (2). 

Remark. Alternatively, (1) could be obtained by applying the law of cosines 
and Ptolemy’s theorem on a quadrilateral XYZT with XY = a, YZ = c, ZT = b, 
TX = d and ZY = 60°, ZT = 120°. 


4 Solutions 


Yes. The desired result is an immediate consequence of the following fact ap- 
plied on p = 101. 

Lemma. For any odd prime number p, there exist p nonnegative integers less 
than 2 p 2 with all pairwise sums mutually distinct. 

Proof. We claim that the numbers a„ = 2 np + (« 2 ) have the desired property, 
where (jc) denotes the remainder of x upon division by p. 

Suppose that + ai = a m + a n . Assume that k < l and m < n. By the con- 
struction of a,-, we have 2 p(k+l) < a^ + ai < 2p(k + l+ 1 ). Hence we must 
have k+l = m + n, and therefore also (k 2 ) + (l 2 ) = (m 2 ) + (n 2 ). Thus 

k+l = m + n and k 2 + Z 2 = m 2 + n 2 (mod p). 

But then it holds that (k— l) 2 = 2 {k 2 + 1 2 ) - (k+ 1) 2 = (m - n) 2 (mod p), so 
k—l = ±(m — n), which leads to {k,l} = {m.n}. This proves the lemma. 
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4.43 Solutions to the Shortlisted Problems of IMO 2002 

1 . Consider the given equation modulo 9. Since each cube is congruent to either 
- 1, 0 or 1, whereas 2002 2002 = 4 2002 = 4 • 64 667 = 4 (mod 9), hence t > 4. 

On the other hand, 

2002 2002 = 2002 • ( 2002 667 ) 3 = ( 10 3 + 10 3 + l 3 + 1 3 )( 2002 667 ) 3 

is a solution with t =4. Hence the answer is 4. 

2. Set S = did 2 -\ \-d k -\d k • Since di/n= l/<4 + i_,-, we have ^ = d^JjTT 

~j~r . Hence 

did l 

1 < S / 1 1\ /I 1 \ _ 1 

d 2 d\ ~ n 2 ~ \d k - 1 d k ) \di d 2 ) d k 

or (since di = 1) 1 < y < d 2 . This shows that S < n 2 . 

Also, if S is a divisor of n 2 , then n 2 /S is a nontrivial divisor of n 2 not exceeding 
d 2 . But d 2 is obviously the least prime divisor of n (and also of n 2 ), so we must 
have n 2 /S = d 2 , which holds if and only if n is prime. 

3. We observe that if a, b are coprime odd numbers, then gcd(2“ + 1,2*+ 1) = 3. In 
fact, this g.c.d. divides gcd(2 2fl - 1,2 2 * - 1) = 2§ cd ( 2a ' 2 *) - 1 = 2 2 - 1 = 3, while 
3 obviously divides both 2 a + 1 and 2* + 1 . In particular, if 3 \b, then 3 2 \ 2* + 1 , 
so 2 a + 1 and (2* + l)/3 are coprime; consequently 2 ab + 1 (being divisible by 
2 a + 1, 2* + 1) is divisible by (2g + 1 K 2fe + 1) , 

Now we prove the desired result by induction on n. For n = 1, 2 Pl + 1 is divisible 
by 3 and exceeds 3 2 , so it has at least 4 divisors. Assume that 2 a + 1 = 2 P1 ' p "~ l + 
1 has at least 4" -1 divisors and consider N = 2 ab + 1 = 2 P] ' Pn + 1 (where b = 
p n ). As above, 2 a + 1 and are coprime, and thus Q = (2 a + 1 )(2* + 1 )/3 
has at least 2 • 4 n_1 divisors. Moreover, N is divisible by Q and is greater than Q 2 
(indeed, N > 2 ab > 2 2a 2 2b > Q 2 if a,b > 5). Then N has at least twice as many 
divisors as Q (because for every d \ Q both d and N/d are divisors of N), which 
counts up to 4” divisors, as required. 

Remark. With some knowledge of cyclotomic polynomials, one can show that 
2 Pv ' Pn + 1 has at least 2 2 " divisors, far exceeding 4". 

4. For a = b = c = 1 we obtain m = 12. We claim that the given equation has 
infinitely many solutions in positive integers a,b,c for this value of m. 

After multiplication by abc(a + b + c) the equation \ + \ + \ + — a +l+ c = ® 

becomes 

a 2 (b + c) +b 2 (c + a) + (?(a + b) + a + b + c — 9abc = 0. (1) 

Suppose that ( a,b,c ) is one such solution with a < b < c. Regarding (1) as a 
quadratic equation in a, we see by Vieta’s formula that ( b,c , ^-^L) also satisfies 
(!)• 
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Define (a„)“ =0 by ao = «i = <22 = 1 and a n+] = ■ ° n °”~ 1 2 +1 for each n > 1. 

We show that all a„’s are integers. This procedure is fairly standard. The above 
relation for n and n — 1 gives u n+ \a n -2 = o. n a n - 1 + 1 and a n -ia n -2 + 1 = 
a n a n - 3, so that adding yields a„_2(a n -i +a„+i) = a n (a„_ 1 + «„_3). Therefore 
a«+i+g«-i _ a ”~^ + ^"~ 3 = • • • , from which it follows that 

Qn+i +Q/1-1 _ f = 2 for n odd; 

a n | a3 ^ Q| = 3 for n even. 

It is now an immediate consequence that every a„ is integral. Also, the above 
consideration implies that ( a n -i,a n ,a n+ i ) is a solution of (1) for each n > 1. 
Since a n is strictly increasing for n> 2, this gives an infinity of solutions in 
integers. 

Remark. There are infinitely many values ofmgN for which the given equation 
has at least one solution in integers, and each of those values admits an infinity 
of solutions. 

5. Consider all possible sums c\ai + C2«2 H b c n a„, where each c,- is an integer 

with 0 < c,- < m. There are m" such sums, and if any two of them give the same 

remainder modulo m" , say X c i a i — X d/fl/ (mod m"), then X(c'i — is divisible 

by m n , and since c,- — di\ < m, we are done. We claim that two such sums must 
exist. 

Suppose to the contrary that the sums £; qa, (0 < c,- < m ) give all the different 
remainders modulo m". Consider the polynomial 

P( X )=^ X c ' a ' + '" +Cnan , 

where the sum is taken over all (ci , . . . , c„) with 0 < c,- < m. If t, is a primitive 
m"th root of unity, then by the assumption we have 

/>(£)= i+£+---+«r' ! - i =o. 

On the other hand, P(x) can be factored as 

n n 1 yjnai 

r(x) = no = n-jrr?r • 

so that none of its factors is zero at x = E, because ma, is not divisible by m". 
This is obviously a contradiction. 

Remark. The example <2, = m' 1 for i= 1 .n shows that the condition that no 

at is a multiple of m n 1 cannot be removed. 

6. Suppose that (m, n) is such a pair. Assume that division of the polynomial F(x) = 
x m +x-l by G(x)=x n +x 2 - 1 gives the quotient Q(x ) and remainder R(x). 
Since deg7?(x) < degG(x), for x large enough |/?(x)| < G(x)|; however, R(x') is 
divisible by G(x) for infinitely many integers x, so it is equal to zero infinitely 
often. Hence R = 0, and thus F(x) is exactly divisible by G(x). 
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The polynomial G(x) has a root a in the interval (0,1), because G( 0) = — 1 and 
G(l) = 1. Then also F(a) = 0, so that 

a m + a = a n + a 2 = 1. 


If m > 2 n, then 1 - a = a m < ( a n ) 2 = (1 - a 2 ) 2 , which is equivalent to a(a - 
1 )(oj 2 + a — 1) > 0. But this last is not possible, because a 2 + a—l > a m + 
a — 1 = 0; hence m < 2 n. 

Now we have F{x)/G(x) = - (x m ~ n+2 - x™-" - x + 1 )/G(x), so H(x) = 

X n ~ n+ 2 — Jt m_n — x + 1 is also divisible by G(x ) ; but degW (x) =m — n + 2<n + 
1 = deg G(x) + 1 , from which we deduce that either H(x) = G(x) or H (x) = {x — 
a)G(x) for some a£ Z. The former case is impossible. In the latter case we must 
havem = 2n— 1, and thus H (x) =x" +1 — x n ~ l —x+ 1; on the other hand, putting 
x = 1 gives a = 1, so H(x) = (x- lX^ + x 2 - 1) =x n+1 -x n +x 3 -x 2 -x+ 1. 
This is possible only if n = 3 and m = 5. 

Remark. It is an old (though difficult) result that the polynomial x” ±x! c ± 1 is 
either irreducible or equals x 2 ± x + 1 times an irreducible factor. 

7. To avoid working with cases, we use oriented angles modulo 180°. Let K be 
the circumcenter of A BCD, and X any point on the common tangent to the cir- 
cles at D. Since the tangents at the ends of a chord are equally inclined to the 
chord, we have ZBAC = ZABD + ZBDC+ ZDCA = ZBDX + ZBDC+ ZXDC = 
2ZBDC = ZBKC. It follows that B,C,A,K are concyclic, as required. 

8. Construct equilateral triangles ACP and ABQ outside the triangle ABC. Since 
ZAPC + ZAFC = 60° + 120° = 1 80°, the points A,C,F,P lie on a circle; hence 
ZAFP = ZACP = 60° = ZAFD, so D lies on the segment FP\ similarly, E lies 
on FQ. Further, note that 


FP 

FD 


- = 1 - 


DP 

~FD 


- = 1 - 


Safc 


- >4 


with equality if F is the midpoint of the smaller arc AC: hence FD < \FP and 
FE < \FQ. Then by the law of cosines, 


DE = v / FD 2 + FE 2 + FD-FE 

< i \/FP 2 + FQ 1 +FP FQ= ] -PQ <AP+AQ = AB+AC. 

Equality holds if and only if AABC is equilateral. 

9. Since ZBCA = ^ZBOA = ZBOD, the lines CA and OD are parallel, so that ODAI 
is a parallelogram. It follows that A/ = OD = OE =AE =AF. Hence 


ZIFE = ZIFA - ZEFA = ZAIF - ZECA = ZAIF - ZACF = ZCFI. 


Also, from AE =AF we get that Cl bisects ZECF. Therefore I is the incenter 
of A CEF. 
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10. Let O be the circumcenter of A 1 A 2 C, and 0\,0 2 the centers of S \ . S 2 respect- 
ively. 

First, from 

ZA 1 QA 2 = 180° - ZPAiQ - ZQA 2 P = ^(360° - ZPOiQ - ZQ0 2 P ) 

= zo 1 qo 2 

we obtain ZA\ QA 2 = ZB\ QB 2 = Z0\Q0 2 . 

We now have ZA\QA 2 = ZB\QP + 

ZPQB 2 = ZCA\P + ZCA 2 P = 180° - 
ZA 1 CA 2 , from which we conclude that 
Q lies on the circumcircle of A<4 \A 2 C. 

Hence OA\ = OQ. However, we also 
have 0\A 2 = 0\Q. Consequently, O, 

0\ both lie on the perpendicular bisec- 
tor of A\Q, so 00 \ -L A 1 Q. Similarly, 

OO 2 -L -422, leading to 



zo 2 ooi = \m° -ZAiQA 2 = \m° -zo\Qo 2 . 

Hence, O lies on the circle through 0\,0 2 ,Q, which is fixed. 

1 1 . When S is the set of vertices of a regular pentagon, then it is easily verified that 

^ = a. We claim that this is the best possible. Let A,B,C,D,E be 
five arbitrary points, and assume that AABC has the area M(S). We claim that 
some triangle has area less than or equal to M(S) / a. 

Construct a larger triangle A'B'C' with C e A'B' \\ AB, A € B'C' || BC, Be C A! || 
CA. The point D, as well as E, must lie on the same side of B'C' as BC, for 
otherwise A DBC would have greater area than AABC. A similar result holds 
for the other edges, and therefore D, E lie inside the triangle A'B'C' or on its 
boundary. Moreover, at least one of the triangles A'BC,AB'C,ABC', say ABC', 
contains neither D nor E. Hence we can assume that D,E are contained inside 
the quadrilateral A'B'AB. 

An affine linear transformation does not change the ratios between areas. Thus if 
we apply such an affine transformation mapping A, B, C into the vertices ABMCN 
of a regular pentagon, we won’t change M(S)/m(S). If now D or E lies inside 
ABMCN, then we are done. Suppose that both D and E are inside the triangles 
CMA', CNB' . Then CD, CE < CM (because CM = CN = CA' = CB ') and ZDCE 
is either less than or equal to 36° or greater than or equal to 108°, from which 
we obtain that the area of A CDE cannot exceed the area of A CMN = M{S) / a. 
This completes the proof. 

12. Let l(MN) denote the length of the shorter arc MN of a given circle. 

Lemma. Let PR, QS be two chords of a circle k of radius r that meet each other 
at a point X, and let ZPXQ = ZRXS = 2a. Then l(PQ) + l(RS) = 4ar. 
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Proof. Let O be the center of the circle. Then l(PQ) + l(RS) = ZPOQ ■ r + 
ZROSr = 2(ZQSP+ZRPS)r = IZQXPr = Aar. 

Consider a circle k, sufficiently large, whose interior contains all the given 
circles. For any two circles Q,Cj, let their exterior common tangents PR, QS 
( P,Q,R,S e k ) form an angle 2a. Then O t Oj = so a > sin a = jpq-- By 
the lemma we have l(PQ) + l(RS) = Aar > and hence 

1 ^l(PQ)+l(RS) 

OfOj 8r 1 ’ 


Now sum all these inequalities for i < j. The result will follow if we show that 
every point of the circle k belongs to at most n — 1 arcs such as PQ,RS. Indeed, 
that will imply that the sum of all the arcs is at most 2 (n — \)nr, hence from (1) 
we conclude that X cRT — ^re- 
consider an arbitrary point T of k. We prove by induction (the basis n = 1 is 
trivial) that the number of pairs of circles that are simultaneously intercepted by 
a ray from T is at most n — 1. Let Tu be a ray touching k at T . If we let this 
ray rotate around T, it will at some moment intercept a pair of circles for the 
first time, say C\ , C 2 . At some further moment the interception with one of these 
circles, say Ci , is lost and never established again. Thus the pair {C \ , Cf) is the 
only pair containing C\ that is intercepted by some ray from T . On the other 
hand, by the inductive hypothesis the number of such pairs not containing C\ 
does not exceed n — 2, justifying our claim. 


13. Let k be the circle through B,C that is tangent to the circle Q at point N'. We 
must prove that K,M,N' are collinear. Since the statement is trivial for AB = AC, 
we may assume that AC > AB. As usual, R,r,a,p,y denote the circumradius and 
the inradius and the angles of AABC, respectively. 

We have tan ZBKM = DM /DK. Straightforward calculation gives DM = \AD = 
flsin/3 siny and DK = _ krkb = Rsin (p - y) - f?(sin/3 - siny) = 

4 R sin sin j sin |, so we obtain 


tan ZBKM = 


sin /3 siny 
4 sin s in ^ sin | 


s ^ cos \ 
;in 


To calculate the angle BKN', we apply 
the inversion 1 // with center at K and 
power BK ■ CK. For each object X, we 
denote by X its image under i/a. The in- _ 

circle £2 maps to a line £2 parallel to B U C 

BC, at distance BK £ K from BC. Thus the point N' is the projection of the mid- 
point U of BC onto £2. Hence 



UN' _ BK ■ CK 
Uk ~ r(CK — BK) 


tan ZBKN' = tan ZBKN' 
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Again, one easily checks that KB ■ KC = be sin 2 “ and r = 4R sin j ■ sin j ■ sin |, 
which implies 


tan ZBKN' = 


foe sin 2 f 
r(b — c) 


AR 2 sin j3 sin ysin 2 “ 

AR sin “ sin f sin | • 2/?(sin /3 — siny) 


B v 

COS j COS £ 



Hence ZBKM = ZBKN ' , which implies that K.M.N' are indeed collinear; thus 
N' = N. 


14. Let G be the other point of intersection of the line FK with the arc BAD. 

Since BN/NC = DK/KB and ZCEB = 

ZBGD the triangles CEB and BGD are 
similar. Thus BN/NE = DK/KG = 

FK/KB. 

From BN = MK and BK = MN it 
follows that MN/NE = FK/KM. But 
we also have that ZMNE = 90° + 

ZMNB = 90° + ZMKB = ZFKM, and 
hence A MNE ~ ZFKM. 

Now ZEMF = ZNMK - ZNME - ZKMF = ZNMK - ZNME - ZNEM = 
ZNMK - 90° + ZBNM = 90° as claimed. 



15. Notice that / is surjective. Indeed, setting y = —f(x) gives /(/(—/(*)) — x) = 
/( 0) — 2x, where the right-hand expression can take any real value. 

In particular, there exists xq for which f(x o) = 0. Now setting x = xq in the 
functional equation yields /(y) = 2xq + f(f(y) — xq), so we obtain 


f{z) = z-x 0 for z = f(y)-x 0 . 


Since / is surjective, z takes all real values. Hence for all z, f(z) = z+c for some 
constant c, and this is indeed a solution. 

16. For n> 2, let (k\ .kj. ■ ■ ■ - k n ) be the permutation of {1,2, ...,«} with < 

■■■ < a k n - Then from the condition of the problem, using the Cauchy-Schwarz 
inequality, we obtain 


c>a kn - a kl = \a kn - a K _ 1 1 H V\a ki -a kl \ + \a k2 -a h 

^ 1 1 1 

> 1 1 1 

k\ +k2 k2 + k$ k n - 1 + k„ 

> (n- l) 2 

_ (k\ + k2) + (k2 + h) H h (k «- i + k n ) 

= (■ n-l ) 2 ^ (n— l) 2 > n- 1 

2(k\ + k 2 H f k„) — k\ — k n ~ n 2 + n — 3 — n + 2 
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Therefore c > 1 for every positive integer n. But if c < 1, this inequality 
is obviously false for all n > — 2. We conclude that c> 1. 

Remark. The least value of c is not greater than 21n2. An example of a se- 
quence {a n } with 0 < a n < 21n2 can be constructed inductively as follows: 
Given a\,a 2 ,- ■ then a n can be any number from [0,21n2] that does not 

belong to any of the intervals (a, — ^ . a t + ^ ) (i = 1 , 2, . . . , n — 1), and the 
total length of these intervals is always less than or equal to 


2 , 2 , 2 

n+l + n + 2 + "' + 2n-l 


< 21n2. 


17. Let x,y be distinct integers satisfying xP{x) = yP(y); this is equivalent to a(x A — 
y 4 ) + b{x i — y 3 ) + c(x 2 — y 2 ) +d{x — y) = 0. Dividing by x — y we obtain 

a(p? + £y +xy 2 + y 3 ) + b{x 2 +xy + y 2 ) + c(x +y) + d = 0. 


Putting x+y = p,x 2 +y 2 = q leads to x 1 +xy+ y 2 = £-^2, so the above equality 
becomes 


a P<l + ^(p 2 +q)+cp + d= 0, i.e. (2ap + b)q= -{bp 2 +2cp + 2d). 

Since q > p 2 / 2, it follows that p 1 \2ap + b\ < 2\bp 2 + 2cp + 2d\, which is pos- 
sible only for finitely many values of p, although there are infinitely many pairs 
(x. y) with xP(x') = yP(y ) . Hence there exists p such that xP(x) = (p— x)P(p — x ) 
for infinitely many x, and therefore for all x. 

If p ^ 0, then p is a root of P(x). If p = 0, the above relation gives P(x) = 
—P(—x). This forces b = d = 0, so P(x) = x(ax 2 + c). Thus 0 is a root of P(x). 

18. Putting x = z = 0 and t = y into the given equation gives 4/(0)/(y) = 2/(0) for 
all y. If /( 0) / 0, then we deduce /(y) = j, i.e., / is identically equal to 
Now we suppose that /( 0) = 0. Setting z = t = 0 we obtain 

f(xy) = f{x)f(y) for all x,y G M. (1) 

Thus if /(y) = 0 for some y / 0, then / is identically zero. So, assume /(y) / 0 
whenever y / 0. 

Next, we observe that / is strictly increasing on the set of positive reals. Actually, 
it follows from (1) that/(;c) = f{\/x) 2 > 0 for all x > 0, so that the given equation 
for t = x and z = y yields f(x 2 +y 2 ) = (f(x) +/(y)) 2 > /(x 2 ) for all x,y > 0. 
Using (1) it is easy to get /(l) = 1 . Now plugging t = y into the given equation, 
we are led to 


2 lf(x)+f(z)\=f(x-z)+f(x + z) for allx,z. (2) 

In particular, /(z) = /(— z). Further, it is easy to get by induction from (2) that 
f(nx) = n-f(x) for all integers n (and consequently for all rational numbers as 
well). Therefore f(q) = f(—q ) = q 2 for all q G Q. But / is increasing for x > 0, 
so we must have f(x) = x 2 for all x. 

It is easy to verify that f(x) = 0, f(x) = ^ and f(x) =x 2 are indeed solutions. 
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19. Write m = [■ (/n] . To simplify the calculation, we shall assume that [b] = 1. Then 
a = 3/n,b= = —Lj (m 2 + mj/n+ VrPj , c = ^ = u + vj/n + wy/rfi 

for certain rational numbers u, v, w. Obviously, integers r,s,t with ra+sb+tc= 0 
exist if(and only if )u = m 2 w, i.e., if ( b — 1 )(m 2 w-\-v^/n + w^rfi) = 1 for some 
rational v, w. 

When the last equality is expanded and simplified, comparing the coefficients at 
1 , \Jn. \frfl one obtains 

1 : v+ (( m 2 + m 3 — n)i$?4-in)w = n — m 3 , 

3fn : (m 2 + m 3 — n)v+ (m 3 +n)w= 0, (1) 

\frp - : mv+ (2m 2 + m 3 — n)w = 0. 


In order for the system (1) to have a solution v, w, we must have (2m 2 +m 3 — 
n) (m 2 + m 3 — n) = m(m 3 + n ) . This quadratic equation has solutions n = m 3 and 
n = m 3 + 3m 2 + m. The former is not possible, but the latter gives a — [a] > 
so [b] = 1, and the system (1) in v,w is solvable. Hence every number n = m 3 + 
3 m 2 + m, m e N, satisfies the condition of the problem. 

20. Assume to the contrary that ^-4 b ^ > 1. Certainly n > 2 and A is in- 

finite. Define f):A—>A as f, {x) = b t x + c, for each i. By condition (ii), 
f) (x) = fj(y) imphes I = j and x = y\ iterating this argument, we deduce that 
fii implies h = ji , . . . , i m = j m and x = y. 

As an illustration, we shall consider the case b\=b 2 =b's = 2 first. If a is large 
enough, then for any i'i, ... € {1,2,3} we have ° - • - ° fi m (a) < 2.1 m a. How- 

ever, we obtain 3 m values in this way, so they cannot be all distinct if m is suffi- 
ciently large, a contradiction. 

In the general case, let real numbers di > b t , i = 1,2 ... ,n, be chosen such that 

H b > 1 : for a large enough, fa (x) < d t a for each x > a. Also, let ki > 0 be 

arbitrary rational numbers with sum 1 ; denote by Nq the least common multiple 
of their denominators. 

Let A be a fixed multiple of No, so that each kjN is an integer. Consider all com- 
binations /q o • • • °fi N of N functions, among which each f \ appears exactly kjN 
times. There are F N = N y. such combinations, so they give F N distinct 

values when applied to a. On the other hand, o ■ ■ ■ o f lN (a) < (d\ l ■ ■ ■ d k n n ) N a. 
Therefore 

(4 1 • • • d k n ") N a > F n for all N, N 0 \N. (1) 

It remains to find a lower estimate for Fn- In fact, it is straightforward to verify 
that Fn+n 0 /Fn tends to Q N ° , where 2 = 1 / (k\ l ■ ■ ■ . Consequently, for every 

q<Q there exists p > 0 such that F N > pq N . Then (1) implies that 


( d k d---d k ^ 


> — for every multiple N of No, 
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and hence d\ x ■■■d kn /q> 1. This must hold for every q < Q, and so we have 
d\'---d k n ">Q, i.e., 

(kidi) kl ■ ■ ■ (k n d n ) kn > 1. 

However, if we choose k\,...,k n such that k\d\ = • • • = k n d n = u, then we must 
have u > 1. Therefore ^ H h jr < ki H Vk n = 1 , a contradiction. 

2 1 . Let a, be the number of blue points with x-coordinate i, and 6, the number of blue 
points with y-coordinate i. Our task is to show that a^a \ • • • a„_i = b()b\ ■ ■ ■ b„- \. 
Moreover, we claim that ao, . . . ,a„_i is a permutation of bo,.. .,b n - 1 , and to 
show this we use induction on the number of red points. 

The result is trivial if all the points are blue. So, choose a red point ( x,y ) with 
x+y maximal: clearly a x = b y = n — x — y — 1 . If we change this point to blue, a x 
and by will decrease by 1 . Then by the induction hypothesis, ao, . . . , a„_i with a x 
decreased by 1 is a permutation of bo,..., b n - \ with b y decreased by 1 . However, 
a x = by, and the claim follows. 

Remark. One can also use induction on n: it is not more difficult. 

22. Write n = 2k + 1. Consider the black squares at an odd height: there are (k+ 1 ) 2 
of them in total and no two can be covered by one tromino. Thus, we always 
need at least (k+ 1) 2 trominoes, which cover 3 (k+ 1) 2 squares in total. However, 
3(k+ 1) 2 is greater than n 2 for n = 1,3,5, so we must have n > 7. 

The case n = 7 admits such a covering, as shown in Figure 1. For n>l this is 
possible as well: it follows by induction from Figure 2. 



Fig. 1 Fig. 2 


23. We claim that there are n\ full sequences. To show this, we construct a bijection 
with the set of permutations of { 1 , 2 ,...,«}. 

Consider a full sequence (a i , a 2 , . . . , a„ ) , and let m be the greatest of the numbers 
a i , . . . ,a n . Let Sk, 1 < k < m, be the set of those indices i for which a, = k. Then 
Si,...S m are nonempty and form a partition of the set (1 , 2, . . . ,«}. Now we write 
down the elements of Si in descending order, then the elements of S 2 in descend- 
ing order and so on. This maps the full sequence to a permutation of { 1 , 2 ,...,«}. 
Moreover, this map is reversible, since each permutation uniquely breaks apart 
into decreasing sequences S\ ,S ' 2 , . . so that max .S’' > min S'_ , . Therefore the 

full sequences are in bijection with the permutations of { 1 , 2, ...,«} . 

Second solution. Let there be given a full sequence of length n. Removing from 
it the first occurrence of the highest number, we obtain a full sequence of length 
n — 1 . On the other hand, each full sequence of length n— 1 can be obtained 
from exactly n full sequences of length n. Therefore, if x n is the number of full 
sequences of length n, we deduce x n = nx„_ 1 . 


700 4 Solutions 


24. Two moves are not sufficient. Indeed, the answer to each move is an even number 
between 0 and 54, so the answer takes at most 28 distinct values. Consequently, 
two moves give at most 28 2 = 784 distinct outcomes, which is less than 10 3 = 
1000. 

We now show that three moves are sufficient. With the first move (0,0,0), we 
get the reply 2 (x+y+z), so we now know the value of s = x+y + z. Now there 
are several cases: 

(i) s < 9. Then we ask (9,0,0) as the second move and get (9 — x — y) + (9 — 
x — z) + (y+z) = 18 — 2x, so we come to knowx. Asking (0,9,0) we obtain 
y, which is enough, since z = s — x — y. 

(ii) 10<i , <17. In this case the second move is (9,.v — 9,0). The answer is 
z+{9-x) + \x + z-9\ = 2k, where k = zifx + z>9, ork = 9-xif 
x + z < 9. In both cases we havez < k <y + z< s. 

Let s — k< 9. Then in the third move we ask ( s — k,0,k ) and obtain \z — 
k\ + \k — y — z\ + y, which is actually (k — z) + (y + Z — k) + y = 2y. 
Thus we also find out x + z, and thus deduce whether k is z or 9 — x. 
Consequently we determine both x and z. 

Let s — k > 9. In this case, the third move is (9, s — k — 9, k) . The answer is 
\s-k-x-y\ + \s-9-y-z\ + \k+9-z-x\ = (k-z) + {9-x) + (9- 
x + k — z) = 1 8 + 2k — 2(x + z), from which we find out again whether 
k is z or 9 — x. Now we are easily done. 

(iii) 18 < s < 27. Then as in the first case, asking (0,9,9) and (9,0,9) we obtain 
x and y. 

25. Assume to the contrary that no set of size less than r meets all sets in &. 
Consider any set A of size less than r that is contained in infinitely many sets of 

By the assumption, A is disjoint from some set Then of the infinitely 

many sets that contain A, each must meet B, so some element b of B belongs to 
infinitely many of them. But then the set A U {b} is contained in infinitely many 
sets of & as well. 

Such a set A exists: for example, the empty set. Now taking for A the largest such 
set we come to a contradiction. 

26. Write n = 2m. We shall define a directed graph G with vertices 1 , . . . , m and edges 
labelled 1 , 2, . . . , 2m in such a way that the edges issuing from i are labelled 2 i — 1 
and 2 i, and those entering it are labelled i and i + m. What we need is an Euler 
circuit in G, namely a closed path that passes each edge exactly once. Indeed, if 
Xj is the z'th edge in such a circuit, then x,- enters some vertex j and jq + 1 leaves 
it, so X{ = j (mod m ) and x,- + i = 2j — 1 or 2 j. Hence 2x ( - = 2 j and x ,- + 1 = 2 x ( - or 
2 Xi — 1 (mod n), as required. 

The graph G is connected: by induction on k there is a path from 1 to k, since 
1 is connected to j with 2j = k or 2j — 1 = k, and there is an edge from j to k. 
Also, the in-degree and out-degree of each vertex of G are equal (to 2), and thus 
by a known result, G contains an Euler circuit. 
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27. For a graph G on 120 vertices (i.e., people at the party), write q{G) for the 
number of weak quartets in G. Our solution will consist of three parts. 

First, we prove that some graph G with maximal q(G ) breaks up as a disjoint 
union of complete graphs. This will follow if we show that any two adjacent 
vertices x,y have the same neighbors (apart from themselves). Let G x be the 
graph obtained from G by “copying” x to y (i.e., for each z / x,y, we add the 
edge zy if zx is an edge, and delete zy if zx is not an edge). Similarly G y is the 
graph obtained from G by copying y to x. We claim that 2 q(G) < q(G x ) + q(G y ). 
Indeed, the number of weak quartets containing neither x nor y is the same in G, 
G x , and G y , while the number of those containing both x and y is not less in G x 
and G y than in G. Also, the number containing exactly one of x and y in G x is at 
least twice the number in G containing x but not y, while the number containing 
exactly one of x and y in G y is at least twice the number in G containing y but 
not x. This justifies our claim by adding. It follows that for an extremal graph G 
we must have q{G) = q(G x ) = q(G y ). Repeating the copying operation pair by 
pair (y to x, then their common neighbor z to both x,y, etc.) we eventually obtain 
an extremal graph consisting of disjoint complete graphs. 

Second, suppose the complete graphs in G have sizes a\,a 2 , ■ ■ ■ ,a n - Then 

<l(G) = X ft) X a i a k- 
j&i 

If we fix all the a, except two, say p,q, then p + q = s is fixed, and for some 
constants Q, q(G) = Ci +C 2 pq+C 3 ((f) + (f)) +C 4 (<?(f) +p( f)) = A+Bpq, 
where A and B depend only on s. Hence the maximum of q(G) is attained if 
\p ~ q\ < 1 or pq = 0. Thus if q(G) is maximal, any two nonzero a/’s differ by 
at most 1 . 

Finally, if G consists of n disjoint complete graphs, then q(G) cannot exceed the 
value obtained if a\ = ■ ■ ■ = a n (not necessarily integral), which equals 

Q, = ^ ( 12 ° /n ) (" - ') = 30 ■ i 2 tf (, ‘- 1 )( "-j)( 120 -' 1 ). 

It is easy to check that Q n takes its maximum when n = 5 and a\ = ■ ■ ■ = 05 = 24, 
and that this maximum equals 15 ■ 23 • 24 3 = 4769280. 
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4.44 Solutions to the Shortlisted Problems of IMO 2003 


1. Consider the points 0(0, 0,0), P(a\\,a 21,031), <2(ai2,«22)«32)> Z?(ai3,tf23) £33) 
in three-dimensional Euclidean space. It is enough to find a point U(u 1 , t<2, W3) in 
the interior of the triangle PQR whose coordinates are all positive, all negative, or 
all zero (indeed, then we have OU = c\ OP + C 2 OQ+C 3 OR for some c\ ,C'2,C'3 >0 
with ci + C2 + C3 = 1). 

Let P'(ai i,a2i)0), Q' { 0 - 12 , 022 ,$), and (a 13, c/23-0) be the projections of P,Q, 
and R onto the Oxy plane. We see that P' . Q', R' lie in the fourth, second, and 
third quadrants, respectively. We have the following two cases: 

(i) O is in the exterior of A P'Q'R'. 

Set S' = OR' n P'Q' and let S 
be the point of the segment PQ 
that projects to S'. The point S 
has its z coordinate negative (be- 
cause the z coordinates of P and 
Q are negative). Thus any point 
of the segment SR sufficiently close to S has all coordinates negative. 

(ii) O is in the interior or on the boundary of A P'Q'R'. 

Let T be the point in the plane PQR whose projection is O. If T = O, then 
all coordinates of T are zero, and we are done. Otherwise O is interior to 
A P'Q'R' . Suppose that the z coordinate of T is positive (negative). Since x 
and y coordinates of T are equal to 0, there is a point U inside PQR close 
to T with both x and y coordinates positive (respectively negative), and this 
point U has all coordinates of the same sign. 

2. We can rewrite (ii) as -(/(a) - 1 ){f{b) - 1) = f(-(a - 1 ){b - 1) + 1) - 1. 
So putting g(x) = f{x + 1) — 1, this equation becomes —g{a — 1 )g(b — 1) = 
g(— (a — l)(b— 1)) for a < 1 < b. Hence 

-g(x)g(y) = g{~xy) for x < 0 < y, 

and g is nondecreasing with g(— 1) = — 1, g(0) = 0. (1) 

Conversely, if g satisfies (1), then / is a solution of our problem. 

Setting y = 1 in (1) gives — g(— x)g(l) = g(x) for each x > 0, and therefore (1) 
reduces to g(l)g(yz) = g(y)g(z) for all y,z > 0. We have two cases: 

1° g(l) = 0- By (1) we have g(z) = 0 for all z > 0. Then any nondecreasing 
function g : M — > E with g(— 1) = — 1 and g(z) = 0 for z > 0 satisfies (1) 
and gives a solution: / is nondecreasing, /( 0) = 0 and f(x) = 1 for every 
x > 1 

2° g(l) f 0. Then the function h(x) = is nondecreasing and satisfies 
h( 0) = 0, h{\) = 1, and h(pcy) = h{x)h(y). Lix a > 0, and let h(a) = b = a k 
for some k e E. It follows by induction that h{a q ) = h{a) q = ( a q ) k for 
every rational number q. But h is nondecreasing, so k > 0, and since the 
set {a q q e Q} is dense in R + , we conclude that h(x) = of for every 
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x > 0. Finally, putting g(l) = c, we obtain g(x) = cx k for all x > 0. Then 
g{— x) = —x k for all x > 0. This g obviously satisfies (1). Hence 

{ c( x-l) k , if x> 1 ; 

1 , if x = 1 ; where c > 0 and k > 0 . 

l-(l-je)*, if x<l, 

3. (a) Given any sequence c„ (in particular, such that C„ converges), we shall 

construct a n and b n such that A n and B n diverge. 

First, choose n\ such that n \ c\ > 1 and set a\ = a .2 = ■ ■ ■ = a m = c\\ 
this uniquely determines = C 2 , - • • ,b ni = c ni . Next, choose «2 such that 
(n 2 -«t)c„ 1+ i > 1 and set(?„ 1+ i = ••• =b„ 2 =c„ 1+1 ; again a ni+1 ,...,a„ 2 
is hereby determined. Then choose n 3 with (n^ — « 2 )cn 2 +t > 1 and set 
a n2+ 1 = ■ ■ ■ = a nj = c„ 2+ 1 , and so on. It is plain that in this way we con- 
struct decreasing sequences a„,b„ such that and £b„ diverge, since 
they contain an infinity of subsums that exceed 1 ; on the other hand, 
c n = min {a n ,b„} and C„ is convergent. 

(b) The answer changes in this situation. Suppose to the contrary that there is 
such a pair of sequences (a n ) and (b„). There are infinitely many indices i 
such that Ci = bi (otherwise all but finitely many terms of the sequence (c n ) 
would be equal to the terms of the sequence ( a „ ), which has an unbounded 
sum). Thus for any no £ N there is j > 2 hq such that Cj = bj. Then we have 


X Oc> X Cj = (j-n 0 )- > i 

k=n 0 k=n 0 J 

Hence the sequence ( C n ) is unbounded, a contradiction. 
4. (a) By the Cauchy-Schwarz inequality we have 


y= 1 


x («■- j ) 2 x > x i*-;i • \*i-xj 


u=l 


: J = 1 


On the other hand, it is easy to prove (for example by induction) that 

X (» ■ - j) 2 = ( 2 n - 2 ) • l 2 4- ( 2 n - 4) • 2 2 + • • • + 2 • (n - l ) 2 = ^ ' ~ ^ 
i,j= 1 ° 

and that 

X • \ x i~ x A = T X \ x i~ x j\- 


0=1 

Thus the inequality (1) becomes 
n 2 (« 2 — 1 ) 


' U=i 


,7=1 

which is equivalent to the required one. 


X(*.-*7) 2 ]>^[ XI*-*jI) . 


y=i 
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(b) Equality holds if and only if it holds in (1), i.e., if and only if there is X £ K 
such that \xi — Xj\ = X\i— j\ for all i,j. This is equivalent to (x,) being an 
arithmetic sequence. 

5. Placing x = y = z = 1 in (i) leads to 4/(1) = /( l) 3 , so by the condition /(l) > 0 
we get /( 1) = 2. Also, setting x = y = t, z, = i/t yields f(t) = /(1/t); hence 
f(t) > /( 1) = 2 for each t. Thus f(t) = c + c _1 for some c = c(t) > 1. Now 
setting ( x,y,z ) = (ts, ~, ~) in (i) gives 

/W/M = /M +/ 0 ■ 

In particular, s = t yields fit 1 ) = /(f) 2 — 2, so if /(f) = c + c -1 , then /(f 2 ) = 
c 2 + c~ 2 . A simple induction shows that /(f") = c" + c~ n for each «6N. Con- 
sequently, f(t n i m ) = c n i m + c~ n ! m . Now if f > 1 is fixed and A e M is such that 
c = f A , we obtain f(t q ) = t Xq + t~ Xq , i.e., 

f{x)=x x +x~ x for xeT’ = {f«|^eQ}. (1) 

But since the set T is dense in K + and / is monotone on (0,1] and [1 , °°), it 
follows that (1) holds for all x > 0. It is directly verified that this function satisfies 
(i) and (ii). 

6. SetX = max{;t'i , . . . ,x n } and Y = maxjyi, . . . ,y„}. By replacing x t by / = j, >’,■ 
by y[ = y and zi by z' = we ma y assume that X = Y 1 . It is sufficient to 
prove that 

M + Z 2 + Z2n — X 1 4 l-Xn+yt -| h y n , (1) 

because this implies the result by the A-G mean inequality. 

To prove (1) it is enough to prove that for any r, the number of terms greater 
than r on the left-hand side of { 1 ) is at least that number on the right-hand side 

o/(l.). 

If r > 1, then there are no terms on the right-hand side greater than r. Suppose 
that r < 1 and consider the sets A = (i | 1 < i < n, x,- > r} and B = {i\ 1 <i< 
n, yi > r}. Set a = |A| and b = \B\. If x,- > r and y ; - > r, then zi+j > sjxfy] > r; 
hence 


C = {k\2<k<2n, z k >r}DA + B={a + p\a€A,p eB}. 

It is easy to verify that \A + B\ > |A| + |fi| — 1 . It follows that the number of Zk s 
greater than r is > a + b— 1. But in that case M > r, implying that at least a + b 
elements of the left-hand side of (1) is greater than r, which completes the proof. 

7. Consider the setD = (x — y \ x,y £ A}. Obviously, the number of elements of the 
set D is less than or equal to 1 0 1 • 1 00 + 1 . The sets A + f, and A + tj are disjoint if 
and only if f,- — tj £ D. Now we shall choose inductively 100 elements fi , . . . , fioo- 
Let fi be any element of the set S\D (such an element exists, since the number 
of elements of S is greater than the number of elements of D). Suppose now that 
we have chosen k(k< 99) elements t\ , . . . , from D such that the difference of 
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any two of the chosen elements does not belong to D. We can select t*+i to be 
an element of S that does not belong to any of the sets t\ + D, t 2 + D , . . . , t k + D 
(this is possible to do, since each of the previous sets has at most 101-100+1 
elements; hence their union has at most 99(101 • 100 + 1) = 999999 < 1000000 
elements). 

8. Let S be the disk with the smallest radius, say s, and O the center of that disk. 
Divide the plane into 7 regions: one bounded by disk s and 6 regions 7) ..... 7g 
shown in the figure. 

Any of the disks different from S, say 
D k , has its center in one of the seven 
regions. If its center is inside S then D k 
contains point O. Hence the number of 
disks different from S having their cen- 
ters in S is at most 2002. 

Consider a disk D k that intersects S 
and whose center is in the region 
7], Let Pi be the point such that 
OP, bisects the region 7] and OP t = 
sy/3. We claim that D k contains Pi. 

Divide the region 7] by a line U 
through Pi perpendicular to 07) into two regions 17/ and V), where O and t/, are 
on the same side of Let K be the center of D k . Consider two cases: 

(i) K £ £/,. Since the disk with the center 7) and radius s contains U t , we see 
that K Pi < s. Hence D k contains Pi. 

(ii) KG Vi. Denote by L the intersection point of the segment KO with the circle 
.v. We want to prove that KL > KPi. It is enough to prove that ZKP t L > 
ZKLPi. However, it is obvious that ZLP t O < 30° and ZLOPi < 30°, hence 
ZKLPi < 60°, while ZNP t L = 90° - ZLP t O > 60°. This implies ZKP t L > 
ZNPiL > 60° > ZKLPi (N is the point on the edge of 7] as shown in the 
figure). Our claim is thus proved. 

Now we see that the number of disks with centers in T, that intersect S is less 
than or equal to 2003, and the total number of disks that intersect S is not greater 
than 2002 + 6 • 2003 = 7 • 2003 - 1 . 

9. Suppose that k of the angles of an n-gon are right. Since the other n — k angles are 

less than 360° and the sum of the angles is ( n — 2)180°, we have the inequality 
k ■ 90° + (n — k) 360° > (« — 2) 1 80°, which is equivalent to k < . Since n and 

k are integers, it follows that k < [y] + 1 . 

If n = 5, then [^] +1=4, but if a pentagon has four right angles, the other 
angle is equal to 180°, which is impossible. Hence for n = 5, k < 3. It is easy to 
construct a pentagon with 3 right angles, e.g., as in the picture below. 

Now we shall show by induction that for n > 6 there is an n-gon with [y] + 
1 internal right angles. For n = 6,7,8 examples are presented in the picture. 
Assume that there is a (n — 3)gon with + 1 = [^] — 1 internal right 
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angles. Then one of the internal angles, say ZBAC, is not convex. Interchange 
the vertex A with four new vertices Ai,A 2 ,A^,A^ as shown in the picture such 
that ZBAiA 2 = ZA3A4C = 90°. 



10. Denote by bij the entries of the matrix B. Suppose the contrary, i.e., that there is 
a pair (io,jo) such that a, 0j0 / &, 0 /0 . We may assume without loss of generality 
that a,,, jo = 0 and b kjJo = 1 . 

Since the sums of elements in the z'oth rows of the matrices A and B are equal, 
there is some j\ for which a; 0 j, = 1 and fc, 0J1 = 0. Similarly, from the fact 
that the sums in the y 1 th columns of the matrices A and B are equal, we 
conclude that there exists i\ such that a (ljl = 0 and b h j t = 1. Continuing 
this procedure, we construct two sequences i^jk such that ai k j k = 0, bi k j k = 
1, ai k j k+l = 1, bi k j k+l = 0. Since the set of the pairs (ik,jk) is finite, there 
are two different numbers t,s such that (U,jt) = (i s .j s ). From the given con- 
dition we have that xi k +yi k <0 and Xi k+1 +3^ > 0. But j t = j s , and hence 

0 < Ifk=' s (xi k +yj k+ 1) = Xt=i(*<* +yj k ) < 0) a contradiction. 

11. (a) By the pigeonhole principle there are two different integers x \ , X 2 , x\ >X 2 , 

such that \{x\y/3} — {*2V / 3}| < 0.001. Set a = x\ — X 2 - Consider the equi- 
lateral triangle with vertices (0,0), (2a, 0), (a, ay/3). The points (0,0) and 
(2a, 0) are lattice points, and we claim that the point (a, ay/ 3) is at dis- 
tance less than 0.001 from a lattice point. Indeed, since 0.001 >]{xi\/3}- 
{x 2 V3}\ = \aV5- ([xi\/3] - [jc 2 x/ 3])|, we see that the distance between 
the points (a, ay/ 3) and (a, [x\ V?>] — [xjx^i]) is less than 0.001, and the 
point (a, [xi\/3] — [x2\/3]) is with integer coefficients. 

(b) Suppose that P'Q'R ' is an equilateral triangle with side length l < 96 such 
that each of its vertices P',Q',R' lies in a disk of radius 0.001 centered 
at a lattice point. Denote by P,Q,R the centers of these disks. Then we 
have l — 0.002 < PQ, QR,RP < l + 0.002. Since PQR is not an equilateral 
triangle, two of its sides are different, say PQ / QR. On the other hand, 
PQ 2 ,QR 2 are integers, so we have 1 < | PQ 2 - QR 2 \ = {PQ+QR)\PQ- 
QR\ < 0.004(P<2 + QR) < (2 1 + 0.004) • 0.004 < 2 • 96.002 • 0.004 < 1, 
which is a contradiction. 

12. Denote by ana^ . . .ao the decimal representation of a number whose digits 
are at- 1 , . . . , ao. We will use the following well-known fact: 


Ujt-iUi-2 • • -uo = i (mod 11) 4=> ^(— l) l ai = i (mod 11). 

1=0 

Let m be a positive integer. Define A as the set of integers n (0 < n < 10 2m ) 
whose right 2m — 1 digits can be so permuted to yield an integer divisible by 1 1, 
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and B as the set of integers n (0 < n < 10 2m_1 ) whose digits can be permuted so 
that the resulting is an integer divisible by 1 1 . 

Suppose that a = aim - 1 ■ ■ ■ ao € A. Then it satisfies 

2m— 1 

X (-l) /fl / = 0 (mod 11). (1) 

/=o 


The 2m-tuple (a 2 m-i; • ■ ■ , ao) satisfies (1) if and only if the 2m-tuple {ka 2 m -\ + 
l , . . ..kaQ + l) satisfies (1), where k,l £ Z, \\\k. 

Since + 1 ^ 0 (mod 1 1), we can choose k from the set { 1 , ... , 10} such that 
(ao + l)k= 1 (mod 11). Thus there is a permutation of the 2m-tuple ((fl 2 m- i + 
1 — 1 , . . . , (ati + 1 — 1 , 0) satisfying ( 1 ) . Interchanging odd and even positions 

if necessary, we may assume that this permutation keeps the 0 at the last position. 

Since (a,- + 1 )k is not divisible by 1 1 for any i, there is a unique b, £ {0.1 ,9} 

such that bi = (a,- + \ )k— 1 (mod 11). Hence the number bim-i ■ ■■b\ £ B. 

Thus for fixed ao £ {0, 1 , 2, . . . , 9}, to each a £ A such that the last digit of a is 
ao we associate a unique b £ B. Conversely, having ao £ {0, 1 , 2, . . . , 9} fixed, 
from any number him - 1 ■■■b\ £ B we can reconstruct aim - 1 ■ ■ ■ a i ao £ A. Hence 
|A| = 10|B|, i.e., /(2m) = 10/(2m- 1). 


13. Denote by K and L the intersections of 
the bisectors of ZABC and ZADC with 
the line AC, respectively. Since AB : 
BC =AK : KC and AD : DC =AL : LC, 
we have to prove that 


= (1) 


Since the quadrilaterals AQDR and 
QPCD are cyclic, we deduce that 
ZRDQ = ABAC and ZQDP = ZACB. 
By the law of sines it follows that 



AB sin ZACB 
BC ~ sin ZB AC 


and that QR = AD sin ZRDQ, QP = CD sin ZQDP. Now we have 
AB _ sin ZACB _ sin ZQDP _ AD QP 
BC sin ZB AC sin ZRDQ QRCD 


The statement (1) follows directly. 

14. Denote by R the intersection point of the bisector of ZAQC and the line AC. 
From AACQ we get 

AR AQ sin ZQCA 
RC QC svnZQAC 

By the sine version of Ceva’s theorem we have = 

which is equivalent to 
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sin ZQCA 
sin ZQAC 


sin ZAPB _ f 
sin ZBPC ~ V 


because ZQCA = ZPAQ and ZQAC = ZQCP. Denote by S(XYZ) the area of a 
triangle XYZ. Then 

sin ZAPB _ AP ■ BP ■ sin ZAPB _ S{AABP) _ AB 
sin ZB PC ~ BP ■ CP ■ sin ZB PC ~ S{ABCP) ~ BC' 

which implies that (^) 2 = ■ Hence R does not depend on T. 

15. From the given equality we see that 0 = {BP 2 + PE 2 ) - ( CP 2 + PF 2 ) = BF 2 - 
CE 2 , so BF = CE = x for some x. Similarly, there are y and z such that CD = 
AF = y and BD = AE = z. It is easy to verify that D, E, and F must lie on the 
segments BC, CA,AB. 

Denote by a,b,c the length of the segments BC,CA,AB. It follows that a=z+y, 
b = z+x, c =x+y, so D,E,F are the points where the excircles touch the sides 
of AABC. Hence P, D, and l,\ are collinear and 


ZPI a C = ZDI a C = 90° - 


180° — ZACB 
2 


ZACB 

2 


In the same way we obtain that ZPIbC = /; \ c/i and Pin = PI A . Analogously, we 
get Pic = PIb, which implies that P is the circumcenter of the triangle I a IbIc- 

16. Apply an inversion with center at P and radius r; let X denote the image of X. 
The circles li , I2 , 13 , 14 are transformed into lines I\ , I2 , 13 , 14 , where I\ \ \ I3 and 
I2 || I4, and therefore ABCD is a parallelogram. 

Further, we have AZ? = -C^AB, BC = -Z?—BC, CD = -zZ^CD, DA = -J-^DA 
PAPB PBPC PCPD PDPA 

and PB= PD = -C. The equality to be proven becomes 


PD 2 AB BC _ PD 2 
PB 2 AD ■ DC ~ PB 2 ’ 


which holds because AB = CD and BC = DA. 


17. The triangles PDE and CFG are ho- 
mothetic; hence lines FD, GE, and CP 
intersect at one point. Let Q be the in- 
tersection point of the line CP and the 
circumcircle of AABC. The required 
statement will follow if we show that 
Q lies on the lines GE and FD. Since 
ZCFG = ZCBA = ZCQA, the quadri- 
lateral AQPF is cyclic. Analogously, 
BQPG is cyclic. However, the isosce- 
les trapezoid BDPG is also cyclic; it 


C 
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follows that B, (Q, D. P. G lie on a circle. Therefore we get 

ZPQF = ZPAC , ZPQD = ZPBA. (1) 

Since I is the incenter of AABC, we have ZCAI = ^ZCAB = \ZCBA = ZIBA; 
hence CA is the tangent at A to the circumcircle of AABI. This implies that 
ZPAC = ZPBA, and it follows from (1) that ZPQF = ZPQD, i.e., that F,D, Q 
are also collinear. Similarly, G,E,Q are collinear and the claim is thus proved. 

18. Let ABCDEF be the given hexagon. We shall use the following lemma. 

Lemma. If ZXZY > 60° and if M is the midpoint of XY, then MZ < ^XY, 
with equality if and only if A XYZ is equilateral. 

Proof. Let Z' be the point such that A XYZ' is equilateral. Then Z is inside 
the circle circumscribed about A XYZ' . Consequently MZ < MZ' = &XY, 
with equality if and only if Z = Z! . 

Set AD fl BE = P, BE fi CF = Q, and CF fl AD = R. Suppose ZAPB = ZDPE > 
60°, and let K , L be the midpoints of the segments AB and DE respectively. Then 
by the lemma, 


-^-(AB + DE) = KL < PK + PL < AB + DE ), 


which is impossible. Hence ZAPB < 60° and similarly ZBQC < 60°, ZCRD < 
60°. But the sum of the angles APB,BQC,CRD is 180°, from which we con- 
clude that these angles are all equal to 60°, and moreover that the triangles 
APB,BQC,CRD are equilateral. Thus ZABC = ZABP+ZQBC = 120°, and in 
the same way all angles of the hexagon are equal to 120°. 

19. Let D, E, F be the midpoints of 
BC, CA, AB, respectively. We con- 
struct smaller semicircles r d ,r e ,Ff in- 
side A ABC with centers D,E,F and 
radii d = e = /= ^ re- 

spectively. Since DE = d + e, DF = 
d + f, and EF = e+f, we deduce that 
r d , r e , and 1/ touch each other at the 
points D \ , E \ , F\ of tangency of the in- 
circle y of A DEF with its sides (D\ e 
EF, etc.). Consider the circle r g with 
center O and radius g that lies inside 
A DEF and tangents r d ,r e ,Ff. 

Now let OD,OE,OF meet the semicircles Ed,E e , !}■ at D' ,E' ,F' respectively. 
We have OD' = OD + DD' = g + d- 1- § = g + 5 and similarly OE' = OF' = 
g + §. It follows that the circle with center O and radius g + § touches all three 
semicircles, and consequently t = g + 1 | . Now set the coordinate system such 

that we have the points D\ (0,0), E(—e, 0), F (/, 0) and such 
that the y coordinate of D is positive. 
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Apply the inversion with center D\ and unit radius. This inversion maps the 
circles r e and 1/ to the lines T e [x = — and r e \x = jjJ respectively, and the 
circle y goes to the line 7 [y = 7] ■ The images r d and L, of Q , r g are the circles 
that touch the lines T e and I}. Since r d , Jg are perpendicular to y, they have radii 
equal to R = 3^ + ± and centers at (-37 + 47,7) and (-37 + 47,7+27?) 
respectively. Let p and P be the distances from D\ (0,0) to the centers of T g and 
r g respectively. We have that P 2 = (^ — 47) + (7 + 2 7?) 2 , and that the circles 
r g and r g are homothetic with center of homo the ty D\ ; hence p/P = g/R. On 
the other hand, T g is the image of r g under inversion; hence the product of the 
tangents from D\ to these two circles is equal to 1. In other words, we obtain 
sj p 2 - g 2 ■ VP 2 -R 2 = 1 . Using the relation p/P = g/R we get g = jrrjp_ ■ 

The inequality we have to prove is equivalent to (4 + 2 ^/ 3 ) g < r. This can be 
proved as follows: 


r-(4 + 2V3)g 


r(P 2 — 7? 2 — (4 + 2\/3)7?/r) 
P 2 R 2 


+ -R 2 -(4 + 2V3)P) 

p 2 -r 2 



Remark. One can obtain a symmetric formula for g: 


1 _ 1 1 12 

2 g s — a s — b s — c r 

20. Let r, be the remainder when x,- is divided by m. Since there are at most m m 
types of m-consecutive blocks in the sequence (r/), some type will repeat at least 
twice. Then since the entire sequence is determined by one m-consecutive block, 
the entire sequence will be periodic. 

The formula works both forward and backward; hence using the rule x, = x, +m — 
X'+j 1 xt+j we can define x_ 1 ,x_2, Thus we obtain that 


(r_ m ,...,r_ 1 ) = (0,0,..., 0,1). 


Hence there are m — 1 consecutive terms in the sequence (x/) that are divisible 
by m. 

If there were m consecutive terms in the sequence (x,-) divisible by m, then by 
the recurrence relation all the terms of (x, ) would be divisible by m, which is 
impossible. 

21. Let a be a positive integer for which d(a) = a 2 . Suppose that a has n + 1 digits, 
n > 0. Denote by s the last digit of a and by / the first digit of c. Then a = * ... * s. 
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where * stands for a digit that is not important to us at the moment. We have 
*777*s 2 =a 2 = d = *...*f and b 2 = s* ...* 2 = c =/*... *. 

We cannot have s = 0, since otherwise c would have at most 2 n digits, while a 2 
has either 2« + 1 or 2n + 2 digits. The following table gives all possibilities for s 
and /: 


s 

1 

2 

3 

4 

5 

6 

7 

8 

9 

f= 

last digit of * ... * sr 

1 

4 

9 

6 

5 

6 

9 

4 

1 

f= 

first digit of s * ... * 2 

1,2,3 

OO 

1 

9,1 

1,2 

2,3 

3,4 

4,5,6 

6,7,8 

8,9 


We obtain from the table that s € {1,2,3} and / = .v 2 , and consequently c = b 2 
and d have exactly 2n+ 1 digits each. Put a = 1 Ox + s, where x < 10". Then 
b = 10"^+x, c= 10 2n s 2 + 2- 10 "sx+x 2 , andd = 2- 10" +1 ct+ 10 j^+s 2 , so from 
d = a 2 it follows that* = 2s- Thus a = 6_^63, a=^A2 or a = 2^21. 

For n > 1 we see that a cannot be a = 6 ... 63 or a = 4 ... 42 (otherwise a 2 would 
have 2n + 2 digits). Therefore a equals 1, 2, 3 or 2_^_2 1 for n > 0. It is easy to 

verify that these numbers have the required property. 

22. Let a and b be positive integers for which = k is a positive integer. 

Since k > 0, it follows that 2 ab 2 > b 3 , so 2a > b. If 2 a > b, then from 2 ab 2 — 
b 2 + 1 > 0 we see that a 2 > b 2 (2a — b)+l>b 2 , i.e. a> b. Therefore, if a < b, 
then a = b/2. 

We can rewrite the given equation as a quadratic equation in a, a 2 — 2 kb 2 a + 
k{b 3 — 1) = 0, which has two solutions, say ci\ and « 2 , one of which is in No- 
From a\+ai = 2 kb 2 and a\u .2 = k{b 2 — 1) it follows that the other solution is 
also in No. Suppose w.l.o.g. that a\ > an_- Then a\ > kb 2 and 

k(b 3 - 1) k(b 3 - 1) 

0 < a 2 = — < V ,,, ’ < b. 

a\ kb- 

By the above considerations we have either «2 = 0 or a 2 = b/2. If <12 = 0, then 
b 3 — 1=0 and hence a\ =2k, b = 1. If ci 2 = b/2, then b = 2t for some t, and 
k = & 2 /4, ai = b A / 2 — b/2. Therefore the only solutions are 

(a,b) € {(2t, 1), (t,2t), (8t 4 — t,2t) | te N}. 


It is easy to show that all of these pairs satisfy the given condition. 

23. Assume that b > 6 has the required property. Consider the sequence y„ = (b — 
1 )x n . From the definition of x n we easily find thaty„ = b 2n +b n+l + 3b — 5. Then 
y„y n+ \ = (b — 1 ) 2 x n x n+ \ is a perfect square for all n > M. Also, straightforward 
calculation implies 



+ 


b n+2 + b n+l 
2 



< y n y n + 1 < 



b n+2 + h n+\ 
2 



2 
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Hence for every n> M there is an integer a„ such that \a n \ < b 3 and 
y n y„ +1 = (b 2n + b n+] + 3b-5) {b 2n+1 + b n+1 + 3b-5) 

Now considering this equation modulo b n we obtain (3b — 5) 2 = a 2 , so that 
assuming that n > 3 we get a n = ±(3 b — 5). 

If a n = 3b- 5, then substituting in (1) yields \b 2n (b 4 - 14 b 3 + 45 b 2 - 52 b + 
20) = 0, with the unique positive integer solution b = 10. Also, if a n = — 3b + 5, 
we similarly obtain \b 2n (b A - \Ab 3 - 3 b 2 + 28 b + 20) - 2b n+ '(3b 2 -2b-5) = 0 
for each n, which is impossible. 

For b = 10 it is easy to show that x„ = ^ 1 °” 3 +5 j for all n. This proves the 
statement. 

Second solution. In problems of this type, computing z n = \fxii asymptotically 
usually works. 

From ,, h '\ = 1 we infer that lim„_ M — = Jb— 1. Furthermore, from 

(bzn + Zn+\)(bzn—z n +i) =b 2 x n — x n+ 1 = b n+2 + 3b 2 - 2b - 5 we obtain 


Y\m(bZn-Zn+\) 



Since the Zn s are integers for all n > M, we conclude that bz. n —z n + 1 = b ^ h 2 ^ 1 for 
all n sufficiently large. Hence b — ] is a perfect square, and moreover b divides 
2z n +i for all large n. It follows that b \ 10; hence the only possibility is b = 10. 

24. Suppose that m = u + v + w where u.v.w are good integers whose product is a 
perfect square of an odd integer. Since uvw is an odd perfect square, we have that 
uvw = 1 (mod 4). Thus either two or none of the numbers u. v.w are congruent 
to 3 modulo 4. In both cases u + v + w = 3 (mod 4). Hence m = 3 (mod 4). 

Now we shall prove the converse: every m = 3 (mod 4) has infinitely many 
representations of the desired type. Let m = Ak + 3. We shall represent m in the 
form 

Ak+3 = xy+yz + zx, for.r,y,z odd. (1) 

The product of the summands is an odd square. Set x = 1+2 1 and y= 1 — 21. In 
order to satisfy (1), z must satisfy z = 2l 2 + 2k+\. The summands xy,yz,zx are 
distinct except for finitely many Z, so it remains only to prove that for infinitely 
many integers Z, \xy\, |yz|, and \zx\ are not perfect squares. First, observe that 
|xy| = 4Z 2 — 1 is not a perfect square for any 1^0. 

Let p, q > m be fixed different prime numbers. The system of congruences 1 + 
21 = p (mod p 2 ) and 1—2 1 = q (mod q 2 ) has infinitely many solutions Z by 
the Chinese remainder theorem. For any such Z, the number z = 2l 2 +2k+\ is 
divisible by neither p nor q, and hence |xz| (respectively |yz|) is divisible by p, 
but not by p 2 (respectively by q, but not by q 2 ). Thus xz and yz are also good 
numbers. 
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25. Suppose that for every prime q, there exists an n for which n p = p (mod q). 
Assume that q = kp+ 1 . By Fermat’s theorem we deduce that p k = n kp = n q ~ l 

I (mod q), so q \ p k — 1. 

It is known that any prime q such that q | p must satisfy q = 1 (mod p). 
Indeed, from q \ p q ~ l — 1 it follows that q \ pS cd (f>? _1 ) — 1; but q \p — 1 because 
p p ~^ = 1 (mod p — 1), so gcd(p,^— 1)^1. Hence gcd(p,<7 — 1) = p. 

Now suppose q is any prime divisor of • Then q | gcd (p k — 1 , p p 1) = 
pS cd (p, k ) — i ) which implies that gcd (p,k) > 1, so p \ k. Consequently q = 1 

(mod p 2 ). However, the number = p p ~ l H b p + 1 must have at least 

one prime divisor that is not congruent to 1 modulo p 2 . Thus we arrived at a 
contradiction. 

Remark. Taking q = 1 (mod p) is natural, because for every other q, n p takes all 
possible residues modulo q (including p too). Indeed, if p { q — 1, then there is 
an r € N satisfying pr= 1 (mod q — 1); hence for any a the congruence n p = a 
(mod q) has the solution n = a r (mod q). 

The statement of the problem itself is a special case of the Chebotarev’s theorem. 

26. Define the sequence x* of positive reals by a/, = coshx^ (cosh is the hyperbolic 
cosine defined by coshf = ' * 2 g ). Since cosh(2x^) = 2af — 1 = coshx^+i , it 
follows that Xk+\ = 2xk and thus Xk = A, • 2 k for some X > 0. From the condition 
oo = 2 we obtain A = log (2 + \/3)- Therefore 

(2 + V3) 2 " + (2-V3) 2 " 

Un 2 

Let p be a prime number such that p\a n . We distinguish the following two cases: 

(i) There exists anmgZ such that m 2 = 3 (mod p). Then we have 

(2 + m) 2 " + (2 — m) 2 " =0 (modp). (1) 

Since (2 + m) (2 — m) = 4 — m 2 = 1 (mod p), multiplying both sides of ( 1 ) 
by (2 + m) 2 " gives (2 + m) 2 " = — 1 (mod p). It follows that the multi- 

plicative order of (2 + m) modulo p is 2 n+2 , or 2" +2 | p — 1 , which implies 
that 2” +3 | (p-\)(p+]) = p 2 - I. 

(ii) nr = 3 (mod p) has no integer solutions. We will work in the algebraic 

extension Z p (V3) of the field 7L p . In this field \Fb plays the role of m, so as 
in the previous case we obtain (2 + \/3) 2 " = — 1 ; i.e., the order of 2 + \/3 

in the multiplicative group Z p (\/3)* is 2 n+1 . We cannot finish the proof as 
in the previous case: in fact, we would conclude only that 2 n+2 divides the 
order p 2 — 1 of the group. However, it will be enough to find a u G Z p (V3) 
such that u 2 = 2+ \/3, since then the order of u is equal to 2 n+3 . 

Note that (1 + \/3) 2 = 2(2 + \/3). Thus it is sufficient to prove that | is a 
perfect square in Z p (\/3) • But we know that in this field a n = 0 = 2 a 2 _ l — 1 , 
and hence 2a 2 _ 1 = 1 which implies \ — a 2 _ j. This completes the proof. 
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27. Let p\,P 2 , ■ ■ ■ ,Pr be distinct primes, where r = p — 1. Consider the sets B t = 
{ Pi ,pT\- • i pf~ l ' lP+l } and B = (J[ =1 B,. Then B has (p — l) 2 elements and 
satisfies (i) and (ii). 

Now suppose that |A| > r 2 + 1 and that A satisfies (i) and (ii). Let {/ 1 , . . . -t r 2 + i } 
be distinct elements of A, where tj = p^ JI ■ p^ J2 ■ ■ ■ pV r ■ We shall show that the 
product of some elements of A is a perfect pth power, i.e., that there exist Tj g 
{0, 1} (1 < j < r 2 + 1), not all equal to 0, such that T = t]' ■ t% 2 ■ ■ ■ is a pth 
power. This is equivalent to the condition that 


i 2 + 1 

I 


7-1 


(XijTj = 0 (mod p) 


holds for all / = 1 , . . . , r. 

By Fermat’s theorem it is sufficient to find integers x\,... ,x r i +l , not all zero, 
such that the relation 

+1 

X a ii x ) = 0 ( mod p) 

7=1 

is satisfied for all ; G {I ..... r}. Set F) = XylV < XijX r j. We want to find x \ .... .x r 
such that F\ = F 2 = ■ ■ ■ = F r = 0 (mod p), which is by Fermat’s theorem equiv- 
alent to 

F(x u ...,Xr)=F{ + FZ + — + F; = 0 (mod p). (1) 

Of course, one solution of (1) is (0, ... ,0): we are not satisfied with it because it 
generates the empty subset of A, but it tells us that (1) has at least one solution. 
We shall prove that the number of solutions of (1) is divisible by p, which will 
imply the existence of a nontrivial solution and thus complete the proof. To do 
this, consider the sum Y,F(x i, . . . ,x r 2 +l ) r taken over all elements (x\,... ,x r 2 +l ) 
in the vector space Zp 1 . Our statement is equivalent to 

X^( x ii ■ • ■ ’ x r 2 +iY — 0 (mod p). (2) 


Since the degree of F r is r 2 , in each monomial in F r at least one of the variables 
is missing. Consider any of these monomials, say x a P ■ ■ -xP. Then the sum 

X bx“l xP ■ ■ -xP, taken over the set of all vectors (*],... ,x r 2 + \) € +1 , is equal 

to 


X K'4 2 ■ ■ ■-* 


which is divisible by p, so that (2) is proved. Thus the answer is (p — l) 2 . 
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4.45 Solutions to the Shortlisted Problems of IMO 2004 

1 . By symmetry, it is enough to prove that t\ + 12 > t$ . We have 


(i*) 


)=« 2 +I (r+T- 2 ) 

V= 1 J 

V=i f ‘y 

1 i<j VL h J 


All the summands on the RHS are positive, and therefore the RHS is not smaller 
than n 2 + T, where T = {h/h + ts/t\ — 2) + (te/te d-^/te — 2). We note that T is 
increasing as a function in tj, for ?3 > maxjfi , f 2} - If h +h = h, then T = {t\ + 
h ) ( 1 At + 1 /h) ~ 1 > 3 by the Cauchy-Schwarz inequality. Hence, if t\ +ti < h, 
we have T > 1 , and consequently the RHS in ( 1 ) is greater than or equal to n 2 + 1 , 
a contradiction. 

Remark. It can be proved, for example using Lagrange multipliers, that if n 2 + 1 
in the problem is replaced by ( n + y/lO — 3) 2 , then the statement remains true. 
This estimate is the best possible. 

2. We claim that the sequence { a n } must be unbounded. 

The condition of the sequence is equivalent to a n > 0 and a n+ \ = a n + a n - \ or 
a n — a n -\. In particular, if a n < a n - 1, then a n+ \ > max{a„,a„_i}. 

Let us remove all a„ such that a n < a„-\. The obtained sequence (h m )meN is 
strictly increasing. Thus the statement of the problem will follow if we prove 
that b m+ 1 — b m > b m — b m -\ for all m> 2. 

Let b m+ 1 = a n+ 2 for some n. Then a n+ 2 > a n+ \. We distinguish two cases: 

(i) If a n+ 1 > a „ , we have b m = a n + 1 and b m - 1 > a„_i (since b m -\ is either a „- 1 
or a„). Then b m+ \ - b rn = a n+2 - a n+ 1 =a n = a n+ 1 - a n - 1 =b m -a n - 1 > 
b m -b m - 1. 

(ii) If a n+ 1 < a n , we have b m = a„ and b m - 1 > a n -\. Consequently, b m+ \ — 
b m = a n+ 2 -a„ = a n+ \ = a n - a „- 1 =b m - a n - 1 >b m - b m -\. 

3. The answer is yes. Every rational number x > 0 can be uniquely expressed as 

a continued fraction of the form ao + 1 /(<J| + l/(«2 + l/( h 1 /a n ))) (where 

ao £ No, a\.. . . ,a n G N). Then we write x = [ao;«h«2 - • • • ,«*]• Since n depends 
only on x, the function s(x) = (— 1 )" is well-defined. For i<0we define s(x) = 
— s(— x), and set ,y(0) = 1. We claim that this s(^) satisfies the requirements of 
the problem. 

The equality s(x)s(y) = — 1 trivially holds if x +y = 0. 

Suppose that xy = 1. We may assume w.l.o.g. that x> y > 0. Then x > 1, so 
if x = [ao m ,ai,a 2 , . . . ,a n ], then uq > 1 and y = 0 + 1 /x = [0;ao,ai,a2, . . . ,a„]. It 
follows that s(x) = (—1)", s(y) = (— 1)" +1 , and hence i(x)j(y) = — 1. 

Finally, suppose that x + y = 1 . We consider two cases: 

(i) Let x,y > 0. We may assume w.l.o.g. that x > 1/2. Then there exist natural 
numbers a2,...,a n such that x = [0; 1 .aj- ■■■■««] = 1/(1 + 1/f), where t = 
\d 2 , ■ ■ ■ ,a n ]. Since y = 1 — x = 1/(1 +t) = [0; 1 +<22,03, . . . ,a„], we have 
s(x) = (—1)" andi(y) = (— 1)" _1 , giving us s(x)s(y) = — 1. 
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(ii) Let x > 0 > y. If ao, . . . ,a n £ N are such that — y = [ao',a\,. • • ,a n ]> then 
x = [1 +ao',ai, . . . ,a n \. Thus s(y) = —s(—y) = —(—1)" and s(x) = (—1)", 
so again s(x)s(y) = — 1 . 

4. Let P(x') = ao + aix H h cz„x". For every real number x the triple ( a,b,c ) = 

(6x,3x, — 2x) satisfies the condition ab + bc + ca = 0. Then the condition on 
P gives us P( 3x) + P(5x) + P(-8x) = 2P{lx) for all x, implying that for all 
i = 0, 1 , 2, . . . , n the following equality holds: 

(3 ! + 5 ! + (—8)' — 2 ■ 7') ai = 0. 

Suppose that a, 0. Then K(i) = 3'+5' + (— 8)' — 2-7' =0. But K(i) is negative 
for i odd and positive for i = 0 or i > 6 even. Only for i = 2 and i = 4 do we have 
K(i) = 0. It follows that P(x) = ci 2 X 2 + a^x A for some real numbers 02-04- 
It is easily verified that all such P(x) satisfy the required condition. 

5. By the general mean inequality (Mi < M3), the LHS of the inequality to be 
proved does not exceed 


E 



l + - + 6(a + b + 
b c 


c). 


From ab + bc + ca= 1 we obtain that 3 abc(a + b + c) = 3 ( ab ■ ac + ab- be + 
ac ■ be) < (ab + ac + be) 2 = 1 ; hence 6 (a + b + c) < ^ . Since ^ + 5 + ^ = 


ab+ %+ ca = ^, it follows that 


E 




where the last inequality follows from the AM-GM inequality 1 = ab + be + 
ca > 3 \/ (abc) 2 , i.e., abc < l/(3\/3). The desired inequality now follows. 
Equality holds if and only if a = b = c= 1 /y/3. 

6. Let us make the substitution z = x + y, t = xy. Given z,t G I, x,y are real if and 
only if At < z 2 . Define g(x) = 2 (f(x) —x). Now the given functional equation 
transforms into 


/(z 2 +«(0) = (/(z)) 2 fora11 with ^>At. (1) 

Let us set c = g(0) = 2/(0). Substituting t = 0 into (1) gives us 


ftf + c) = (f(z)) 2 for all zeM. (2) 

If c < 0, then taking z such that z 2 + c = 0, we obtain from (2) that f(z) 2 = c/2, 
which is impossible; hence c > 0. We also observe that 

x > c implies f(x) > 0. (3) 

If g is a constant function, we easily find that c = 0 and therefore f(x) = x, which 
is indeed a solution. 
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Suppose g is nonconstant, and let a,b £ R be such that g(a) — g(b) = d > 0. 
For some sufficiently large K and each u,v> K with v 2 — u 2 = d the equality 
u 2 + g(a) = v 2 +g(b) by (1) and (3) implies f(u) = /(v). This further leads to 
g{u) — g(v) = 2(v — u) = — -J==. Therefore every value from some suitably 

chosen segment [5,25] can be expressed as g(u) — g(v), with u and v bounded 
from above by some M. 

Consider any x,y with y > x > 2 \/M and 5 < y 2 —x 2 < 25. By the above con- 
siderations, there exist u,v<M such that g(u) — g(v) = y 2 — x 2 , i.e., x 2 + g(u) = 
y 2 + g(v). Since x 2 > 4u andy 2 > 4v, (1) leads to f(x) 2 = f(y) 2 . Moreover, if we 
assume w.l.o.g. that 4 M > c 2 , we conclude from (3) that f(x) = /(y). Since this 
holds for any x,y> 2 \[M with y 2 — x 2 € [5,25], it follows that f(x) is eventually 
constant, say /(x) = k for x>N = 2\fM. Setting x > N in (2) we obtain k 2 = k, 
so k = 0 or k = 1. 


By (2) we have /(— z) = ±/'(z), and thus \f(z)\ < 1 for all z < —N. Hence 
g(u) = 2 f(u) —2u > —2 — 2u for u < —N, which implies that g is unbounded. 
Hence for each z there exists t such that z 2 + g(t) > N, and consequently f{z) 2 = 
/(z 2 + g[t )) =k = k 2 . Therefore /(z) = ±k for each z. 

If k = 0, then /(x) = 0, which is clearly a solution. Assume k = 1. Then 
c = 2/(0) = 2 (because c > 0), which together with (3) implies /(x) = 1 for all 
x > 2. Suppose that f(t) = — 1 for some t <2. Then t — g(t ) = 3f + 2 > 4f . If also 
t — g(t) > 0, then for some z e R we have z 2 = t — g(t ) > 4r, which by (1) leads 
to f{z) 2 = /(z 2 + g(t)) = f(t) = — 1, which is impossible. Hence t — g(t) < 0, 
giving us t < —2/3. On the other hand, if X is any subset of ( — °=>, — 2/3), the 
function / defined by /(x) = — 1 for x e X and /(x) = 1 satisfies the require- 
ments of the problem. 

To sum up, the solutions are /(x) = x, /(x) = 0 and all functions of the form 


/(*) = 


1, x<£X, 

-i,xex, 


where Ac (— °°,— 2/3). 

7. Let us set q, = A^- 1 /Af. for k = 1,2, ... ,n, where we define Aq = 0. We observe 
that a k /A k = (kA k — {k— \ )A k _\)/A k =k— ( k — 1 )c k . Now we can write the LHS 
of the inequality to be proved in terms of c k , as follows: 


\/j L= n \J C2C l"' C n 1 and ^ = \ fl( k -( k ~ l ) c k)- 


1 A n V G n 

By the AM — GM inequality we have 


n y 1 'i("+i)/ 2 c 2 c 2 . . . cj-t < - 


1 / n(n+ 1) 


+ 1 ) c * 
k= 2 


- n ~+ l -±ik-X)c k . 

z n k= l 


(1) 
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Also by the AM-GM inequality, we have 


*=i 


n(fc-(&-i)c*) < 

Z— 1 



(2) 


Adding (1) and (2), we obtain the desired inequality. Equality holds if and only 
if a\ = a2 = • • • = a n . 

8. Let us write n = 10001. Denote by the set of ordered triples where 

a is a student, C a club, and Ff a society such that agC and C 6 3". We shall 
count \ &\ in two different ways. 

Fix a student a and a society 3. By (ii), there is a unique club C such that 
(a, C, 3) 6 f? . Since the ordered pair (a, 5?) can be chosen in nk ways, we have 
that \S?\ = nk. 

Now fix a club C. By (iii), C is in exactly (|C| — l)/2 societies, so there are 
|C|(|C| — l)/2 triples from ST with second coordinate C. If if is the set of all 
clubs, we obtain \ST\ = 'Lcee — — . But we also conclude from (i) that 



Therefore n(n - l)/2 = nk, i.e., k={n- l)/2 = 5000. 

On the other hand, for k = (n — l)/2 there is a desired configuration with only 
one club C that contains all students and k identical societies with only one 
element (the club C). It is easy to verify that (i)-(iii) hold. 

9. Obviously we must have 2 < k < n. We shall prove that the possible values for k 
and n are 2 < k < n < 3 and 3 <k<n. Denote all colors and circles by 1, ... ,w. 
Let F (i, j) be the set of colors of the common points of circles i and j. 

Suppose that k = 2 < n. Consider the ordered pairs (i, j) such that color j appears 
on the circle i. Since k = 2, clearly there are exactly 2 n such pairs. On the other 
hand, each of the n colors appears on at least two circles, so there are at least 
2 n pairs (i,j), and equality holds only if each color appears on exactly 2 circles. 
But then at most two points receive each of the n colors and there are n(n — 1 ) 
points, implying that n{n — 1) = 2 n, i.e., n = 3. It is easy to find examples for 
k = 2 and n = 2 or 3. 

Next, let k = 3. An example for n = 3 is given by F(i, j ) = {i, j} for each 1 < i < 
j < 3. Assume n> 4. Then an example is given by F ( 1 , 2) = {L 2}, F{i, i+ 1 ) = 
{«'} for i = 2, . . . ,n — 2, F(n— \,n) = {n — 2,n— 1} and F(i,j) = n for all other 
ij > i. 

We now prove by induction on k that a desired coloring exists for each n>k> 3. 
Let there be given n circles. By the inductive hypothesis, circles 1,2, ... ,n — 1 
can be colored in n — 1 colors, k of which appear on each circle, such that color i 
appears on circle i. Then we set F{i,n) = { i,n} for i= 1, . . . ,k and F(i,n) = {n} 
for i > n. We thus obtain a coloring of the n circles in n colors, such that k+ 1 
colors (including color i ) appear on each circle i. 
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10. The least number of edges of such a graph is n. 

We note that deleting edge AB of a 4-cycle ABCD from a connected and non- 
bipartite graph G yields a connected and nonbipartite graph, say H. Indeed, the 
connectedness is obvious; also, if H were bipartite with partition of the set of 
vertices into P\ and P 2 , then w.l.o.g. A,C £ P\ and B,D £P 2 ,soG = HU {AB} 
would also be bipartite with the same partition, a contradiction. 

Any graph that can be obtained from the complete n-graph in the described way 
is connected and has at least one cycle (otherwise it would be bipartite); hence it 
must have at least n edges. 

Now consider a complete graph with vertices Vi , V 2 , ■ ■ ■ , V„ . Let us remove every 
edge VjYj with 3 <i<j<n from the cycle V 2 Vi VjV n . Then for i — 3, . . . , n— 1 we 
remove edges V 2 Vi and VjV n from the cycles V\ ViV 2 V n and V\ViV n V 2 respectively, 
thus obtaining a graph with exactly n edges: V{Vi (i = 2, . . . , n) and V 2 V n . 

11. Consider the matrix A = (ay)" ;=1 such that ay is equal to 1 if i. j < n/2, —1 if 
i, j > n/2 , and 0 otherwise. This matrix satisfies the conditions from the problem 
and all row sums and column sums are equal to ±n/2. Hence C > n/2. 

Let us show that C = n/2. Assume to the contrary that there is a matrix B = 
( bij)"j =l all of whose row sums and column sums are either greater than n/2 
or smaller than —n/2. We may assume w.l.o.g. that at least n/2 row sums are 
positive and, permuting rows if necessary, that the first n/2 rows have positive 
sums. The sum of entries in the n/2 x n submatrix B' consisting of first n/2 rows 
is greater than n 2 / 4, and since each column of B' has sum at most n/2, it follows 
that more than n/2 column sums of B' , and therefore also of B, are positive. 
Again, suppose w.l.o.g. that the first n/2 column sums are positive. Thus the 
sums R + and C + of entries in the first n/2 rows and in the first n/2 columns 
respectively are greater than n 2 /4. Now the sum of all entries of B can be written 
as 

X ay = *+ + c+ + X a tj - X % > y - T - T = °> 

i>n/2 i<n/ 2 Z ‘V 

j>n/2 j<n/2 

a contradiction. Hence C = n/2, as claimed. 

12. We say that a number n G {1 ,2, . . . ,N} is winning if the player who is on turn 
has a winning strategy, and losing otherwise. The game is of type A if and only 
if 1 is a losing number. 

Let us define no = N, n (+ i = [n,/2] for ( = 0,1,... and let k be such that n& = 
1. Consider the sets A,- = {n (+ i + 1, . . . ,n, }. We call a set A,- all-winning if all 
numbers from A, are winning, even-winning if even numbers are winning and 
odd are losing, and odd-winning if odd numbers are winning and even are losing. 

(i) Suppose A; is even- winning and consider A i+ \. Multiplying any number 
from A, + i by 2 yields an even number from A,-, which is a losing number. 
Thus x £ A i+ 1 is winning if and only if x + 1 is losing, i.e., if and only if it 
is even. Hence A i+ \ is also even-winning. 

(ii) Suppose A; is odd-winning. Then each k £ A i+ i is winning, since 2k is 
losing. Hence A i+ i is all-winning. 
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(iii) Suppose A t is all-winning. Multiplying x € A i+ 1 by two is then a losing 
move, so x is winning if and only if x+ 1 is losing. Since n l+ \ is losing, 
A i+ 1 is odd- winning if n l+ \ is even and even- winning otherwise. 

We observe that Ao is even-winning if N is odd and odd-winning otherwise. 
Also, if some A,- is even-winning, then all A i+ i,Aj_|_ 2 , • ■ ■ are even-winning and 
thus 1 is losing; i.e., the game is of type A. The game is of type B if and only 
if the sets Aq,Ai, . . . are alternately odd- winning and all- winning with Ao odd- 
winning, which is equivalent to N = «o,« 2 ,« 4 , • • ■ all being even. Thus N is of 
type B if and only if all digits at the odd positions in the binary representation of 
N are zeros. 

Since 2004 = 1 1 1 1 1010100 in the binary system, 2004 is of type A. The least 
N > 2004 that is of type B is 100000000000 =2 n = 2048. Thus the answer to 
part (b) is 2048. 

1 3 . Since Xj,Y t ,i = 1 , . . . , 2004, are 4008 distinct subsets of the set S„ = { 1 , 2, . . . , n} , 
it follows that 2" > 4008, i.e. n > 12. 

Suppose n = 12. Let SC = {Ai , . . . , A 20 04 }, & = {Fi, . . . , T 200 4 }, si = SC U & . 
Exactly 2 12 — 4008 = 88 subsets of S„ do not occur in ,?/. 

Since each row intersects each column, we have A, fl Yj ^ 0 for all i, j. Suppose 
|. Xi | , | Yj | < 3 for some indices i, j. Since then | A, U Yj \ < 5 , any of at least 2 7 > 8 8 
subsets of S n \ (Xj fl Yj) can occur in neither 2X nor '?/ , which is impossible. 
Hence either in SC or in W all subsets are of size at least 4. Suppose w.l.o.g. that 
k=\X/ \ = min. A,- > 4. There are 


12 — Ic 
0 


12 — k 
1 


+ ••• + 


12 -k 
k- 1 


subsets of S \ A; with fewer than k elements, and none of them can be either in 
(because A; | is minimal in 3C) or in W . Hence we must have < 88. Since 

«4 = 93 and n$ = 99, it follows that k> 6. But then none of the ( ' 0 2 ) H b ( ' 5 2 ) = 

1586 subsets of S n is in SC , hence at least 1586 — 88 = 1498 of them are in e /¥ . 
The 1498 complements of these subsets also do not occur in SC , which adds to 
3084 subsets of S n not occurring in SC. This is clearly a contradiction. 

Now we construct a golden matrix for n = 13. Let 


Ai 



and A m 


[ A m _! A m _! 1 
[A m _ x B m _ x \ 


for m = 2,3, ... , 


where B m -\ is the 2 m_1 X 2 m_1 matrix with all entries equal to m + 2. It can 
be easily proved by induction that each of the matrices A m is golden. Moreover, 
every upper-left square submatrix of A m of size greater than 2 m_1 is also golden. 
Since 2 10 < 2004 < 2 11 , we thus obtain a golden matrix of size 2004 with entries 
in Si 3 . 

14. Suppose that an m x n rectangle can be covered by “hooks”. For any hook H 
there is a unique hook K that covers its “inside” square. Then also H covers 
the inside square of K, so the set of hooks can be partitioned into pairs of type 
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{H,K}, each of which forms one of the following two figures consisting of 12 
squares: 



Ai 




Thus the m x n rectangle is covered by these tiles. It immediately follows that 
12 | mn. 

Suppose one of m, n is divisible by 4. Let w.l.o.g. 4 | m. If 3 | n, one can easily 
cover the rectangle by 3 x 4 rectangles and therefore by hooks. Also, if 12 | m 
and n g {1,2,5}, then there exist k,l gN o such that n = 3k + 4/ and thus the 
rectangle mxn can be partitioned into 3x12 and 4x12 rectangles all of which 
can be covered by hooks. If 12 | m and n = 1,2, or 5, then it is easy to see that 
covering by hooks is not possible. 

Now suppose that 4 \m and 4 \n. Then m, n are even and the number of tiles is 
odd. Assume that the total number of tiles of types A\ and B\ is odd (otherwise 
the total number of tiles of types A2 and B2 is odd, which is analogous). If we 
color in black all columns whose indices are divisible by 4, we see that each tile 
of type A\ or B\ covers three black squares, which yields an odd number in total. 
Hence the total number of black squares covered by the tiles of types A2 and #2 
must be odd. This is impossible, since each such tile covers two or four black 
squares. 

15. Denote by V \ , . . . , V n the vertices of a graph G and by E the set of its edges. For 

each i - I ,n, let A, be the set of vertices connected to V,- by an edge, G, the 

subgraph of G whose set of vertices is A,, and £) the set of edges of G,. Also, 
let Vj,ei, and t, = /(G,) be the numbers of vertices, edges, and triangles in G, 
respectively. 

The numbers of tetrahedra and triangles one of whose vertices is Vi are respect- 
ively equal to t, and <?,. Hence 


X v / = 2 |£|, lei = 3f(G) and = 4g(G). 

i=l (=1 i=l 

Since e t < v;(v,- — l)/2 < v?/2 and e,- < \E\, we obtain ej < vj\E\/2, i.e., 
e, < Vi y/\E\/2. Summing over all i yields 3/(G) < 2 \E \ ^\E\/2, or equivalently 
/(G) 2 < 2|£| 3 /9. Since this relation holds for each graph G ( , it follows that 

/ 7 \ x /3 

ti = f(Gi) = /(G,) 1 / 3 /(G *) 2/3 <(^j f(G) l/ 3 ei. 

Summing the last inequality for i = 1 , . . . , n gives us 

( 9 \ t/3 T 

9J f(G ) 1/3 -/(G), i.e. g(G) 3 < -/(G) 4 . 
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The constant c = 3/32 is the best possible. Indeed, in a complete graph C„ it 
holds that g{K n )\ / f(K n f = (") 3 ©“ 4 -> £ as n - 

Remark. Let be the number of complete ^-subgraphs in a finite graph G. 
Continuing inductively, one can prove that A^ +1 < k N ^ + 1 . 

16. Note that AANM ~ AABC and consequently AM ^ AN. Since OM = ON, it 
follows that OR is a perpendicular bisector of MN. Thus, R is the common point 
of the median of MN and the bisector of /.MAN. Then it follows from a well- 
known fact that R lies on the circumcircle of AAMN. 

Let K be the intersection of AR and EC. We then have ZMRA = /MNA = ZABK 
and /NRA = /NMA = ZACK, from which we conclude that RMBK and RNCK 
are cyclic. Thus K is the desired intersection of the circumcircles of A BMR and 
A CNR and it indeed lies on BC. 

17. Let H be the reflection of G about AB 
( GH | £). Let M be the intersection of 
AB and l. Since ZFEA = ZFMA = 

90°, it follows that AEMF is cyclic and 
hence ZDFE = ZBAE = ZDEF. The 
last equality holds because DE is tan- 
gent to r. It follows that DE = DF 
and hence DF 2 = DE 2 = DC DA (the 
power of D with re- 


spect to T). It then follows that ZDCF = ZD FA = ZHGA = ZHCA. Thus it 
follows that FI lies on CF as desired. 

18. It is important to note that since /3 < y, ZADC = 90° — y+ j3 is acute. 

It is elementary that ZCAO = 90° — j3 . Let X and Y respectively be the inter- 
sections of FE and GH with AD. We trivially get X e EF A AD and A AGH = 
A ACB. Consequently, ZGAY = ZOAB = 90° - y = 90° - ZAGY. Hence, GH A 
AD and thus GH || FE. That EFGH is a rectangle is now equivalent to FX = GY 
and EX = HY. 

We have that GY = AG sin y = AC sin y and FX = AFsiny (since ZAFX = y). 
Thus, 



FX = GY^CF=AF=AC& ZAFC = 60° <£> ZADC = 30°. 

Since ZADC = 180° - ZDCA - ZDAC = 180° - y- (90° - J3), it immediately 
follows that FX = GY&y- j3 = 60° . We similarly obtain EX = HY y— j3 = 
60°, proving the statement of the problem. 

19. Assume first that the points A,B,C,D are concyclic. Let the lines BP and DP 
meet the circumcircle of ABCD again at E and F, respectively. Then it follows 
from the given conditions that AB = CF and AD = CE; hence EF || AC and 
DE || AC. Therefore BFED and BFAC are isosceles trapezoids and thus P = 
BE DDF lies on the common bisector of segments BF,ED,AC. Hence AP = CP. 
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Assume in turn that AP = CP. Let P w.l.o.g. lie in the triangles ACD and BCD. 
Let BP and DP meet AC at K and L, respectively. The points A and C are isogonal 
conjugates with respect to A BDP, which implies that ZAPK = ZCPL. Since 
AP = CP, we infer that K and L are symmetric with respect to the perpendicular 
bisector p of AC. Let E be the reflection of D in p. Then E lies on the line BP, 
and the triangles APD and CPE are congruent. Thus ZBDC = ZADP = ZBEC, 
which means that the points B,C,E,D are concyclic. Moreover, A,C,E,D are 
also concyclic. Hence, ABCD is a cyclic quadrilateral. 

20. We first establish the following lemma. 

Lemma. Let ABCD be an isosceles trapezoid with bases AB and CD. The diag- 
onals AC and BD intersect at S. Let M be the midpoint of BC, and let the 
bisector of the angle BSC intersect BC at N. Then ZAMD = ZAND. 

Proof. It suffices to show that the points A, D,M, N are concyclic. The statement 
is trivial for AD \ \ BC. Let us now assume that AD and BC meet at X , and let 
XA = XB = a, XC = XD = b. Since SN is the bisector of ZCSB, we have 
a-XN BN _BS _AB a 
XN-b ~CN~CS~CD^b’ 

and an easy computation yields XN = . We also have XM = ; hence 

XM XN = XA XD. Therefore A. D.M.N are concyclic, as needed. 
Denote by C, the midpoint of the side AiA i+1 ,i =l,...,n- 1. 

By definition C\ = B x and C„_i = 

B„_ i . Since A\AiA i+ \A n is an isosce- 
les trapezoid with A | A,- || A i+ \A n for 
i = 2, . . . ,n — 2, it follows from the 
lemma that ZA \ B t A n = ZA\C t A n for 
all i. The sum in consideration thus 
equals ZAiCjA„ + ZA^CjA n + ••• + 

ZA\C n -iA n . Moreover, the triangles 
AiQA„ and A n+ 2 - l C\A n+ \ are con- 
gruent (a rotation about the cen- 
ter of the n-gon carries the first 
one to the second), and consequently 
ZAiQAn = ZA n+ 2 -iCiA n+ i-i for i = 2. . . . ,n — 1. Hence 

E = ZA x C x A n + ZA„C X A„- X + • • • + ZA 3 C X A 2 = ZA X C X A 2 = 180°. 

21. Let ABC be the triangle of maximum area S contained in ZZ (it exists because of 
compactness of fZ). Draw parallels to BC,CA,AB through A, B,C, respectively, 
and denote the triangle thus obtained by A X B X C X (A e BiCi, etc.). Since each 
triangle with vertices in & has area at most S, the entire polygon ZZ is contained 
in AiBjCi. 

Next, draw lines of support of parallel to BC,CA,AB and not intersecting 
the triangle ABC. They determine a convex hexagon U a V a UbVbU c V c contain- 
ing with Vb,U c e BiCi, V c ,U a 6 C X A X , V a ,Ub (z A\B\. Each of the fine seg- 
ments U a V a , UbVb , U C V C contains points of ZZ . Choose such points Aq.Bq.Cq on 


A3 / 7 3 A4 
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U a Va,U b Vb,U c V c , respectively. The convex hexagon ACqBAqCBq is contained in 
fAZ, because the latter is convex. We prove that ACqBAqCBq has area at least 
3/4 the area of S 6 . 

Let x,y,z denote the areas of triangles U a BC, U b CA , and U C AB. Then Si = 
Sac 0 ba 0 cb 0 = S + x + y + z. On the other hand, the triangle A ] U a V a is similar 
to AA\BC with similitude T = (S — x)/S, and hence its area is r 2 S =(S — x) 2 /S. 
Thus the area of quadrilateral U a V a CB is S— (.S' — x) 2 /S = 2z — z 2 /S. Analogous 
formulas hold for quadrilaterals U b V b AC and U C V C BA. Therefore 


S& < Su a VaU b v b u c v c — 
= S + 2(x+y + z) 

< S+2{x+y + z) 


s + Su a V a CB + 5't/jVjAC + Su c V c BA 
x 1 +y 2 +z 2 


S 

jx+y + z) 2 
3 S 


Now 4Si -3 S> >= S -2(x+y + z) + {x+y +z) 2 / S = ( S-x-y-z) 2 /S> 0; 
i.e., Si > 3S&>/4, as claimed. 

22. The proof uses the following observation: 

Lemma. In a triangle ABC, let K,L be the midpoints of the sides AC,AB, re- 
spectively, and let the incircle of the triangle touch BC,CA at D. E, respect- 
ively. Then the lines KL and DE intersect on the bisector of the angle ABC. 

Proof. Let the bisector £ b of 4 ABC meet DE at T . One can assume that AB -f 
BC, or else T = K e KL. Note that the incenter 1 of AABC is between 
B and T, and also T ^ E. From the triangles BDT and DEC we obtain 
ZITD = a/2 = ZIAE, which implies that A. I. T.E are concyclic. Then 
ZATB = ZAEI = 90°. Thus L is the circumcenter of A ATB from which 
ZLTB = ZLBT = ZTBC => LT || BC => T G KL, which is what we were 
supposed to prove. 

Let the incircles of AABX and A ACX touch BX at D and F, respectively, and let 
them touch AX at E and G, respectively. Clearly, DE and EG are parallel. If the 
line PQ intersects BX and AX at M and N, respectively, then MD 2 = MP ■ MQ = 
MF 2 , i.e., MD = MF and analogously NE = NG. It follows that PQ is parallel 
to DE and FG and equidistant from them. 

The midpoints of AB,AC, and AX lie on the same line m, parallel to BC. Ap- 
plying the lemma to AABX, we conclude that DE passes through the common 
point U of m and the bisector of ZABX. Analogously, FG passes through the 
common point V of m and the bisector of ZACX. Therefore PQ passes through 
the midpoint W of the line segment UV. Since U , V do not depend on X, neither 
does W. 


23. To start with, note that point N is uniquely determined by the imposed prop- 
erties. Indeed, f(X) = AX/ BX is a monotone function on both arcs AB of the 
circumcircle of AABM. Denote by P and Q respectively the second points of 
intersection of the line EF with the circumcircles of AABE and AABF. 


4.45 Shortlisted Problems 2004 


725 


The problem is equivalent to showing 
that N e PQ. In fact, we shall prove 
that N coincides with the midpoint N 
of segment PQ. 

The quadrilaterals APBE, AQBF, and 
ABCD are cyclic. This implies that 
ZAPE = ZABE therefore ZAPQ = 

ZADC. We can also conclude that 
ZAQP = ZAQF = ZABF = ZACD. 

It follows that the triangles APQ 
and ADC are similar, and conse- 
quently the same holds for the tri- 
angles A ANP and AAMD. Analo- 
gously A BNP ~ A BMC. Therefore 
AN /AM = PQ/DC = BN/BM, i.e., 

AN /BN = AM/BM. Moreover, ZANB = ZANP + ZPNB = ZAMD + ZBMC = 
1 80° — ZAMB, which means that point N lies on the circumcircle of A AMB. By 
the uniqueness of N, we conclude that N = N, which completes the solution. 



24. Setting m = an we reduce the given equation to m/ z(m) = a. 

Let us show that for a = p p ~ l the above equation has no solutions in N if p > 3 
is a prime. Assume to the contrary that m e N is such that m = p p ~ 1 z(m'). Then 
p p ~ l | m, so we may set m = p a k, where a,fsN, oi>p — 1, and p\k. Let k = 
Pi 1 ' ' ' Pr r be the decomposition of k into primes. Then t(k) = (o.\ + 1) • • • (a r + 
1) and r(m) = (a + 1 ')T(k). Our equation becomes 


p a - p+l k=(a + l)z{k). 


(1) 


We observe that a ^ p — 1 : otherwise the RHS would be divisible by p and 
the LHS would not be so. It follows that a> p, which also easily implies that 
P a ~ p+l >£ r (« + !)• 

Furthermore, since a + 1 cannot be divisible by p a ~ p+1 for any a > p, it follows 
that p | t (k). Thus if p \ z(k), then at least one a,- + 1 is divisible by p and 

a i -i 

consequently a, > p — 1 for some i. Hence k > T (k) > (k). But then 

we have 

p a ~ p + l k> — ^—(a + 1) • — — r(k) > (a + I)t(^), 

P + 1 p 

contradicting (1). Therefore (1) has no solutions in N. 

Remark. There are many other values of a for which the considered equation 
has no solutions in N: for example, a = 6p for a prime p> 5. 

25. Let n be a natural number. For each k = 1 . 2. . . . .«, the number (k. n) is a divisor 
of n. Consider any divisor d of n. If (k.n) = n/d, then k = nl/d for some l £ N, 
and ( k,n ) = ( l,d)n/d , which implies that l is coprime to d and / < d. It follows 
that (k.n) is equal to n/d for exactly (p(d) natural numbers k < n. Therefore 
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V(n)= 


k = 1 d\n u d\n 


(i) 


(a) Let n,m be coprime. Then each divisor / of mn can be uniquely expressed 
as / = de, where d \ n and e \ m. We now have by (1) 



= v'Wv'M- 


(b) Let n = p k , where p is a prime and k a positive integer. According to (1), 



= i + fcI2 


p 


Setting p = 2 and k = 2 (a — 1) we obtain t//(n) = an for n = 2 2 ( a ~ l \ 

(c) We note that y{p p ) = p p+l if p is a prime. Hence, if a has an odd prime 
factor p and a\ = a/p, then x = p p 2 2ai ~ 2 is a solution of y/(x) = ax differ- 
ent from x = 2 2a ~ 2 . 

Now assume that a = 2 k for some k € N. Suppose x = 2 a y is a positive 
integer such that yr(x) = 2 k x. Then 2“+*y = y/(x) = y/(2 a )y/(y) = (a + 
2)2 a ~ l y/(y), i.e., 2 k+1 y = (a + 2)y/(y). We notice that for each oddy, ip(y) 
is (by definition) the sum of an odd number of odd summands and therefore 
odd. It follows that \ff(y) \ y. On the other hand, y/(y) > y for y > 1, so we 
must have y = 1 . Consequently a = 2 k+1 — 2 = 2a — 2, giving us the unique 
solution x = 2 la ~ 2 . 

Thus \jf{x) = ax has a unique solution if and only if a is a power of 2. 

26. For m = n = 1 we obtain that /(l) 2 +/(1) divides (l 2 + l) 2 = 4, from which 
we find that /(l) = 1. 

Next, we show that f(p — 1) = p — 1 for each prime p. By the hypothesis for 
m = 1 and n = p — 1, f(p — 1) + 1 divides p 2 , so f(p — 1) equals either p — 1 
or p 2 ~ 1. If f{p- 1) =p 2 - 1, then f(l)+f(p- l) 2 = p 4 - 2p 2 + 2 divides 
( 1 + (/> — 1 ) 2 ) 2 < p 4 — 2p 2 + 2, giving a contradiction. Hence f(p — \ ) = p - 1 . 
Let us now consider an arbitrary n £ N. By the hypothesis for m = p — 1, A = 
f(n ) + {p— l) 2 divides («+(/?— I) 2 ) 2 = (n — f(n)) 2 (mod A), and hence A 
divides ( n — f(n)) 2 for any prime p. Taking p large enough, we can obtain A to 
be greater than ( n — f(n)) 2 , which implies that (n — f(ri)) 2 = 0, i.e., f{n) = n 
for every n. 

27. Set a = 1 and assume that b G N is such that b 2 = b + 1 (mod m). An easy 
induction gives us x n = b n (mod m ) for all n £ No. Moreover, b is obviously 
coprime to m, and hence each x n is coprime to m. 
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It remains to show the existence of b. The congruence b 2 = b + 1 (mod m ) is 
equivalent to (2b — l) 2 = 5 (mod m). Taking 2b I = 2k, i.e., b = 2k 1 + k — 2 
(mod m), does the job. 

Remark. A desired b exists whenever 5 is a quadratic residue modulo m, in 
particular, when m is a prime of the form 10k± 1. 

28. If n is divisible by 20, then every multiple of n has two last digits even and hence 
it is not alternate. We shall show that any other n has an alternate multiple. 

(i) Let n be coprime to 10. For each k there exists a number 

1 o m * — 1 

A k (n) = 10... 010... 01... 0... 01 = 

10 — 1 

(m G N) that is divisible by n (by Euler’s theorem, choose m = (p[n(l0 k — 
1)]). In particular, A 2 (ri) is alternate. 

(ii) Let n = 2 ■ 5 r ■ n i , where r > 1 and (n i , 1 0) = 1. We shall show by induction 
that, for each k, there exists an alternative k-digit odd number M k that is 
divisible by 5 k . Choosing the number \0A2 r (n\)M2 r will then solve this 
case, since it is clearly alternate and divisible by n. 

We can trivially choose M\ = 5. Let there be given an alternate r-digit 
multiple M r of 5 r , and let c G {0, 1,2, 3, 4} be such that M r /5 r = —c ■ 2 r 
(mod 5). Then the (r + 1 )digit numbers M r + c- 10 r and M r + (5 + c) ■ 1 0 r 
are respectively equal to 5 r (M r /5 r + 2 r -c) and 5 r (M r /5 r + 2 r ■ c + 5 ■ 2 r ), 
and hence they are divisible by 5 r+1 and exactly one of them is alternate: 
we set it to be M r+ \ . 

(iii) Let n = 2 r -n\, where r> 1 and (n\, 10) = 1. We show that there exists 
an alternate 2r-digit number N r that is divisible by 2 2r+1 . Choosing the 
number A 2 r (n\)N r will then solve this case. 

We choose N \ = 16, and given N r , we can prove that one of N r +m- 1 0 2r , for 
m G {10, 12, 14, 16}, is divisible by 2 2r+3 and therefore suitable for N r+ \ . 
Indeed, for N r = 2 2r+1 d we have N r + m ■ 10 2r = 2 2r+1 ( d + 5 r m/2 ) and 
d + 5 r m/2 = 0 (mod 4) has a solution m/2 e {5, 6, 7, 8} for each d and r. 
Remark. The idea is essentially the same as in (SL94-24). 

29. Let S„ = {x G N | x < n, n | x 2 — 1 }. It is easy to check that P n = 1 (mod n) for 
n = 2 and P n = — 1 (mod n) for n £ {3,4}, so from now on we assume n > 4. 
We note that if x G S„, then also n — x G S n and (x. n) = 1 . Thus S n splits into 
pairs {x, n—x}, where x G S„ and x<n/ 2. In each of these pairs the product of 
elements gives remainder — 1 upon division by n. Therefore P n = (— 1 ) m , where 
S n has 2m elements. It remains to find the parity of m. 

Suppose first that n > 4 is divisible by 4. Whenever x G S n , the numbers \n/2—x\, 
n—x,n— «/2— x also belong to S n (indeed, n \ (m/2 — x) 2 — 1 =m 2 /4 — mx+x 2 — 
1 because n \ m 2 /4, etc.). In this way the set S n splits into four-element subsets 
{x, m/2 — x, m/2 + x, m — x} , where x G S n and x < m/ 4 (elements of these subsets 
are different for x/m/ 4, and m/ 4 doesn’t belong to S n for n > 4). Therefore 
m = |S n |/2 is even and P„=l (mod m). 
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Now let n be odd. If n x 2 — 1 = (x — 1 ) (x + 1 ) , then there exist natural num- 
bers a, b such that ab = n, a\x— \,b\x+\. Obviously a and b are coprime. 
Conversely, given any odd s,iieN such that (a,b) = 1 and ab = n, by the Chi- 
nese remainder theorem there exists xG {1,2,. ...n— 1} such that a | x — 1 and 
b | x+ 1. This gives a bijection between all ordered pairs (a, b) with ab = n and 
(a, b) = 1 and the elements of S„. Now if n = • • • p® k is the decomposition of 

n into primes, the number of pairs (a.b) is equal to 2 k (since for every i, either 
pf' | a or pf‘ | b), and hence m = 2 k ~ 1 . Thus P n = I (mod n) if n is a power of 
an odd prime, and P„ = 1 otherwise. 

Finally, let n be even but not divisible by 4. Then xG S n if and only if x or n — x 
belongs to S n /% and x is odd. Since «/ 2 is odd, for each x € S n / 2 either x or x+n/2 
belongs to S n , and by the case of n odd we have S n = ± 1 (mod n/2), depending 
on whether or not n/2 is a power of a prime. Since S„ is odd, it follows that 
P n = — 1 (mod n) if n/2 is a power of a prime, and P„= 1 otherwise. 

Second solution. Obviously S n is closed under multiplication modulo n. This 
implies that S n with multiplication modulo n is a subgroup of Z„, and therefore 
there exist elements a\ = — l, 02 , ■ ■ ■ ,0* £ S n that generate S n . In other words, 
since the «,■ are of order two, S n consists of products fl/c/t a/, where A runs over 
all subsets of (1,2 Thus S n has 2 k elements, and the product of these 

elements equals P n = {a\ci 2 ■ ■ ■ fljfe) 2 * * (mod n). Since of - 1 (mod n), it follows 
that P„ = 1 if k > 2, i.e., if |5„| >2. Otherwise P„ = — 1 (mod n). 

We note that | S n | > 2 is equivalent to the existence of a G S n with 1 < a < n — 1 . 
It is easy to find that such an a exists if and only if neither of n, n/2 is a power 
of an odd prime. 

30. We shall denote by k the given circle with diameter p n . 

Let A,B be lattice points (i.e., points with integer coordinates). We shall denote 
by p{AB) the exponent of the highest power of p that divides the integer AB 2 . 
We observe that if S is the area of a triangle ABC where A,B,C are lattice points, 
then 2 S is an integer. According to Heron’s formula and the formula for the 
circumradius, a triangle ABC whose circumcenter has diameter p n satisfies 

2 AB 2 BC 2 + 2 BC 2 CA 2 + 2 CA 2 AB 2 - AB 4 - BC 4 - CA 4 = 16S 2 ( 1 ) 

and AB 2 ■ BC 2 ■ CA 2 = (2 S) 2 p 2n . (2) 

Lemma 1. Let A.B, and C be lattice points on k. If none of AB 2 , BC 2 , CA 2 is 
divisible by p n+l , then p{AB),p(BC),p{CA) are 0,n,n in some order. 

Proof. Let k = m'm{p(AB),p(BC),p(CA)}. By (1), (2S) 2 is divisible by 
p 2K . Together with (2), this gives us p(AB) + p(BC) + p(CA) = 2k + 2 n. 
On the other hand, if none of AB 2 ,BC 2 ,CA 2 is divisible by p n+ 1 , then 
p(AB) + jt i(BC) + p(CA) < k + 2 n. Therefore k = 0 and the remaining 
two of p (AB) , p (BC ) , p (CA) are equal to n. 

Lemma 2. Among every four lattice points on k, there exist two, say M,N, such 
that p (MN)>n + L 
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Proof. Assume that this doesn’t hold for some points A, B, C,D on k. By Lemma 
1 , p for some of the segments AB.AC, . . . , CD is 0 , say p (AC) = 0 . It eas- 
ily follows by Lemma 1 that then p(BD) = 0 and i u(AB) = p(BC) = 
p(CD) = /X (DA) = n. Let a,b,c,d,e,f € N be such that AB 2 = p n a, 
BC 2 = p n b, CD 2 = p n c, DA 2 = p n d, AC 2 = e, BD 2 = f. By Ptolemy’s 
theorem we have y/ef = p n (y/ac+Vbd). Taking squares, we get that 
ef _ 


fac + v bdj = ac + bd + 2v abed is rational and hence an inte- 
ger. It follows that ef is divisible by p 2n , a contradiction. 

Now we consider eight lattice points Ai,A 2, . . . ,Ag on k. We color each segment 
A A / red if ju(A, Aj ) > n and black otherwise, and thus obtain a graph G. The 
degree of a point X will be the number of red segments with an endpoint in X. 
We distinguish three cases: 

(i) There is a point, say Ag, whose degree is at most 1 . We may suppose 
w.l.o.g. that AgA7 is red and A%A \ , . . . , AgA6 black. By a well-known fact, 
the segments joining vertices A i,A2, . . . ,Ag determine either a red triangle, 
in which case there is nothing to prove, or a black triangle, say A1A2A3. 
But in the latter case the four points A\ ,A2, A3, As do not determine any red 
segment, a contradiction to Lemma 2 . 

(ii) All points have degree 2 . Then the set of red segments partitions into cy- 
cles. If one of these cycles has length 3 , then the proof is complete. If all 
the cycles have length at least 4 , then we have two possibilities: two 4 - 
cycles, say A1A2A3A4 and A5A5A7A8, or one 8-cycle, A1A2 . . . Ag. In both 
cases, the four points A 1 .A^.A^.Aq do not determine any red segment, a 
contradiction. 

(iii) There is a point of degree at least 3 , say A 1 . Suppose that A1A2, A1A3, and 
A1A4 are red. We claim that A2,A3,A4 determine at least one red segment, 
which will complete the solution. If not, by Lemma 1 , p(A2A 3), ^.(A^A^), 
jU (A4A2) are n.n.Q in some order. Assuming w.l.o.g. that p(A2Af) = 0 , 
denote by S the area of triangle A1A2A3. Now by formula ( 1 ), 2 S is not 
divisible by p. On the other hand, since p(A]A2) >n + 1 and p(A\At,') > 
n + 1, it follows from (2) that 2 S is divisible by p, a contradiction. 
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1. Clearly, p(x) has to be of the form p(x') = x 2 + ax± 1, where a is an integer. For 
a = ±1 and a = 0, polynomial p has the required property: it suffices to take 
q = 1 and q = x+ 1 , respectively. 

Suppose now that \a\ > 2. Then p(x) has two real roots, say X\.X 2 , which are 
also roots of p(x)q(x) = x* +a„_ix”~ l -\ \-ao, «; = silt. Thus 




' + ' ' ' + - kl + ' 


\*i\ n W-1’ 


which imphes |xi | , |jc 2 [ < 2. This immediately rules out the case |a| > 3 and the 
polynomials p{x) = x 1 ± 2x — 1 . The remaining two polynomials x 1 ± 2x+ 1 
satisfy the condition for q(x) = x =F 1 ■ 

Therefore, the polynomials p(x) with the desired property are x 2 ±jc± 1, x 2 ± 1, 
andx 2 ±2x+ 1. 

2. Given y > 0, consider the function <p(x) = x+yf(x), x > 0. This function is 
injective: indeed, if (p(x i) = (p(x 2 ), then f(x\ )f(y) = f(cp(x i)) = f{<p(x 2 )) = 
f(xi)f(y), so f(x i) = f(x 2 ), so xi = x 2 by the definition of (p. Now if xj > x 2 
and f(x i) < f(x 2 ), we have <p(x i) = (p(x 2 ) for y = f (£)- X f( Xl ) > °> which 
is impossible; hence / is nondecreasing. The functional equation now yields 
f(x)f(y) = 2f(x + yf(x)) > 2 f(x) and consequently f(y) > 2 fory > 0. There- 
fore 

f(x+yf(x))=f(xy) = f(y+xf(y)) > f(2x) 

holds for arbitrarily small y > 0, implying that / is constant on the interval (x. 2x] 
for each x > 0. But then / is constant on the union of all intervals (x, 2x\ over all 
x > 0, that is, on all of R + . Now the functional equation gives us f(x) = 2 for all 
x, which is clearly a solution. 

Second Solution. In the same way as above we prove that / is nondecreasing, and 
hence its discontinuity set is at most countable. We can extend / to 1U{0} by 
defining /( 0) = inf*/(x) = lim^o f(x ) , and the new function / is continuous at 
0 as well. If x is a point of continuity of / we have /(x)/( 0) = lim^o f( x )f(y) = 
lim v ^o 2/(x + yf(x)) = 2/(x), hence /( 0) = 2. Now, if / is continuous at 2y, 
then 2 f(y) = lim X ^ 0 f(x)f(y) = lim^ 0 2 f{x + yf(x)) = 2f(2y). Thus fly) = 
/( 2y), for all but countably many values of y. Being nondecreasing / is a con- 
stant; hence f{x) = 2. 

3. Assume without loss of generality that p>q>r>s. We have 


(pq + rs) -(- {pr + qs ) + ( ps + qr) = 


(. p + q + r+s) 2 -p 2 -q 2 -r 2 -s 2 

2 


= 30. 


It is easy to see that pq + rs > pr + qs > ps + qr, which gives us pq + rs> 10. 
Now setting p + q = x, we obtain x 2 + (9 — x) 2 = {p + q) 2 + (r + s) 2 = 21 + 
2(p#+™) > 41, which is equivalent to (x— 4)(x— 5) > 0. Sincex = p+q> r+s, 
we conclude thatx > 5. Thus 
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25 < p 2 + q 2 + 2pq = 21 — (r 2 + s 2 ) + 2pq < 21 +2(pq— rs), 


or pq — rs> 2, as desired. 

Remark. The quadruple ( p,q,r,s ) = (3, 2, 2, 2) shows that the estimate 2 is the 
best possible. 

4. Setting y = 0 yields (/( 0) + 1 ) (f(x) — 1) = 0, and since f{x) = 1 for all x is 
impossible, we get /( 0) = — 1. Now plugging in x = 1 and y = — 1 gives us 
/( 1) = 1 or /(— 1) = 0. In the first case setting x = 1 in the functional equation 
yields f(y+ 1) = 2y + 1, i.e., f(x) = 2x— 1, which is one solution. 

Suppose now that /( 1) = a ^ I and /(— 1) = 0. Plugging (x,y) = (z, 1) and 
(x,y) = (— z, — 1) hi the functional equation yields 

/(z+l) = (l-«)/(z)+2z+l 
f(-z-l)=f(z) + 2z+l. 

It follows that /(z+1) = (1 —a)f(—z— l)+a(2z+ l),i.e. f(x) = (1 — a)f(—x) + 
a(2x— 1). Analogously, f(—x) = (1 — a)f(x)+a(—2x — 1), which together with 
the previous equation yields 

(a 2 - 2a)f{x) = -la 2 x - {a 2 - 2a). 

Now a = 2 is clearly impossible. For a £ {0, 2} we get f(x) = -^4r — 1 ■ This 
function satisfies the requirements only for a = —2, giving the solution f(x) = 
—x — 1. In the remaining case, when a = 0, we have f(x ) = f(—x). Setting y = z 
and y = — z in the functional equation and subtracting yields /(2z) = 4z 2 — 1, so 
f(x) = x 2 — 1, which satisfies the equation. 

Thus the solutions are f{x) = 2x — 1 , f{x) = — x — 1 , and f(x) = x 2 — 1 . 

5. The desired inequality is equivalent to 

x 2 +y 2 + z 2 , x 2 +y 2 + z 2 , x 2 +y 2 + z 2 ^ m 

^+y2 + z 2+ ); 5 +z 2 +x 2 + z 5 +x 2 + ) ,2 

By the Cauchy inequality we have (x 5 +y 2 +z 2 )(yz+y 2 +z 2 ) > (x 5 / 2 (yz ) 1 ^ + 
y 2 + z 2 ) 2 > (x 2 +y 2 + z 2 ) 2 and therefore 

x 2 +y 2 + z 2 yz+y 2 + z 2 
x 5 +y 2 + z 2 ~ x 2 +y 2 + z 2 ' 


We get analogous inequalities for the other two summands in (1). Summing 
these yields 

x 2 +y 2 +z 2 x 2 + y 2 + z 2 x 2 + y 2 + z 2 <2 xy+yz + zx 
x 5 +y 2 + z 2+ y‘+z 2 +x 2+ z 5 +x 2 + y 2 ~ + x 2 +y 2 +z 2 ’ 

which together with the well-known inequality x 2 + y 2 + z 2 > xy+yz + zx gives 
us the result. 
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Second solution. Multiplying both sides by the common denominator and using 
notation in Chapter 2 ( Muirhead’s inequality), we get 

25,5,5 + 477,5,0 + 75,2,2 + 79,0,0 > 75,5,2 + 76,0,0 + 275,4,0 + 274,2,0 + 72,2,2- 

By Schur’s and Muirhead’s inequalities we have that 79,0,0 + ^5,2,2 > 277,2,0 > 
277,1,1 . Since xyz> 1 we have that 77,1,1 > 7e,o,o- Therefore 

79,0,0 + 75,2,2 > 276,0,0 > 76,0,0 + 74,2,0- (2) 

Moreover, Muirhead’s inequality combined with xyz > 1 gives us 77,5,0 > 75,5,2, 
277,5,0 > 276,5,1 > 275,4,0, 77,5,0 > 76,4,2 > 74,2,0, and 75,5,5 > ^2, 2, 2- Adding these 
four inequalities to (2) yields the desired result. 

6. A room will be called economic if some of its lamps are on and some are off. 
Two lamps sharing a switch will be called twins. The twin of a lamp l will be 
denoted by l. 

Suppose we have arrived at a state with the minimum possible number of un- 
economic rooms, and that this number is strictly positive. Let us choose any 
uneconomic room, say 7 ?q, and a lamp Zo in it. Let Iq be in a room R\ . Switch- 
ing Zo, we make Rq economic; therefore, since the number of uneconomic rooms 
cannot be decreased, this change must make room 7?i uneconomic. Now choose 
a lamp Zi in R\ having the twin Zi in a room R2. Switching Zi makes R\ economic, 
and thus must make R2 uneconomic. Continuing in this manner we obtain a se- 
quence Zo, Zi , . . . of lamps with Z, in a room /?, and It 7^ Z (+ i in 7?, + i for all i. The 
lamps Zo,Zi, . . . are switched in this order. This sequence has the property that 
switching Z, and h makes room /?,- economic and room 7?, + i uneconomic. 

Let R m = R/c with m > k be the first repetition in the sequence (/?,-). Let us stop 
switching the lamps at Z m _i. The room Rk was uneconomic prior to switching 
Ik- Thereafter, lamps Ik and l m -\ have been switched in Rk, but since these two 
lamps are distinct (indeed, their twins 4 and Z m _i are distinct), the room Rk is 
now economic, as well as all the rooms 7?o, R\ , • • • , R m - 1 - This decreases the 
number of uneconomic rooms, contradicting our assumption. 

7. Let v be the number of video winners. One easily finds that for v = 1 and v = 2, 
the number n of customers is at least 2k + 3 and 3k + 5 respectively. We prove 
by induction on v that if n > k+ 1, then n > (k + 2)(v+ 1) — 1 . 

Without loss of generality, we can assume that the total number n of customers 
is minimum possible for given v > 0. Consider a person P who was convinced 
by nobody but himself. Then P must have won a video; otherwise, P could be 
removed from the group without decreasing the number of video winners. Let 
Q and R be the two persons convinced by P. We denote by “to the set of persons 
influenced by P through Q to buy a sombrero, including Q, and by $ the set 
of all other customers excluding P. Let x be the number of video winners in c €. 
Then there are v — x— 1 video winners in $). We have if > (k + 2)(x+ 1) — 1, 
by the induction hypothesis if x > 0 and because Pisa winner if x = 0. Similarly, 
\9\ > (Jfc -f- 2) (v — jc) - 1. Thus n> 1 + (k+2)(x+ 1) - 1 + (Jt + 2)(v-x) - 1, 
i.e., n > (k + 2)(v+ 1) — 1. 
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8. Suppose that a two-sided m x n board T is considered, where exactly k of the 
squares are transparent. A transparent square is colored only on one side (then 
it looks the same from the other side), while a nontransparent one needs to be 
colored on both sides, not necessarily in the same color. 

Let C = C(T) be the set of colorings of the board in which there exist two black 
paths from the left edge to the right edge, one on top and one underneath, not 
intersecting at any transparent square. If k = 0 then |C| = N 2 . We prove by in- 
duction on k that 2 k \C\ < N 2 . This will imply the statement of the problem, since 
|C| :t= M for k = mn. 

Let q be a fixed transparent square. Consider any coloring B in C: If q is con- 
verted into a nontransparent square, a new board T' with k— 1 transparent 
squares is obtained, so by the induction hypothesis 2 k ~ l \C{T')\ < N 2 . Since 
B contains two black paths at most one of which passes through q, color- 
ing q in either color on the other side will result in a coloring in C'; hence 
|C(T , )| > 2|C(T)|, implying 2*|C(7’)| < N 2 and finishing the induction. 

Second solution. By a path we shall mean a black path from the left edge to 
the right edge. Let sY denote the set of pairs of m x n boards each of which 
has a path. Let SB denote the set of pairs of boards such that the first board 
has two nonintersecting paths. Obviously, \#Y\ =N 2 and ]SB] = 2 mn M. To prove 
\,sY\ > ]SB\, we will construct an injection / : SB — > s/Y ' . 

Among paths on a given board we define path x to be lower than y if the set of 
squares “under” x is a subset of the squares under y. This relation is a relation 
of incomplete order. However, for each board with at least one path there exists 
a lowest path (comparing two intersecting paths, we can always take the “lower 
branch” on each nonintersecting segment). Now, for a given element of SB, we 
“swap” the lowest path and all squares underneath on the first board with the 
corresponding points on the other board. This swapping operation is the desired 
injection /. Indeed, since the first board still contains the highest path (which 
didn’t intersect the lowest one), the new configuration belongs to sY . On the 
other hand, this configuration uniquely determines the lowest path on the original 
element of SB\ hence no two different elements of SB can go to the same element 
of szY . This completes the proof. 

9. Let [XT'] denote the label of segment XY, where X and Y are vertices of the 
polygon. Consider any segment MN with the maximum label [MN] = r. By 
condition (ii), for any 7) / M,N, exactly one of P,M and P t N is labeled by r. 
Thus the set of all vertices of the n-gon splits into two complementary groups: 
sY = {Pi | [PiM] = r} and SB = {Pi \ [P t N] = r}. We claim that a segment XY 
is labelled by r if and only if it joins two points from different groups. Assume 
without loss of generality that X e sY . If Y e sY , then [XM\ = [YM] = r, so 
[XY] < r. If Y e SB, then [XM\ = r and [YM] < r, so [XY] = r by (ii), as we 
claimed. 

We conclude that a labeling satisfying (ii) is uniquely determined by groups sY 
and SB and labelings satisfying (ii) within A and B. 
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(a) We prove by induction on n that the greatest possible value of r is n — 1 . 
The degenerate cases n = 1, 2 are trivial. If n > 3, the number of different 
labels of segments joining vertices in s3 (resp. 38) does not exceed .<3 1 — 1 
(resp. \S8\ — 1), while all segments joining a vertex in s3 and a vertex in 38 
are labeled by r. Therefore r < (\.<3\ — l) + {\38\ — 1) + 1 = n — 1. Equality 
is achieved if all the mentioned labels are different. 

(b) Let a n be the number of labelings with r = n — 1. We prove by induction 

that a n = . This is trivial for n 1, so let n > 2. If \s3\ = k is fixed, 

the groups s3 and 38 can be chosen in (") ways. The set of labels used 
within .<3 can be selected among 1,2, ... ,n —2 in (" k _ j) ways. Now the 
segments within groups .<3 and 38 can be labeled so as to satisfy (ii) in 
and a n -k ways, respectively. In this way, every labeling has been counted 
twice, since choosing s3 is equivalent to choosing 38. It follows that 


a„ 





2(n-l ) ^ kl(k-i)! ' {n-k)\{n-k- 1 )! 

n!(n — 1)! y, 1 1 1 _n\(n- 1)! 

2 ( n — 1 ) " 2 F ^ ' 2 n - k - 1 ~ 2"- 1 ' 


10. Denote by L the leftmost and by R the rightmost marker. To start with, note that 
the parity of the number of black-side-up markers remains unchanged. Hence, if 
only two markers remain, these markers must have the same color up. 

We shall show by induction on n that the game can be successfully finished if 
and only if n = 0 or n = 2 (mod 3), and that the upper sides of L and R will be 
black in the first case and white in the second case. 

The statement is clear for n = 2,3. Assume that we have finished the game for 
some n, and denote by k the position of the marker X (counting from the left) that 
was last removed. Having finished the game, we have also finished the subgames 
with the k markers from L to X and with the n — k + 1 markers from X to R 
(inclusive). Thereby, before X was removed, the upper side of L had been black 
if k = 0 and white if k = 2 (mod 3), while the upper side of R had been black if 
n — k+ 1 = 0 and white if n — k+ 1 = 2 (mod 3). Markers L and R were reversed 
upon the removal of X. Therefore, in the final position, L and R are white if and 
only if k = n~k+l =0, which yields n = 2 (mod 3), and black if and only if 
k = n — k+ 1 = 2, which yields n = 0 (mod 3). 

On the other hand, a game with n markers can be reduced to a game with n — 3 
markers by removing the second, fourth, and third markers in this order. This 
finishes the induction. 

Second solution. An invariant can be defined as follows. To each white marker 
with k black markers to its left we assign the number (— 1 ) k . Let S be the sum of 
the assigned numbers. Then it is easy to verify that the remainder of S modulo 
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3 remains unchanged throughout the game: For example, when a white marker 
with two white neighbors and k black markers to its left is removed, S decreases 
by 3(-l) f . 

Initially, S = n. In the final position with two markers remaining, S equals 0 if 
the two markers are black and 2 if these are white (note that, as before, the two 
markers must be of the same color). Thus n = 0 or 2 (mod 3). 

Conversely, a game with n markers is reduced to n — 3 markers as in the first 
solution. 

11. Assume that there were n contestants, a, of whom solved exactly i problems, 

where ao H b as = n. Let us count the number N of pairs (C, P), where con- 

testant C solved the pair of problems P. Each of the 15 pairs of problems was 
solved by at least contestants, implying N > 15 • = 6n + 3. On the 

other hand, a, students solved I<1 n 1 ^ pairs; hence 

6n + 3 < N < 02 + 3«3 + 6a4 + lOas = 6n + 4 a 5 — (3aj + 5ci2 + 6a\ + 6ao). 

Consequently > 1. Assume that = 1. Then we must have N = 6n + 4, 
which is possible only if 14 of the pairs of problems were solved by exactly 
students and the remaining one by _|_ ] students, and all students but 
the winner solved 4 problems. 

The problem t not solved by the winner will be called tough and the pair of 
problems solved by + ] students special. 

Let us count the number M p of pairs (C. P) for which P contains a fixed problem 
p. Let b p be the number of contestants who solved p. Then M t = 3 b t (each of 
the b t students solved three pairs of problems containing r), and M p = 3 b p + 1 
for p^t (the winner solved four such pairs). On the other hand, each of the five 
pairs containing p was solved by or ] students, so M p = 2n + 2 if 

the special pair contains p, and M p =2n+l otherwise. 

Now since M t = 3b t = 2n + 1 or 2 n + 2, we have 2n + 1 = 0 or 2 (mod 3). But 
if p 7b t is a problem not contained in the special pair, we have M p = 3 b p + 1 = 
2n + 1; hence 2« + 1 = 1 (mod 3), which is a contradiction. 

12. Suppose that there exist desired permutations a and % for some sequence 
a\,. . . .a„. Given a sequence (&,■) with sum divisible by n that differs modulo n 
from (a,) in only two positions, say i\ and h, we show how to construct desired 
permutations o' and t' for sequence (£>,•). In this way, starting from an arbitrary 
sequence (a,-) for which a and x exist, we can construct desired permutations for 
any other sequence with sum divisible by n. All congruences below are modulo 
n. 

We know that a(i) + x(i) = bt for all i ^ i\,h- We construct the sequence 
it ,hP 3 , ■ ■ ■ as follows: for each k> 2, 4+1 is the unique index such that 


c(4-i) + t(4+i) = bt k . (1) 

Let i p = i q be the repetition in the sequence with the smallest q. We claim that 
p = 1 or p = 2. Assume to the contrary that p >2. Summing ( 1 ) for k = p, p + 1 , 
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1 and taking the equalities a (z*) + t( 4) = bj k for i* ^ 1*1,12 into account, 
we obtain cj(tp_i) + (7(jp) + T(i 9 _i) + T(t 9 ) = h p +h 9 _i. Since z 9 = z' p , it follows 

that cr (ip 1 ) + T(i q - 1) = and therefore i p - \ = i q - \ , a contradiction. Thus 

p = 1 or p = 2 as claimed. 

Now we define the following permutations: 

o'(i k ) =<7(i it _ 1 )forfc = 2,3,...,tf-l and 

*'(**) = t(/*+i) fork = 2, 3,...,^— 1 and T '(*t) = | ^(/j) if p = 2; 
a'(i) = a(i) and t'(z) = t(z) for / 0 {ti,. . . ,t 9 _i}. 

Permutations o' and x' have the desired property. Indeed, o'(f) + x'(i) = h, ob- 
viously holds for all z ^ z} , but then it must also hold for i = i\ . 

13. For every green diagonal d, let C d denote the number of green-red intersection 
points on d. The task is to find the maximum possible value of the sum C d 
over all green diagonals. 

Let di and dj be two green diagonals and let the part of polygon M lying between 
di and dj have m vertices. There are at most n — m—l red diagonals intersecting 
both dj and dj, while each of the remaining m — 2 diagonals meets at most one 
of di,dj. It follows that 

Q; + C dj <2(n-m—l)+(m — 2) = 2n-m-4. (1) 

We now arrange the green diagonals in a sequence d\,d 2 ,-- 3 as follows. 

It is easily seen that there are two green diagonals d\ and di that divide M into 
two triangles and an (n — 2)-gon; then there are two green diagonals t/3 and c/4 
that divide the (n — 2)-gon into two triangles and an (n — 4)-gon, and so on. We 
continue this procedure until we end up with a triangle or a quadrilateral. Now, 
the part of M between dok - 1 and djk has at least n — 2k vertices for 1 < k < 
r, where n — 3 = 2 r+e, e e {0,1}; hence, by (1), Q 2yfc l + Q 2J , < n + 2k — 4. 
Moreover, Q n 3 < n — 3. Summing yields 

C dl + C dl -| + C dn 3 < T 7 . (n + 2k — 4) + e(n — 3) 

k= 1 

= 3r 2 + e (3 r+ l) = ^( M _ 3 ) 2 j. 

This value is attained in the following example. Let A1A2 . . .A„ be the rc-gon M 
and let / = [§] + 1. The diagonals A\Ai, i = 3, . . . ,/, and A[Aj, j = l + 2, . . . ,n 
are colored green, whereas the diagonals A2A;, i = l +].... ,n, and A/ + |Ay, j = 
3, ...,/— 1 are colored red. 

Thus the answer is [~|(n — 3) 2 ] . 

14. Let F be the point of tangency of the incircle with AC and let M and N be the 
respective points of tangency of AB and BC with the corresponding excircles. If 
I is the incenter and I a and P respectively the center and the tangency point with 
ray AC of the excircle corresponding to A, we have jp = jp = Tp = which 
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implies that A AIL ~ AAl a N. Thus L lies on AN, and analogously K lies on CM. 
Define x = AF and y = CF. Since BD = BE, AD = BM = x, and CE = BN = 
y, the condition AB + BC = 3 AC gives us DM = y and EN = x. The triangles 
CLN and MKA are congruent since their altitudes KD and LE satisfy DK = EL, 
DM = CE, and AD = EN. Thus ZAKM = /.CLN, implying that ACRE is cyclic. 

15. Let P be the fourth vertex of the rhombus C 2 A 1 A 2 P. Since AC 2 PC 1 is equilateral, 
we easily conclude that B 1 B 2 C 1 P is also a rhombus. Thus APBiAj is equilateral 
and /(C 2 Ai,CiB 2 ) = ZA 2 PB\ = 60°. It easily follows that AAC\B 2 = ABA 1 C 2 
and consequently AC\ = BA\, similarly, BA \ = CB\. Therefore triangle A\B\C\ 
is equilateral. Now it follows from B\B 2 = B 2 C 1 that A \ B 2 bisects ZC\A \B\. 
Similarly, B\C 2 and C 1 A 2 bisect ZA\B\C\ and /B\C\A \ ; hence A\B 2 , B\C 2 , 
C 1 A 2 meet at the incenter of A \B\ Ci , i.e. at the center of ABC. 

16. Since ZADL = /KBA = 180° - \ZBCD and ZALD = \/AYD = ZKAB, trian- 
gles ABK and EDA are si mi lar. Thus |§ = = ^ = ^> which together with 

Z i n c = ZCBK gives us A LDC ~ A CBK. Therefore ZKCL = 360° - ZBCD - 
(Z LCD + ZKCB) = 360° - ZBCD - ( ZCKB + ZKCB) = 180° - ZCBK, which 
is constant. 


17. To start with, we note that points B,E,C are the images of D, F.A respect- 
ively under the rotation around point O for the angle 0 ) = ZDOB, where O is 
the intersection of the perpendicular bisectors of AC and BD. Then OE = OF 
and ZOFE = ZOAC = 90 — hence the points A,F,R,0 are on a circle 
and ZORP = 180° — ZOFA. Analogously, the points B,E,Q,0 are on a cir- 
cle and ZOQP = 180° - ZOEB = ZOEC = ZOFA. This shows that ZORP = 
180° — ZOQP, i.e. the point O lies on the circumcircle of A PQR, thus being the 
desired point. 


18. Let O and 0\ be the circumcenters of triangles ABC and ADE, respectively. 
It is enough to show that HM || OO 1 . Let AA' be the diameter of the cir- 
cumcircle of ABC. We note that if B \ is the foot of the altitude from B, then 
HE bisects ZCHB\. Since the triangles COM and CHB\ are similar (indeed, 
ZCHB= ZCOM= ZA), we have ^ ^ ^ = %. 

Thus, if Q is the intersection point 
of the bisector of ZA'AH with HA 1 , 
we obtain which together 

with A'C A AC and HB\ _L AC gives 
us QE _L AC. Analogously, QD A AB. 

Therefore AQ is a diameter of the cir- 
cumcircle of AADE and 0\ is the mid- 
point of AQ. It follows that 00\ is the 
line passing through the midpoints of 
AQ and AA'\ hence OOi \\HM. 



Second solution. We again prove that 00\ || HM. Since AA ' = 2 AO, it suffices 
to prove AQ = 2AO\ . 
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Elementary calculations of angles give us ZADE = ZAED = 90° — Applying 

the law of sines to ADAH and AEAH we now have DE = DH+EH = AHco *P + 

C0S T 

A cos Since AH = 2 OM = 2/fcosa, we obtain 

_ DE _ AH(cosj3 +cosy) _ 27?coso:sinf cos(^) 

1 2sina 2sinoccos§ sinoccosf 

We now calculate AQ. Let N be the intersection of AQ with the circumcircle. 
Since AN AO = we have AW = 27?cos(^). Noting that A QAH ~ A QNM 

(and that MN = R — OM), we have 

AN -AH 27?cos(£^) • 2cosoc 27?cos(^^)cosa 
AQ = MN+AH = 1+cosa ~~ ~~ 

1 9 . We denote by D ,E, F the points of tan- 

gency of the incircle with BC, CA,AB, 
respectively, by I the incenter, and by 
Y' the intersection of AX and LY . Since 
EF is the polar line to the point A 
with respect to the incircle, it meets 
AL at point R such that A,R,K,L are 
conjugate, i.e., = ^. Then = 

an d therefore LY = 

LY, where Y is the intersection of XR 
and LY. Thus showing that LY = LY' 

(which is the same as showing that PM = MQ, i.e., CP = QB ) is equivalent to 
showing that XY contains R. Since XKYL is an inscribed trapezoid, it is enough 
to show that R lies on its axis of symmetry, that is, Dl. 

Since AM is the median, the triangles ARB and ARC have equal areas, and since 
Z{RF,AB) = Z{RE,AC ) we have that 1 = = ggfg. Hence $ = ff . 

Let I' be the point of intersection of the line through F parallel to IE with the 
line IR. Then jfr = w: = XTj anc ^ ZJ'FI = ZBAC (angles with orthogonal rays). 
Thus the triangles ABC and FI I' are similar, implying that ZFII' = ZABC. Since 
ZFID = 180° — ZABC, it follows that R,I, and D are collinear. 

20. We shall prove the inequalities p(ABC ) > 2 p(DEF) and p{PQR) > \p(DEF). 
The statement of the problem will immediately follow. 

Let Db and D, be the reflections of D in AB and AC, and let A\.B\ ) C\ be 
the midpoints of BC,CA,AB, respectively. It is easy to see that Db,F,E,D c are 
collinear. Hence p{DEF ) =DbF+FE + ED c =DbD c < DbC\ +C\B\ + B \ D, = 
2 (AB + BC + CA) = \p{ABC). 

To prove the second inequality we observe that P, Q, and R are the points of 
tangency of the excircles with the sides of A DEF. Let FQ = ER = x, DR = 
FP = y, and DQ = EP = z, and let 5, e, (p be the angles of A DEF at D,E,F, 


cos 2 ^ 
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respectively. Let Q' and R' be the projections of Q and R onto EF, respectively. 
Then QR > Q'R' = EF — FQ' — R'E = EF — x(cos (p + cose). Summing this 
with the analogous inequalities for FD and DE, we obtain 

p{PQR) > p(DEF)—x(cos(p+cos£)—y(cos8 + cos<p) — z(cos5 +cose). 

Assuming without loss of generality that x < y < z, we also have DE <FD<FE 
and consequently cos tp + cose > cos 8 + cos (p > cos 5 +cose. Now Cheby- 
shev’s inequality gives us p(PQR) > p(DEF) — | (x + y + z) (cos e + cos <p + 
cos 5) > p(DEF) — (x+y+z) = \p{DEF), where we used x+y+z = \p{DEF) 
and the fact that the sum of the cosines of the angles in a triangle does not exceed 
|. This finishes the proof. 

21. We will show that 1 is the only such number. It is sufficient to prove that for 
every prime number p there exists some a m such that p\a m . For p = 2,3 we 
have p | 02 = 48. Assume now that p > 3. Applying Fermat’s theorem, we have 

6a p -2 = 3 • 2 p ~ l + 2 ■ 3 P_1 + 6 P ~ 1 — 6 = 3 + 2+ l — 6 = 0 (mod p). 

Hence p \ a p - 2 , i.e. gcd(p.a p -2) =p>\. This completes the proof. 

22. It immediately follows from the condition of the problem that all the terms of 
the sequence are distinct. We also note that |a,- — a n \ < n — 1 for all integers i,n 
where i < n, because if d = a,- — a n \ > n then {ai, . . . ,a<*} contains two elements 
congruent to each other modulo d, which is a contradiction. It easily follows 
by induction that for every n £ N the set {a\, . . . ,a n } consists of consecutive 
integers. Thus, if we assumed that some integer k did not appear in the sequence 
a 1 , 02 , . . ■ , the same would have to hold for all integers either larger or smaller 
than k, which contradicts the condition that infinitely many positive and negative 
integers appear in the sequence. Thus, the sequence contains all integers. 

23. Let us consider the polynomial 

p(x) = (x + a) (x + b) (x + c) - (x - d) (x - e) {x - f) = Sx 1 + Qx + R, 

where Q = ab + bc + ca — de — ef— fd and R = abc + def. 

Since S \ Q,R, it follows that S \ P(x) for every x e Z. Hence, S \ P(d) = (d + 
a)(d + b)(d + c). Since S > d + a, d + b, d + c and thus cannot divide any of 
them, it follows that S must be composite. 

24. We will show that n has the desired property if and only if it is prime. 

For n = 2 we can take only a = 1. For n > 2 and even, 4 | n!, but a n + 1 = 
1,2 (mod 4), which is impossible. Now we assume that n is odd. Obviously 
(«! — 1)"+ 1 = (— 1)”+ 1 = 0 (modn!). If n is composite and d its prime divisor, 
then — l)" + l = X”=i © 7 /F > where each summand is divisible by n\ because 
d 2 | «!; therefore n ! divides (7 — l)™ + L Thus, all composite numbers are ruled 
out. 

It remains to show that if n is an odd prime and n\ \ a n + 1, then n! | a + 1, and 
therefore a = n\ — 1 is the only relevant value for which n\ \ a n + 1. Consider any 
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prime number p < n. If p \ ^y±y , we have p \ {—a) n — 1 and by Fermat’s theorem 
p | (— a) p ~ l — 1. Therefore p \ (—a)^ p ~ v> — 1 = — a — 1, i.e. a = — 1 (mod p). 

But then ^y = a" -1 — a n ~ 2 H a + 1 n (mod p), implying that p = n. It 

follows that is coprime to (n — 1) ! and consequently (n — 1) ! divides a + 1. 
Moreover, the above consideration shows that n must divide a + 1 . Thus n ! | a + 1 
as claimed. This finishes our proof. 

25. We will use the abbreviation HD to denote a “highly divisible integer.” Let 
n = 2 a2 W3“ 3 (”) • • • p a r (n > be the factorization of n into primes. We have d(n) = 
( 0.2 (n) + 1) • • • ( a p (n ) + 1). We start with the following two lemmas. 

Lemma 1. If n is an HD and p, q primes with p k < q l ( k , / G N), then 


ka q (n ) < la p (n) + ( k+ 1 )(/- 1). 


Proof The inequality is trivial if a q (n) < l. Suppose that a q (ri) > l. Then 
np k /q l is an integer less than q, and d(np k /q l ) < d(n), which is equivalent 
to ( a q (n ) + 1 )(« p («) + 1) > (« ? (n) - 1 + f){a p (n) + k+ 1) implying the 
desired inequality. 

Lemma 2. For each p and k there exist only finitely many HD’s n such that 
a p (n) < k. 

Proof. It follows from Lemma 1 that if n is an HD with a p (n) < k, then a q (n ) 
is bounded for each prime q and a q (n) = 0 for q > p k+ 1 . Therefore there 
are only finitely many possibilities for n. 

We are now ready to prove both parts of the problem. 

(a) Suppose that there are infinitely many pairs (a, b) of consecutive HD’s with 
a | b. Since d(2a) > d(a), we must have b = 2a. In particular, d(s) < d(a) 
for all s < 2a. All but finitely many HD’s a are divisible by 2 and by 3 7 . 
Then d(Sa/9) < d(a) and d(3a/2) < d(a) yield 

( 012 (a) +4)(oc 3 (a) - 1) < (a2(a) + l)(«3(a) + 1) => 3 oc 3 (a )-5 < 2oc 2 («), 
012 (a) ( 013 (a) +2) < (a 2 (a) + l)(«3(«) + 1) =>■ « 2 (u) < 0:3(0) + 1. 

We now have 20 . 3 (a) — 5 < 20 . 2 (a) < 20 . 3 (a) + 2 => a 3 (a) < 7, which is a 
contradiction. 

(b) Assume for a given prime p and positive integer k that n is the smallest HD 
with a p > k. We show that is also an HD. Assume the opposite, i.e., that 
there exists an HD m < ^ such that d(m) >d(^). By assumption, m must 
also satisfy a p (m) + 1 < o. p (n). Then 



contradicting the initial assumption that n is an HD (since mp < n). This 
proves that | is an HD. Since this is true for every positive integer k, the 
proof is complete. 
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26. Assuming b^a, it trivially follows that b > a. Let p > b be a prime number and 
letn = (a+\){p— 1) + 1. We note that n = 1 (mod p— 1) and«= —a (mod p). It 
follows that r" = r- (r p ~‘ ) a+] = r (mod p) for every integer r. We now have a n + 
n = a — a = 0 (mod p) . Thus, a n + n is divisible by p, and hence by the condition 
of the problem b n + n is also divisible by p. However, we also have b n + n = 
b — a (mod p), i.e., p \ b — a, which contradicts p>b. Hence, it must follow that 
b = a. We note that b = a trivially fulfills the conditions of the problem for all 
ae N. 

27. Let p be a prime and k < p an even number. We note that (p — k)\(k — 1)! = 
H )*” 1 (p - k)\{p - k+ 1) • • • {p - 1) = (-1 ) k ~\p - 1) ! = 1 (mod p) by Wil- 
son’s theorem. Therefore 

(k— l)\ n P((p — k)l) = I'U ai [(k - 1) !]"-'l(p -k)\(k-l ) !]' 

= Ui=o a i[(k— tsffi” ‘ = S((k- 1 )!) (mod p), 

where S(x) = a n +a n - \x-\ b uqx" . Hence p \ P((p — k)\) if and only if p \ 

S{{k— 1)!). Note that S((k — 1)!) depends only on k. Let k > 2 a„ + 1. Then, 
s = (k — 1 ) ! I a n is an integer that is divisible by all primes smaller than k. Hence 
S{{k— 1)!) = a n bk for some b^ = 1 (mod s). It follows that b^ is divisible only by 
primes larger than k. For large enough k we have \bk\ > 1. Thus for every prime 
divisor p of b^ we have p\P((p — k)\). 

It remains to select a large enough k for which | P{{p — k) !)| > p. We take k = 
(q— 1)!, where q is a large prime. All the numbers k + i fori = 1 , 2, .... <7 — 1 are 
composite (by Wilson’s theorem, q\k+\). Thus p = k + q + r, for some r > 0. 
We now have ^((p — k)!)| = |F((^ + r)!)| > {q + r) \ > (q— 1)! +q + r= p, for 
large enough q, since n = deg P > 2. This completes the proof. 

Remark. The above solution actually also works for all linear polynomials P 
other than P(x) = x + ao- Nevertheless, these particular cases are easily handled. 
If \ao\ > 1, then P(m\) is composite for m > |«oU whereas P(x) = x+ 1 and 
P(x) = x — 1 are both composite for, say, x = 5 ! . Thus the condition n > 2 was 
redundant. 
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1. If ao > 0 then a, > 0 for each i and [a,+i] < a t+ \ = [a,-] {a,} < [a,] unless [a,] = 0. 
Eventually 0 appears in the sequence [a,] and all subsequent a^’s are 0. 

Now suppose that ao < 0; then all a/ < 0. Suppose that the sequence never 
reaches 0. Then [a,-] < — 1 and so 1 + [a, + i] > a,-+i = [a;]{a,-} > [a;], so the se- 
quence [a,] is nondecreasing and hence must be constant from some term on: 
[a,-] = c < 0 for i > n. The defining formula becomes a,+i = c{a,} = c(a,- — c), 
which is equivalent to fe i+ i = cbu where b t = a,- — /— p Since {b{) is bounded, 
we must have either c = — 1, in which case a i+ i = —a, — 1 and hence a ,- + 2 = a,-, 
or bi = 0 and thus a* = /— j- for all i > n. 

2. We use induction on «. We have a\ = 1/2; assume that n > 1 and a \ , . . . , a n > 0. 
The formula gives us (n -(- 1)£J” =1 m -k+ 1 = 1- Writing this equation for n and 
n + 1 and subtracting yields 


(« + 2)a n+ \ = Y, 
k= 1 


n+1 


n + 2 


n-ife+l ra-&+2 


which is positive, as is the coefficient at each a*.. 

Remark. Using techniques from complex analysis such as contour integrals, one 
can obtain the following formula for n > 1 : 


a n 


r dx 

Ji x n (^ 2 + ln 2 (x— 1)) 


>0. 


3. We know that c„ = ^ — , where (j> = 1+ 2 V ^ and y/ = 1 ^ are the roots of 

t 2 — t — 1 . Since c„_ 1 /c n — *• — y/, taking a = y/ and j8 = 1 is a natural choice. For 
every finite set J C N we have 


-1 = £ yr 2n+1 <yfx+y=^yf J 1 < £ yr 2n = (j). 

n = 0 jeJ n = 0 

Thus m = — 1 and M = (j> is an appropriate choice. We now prove that this choice 
has the desired properties by showing that for any rjgN with — 1 <K = xyr + 
y <<\>, there is a finite set J C N such that K = Y^jeJ V // - 

Given such K, there are sequences i\ < • • • < i k with y/ l] H 1- y/‘ i: = K (one 

such sequence consists of y zeros and x ones). Consider all such sequences of 
minimum length n. Since y/ m + yf m+1 = yr m+1 , these sequences contain no two 
consecutive integers. Order such sequences as follows: If i k = jk for 1 < k < t and 
it < j t , then (i r ) -< (j r ). Consider the smallest sequence (*V)" =1 in this ordering. 
We claim that its terms are distinct. Since 2y/ 2 = 1 + y/ 3 , replacing two equal 
terms m, m by m — 2, m + 1 for m > 2 would yield a smaller sequence, so only 0 or 
1 can repeat among the i r . But i t = i t +\ = 0 imphes y/‘ r >2 + 5X =0 y/ 2k+3 = <p, 
while i t = i t + 1 = 1 similarly implies W‘ r < — 1. so both cases are impossible, 
proving our claim. Thus J = {ii , . . . , i n } is a required set. 
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4. Since ^ = ^(a + b— the left hand side of the desired inequality 

equals 

n 1 1 ( 'o-i Cl fj 

1 A Zu ak ~ TisSj 


A = X; 


i<j a i + a j - k 

The righthand side of the inequality is equal to 


a, +aj 


B _n I ajOj _ n- 1 1 ^ (a,- - aj) 2 


2 I a k 


lak 


Now A < B follows from the trivial inequality £ ^a +a- — X ^ • 

5. Let* = \fb+\fc— \fa, y = y/c+y/a— \fb , and z= v / a+ v^— -^/c. All of these 
numbers are positive because ci,b,c are sides of a triangle. Then b + c — a = 
x 2 — \{x — y){x — z) and 


Vb + c-a / (*-y)(y-z) (x-y)(x-z) 

Vb + ^-^d V 2v 2 - 4x 2 

Now it is enough to prove that 

*“ 2 0 - j) (* - z) + J“ 2 (y - z)4r - x) + z“ 2 (z -x){z-y)> 0, 


which directly follows from Schur’s inequality. 

6. Assume, without loss of generality, that a> b > c. The lefthand side of the 
inequality equals L = (a — b)(b — c)(a — c)(a + b + c). From ( a — b)(b — c ) < 
\{a — c) 2 we get L < j(a — c) 3 |a + & + c|. The inequahty (a — c) 2 < 2 (a — b) 2 + 
2{b — c) implies ( a — c) 2 < | [(a — b) 2 + (b — c) 2 +(a — c) 2 ] . Therefore 

Li ^/ («- i .) ; + (i.-c)^ + (a-c)V /2 (o + i + c) 


Finally, the mean inequality gives us 


L< \/l na-b) 2 +{b-c) 2 +{a-c) 2 +{a + b + c) 


2 V 

=^v +< ?+<>?. 


Equality is attained if and only if a — b = b — c and (a — b) 2 + (b — c) 2 + (a — 
c) 2 = 3 (a + b + c) 2 , which leads to a = ^1 + j b and c = (l — ^jb. Thus 

M = ^r- 

Second solution. We have L = \ (a — b) (b — c) (c — a) (a + b + c) \ . Without loss 
of generality, assume that a + b + c = 1 (the case a + £ + c = 0is trivial). The 
monic cubic polynomial with roots a — b,b — c, and c — a is of the form 
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P{x) = x 3 +qx + r, q = ^-^(a 2 + b 2 + c 2 ), r = -{a-b){b - c){c- a). 

Then M 2 = max r 2 / . Since P(x) has three real roots, its discrimi- 

nant (q/ 3) 3 + (r/2) 2 must be positive, so r 2 > — jjq 2 . Thus M 2 < f(q) = 
(^T 2 ) ' The f unct i° n / attains its maximum 3 4 /2 9 at q = —3/2, so 
M < ^r. The case of equality is easily computed. 

Third solution. Assume that a 2 + b 2 + c 2 = 1 and write u = (a + b + c)/ y/3, v = 
(a + eb- \- e 2 c) / \/3, w = (a + e 2 b + ec) /\/3, where e = e 2m / 3 . Then analogous 
formulas hold for a,b,c in terms of u, v, w, from which one directly obtains \u\ 2 + 
|v| 2 + |w| 2 = a 2 + b 2 + c 2 = 1 and 

a + b + c = y/3u, \a — b\ = |v — ew|, \a — c| = |v — e 2 w|, \b — c\ = \v — w\. 

ThusL = -\/3 |m| | v 3 — w 3 1 < -\/3 |m|(|v| 3 + |w| 3 ) < ^/||m| 2 (1 — |m| 2 ) 3 < It is 
easy to trace back a, b, c to the equality case. 

7. (a) We show that for n = 2 k all lamps will be switched on in n 1 steps and 

off in n steps. For k = 1 the statement is true. Suppose it holds for some k 
and let n = 2 k+l \ define L = {L\ ,...,L 2 k} and R = {L 2 k + [, . . . ,L 2 k+i}. The 
first 2 k — 1 steps are performed without any influence on or from the lamps 
from R; thus after 2* — 1 steps the lamps in L are on and those from R are 
off. After the 2 fc th step, L 2 k and L 2 k +l are on and the other lamps are off. 
Notice that from now on, L and R will be symmetric (i.e., L, and T 2 *+' 
will have the same state) and will never influence each other. Since R starts 
with only the leftmost lamp on, in 2 k steps all its lamps will be off. The 
same will happen to L. There are 2 k + 2 k = 2 k+x steps in total. 

(b) We claim that for n = 2 k + 1 the lamps cannot be switched off. After the 
first step, only L\ and Li are on. According to (a), after 2 k — 1 steps all 
lamps but L„ will be on, so after the 2*th step all lamps will be off except 
for L„_ i and L n . Since this position is symmetric to the one after the first 
step, the procedure will never end. 

8. We call a triangle odd if it has two odd sides. To any odd isosceles triangle 
AiAjAk we assign a pair of sides of the 2006-gon. We may assume that k — j = 
j — i > 0 is odd. A side of the 2006-gon is said to belong to triangle AiAjA ^ 
if it lies on the polygonal line A;A i+ i . . .A*. At least one of the odd number of 
sides AjAj + i , . . . ,Aj-\Aj and at least one of the sides AjAj+i , . . . .A/,- \A^ do not 
belong to any other odd isosceles triangle; assign those two sides to AAjAyA^. 
This ensures that every two assigned pairs are disjoint; therefore there are at 
most 1003 odd isosceles triangles. 

An example with 1003 odd isosceles triangles can be attained when the diagonals 
Aik^2k+2 are drawn for k = 0, . . . , 1002, where Aq = A2006- 

9. The number c(P) of points inside P is equal ton — a(P) — b(P), where n = |S|. 
Writing y = 1 — x, the considered sum becomes 


4.47 Shortlisted Problems 2006 745 


p 


Here the coefficient at k is the sum Y,p vm) , which equals the number 
of pairs (P,Z) of a convex polygon P and a ^-element subset Z of S whose con- 
vex hull is P, and is thus equal to (£) . Now the required statement immediately 
follows. 

10. Denote by S^(P) the number of strawberries of arrangement sY inside rectangle 
R. We write ,cY < 98 if for every rectangle Q containing the top left comer O we 
have S^(Q) > S_ V /{Q). In this ordering, every switch transforms an arrangement 
to a larger one. Since the number of arrangements is finite, it is enough to prove 
that whenever sY < 9& there is a switch taking .<9 to c <% with Z 5 < 98. Consider 
the highest row t of the cake that differs in s9 and 98 \ let X and Y be the positions 
of the strawberries in t in sY and 98 respectively. Clearly Y is to the left from 
X and the strawberry of sY in the column of Y is below Y. Now consider the 
highest strawberry X' of sY below t whose column is between X and Y (including 
Y). Let s be the row of X'. Now switch X ,X' to the other two vertices Z,Z' of 
the corresponding rectangle, obtain- 
ing an arrangement Z\ We claim 
that Z 7 < 98. It is enough to ver- 
ify that S<ff(Q) < Sag(Q) for those 
rectangles Q = OMNP with N ly- 
ing inside XZX'7! . Let Q' = OMNiPi 
be the smallest rectangle contain- 
ing X. Our choice of s ensures that 

MG) = MG') > Mg') ^ ‘W)’ 

as claimed. 

11. Let q be the largest integer such that 2 q \ n. We prove that an (n,k) -tournament 
exists if and only if k < 2 q . 

The first l rounds of an (n. ^(-tournament form an (n,l) -tournament. Thus it is 
enough to show that an (n,2 q — l)-toumament exists and an (n,2 q ) -tournament 
does not. 

If n = 2 q , we can label the contestants and rounds by elements of the additive 
group Z|. If contestants x and x + j meet in the round labeled j, it is easy to 
verify the conditions. If n = 2 q p, we can divide the contestants into p disjoint 
groups of 2 q and perform a (2 q ,2 q — 1) -tournament in each, thus obtaining an 
(«, 2 q — 1) -tournament. 

For the other direction let % be the graph of players with edges between any two 
players who met in the first i rounds. We claim that the size of each connected 
component of 6$ is a power of 2. For i = 1 this is obvious; assume that it holds 
for i. Suppose that the components C and D merge in the (i + l)th round. Then 
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some c GC and d GD meet in this round. Moreover, each player in C meets a 
player in D. Indeed, for every c' GC there is a path c = Co, ci , . . . , = c' with 

CjCj + 1 G ( $i, then if dj is the opponent of cj in the (i + l)th round, condition (ii) 
shows that each d jdj+i belongs to so <4 G D. Analogously, all players in D 
meet players in C, so |C| = |D|, proving our claim. Now if there are 2 q rounds, 
every component has size at least 2 q + 1 and is thus divisible by 2 ?+1 , which is 
impossible if 2 q+l \ n. 

12. Let U and D be the sets of upward and downward unit triangles, respectively. 
Two triangles are neighbors if they form a diamond. For A C D, denote by F(A) 
the set of neighbors of the elements of A. 

If a holey triangle can be tiled with diamonds, in every upward triangle of side Z 
there are Z 2 elements of D, so there must be at least as many elements of U and 
at most Z holes. 

Now we pass to the other direction. It is enough to show the condition (ii) of 
the marriage theorem: For every set X c D we have |F(X)| > |X|. Assume the 
contrary, that |F(X)| < X for some set X. Note that any two elements of D 
with a common neighbor must share a vertex; this means that we can focus 
on connected sets X. Consider an upward triangle of side 3. It contains three 
elements of D\ if two of them are in X, adding the third one to X increases F(X) 
by at most 1, so |F(X)| < X still holds. Continuing this procedure, we will end 
up with a setX forming an upward subtriangle of T and satisfying |F(X)| < |X|, 
which contradicts the conditions of the problem. This contradiction proves that 
|F(X)| > |X| for every set X, and an application of the Hall’s marriage theorem 
establishes the result. 

13. Consider a polyhedron PZ with v vertices, e edges, and / faces. Consider the 
map o to the unit sphere S taking each vertex, edge, or face x of PZ to the set 
of outward unit normal vectors (i.e., points on S ) to the support planes of 8Z 
containing x. Thus cr maps faces to points on S, edges to shorter arcs of big 
circles connecting some pairs of these points, and vertices to spherical regions 
formed by these arcs. These points, arcs, and regions on S form a “spherical 
polyhedron” . 

We now translate the conditions of the problem into the language of S? . Denote 
by x the image of x through reflection with the center in the center of S. No edge 
of 8Z being parallel to another edge or face means that the big circle of any edge 
e of S? does not contain any vertex V nonincident t o e. Al so note that vertices A 
and B of ^ are antipodal if and only if a (A) and o(B) intersect, and that the 
midpoints of edges a and b are antipodal if and only if a (a) and o(b) intersect. 
Consider the union & of ‘S and . The faces of & are the intersections of faces 
of Sf and Z#, so their number equals 2A. Similarly, the edges of and <0 have 2 B 
intersections, so & has 2e+4B edges and 2f+2B vertices. Now Euler’s theorem 
for & gives us 2e + 4B + 2= 2A + 2/ + 2B, and therefore A — B = e — f+ 1. 

14. The condition of the problem implies that ZPBC + ZPCB = 90° — a/2, i.e., 
ZBPC = 90° + a/2 = ZBIC. Thus P lies on the circumcircle co of ABCI. It is 


4.47 Shortlisted Problems 2006 747 


well known that the center M of (0 is the second intersection of AI with the cir- 
cumcircle of AABC. Therefore AP > AM — MP = AM — MI = AI, with equality 
if and only if P = I. 

15. The relation AK/KB = DL/LC implies that AD, BC, and KL have a common 
point O. Moreover, since /APB = 180° — /ABC and /DQC = 180° — /BCD, 
line BC is tangent to the circles APB and CQD. These two circles are homothetic 
with respect to O, so if OP meets circle APB again at P' , we have /PQC = 
/PP'B = /PBC, showing that P. Q,B,C lie on a circle. 

16. Let the diagonals AC and BD meet at Q and AD and CE meet at R. The quadri- 

laterals ABCD and ACDE are similar, so AQ/QC = AR/RD. Now if AP meets 
CD at M, Ceva’s theorem gives us ^ ^ ^ 1 . 

17. Let M be the point on AC such that JM || KL. It is enough to prove that AM = 
2AL. 

From / PDA = a we obtain that /JDM = 90° — f = /KLA = /JMD\ hence 
JM = JD, and the tangency point of the incircle of ABCD with CD is the mid- 
point T of segment MD. Therefore, DM = 2DT = BD + CD — BC — AB — BC + 
CD, which gives us 

AM = AD + DM = AC+AB -BC= 2AL. 

18. Assume that A\B\ and CJ intersect 
at K. Then JK is parallel and equal 
to C\D and DC\/C\J = JK/JB X = 

JBi/JC = C\J/JC, so the right tri- 
angles DC\J and C\JC are similar; 
hence C\C _L DJ. Thus E belongs to 
CC\. The points A\, B\, and E lie on 
the circle with diameter CJ. Therefore 
/DBA\ = /A\CJ = /A\ED, implying 
that BEA\D is cyclic; hence /A\EB = 90°. Likewise, ADEB\ is cyclic because 
/EB\A = /EJC = /EDCu so /AEB ] = 90°. 

Second solution. The segments JA\, JB\, JC\ are tangent to the circles with 
diameters A\B, AB\, C) D. Since JA\ = JB\ = JC\ = JD ■ JE, E lies on the first 
two circles (with diameters A\B and AB\), so /AEB\ = /A \EB = 90°. 

19. The homothety with center E mapping 
ft)i to (0 maps D to B, so D lies on BE ; 
analogously, D lies on A F . Let A E and 
BF meet at point C. The lines BE and 
AF are altitudes of triangle ABC, so D 
is the orthocenter and C lies on t. Let 
the line through D parallel to AB meet 
AC at M. The centers 0\ and On are the 
midpoints of DM and DN respectively. 




A 
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We have thus reduced the problem to a classical triangle geometry problem: 
If CD and EF intersect at P, we should prove that points A, 0 \ and P are 
collinear (analogously, so are B, O2, P). By Menelaus’s theorem for triangle 
CDM, this is equivalent to = pp, which is again equivalent t0 ^ 

(because DM || AB), where K is the foot of the altitude from C to AB. The last 
equality immediately follows from the fact that the pairs C,D; P,K are harmoni- 
cally adjoint. 

20. Let I be the incenter of AABC. It is well known that T a T c and T a T b are the 
perpendicular bisectors of the segments BI and Cl respectively. Let T a T b meet 
AC at P and co b at LJ, and let T a T c meet AB at Q and ( 0 C at V. We have ZB IQ = 
ZIBQ = ZIBC, so IQ || BC\ similarly IP || BC. Hence PQ is the line through I 
parallel to BC. 

The homothety from T b mapping (O b to the circumcircle (0 of ABC maps the 
tangent t to co b at U to the tangent to to at T a that is parallel to BC. It follows 
that t || BC. Let t meet AC at X. Since XU = XM b and ZPUM b = 90°, X is the 
midpoint of PM b . Similarly, the tangent to (O c at V meets QM C at its midpoint Y. 
But since XY || PQ || M b M c , points U,X,Y,V are collinear, so t coincides with 
the common tangent p a . Thus p a runs midway between I and M b M c . Analogous 
conclusions hold for p b and p c , so these three lines form a triangle homothetic 
to the triangle M a M b M c from center I in ratio \ , which is therefore similar to the 
triangle ABC in ratio \ . 

21. The following proposition is easy to prove: 

Lemma. For an arbitrary point X inside a convex quadrilateral ABCD, the cir- 
cumcircles of triangles ADX and BCX are tangent at X if and only if 
ZADX + ZBCX = ZAXB. 

Let Q be the second intersection point of the circles ABP and CDP (we assume 
Q ^ P; the opposite case is similarly handled). It follows from the conditions 
of the problem that Q lies inside quadrilateral ABCD (since ZBCP + ZBAP < 
180°, C is outside the circumcircle of APB\ the same holds for D). If Q is inside 
AAPD (the other case is similar), we have ZBQC = ZBQP+ZPQC = ZBAP+ 
ZCDP < 90°. Similarly, ZAQD < 90°. Moreover, ZADQ + ZBCQ = ZADP + 
ZBCP = ZAPB = ZAQB implies that circles ADQ and BCQ are tangent at Q. 
Therefore the interiors of the semicircles with diameters AD and BC are disjoint, 
and if M, N are the midpoints of AD and BC respectively, we have 2 MN > 
AD + BC. On the other hand, 2 MN < AB + CD because BA + CD = 2 MN, and 
the statement of the problem immediately follows. 

22. We work with oriented angles modulo 180°. For two lines a,b we denote by 
Z(l,m) the angle of counterclockwise rotation transforming a to b\ also, by 
/ABC we mean X(BA,BC). 

It is well known that the circles AB\C\,BC\Ai, and CA\B\ have a common point, 
say P. Let O be the circumcenter of ABC. Set XPB\C = XPC\A = ZPA 1 B = (p. 
Let A2P, B2P.C2P meet the circle ABC again at A 4 , 64 , 04 , respectively. Since 
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ZA4A2A = ZPA 2 A = ZPC\A = (p and thus ZA4OA = 2 (p etc., A ABC is the 
image of AA4B4C4 under rotation SZ, about O by 2 <p. 

Therefore Z(AB 4 ,PCi) = ZB4AB + 

ZAC\P = (p — (p = 0 , so AB4 || PC\. 

Let PC 1 intersect A4B4 at C5; define 
A 5 ,B 5 analogously. Then ZB4C5P = 

ZA4B4A = (p, so AB4C5C1 is an isosce- 
les trapezoid with 6C3 = AC\ = B4C5. 

Similarly, AC 4 = A4C5, so C3 is the im- 
age of C5 under SZ\ similar statements A 
hold for A 5 ,B 5 . Thus AA3B3C3 = 

AA5B5C5. It remains to show that A 2 
AA 5 B 5 C 5 ~ AA 2 B 2 C 2 . 

We have seen that ZA4B5P = ZB4C5P, 
which implies that P lies on the circle A4B5C5 . Analogously, P lies on the circle 
C4A5B5. Therefore 

/ A 2 B 1 C 2 = ZA2B2B4 + ZB4B2C2 — Z A 2 /A | /I : + ZB4C4C2 

= zpa 4 c 5 + za 5 c 4 p = zpb 5 c 5 + za 5 b 5 p = za 5 b 5 c 5 , 

and similarly for the other angles, which is what we wanted. 

23 . Let Si be the area assigned to side A,A, + 1 of polygon 0 * = A\ . . . A n of area S. 
We start with the following auxiliary statement. 

Lemma. At least one of the areas Si , . . . ,S n is not smaller than 2 S/n. 

Proof. It suffices to prove the statement for even n. The case of odd n will 
then follow immediately from this case applied to the degenerate 2«-gon 
AiAj . . .A n A' n , where A - is the midpoint of A,A i+ i . 

Let n = 2 m. For i = 1 , 2 , ... ,m, denote by L the area of the region AZi 
inside the polygon bounded by the diagonals AiA m+ i, A i+ \A m+i+ ] and the 
sides A/Aj+i, A m+1 A m+ ,- + i . We observe that the regions ZZi cover the entire 
polygon. Indeed, let X be an arbitrary point inside the polygon, to the left 
(without loss of generality) of the ray A \A m+ 1 . 

Then X is to the right of the ray 
A m+ 1 A 1 , so there is a £ such that A is 
to the left of ray Af.Af. +m and to the 
right of ray A* + iA* +m+ i, i.e„ X G 

It follows that T\ H b T m > S; 

hence at least one 7 ] is not smaller 
than 2 S/n, say T\ > 2 S/n. 

Let O be the intersection point of 
A \A m+ \ and A2A m+ 2, and let us 
assume without loss of generality 
that Sa\A 2 o > SA m+l A m+2 o and A \0 > OA m+ \. Then required result now 
follows from 

2 s 

Si > S Al A 2 A m+2 = S Al A 2 0 + SAiA m+2 0 > Sa x A 2 0 + SA m+l A m+2 0 = T\ > — . 
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If, contrary to the assertion, < 2, we can choose rational numbers q, = 

2nti/N with N = m\ H h m„ such that qi > Si/S. However, considering the 

given polygon as a degenerate /V-gon obtained by division of side A { A i+ 1 into 
m, equal parts for each i and applying the lemma, we obtain Si/rrii > 2 S/N, i.e., 
Si/S> qi for some i, a contradiction. 

Equality holds if and only if ^ is centrally symmetric. 

Second solution. We say that vertex V is assigned to side a of a convex (possibly 
degenerate) polygon 3 s if the triangle determined by a and V has the maximum 
area S a among the triangles with side a contained in 3 s . Define a (3 s ) = S a 
and 8(3) = a (3 s ) — 2[3\. We use induction on the number n of pairwise non- 
parallel sides of 3* to show that 8 (3 s ) > 0 for every polygon 3 s . This is obvi- 
ously true for n = 2, so let n > 3. 

There exist two adjacent sides AB and BC whose respective assigned vertices 
U and V are distinct. Let the lines through U and V parallel to AB and BC re- 
spectively intersect at point X. Assume, without loss of generality, that there are 
no sides of 3 lying on UX and VX. Call the sides and vertices of 3 s lying 
within the triangle UVX passive (excluding vertices U and V). It is easy to see 
that no passive vertex is assigned to any side of 3 and that vertex B is assigned 
to every passive side. Now replace all passive vertices of 3 by X, obtaining a 
polygon 3'. Vertex B is assigned to sides UX and VX of 3*' . Therefore the sum 
of areas assigned to passive sides increases by the area S of the part of quadri- 
lateral BUXV lying outside 3; the other assigned areas do not change. Thus cr 
increases by S. On the other hand, the area of the polygon also increases by S, 
so 5 must decrease by S. 

Note that the change from 3 to 3 s ' decreases the number of nonparallel sides. 
Thus by the inductive hypothesis we have 8 (3 s ) > 8(3') > 0. 

Third solution. To each convex n-gon 3 s = A\A^ ...A„ we assign a centrally 
symmetric 2n-gon 3, called the associate of 3 s , as follows. Attach the 2 n vec- 
tors ±AjA,- + i at a common origin and label them b\, . . . , i> 2 « counterclockwise 
so that b n +i = —bi for 1 < i < n. Then take 3 to be the polygon B \ 13 . . . # 2 « 
with BiB i+ 1 = bi. Denote by a, the side of 3 s corresponding to bi (i = 1, . . . ,n). 
The distance between the parallel sides 1 and B„+,B„ +(+ i of 3 equals twice 

the maximum height of & to the side a,. Thus, if O is the center of 3, the area of 
ABiBi+i O (i= 1 .... ,n) is exactly the area Si assigned to side a, of 3 s \ therefore 
[3\ = 2 XSi. It remains to show that d(&) = [3] — A[3\ > 0. 

(i) Suppose that 3* has two parallel sides a, and a h where aj > a,-, and remove 
from it the parallelogram D determined by a, and a part of side aj. We 
obtain a polygon 3 1 ' with a smaller number of nonparallel sides. Then the 
associate of 3 s ' is obtained from 3 by removing a parallelogram similar 
to D in ratio 2 (and with area four times that of D); thus d(3') = d(3 s ). 

(ii) Suppose that there is a side bi (i < n) of 3 such that the sum of the angles 
at its endpoints is greater than 180°. Extend the pairs of sides adjacent to bi 
and b n +i to their intersections U and V, thus enlarging 3 by two congruent 
triangles to a polygon 3' . Then 3' is the associate of the polygon 3 s ' 
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obtained from & by attaching a triangle congruent to B t B i+ \U to the side 
a,-. Therefore equals <!{&) minus twice the area of the attached 

triangle. 

By repeatedly performing the operations (i) and (ii) to polygon & we will even- 
tually reduce it to a parallelogram E, thereby decreasing the value of d. Since 
d(E) = 0, it follows that d(^) > 0. 

Remark. Polygon J2 is the Minkowski sum of & and a polygon centrally sym- 
metric to Thus the inequality [J3] > 4[&\ is a direct consequence of the 
Brunn-Minkowski inequality. 

24. Obviously x > 0. For x = 0 the only solutions are (0,±2). Now let (x,y) be a 
solution with x > 0. Without loss of generality, assume that y > 0. The equation 
rewritten as 2*(1 +2 X+1 ) = (y — l)(y+ 1) shows that one of the factors y± 1 is 
divisible by 2 but not by 4 and the other by 2 X ~ 1 but not by 2 X \ hence x > 3. 
Thus y = 2 X ~ x m + £, where m is odd and £ = ±1. Plugging this in the original 
equation and simplifying yields 

2 x ~ 2 (m 2 — 8) = 1 — em. (1) 

Since m = 1 is obviously impossible, we have m > 3 and hence e = — 1 . Now (1) 
gives us 2 (m 2 — 8) < 1 + m, implying m = 3, which leads to x = 4 and y = 23. 
Thus all solutions are (0, ±2) and (4, ±23). 

25. If x is rational, its digits repeat periodically starting at some point. If n is the 
length of the period of x, the sequence 2 , 2 2 , 2? , . . . is eventually periodic modulo 
n, so the corresponding digits of x (i.e., the digits of y) also make an eventually 
periodic sequence, implying that y is rational. 

26. Consider g(n) = [y] + [§] H P [ j|] = nf{n ) and define g(0) = 0. Since for any 

k the difference [|] — pjp] equals 1 if k divides n and 0 otherwise, we obtain 
that g{n) = g(n — 1) +d(n), where d(n) is the number of positive divisors of 

n. Thus g(n) = d{\) + d( 2) -| 1- d(n) and f{n) is the arithmetic mean of the 

numbers d ( 1 ),..., d (n) . Therefore, (a) and (b) will follow if we show that each of 
d(n + 1) > f(n) and d(n+ 1 ) < /(n) holds infinitely often. But d(n+ 1) < /(«) 
holds whenever n + 1 is prime, and d(n + 1) > f(n) holds whenever d(n + 1) > 
d{ 1), . . . ,d(n) (which clearly holds for infinitely many n). 

21. We first show that every fixed point x of Q is in fact a fixed point of PoP. 
Consider the sequence given by xo = x and jq . j = P(xj) for i > 0. Assume x^ = 
X(). We know that u — v divides P(u) — P(v) for every two distinct integers u and 
v. In particular, 

di = x i+ i - Xj | P(x i+ 1 ) - P(xi) = x i+2 - x i+ i = d i+ 1 

for all i, which together with df, = do implies \do\ = \d\\ = ■ ■ • = |<4|. Suppose 
that di=do = d^O. Then dj = d (otherwise xj, = x\ and xo will never occur in 
the sequence again). Similarly, dj = d etc., and hence x,- =xq + id ^ xo for all 
i, a contradiction. It follows that d\ = —do, so X 2 = xo as claimed. Thus we can 
assume that Q = PoP. 
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If every integer t with P(P(t)) = t also satisfies P(t) = t, the number of solutions 
is clearly at most deg P = n. Suppose that P(t \ ) = t%, P{h) = t \ , P(tf) = f 4 , 
and P(tf) = ? 3 , where t\ ^ f 2 , 3,4 (but not necessarily L f f 4 ). Since fi — ?3 divides 
t% — 1 4 and vice versa, we conclude that ti — tj, = ± fa — h) . Assume that t\—tj,= 
h ~ h, he. t\ —t 2 =h~t 4 = u^ 0. Since the relation t\ — f 4 = ±(?2 — tf) similarly 
holds, we obtain t\ — t?, + u = ±(ti — tj, — u) which is impossible. Therefore, 
we must have t\ — tj = f 4 — f 2 , which gives us P{t\ ) + 1\ = P{h) +ti = c for 
some c. It follows that all integral solutions t of the equation P(P(t) ) = t satisfy 
P(t) + t = c, and hence their number does not exceed n. 

28. Every prime divisor p of = x 6 -\ \-x+ 1 is congruent to 0 or 1 modulo 

7. Indeed, if p \ x— 1, then p— p = 1 H 1-1 = 7 (mod p), so p = 7; otherwise 

the order of x modulo p is 7 and hence p= 1 (mod 7). Therefore every positive 
divisor d of p— p satisfies d = 0 or 1 (mod 7). 

Now suppose ( x,y ) is a solution of the given equation. Since y — 1 and y 4 +y 3 + 
y 1 +y + 1 divide ^fp- =y 5 — 1, we havey = 1 or 2 andy 4 +y 3 Ey 1 +y+\ = 0 
or 1 (mod 7) . However, y = 1 or 2 implies that y 4 + y 3 + y 2 + y + 1 = 5 or 3 (mod 
7), which is impossible. 

29. All representations of n in the form ax + by (x,y G Z) are given by (x,y) = 
(xo + bt , yo — at), where xo,yo are fixed and (g Z is arbitrary. The following 
lemma enables us to determine w(n). 

Lemma. The equality w{ax + by) = |x| + |y| holds if and only if one of the 
following conditions holds: 

(i) <y< «±*andx>y-^; 

(ii) — < y < and xgZ; 

(iii) <y < -2=^ andx<y+2±^. 

Proof. Without loss of generality, assume that y > 0. We have vv(ax + by) = 
|x| +y if and only if \x+b\ + |y — a\ > |x| +y and \x— b\ + (y + a) > \x\ +y, 
where the latter is obviously true and the former clearly implies y < a. Then 
the former inequality becomes \x + b\ — |x| >2 y — a. We distinguish three 
cases: if y < then 2 y — a<b and the previous inequality always holds; 

for ^ < y < it holds if and only if x > y - and for y > it 
never holds. 

Now let n = ax + by be a local champion with w(n) = |x| + |y|. As in the lemma, 
we distinguish three cases: 

(i) <y < Thenx+1 >y — ^ by the lemma, sow(n+fl) = |x+l|+y 
(because n+a = a(x + 1 )+by). Since w(n+a) < w(n), we musthavex < 0. 
Likewise, w(n — a) equals either |x — 1 1 +y = w(n) + 1 or |x + b — 1 1 + a — y. 
The condition w(n — a)< w(n) leads to x < y — a+ ^ 1 ; hence x = y — 
and w{n) = Now w(n — b) = — x+y — 1 = w(n) — 1 and w(n + b) = 
(x+b) + (a— l— y) = a + b— 1— < w(n), so n is a local champion. 

Conversely, every n = ax+by with E^- <y < E^ and x = y — [2^] is 
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a local champion. Thus we obtain b— 1 local champions, which are all 
distinct. 

(ii) b| < ^ r - Now we conclude from the lemma that w(n — a) = |jc — 1 1 + |y| 
and w(n + a) = \x+ 1| + |y|, and at least one of these two values exceeds 
w(n) = |jc| + |y|. Thus n is not a local champion. 

(iii) — <y<— ■ By taking x, y to —x, —y this case is reduced to case (i), 

so we again have b—1 local champions n = ax + by with x = y+ . 

It is easy to check that the sets of local champions from cases (i) and (iii) coincide 
if a and b are both odd (so we have b— 1 local champions in total), and are 
otherwise disjoint (then we have 2{b — 1) local champions). 

30. We shall show by induction on n that there exists an arbitrarily large m satisfying 
2 m = — m (mod n ). The case n = 1 is trivial; assume that n > 1 . 

Recall that the sequence of powers of 2 modulo n is eventually periodic with the 
period dividing (p(n); thus 2 X = 2 y whenever x = y (mod <p(«)) and x and y are 
large enough. Let us consider m of the form m = —2 k (mod inp(n)). Then the 
congruence 2 m = —m (mod n) is equivalent to 2 m = 2 k (mod n), and this holds 
whenever — 2 k = m = k (mod (p(n)) and m, k are large enough. But the existence 
of m and k is guartanteed by the inductive hypothesis for (p(n), so the induction 
is complete. 
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4.48 Solutions to the Shortlisted Problems of IMO 2007 


(a) Assume that d = d m for some index m, and let k and l be the indices such 

that k<m<l such that d m = cif, — ci[. Then d m = — ai < (a^ — xf) + 

( X[ — ai), and hence — x* > d/2 or xi — ai > d/2. The claim follows 
immediately. 

(b) Let M t = max{a ; : 1 < j < i} and m,- = min (ay :i<j<n}. Set x,- = m <+ M < . 
Clearly, m,- < a,- < M t and both ( m,- ) and (A/) are nondecreasing. Fur- 
thermore, -‘-j = m '~ Mi = Xi — Mi < Xi — at. Similarly x,- — a, < y ; hence 
max{ | Xi — a,- 1 : 1 < i < n} < max j ^ , 1 < i < n| . Thus, the equality holds 
in (1) for the sequence {x, }. 


2. Placing n = 1 we get/(m+ 1) > f(m) +/(/( 1)) — 1 > /(m); hence the function 
is nondecreasing. Let «o be the smallest integer such that /(no) > L If /(n) = 
n + k for some k. n > 1, then placing m = 1 gives that /(/(«)) = f(n + k) > 
f(k) +/(/(«)) — 1 , which implies f(k) = 1 . We immediately get k<n$. Choose 
maximal ko such that there exists n £ N for which f(n) =n + ko. Then we have 
2n+ko>f(2n)>f(n)+f(f(n))-l=n+k 0 +f{n+ko)-\>n+ko+f{n)- 
1 = 2« + (2ko — 1); hence 2ko — 1 < ko, or ko < 1 . Therefore f(n) <n + 1 and 
/(2007) < 2008. 

Now we will prove that /( 2007) can be any of the numbers 1,2, , 2008. Define 
the functions 


//(») = 

/2008 (w) 


1 . 

n+j- 2007, 


n < 2007 - j, 
otherwise 


, for j < 2007, and 


n, 2007 fn, 
n+ 1, 2007 | n. 


It is easy to verify that the functions fj satisfy the conditions of the problem for 
y = l,2, ...,2008. 

3. The inequality < j holds for all t e (0, 1 ) because it is equivalent to 0<? 4 — 
f 3 — 1 + 1 = (1 — t)(l — f 3 ). Applying it to t =x k and summing over k = 1 

we get XLt IT7F < ^k= 1 7 = = ^- x y Writing the same relation for 

y and multiplying by this one gives the desired inequality. 

4. Notice that f{x) > x for all x. Indeed, f(x + f(y)) / f(x+y) and if f(y) < y for 
some y, setting x = y — f(y ) yields a contradiction. 

Now we will prove that f(x) — x is injective. If we assume that /(x) — x = 
f(y) — y for some x^y, we will have x + f(y) = y + f(x), hence f(x+y) 4- 
f(y) = f(x+y) + f(x), implying f(x) = f(y), which is impossible. From the 
functional equation we conclude that f(f{x) +/(y)) — (/'(x) +/(y)) = f(x+y), 
hence f(x) +f(y) = f{xf) +f{y') whenever x+y = x' +y'. In particular, we have 

f( x ) +f(y ) = 2 /(^?)- 

Our next goal is to prove that / is injective. If f(x) = f(x + h) for some h > 0 
then f[x) + f{x + 2 h) = 2 fix + h) = 2/(x); hence /(x) = /(x + 2 h), and by 
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induction f(x + nh) = f(x) . Therefore, 0 < f(x + nh) — (x+nh) = f(x) — x — nh 
for every n, which is impossible. 

We now have /(/(*) +/(y)) = /(/(*) +y)+f(y) = 2f(^-+y) and by 
symmetry f(f(x) +f(y)) = 2/(44 — x). Hence 4j4 +y = 44 +x, and thus 
f(x) —2 x = c for some c G R. The functional equation forces c = 0. It is easy to 
verify that f{x) = 2x satisfies the given relation. 

5. Defining a(0) to be 0, the relations in the problem continue to hold. It follows 

by induction that a (ni +n2 H \~n k ) < 2a(n \ ) + 2 1 a{n2) H 1- 2 k a(n k ). We 

also have a (n i +n. 2 -\ \-n 2 i) < 2a(n\ H -b2a(« 2 ;-i +1 H \~n 2 i) < 

■ ■ ■ < 2‘(a(ni) H \-a(n 2 i)). For integer k G [2',2 !+1 ) we have 


a(n\ + • • • -\-n k ) — a{n\ -\ Kw^ + 0 + • •• +0 ) 

2‘+ l -k 


< 2 i+1 (a(n 1 ) + • • -+a(n k ) + (2 i+1 - k)a( 0)) 

< 2k{a(n{)-\ b a{n k )). 


Assume now that N gN is given and let N = X(Lo bi2‘ be its binary representa- 
tion ( K G N, bi G {0, 1}). For each increasing sequence (t„)„ 6 n of integers we 
have 


max{ t„,K} 

a(N) = a ( X X b{2 1 


< 1 2 n a 


max{r„,X} 

X W 


max{T n ,K} 

<X2"-2(t n-T„-i + l) £ a( 2‘) 

n 


<X(T„-T„-1 + 1) 2 


2 -' 


(T»-l + !)‘ 


<X 


(T„_i + 1)- 2 


Choosing r„ = 2«” - 1, we get a(N) < 2 la • 2 2 X„ 2 n - [ - a(c -^ (n - l l Thus, choos- 
ing any a > would give us the sequence t„ for which the last series is 
bounded, which proves the required statement. 

6. Using the Cauchy-Schwarz inequality we can bound the left-hand side in the fol- 
lowing way: y [a l (« mo + 2ai a 2 ) + a 2 (af + 2a 2 a 3 ) -| H 00(^99 + 2a ioo«i)] < 

2 (a 2 -I b a 2 00 ) 1//2 • (X™ ( a l + 2 a k+ \a k+ 2 )) (the indices are modulo 100). 

It suffices to show that 


100 


X 


{al + 2a k+l a k+2 ) 2 <2. 


Each term of the last sum can be seen as a k + 4a 2 +1 a^ +2 + Aa\{a k+ \ • a k+ 2 ) < 
(a k +2 a^a 2 +1 + 2a 1 k a 2 k+2 ) + ^ a \ + \ a \ + 2 - The required inequality now follows 
from X*=i (a£ + 2a 2 a 2 +1 +2a 2 a 2 +2 ) < (a? + - ■ ■ +af 00 ) 2 = 1, and X*=i a 2 k a 2 k+l < 
(a 2 + a 2 -I b a 99 ) • (a 2 + a 2 -| b a 2 00 ) < \ (a 2 H b a 2 00 ) = ^ . 
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7. The union of the planes x = i,y = i, and z, = i for 1 <i<n contains S and doesn’t 
contain 0. Assume now that there exists a collection {apc+fcjy+CjZ+d, = 0 : 1 < 
i < /V} of N < 3 n planes with the described properties. Consider the polynomial 
P{x,y,z) = nlMx+biy+az + di). 

Let do = I . and choose the numbers 5 1 , . . . , <5„ such that £" =0 <5,f m = 0 for m = 
0, 1,2, ... ,n — 1 (here we assume that 0° = 1). The choice of these numbers is 
possible because the given linear system in (5i , . . . , 5n) has the Vandermonde 
determinant. 

Let S = X?=o £j=o %k=o SiSjSkP{i,j,k). By the construction of P we know that 
P(0,0,0) 0 and P(i,j,k) = 0 for all other choices of i,j,k G {0,1,..., n}. 

Therefore S = SqP( 0,0.0). On the other hand, expanding P as P(x,y,z) = 
^a+p+Y<NPa,p,r x<X y^Z Y we get 


S = X X X S ‘ 5 J 5k X Pa,p,y i<X j P k r 

i=0j=0k=0 a+P+y<N 

= X Pa,p,r ( X ^'“1 ( X ( X = °> 

a+P+y<N V= 0 / \j = 0 / \k = 0 / 

because for every choice of a,/3, y at least one of them is less than n, making 
the corresponding sum in the last expression equal to 0. This is a contradiction; 
hence the required number of planes is 3 n. 

8. Let = a k + a k+ \ H 1 -a m . Since S’" < S^ l < ■■■ < S" 2 +" and since each 

of these n+ 1 numbers belongs to {0,1,.. . we have that = i. We 

immediately get a\ = = • • ■ = a„ = 0 and a n 2 +l = a n 2 +2 = ■■■ = a n i +n = 1 . For 

every 0 <k<n, consider the sequence 4 = [s k l ^ t n x ,S k l ^ , + v . . . ,S^" 2 ntJ ^ . The 
sequence is strictly increasing and its elements are from the set {0, 1,2, . . . ,«}. 
Let m be the number that doesn’t appear in 4. Define U k to be the total sum 

of elements of 4- Since a\-\ f a n i +n = 5" + 5^" l H F S" 2 +" = = 

+ Uk + sf$ +1 = C4 + n — k, we get m = n — k. Therefore 

^t+(i+t)n _ J s, if s < n - k, 

k+sn+i {s+1, if s>n — k. 


Using the previous equality we conclude 


o& _ b(iSH - l)w k — l+(s+l)w 

^it+JH+l _ ^(fc-l+JW+l 

c*k — l-(-(s-t-l)ra 

— ^k+sn 


+ a k+(s+l)n ~ Uk-l+sn+l 
+ a k+(s+l)n~ a k+sn, 


hence for s+l<«we have = 5 , ^ + '. n h( ' S+l ^" = s, and for s + k >n+\ we 

have = *+ l - Hence a k+ ( s+V)n = a k+sn if either s+k < n 

or s + k>n-\-\.lf s + k = n, then S^^ n h ^ +1 ^” = s, while S k+sn+ \ k + (s + 1 )n = 
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s + 1 . Hence afc+( J+ i)„ = 1 and «/. +s „ = 0. Now by induction we can easily get 
that for 1 < u < n and 0 < v < n, 

_ j 0, if u + v<n, 
a “' vn -\ 1, if u + v>n. 

It is easy to verify that the above sequence satisfies the required properties. 

9. Assume the contrary. Consider the minimal such dissection of the square ABCD 
(i.e., the dissection with the smallest number of rectangles). No two rectangles in 
this minimal dissection can share an edge. Let AMNP be the rectangle containing 
the vertex A, and let UBVW be the rectangle containing B. Assume that MN < 
BV. Let MXYZ be another rectangle containing the point M (this one could be 
the same as UBVW). We can have either MN > MZ or MZ > MN. In the first 
case the rectangle containing the point Z would have to touch the side CD (it 
can’t touch BC because WU > NM > MZ). The line MN doesn’t intersect any 
of the interiors of the rectangles. Contradiction. 

If MZ > MN, consider the rectangle containing the point N. It can’t touch AD 
because it can’t share the entire side with AMNP. Hence it has to touch CD, and 
again, MN would be a line that doesn’t intersect any of the interiors. Contradic- 
tion. 

10. Let T = {(x,y,z) € Sx SxS : x + y + z is divisible by n}. For any pair (x,y) £ 
SxS there exists unique z € S such that ( x,y,z ) S T ; hence \T\ =n 2 . Let M CT 
be the set of those triples that have all elements of the same color. Denote by 
R and B the sets of red and blue numbers and assume that the number r of red 
numbers is not less than n/2. Consider the following function F : T \ M —> R x B: 
If ( x,y,z ) £T\M, then F(x,y,z ) is defined to be one of the pairs (x,y), (y, z) , 
(z,x) that belongs to R x B (there exists exactly one such pair). For each element 
(p, q) £ Rx B there is unique s £ S for which n \ p + q + s. Then F(p, q, s) = 
F(s,p,q ) = F(q,s,p) = ( p,q ). Hence |T\M| = 3|/?xfi| = 3 r(n — r) and |T| = 
n 2 — 3 r(n — r) = rr — 3 rn + M 2 . 

It remains to solve n 2 — 3«r+3r 2 = 2007 in the set N x N. First of all, n = 3k for 
some lei. Therefore 9 k 2 — 9kr+3r 2 = 2007 and we see that 3 | r. Let r = 3s. 
The equation becomes k 2 — 3kr+3r 2 = 223. From our assumption r > n/2 we 
get 223 = k 2 - 3 kr + 3T 2 = (k- r)(k-2r) + r 2 < r 2 . Furthermore, 4 • 223 = 
(2k— 3 r) 2 + 3r 2 >3r 2 >3- 223. Hence r £ {15, 16, 17}. For r = 15 and r = 16, 
4 • 223 — 3 r 2 is not a perfect square, and for r = 17 we get (2k— 3r) 2 = 25, hence 
2k— 3 • 17 = ±5. Both k = 28 and k = 23 lead to solutions (n,r) = (84,51) and 
(n,r) = (69,51). 

11. Denote by - - ■ -,Uk, n the elements of A^, and let Qk = £"=[ a^,. Assume 

the contrary, that \a^i\ < n/2 for all k , i. This means that the number of elements 
in i s finite. Hence there are different p,q £ N such that A p = A q . For 

any I C {1,2, ... ,n}, define 5/(/j = Y<iei a k,i- Let (IkJk) be the partition that 
was chosen in constructing A^ + i from Af.. We have 
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Qk+i ~Qk=Y, (Ki + l ) 2 ~ K>) 2 ) + X ((«*,/ - l) 2 - ( a k ,j ) 2 ) 

'64 764 

= n + 2(S*(/*) -S*(/*)) = n-2min{|S*(I) -S*(/)|}, 

where the last minimum is taken over all partitions (/, /) of the set {1.2,... .n). 
However, for each k, it is easy to inductively build a partition (/',/) for which 
S^(/') — Sk{J')\ < n/2. Take /q and Jq to be empty sets, and assume we made the 
partition/;, 7/ of {1, ...,/} in such a way that \Sk(Ii) — S/(/;)| < n/2. Now, take 

r if5(/;)<5(7;), 

[l+lr l+l) \ U{/+1}), if S(Ii)>S(Ji). 

Therefore Qk+i — Qk> n — 2% = 0 and Qk is increasing. This contradicts the 
previously established fact that A p = A q for some p^q. 

12. Assume that a> b, a = a\d, b = b\d, (a\,b\) = 1. There exist p,q £ Z such 
that pa + qb = d. We may assume that the pairs (S n ,S n+a ) and (S n ,S n+ b) are 
of different colors, since otherwise the statement would follow immediately. By 
induction we get that (S„,S n+ua+V b) are of the same color if and only if u + v is 
even. From ab\ = ba\ we conclude that S a b l = Sb ai , which means that a; and b\ 
must be of the same parity; hence they are both odd and a; > 3. Furthermore, 
pa\ + qbi = 1 gives 2 \ p + q, which implies that the strips S n+( j = S n+pa+q b and 
S n are of different colors. Now S n and S n+ 2d have the same color. 

Consider the rectangle MNPQ such y 
that MQ = NP = a, MN = PQ = 
b and the difference between the x 
coordinates of M and Q (and con- 
sequently N and P) is 2d. It suf- 
fices to show that we can choose 
a rectangle in such a way that M 
and N are of the same color. Simple O 
ca lcula tion shows that the difference of the x coordinates of M and N is T = 
4 b £ Q. Let s be one of the longest single-colored (say red) segments on 
the x-axis. The translation s' of s to the left by % has noninteger endpoints, hence 
it can’t be single-colored. Thus, there is a red point on s'\ choose this point to be 
N. Other points are now easily determined. 

Remark. We used the fact a\ > 2, which is implied by a ^ b. The statement 
doesn’t hold for squares (a counterexample is the unit square). 

1 3 . Consider one of the cliques of maximal size 2 n and put its members in a room X . 
Call these students IT -students. Put the others in the room Y. Let d (X ) and d(Y) 
be the maximal sizes of cliques in X and Y at a given moment. If a student moves 
from X to Y, then d(X) —d(Y) decreases by 1 or 2. Repeating this procedure, 
we can make this difference 0 or — 1 . 

Assume that it is —1 and d{X) = l, d(Y) = 1 + L If the room Y contains a 17- 
student that doesn’t belong to a F-clique of size Z + 1, after moving that student 
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to X we will manage to have d(X) = d[Y). Therefore assume that all 2 n— l 
77-students in Y belong to all T-cliques of size Z + 1. Each such clique has to 
contain 2(Z — n) + 1 > 1 non-TI -students. Take an arbitrary clique in Y of size 
l + 1 and move a non-J7-student from it to X . Repeat this procedure as long as 
there are Z + 1 cliques in Y. We claim that d(X) remains Z after each such move. 
If not, consider an (Z + l)-clique in X . All its members would know all of 2n — l 
17-students in Y. Together with them they would form a 2n + 1 clique, which is 
impossible. Hence we will end up with the configuration with d(X) = d(Y) = l. 

14. Assume that A\ , . . . , A* are disjoint m-element subsets of (1 . Let 

y={5C{l,...,n}: SDAi ^ 0 for all Z} and 
& = {T C { 1 , . . . , n} : T D A,- for some Z, but T C\Aj = 0 for some j}. 

For each Agy and B e SY we have A (IB ^ 0. It suffices to prove: 

Lemma. For k = k(m) = 2 m • log 3+ 2 v ^ l and n = mk we have 


|^| _ 3-V5 
2 n ~ 2 

Proof. For simplicity set p = log 3 ~y' 5 . For every Z, each set in , r f must contain 
one of 2 m — 1 nonempty subsets of A,-. Hence \S fi \ = ( 2 m — \ ) k . Using the 
substitution r = 2 m , we get 



lim 


2 km 


lim 


2 - vnk 


= lim 


(r-ir 

ypr 



3-V5 

2 


In order to calculate | SY\, notice that BY = % \ fl ,9 J ) where 7/ = {f C 
{1, . . . ,n] : T 3 A, for some Z}. Obviously, \Y/ C \ = (2 m — 1)*, which gives 
us \W\ = 2 mk - (2 m -l) k . Furthermore, = \SP\ - \SP\^\. From 

S' \<W = {T C {1, . . . ,«} : rn A,- 7 ^ 0 and m A t ± A t for all Z} we get 
\S fi \‘%f\ = (2 m — 2) k . Using the substitution r = 2 m , we get 


15. For each vertex V of P consider all good triangles whose one vertex is V. All 
the vertices of these triangles belong to the unit circle centered at V. Label them 
counterclockwise as Vi, . . . ,V; . Denote by f(V) and Z(V) the first and the last of 


|^| 2 km — 2{2 m — 1 )* + (2 m — 2) k 

lim = lim 7 

m _ >oo 2 n m — >oo 2 mk 

= 1 — 2e~ p + lim — = 1 — 2e~ p + lim ( 1 — 


= 1— 2e p + e 2p = e p = 


3-V5 
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these vertices (f(V) = Vi, /(V) = V)). Denote by 7/(V) the good triangle with 
vertices V and /(V). 7}(V) is defined analogously. We call Tf(V) and 7}(V) the 
triangles associated with V (they might be the same). Let a be the total number 
of associated triangles, and t the total number of good triangles. It is enough to 
prove that each good triangle is associated with at least three vertices. Indeed 
this would imply 3 1 < a < 2 n. It suffices to show that for an arbitrary good 
triangle ABC oriented counterclockwise we have A = 1(B) or A = /(C). Assume 
that A 7^ 1(B) and A / /(C). Then 1(B) and /(C) would belong to the half-plane 
[. BC , A . Define A' = 1(B) if ZABl (B) < 60° . If this angle is bigger than 60° , define 
A' to be the third vertex of 7} (B) . We define A" similarly. We have /ABA' < 60°, 
ZACA!' < 60°, hence A belongs to the interior of the rectangle A' BC A" and P 
can’t be convex. This concludes the proof of our claim. 

Remark. It is easy to refine the proof to show that t < [|(n — 1)]. This result 
is sharp and the example of a (3k + l)-gon with 2k good triangles is not hard 
to construct: rotate a rhombus ABCD (AB = BC = DA =1) around A by small 
angles k times. 

16. Let O be the circumcenter of the triangle ABC. We know that ZCPK = ZCQL, 

and hence get = . Since A PKC ~ A QLC, we have = gg . Since ROC 

is isosceles and ZOPR = ZOQC, we get A ROQ = A COP and RQ = PC. This 
finally implies = 1 . 

17. Let Y be the midpoint of BT. Then MY\\CT and TY A XY; hence T, Y, M, 
X belong to a circle. Thus ZMTB - ZCTM = ZMXY - ZYMT = ZMXY - 
ZTXY = ZMXY - ZYXB = ZMXB = ZBAM. 

18. Let X be the point on the line PQ such that XC\\AQ. Then XC : AQ = CP : 
PA = BC : AD, which implies A BCX ~ A DAQ. Hence ZDAQ = ZBCX and 
ZBXC = ZDQA = ZBQC. Therefore B, C, Q, X belong to a circle, which implies 
that ZBCX = ZBQX = ZBQP. 

19. Let K and L be the midpoints of FC and CG respectively. Then EK A CD and 
EL A BC hence KL is the Simson’s line of the triangle BCD and intersects BD 
at point M such that EM A BD. We also have that KL\\l and KL bisects the 
side CA of AACG. Hence KL passes through the intersection of the diagonals 
of ABCD, and thus KL bisects BD. Therefore DM = MB and DEB is isosceles. 
From A DEB ~ A KEL we get that EK = EL\ hence CF = CG. Thus ZDAF = 
ZFGC = ZGFC = ZFAB. 

20. Denote by Aq, Bo, and Co the given intersection points. Applying Pascal’s theo- 
rem to the points APCC'BA' gives us that Bo € CiAi . Similarly, we get Co G AiBi 
and Ao G BiCi. From BoAi||ABi we get = ^j-. Since BAi||BiAo, we 

g et = S' Hence LA? = S or Co ° Bo ■ CoA °° = CoA • Q)B - Therefore 
Sa 0 b 0 c 0 = Sabc 0 ■ However, S ABCo = S ABBl (because ri// ||AB); hence S AoBo c 0 = 
SabB] = jSabc- 

21 . Let us prove that Si > S, i.e., that k < 1. 
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Lemma. If X' , Y', 7! are the points on the sides YZ, ZX, XY of AXYZ, then 
Sx'y'yJ > mm {SxY'z' Ay/Jx' Azx'y'} ■ 

Proof. Denote by X \ , Y \ , Z\ the midpoints of YZ, ZX, XY. If two of X', V, 
Z! belong to one of the triangles XY\Z\, YZ\X\, ZX\ Y\ , then the statement 
follows immediately. Indeed, if Y' ,Z! e XY\Z\ , then Y'Z! intersects the alti- 
tude from X to YZ at the point Q inside AXY\Z\ , which forces d(X,Z'Y') < 
d(X,Z\Y\) = \d(X,YZ) < d(X',Y'Z'). Assume now, without loss of gen- 
erality, that X' e Xi Z, Y' e Y x X, 7! e Z\Y. Then d(Z',X'Y') > d(Z\,X'Y'), 
hence S X 'y'z’ > Sx'y>z x ■ Similarly S X 'y , z 1 > Sx'y x z x ■ Since S x t Yl z x = Sx x y x z x 
we have S X ' Y 'z' > S X] y x z, = \Sxyz, hence Sx'y’zj > min {S X y'z', S Y z'x', 
Szx’y’}- 

If S Ai b x c x > min{S /tl /j/j 1 ,.S , H | cC| } and S Ai c x d x > min{.S’c l oo l , S DlAAl } then the 
problem is trivial. The same holds for S A] h ] d ] and Sb x c x d x ■ 

Without loss of generality assume that S,\ } c, < min , S/^cc, } and 

S Ax b x d x < minlSAjfli?!, Assume also that S AxBx c x < S Ax b x d x ■ Then 

the line C\D\ intersects the ray (BC at some point U. The lines AB and 
CD can’t intersect at a point that is on the same side of A\C\ as B\ . Oth- 
erwise, any line through C\ that intersects (BA and (BC, say at M and N, 
would force S Cx b x n > S Ax b x c x and S AxB b x > S Ax b x c x - The lemma would imply 
that Sma , C| < SajBjC!- This is impossible since we can make Sma x c x arbitrar- 
ily large. Therefore C; D| n (BA = V. Applying the lemma to A VBU, we get 
S/ViiC, > S VAl Ct > S AiCx d x , a contradiction. 

To show that the constant k = 1 is the best possible, consider the cases close to 
the degenerate one in which ACD is a triangle, D\ , C\ the midpoints of AD and 
CD, and B = A\ = B\ the midpoint of AC. 

22. We will prove that ZKID = Let A A' be the diameter of the circumcircle k 
of AABC. Denote by M the intersection of AI with k. 

Since A'M _L AM, we have that K, 

M, and A' are collinear. Let A t , B\, 
and X be the feet of perpendiculars 
from I to BC, CA, and AD. Then 
AXIB\ ~ A A'MB, since the corre- 
sponding angles are equal (this is easy 
to verify). Since MB = MI = MC, 
we conclude that IM : KM = BM : 

MA! = IB i : IX = XD : IX; hence 
A KIM ~ A IDX. Therefore ZKID = ZXIM - ( ZXID + ZKIM) = ZXIM - 
90° = 180° - ZAA'M- 90° = ZMAA! = 

Assume now that IE = IF. Since /3 > y, we have that A\ belongs to the segment 
FC and hence ZC = ZDIA\ + ZEIB\ = ZDIF + 2ZFIA { . This is equivalent to 
2ZFIA\ = 7 - thus j3 < 3 y. 

23. Let J be the center of circle k tangent to the lines AB, DA, and BC respectively. 
Denote by a and b the incircles of AA DP and ABCP. 
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First we will prove that F £ IJ. Ob- 
serve that A is the center of homoth- 
ethy that maps a to k\ K is the cen- 
ter of negative homothethy that maps 
a to to; and denote by F the center 
of negative homothethy that maps co 
to k. By the consequence of Desar- 
gues’s theorem we have that A, K, and 
F are collinear. Similarly, we prove 
that F £ BL, and therefore F = F, and 
F £ IJ. Now we will prove that E £ IJ. Denote by X and Y the centers of inver- 
sions that map a and b to ( 0 . Comparing the lengths of the tangents from A, B, C, 
D to the circles k and a, we get that AP + DC = AD + PC. Hence there exists a 
circle d inscribed in APCD. Let X be the center of homothethy that maps a to (O. 
Using the same consequence of Desargues’s theorem, we see that A, C, and X are 
collinear. Consider the circles a, co, and k again. We use again that A is the center 
of homothethy that maps a to k. Notice that X is the center of homothethy that 
maps flto ffl. Therefore XA contains the center E of homothethy with positive 
coefficient that maps O) to k. Similarly E £ BX; hence E = E and E £ IJ. 

24. k 4 + n 2 must be even because l k — 3" is even. If both k and n are odd, then 
k 4 + n 2 = 2 (mod 4) while l k — 3" = 7 — 3 = 0 (mod 4) . Assume that k = 2k' and 
n = 2 ri. Then l k -3 n = 1 —^~ ■ 2(l k! + 3"') and 2(7^ + 3"') must be a divisor 
of 2(8 k ! 4 + 2 n' 2 ); hence l k ' + 3 n ' < 8 k ! 2 + In' 2 . It is easy to prove by induction 
that 7*' > 8 k ! 4 for U > 4 and 3"' > In' 2 for n' > 1. Therefore k' £ {1,2,3}. 

For k! = 1 we must have 7 + 3” | 8 + 2 n' 2 . An easy induction gives 7 + 3" > 
8 + 2 n ' 2 for n! > 3. Hence ri < 2. For n! = 1 we get ( k , n ) = (2, 2), which doesn’t 
satisfy the given conditions; ri = 2 implies ( k,n ) = (2,4), which is a solution. 
Assume now that k' = 2. Then \7 k - 3” | = |7 2 - 3"' | • (7 2 + 3"') > 22 ■ (49 + 3”') > 
4 4 + An' 2 . This contradiction proves that k' 7^ 2. 

If we assume that H = 3, then \7 k — 3”| = |7 3 — 3 n ' | • (7 3 + 3^) = |343 — 3 n ' \ ■ 
(7 3 + 3 n/ ) > 100 • (7 3 + 3"') > 6 4 + 4n' 2 . This is again a contradiction. 

Thus ( k , n ) = (2, 4) is the only solution. 

25. Assume that b = •••/?“', where p\.. . . .pi are prime numbers. Since b — a” 2 

is divisible by b 2 we get that pf' \ a " )2 but p ( ' n+ 1 \a " 2 for each i. This implies that 
n | at for each i; hence b is a complete nth power. 

26. A set Z of integers will be called good ifAl\a — b+c—d+efox any a.b.c.d.e £ 
Z. Notice that the set G = {—9,— 7,— 5,— 3, -1, 1,3, 5, 7, 9} is good. For each 
integer k £ {1,2, . . . ,46} the set = {x £ X|3g £ G : kx= g (mod 47)} is good 
as well. Indeed, if a,- £ G& (1 < i < 5) are such that 47 | ci\ — a .2 + 03 — 04 + a$, 
then A1 \ka\ — kcio + ka^ — ka 4 + ka$ . There are elements bi£G for which kai = 
bi (mod 47) which is impossible. Each element of x is contained in exactly 10 
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of the sets G*; hence 10|X| = X?=i |A*| , and therefore \A k \ > 2173 > 2007 for at 
least one k. 


27. The difference of the two binomial coefficients can be written as 
D= | 



( 2 k \ (2* +1 )! 1 

( (2*)! V 

\ 2* / 

\2 k ~ l ) (2*) ! - (2*) ! (2*)! 

U2*- 1 )!; 


2 2 * 2 2 * -1 ' 2 

_ (2 k+1 - 1)M _ z 

(2*)! ^ (2 k )\ 


((2*— 1) 


2 2 - (2*— 1)!! 

(2*) ! 


• P(2 k ), 


for P{x) = (x + 1 ) (x + 3 ) ■ ■ • (* + 2 k - 1 ) - (x - 1 ) ■ (x - 3 ) ■ ■ ■ (x - 2 k + 1 ) . The 
exponent of 2 in (2*) ! is equal to 2 k — 1 ; hence the exponent of 2 in D is bigger 
by 1 than the exponent of 2 in P{ 2 k ). Since P{—x) = —P{x), we get P(x) = 
£ 2 =l c,x 2( ~ 1 . Being the coefficient near x, ci satisfies 


Cl 


= 2- (2*- !)!!•£ — - = (2‘ 


= 2*. I 


2 i- 1 
( 2 k — 1 )!! 


(2i-l)(2*-2i+l)' 



1 


2 k — 2i+l 


Let cii be the solution of a,- • (2; — 1 ) = 1 (mod 2 k ). Then 


2*- 1 


( 2 *— 1 )!! 


" (2i-l)(2*-2i+l 


2*- 1 

= -I(2*-l)!!- 


= -(2*-l)!!X(2i-l) 2 
= _ ( 2 ,_ 1 )!! 2 ^( 2 ^)( 2 *- 1 ) 
= 2*- ' (mod 2*). 


The exponent of 2 in c\ has to be 2k— 1. Now P(2 k ) = c\ ■ 2 k + 2 3k Q(2 k ) for 
some polynomial Q. Clearly, 2 3 * -1 | P(2 k ) but 2 3 * \ P(2 k ). Finally, the exponent 
of 2 in D is equal to 3k. 

28. Fix a prime number p. Let dsNbe the smallest number for which p \ f(d) (it 
exists because / is surjective). By induction we have p \ f(kd ) for every keN. 
If p | fix) but d\x, from the minimality of d we conclude that x = kd + r, where 
r G {1,2 — 1}. Now we have p \ f(kd) +f{r) hence p \ f(r), which is 
impossible. Therefore d \ x p \ f(x). 

If x = y (mod d) , let D > x be some number such that d\D. Then d \ ( y—x+D ) 
hence p \ f (y — x + D), and p \ f(y)+f(D — x). Since p \ f{x+D — x ) we get 
p | f{x) +/(D — x). We have obtained x = y (mod d) => f(x) = f(y) (mod p). 
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Now assume that f(x ) = f(y) (mod p). Taking the same D as above and assum- 
ing that y > x, we get 0 = f(x) + f(D -x) = f(y) + f(D - x) = f(y + D - x) = 
f(y — x) + f(D) = f(y — x) (mod p). This implies that cl \ y — x, and thus 
x = y (mod d) 44 f(x) = f(y) (mod p). 

Now we know that /(l), . . . ,f(d) have different residues modulo p hence p > 
d. Since / is surjective there are numbers x\,...,x p such that f(x\ ) = 1 , . . . , 
f(x p ) = p. They all give different residues modulo p hence x \ , . . . ,x p must give 
p distinct residues modulo d, implying p = d. 

Now we have p\x 44 p\f(x) and xmy (mod p) 44 f(x) = f(y) (mod p) for every 
x,y G N and every prime number p. Since no prime divides 1, we must have 
/( 1) = 1. We will prove by induction that f(n) = n. Assume that f(k) = k for 
every k < n. If f(n ) > n, then f(n) — n + 1 >2 will have a prime factor p. 
This is impossible because f(n) = n — 1 = f(n — 1) (mod p), and hence n 
n - 1 (mod p). If f(n) < n, let p be a prime factor of n — f(n) + 1 > 2. Now 
we have n = f(n) — 1 (mod p) and f(n) = /(/(«) - 1) = f(n) — 1 (mod p), 
contradiction. Thus f{n ) = n is the only possible solution. It is easy to verify 
that this / satisfies the given conditions. 

29. The statement will follow from the following lemma applied to x = k and y = 2 n. 

Lemma. Given two positive integers x and y, the number 4 xy — 1 divides the 
number (4x 2 — l) 2 if and only if x = y. 

Proof. If x = y it is obvious that 4 xy — 1 | (4.x 2 — l) 2 . Assume that there is 
a pair (x,y) of two distinct positive integers such that 4 xy — 1 | (4X 2 — 1). 
Choose such a pair for which 2x+y is minimal. From (4y 2 — l) 2 = (4y 2 — 
(4xy) 2 ) 2 = 1 6y 2 (4x 2 — l) 2 = 0 (mod 4 xy — 1) we get that ( y,x ) is such pair 
as well; hence 2y+x > 2 x+y andy > x. 

Assume that (4.x 2 — 1 ) 2 =k- (4xy— 1). Multiplying 4xy~ 1 = — 1 (mod 4x) 
by k, we get (4x 2 — l) 2 = — k (mod 4x); hence k = 4x1 — 1 for some positive 
integer l. However, this means that 4x1 — 1 | (4x 2 — l) 2 , and since y > x, we 
must have Z < x, implying 2l + y < 2x + y, and this contradicts the mini- 
mality of (x,y). 

Remark: Using the same method one can prove the following more general the- 
orem: If k > 1 is an integer, then kab — 1 | (ka 2 — l) 2 44 a = b. 

30. Denote by f (n) the remainder when v Pi (n) is divided by d. Let /(n) = {J\ (n), 
■■■■> fk( n ))- Consider the sequence of integers nj defined inductively as n\ = 1 
and n.j + i = (pi--- PkY 1 ■ Let us first prove that V p (r + lp m ) = V p (r) + V p (lp m ) 
for r < p m . This follows from (r + lp m ) ! = (lp m ) ! • (lp m + 1) ■ ■ • (lp m + r) and 
for each i < p m , the exponent of p in lp m + i is equal to the exponent of p in i. 

If 7i < 72 < • • • < ju, the exponent of p, in each of n /2 , . . . , n ; „ is bigger than nj x ; 

hence f(n J] +n h H 1- n ju ) = fi(n h )+fi(n h -\ h n ju ) (mod d ) . Continuing 

by induction, we get f (n h -| f nj j = fi(n h ) 4 h ffn ju ) (mod d). 

Since the range of / has at most (d + 1 )* elements, we see that there is an infinite 
subsequence of n,- on which / is constant. Then for any d elements up , ..., np of 

this subsequence we have f(tip H b np ) = f(np ) H b f(ni d ) = df(np ) = 

(0,0, ... ,0) (mod d). 
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4.49 Solutions to the Shortlisted Problems of IMO 2008 


1 . For x = y = z = w\he, functional equation gives f(x) 2 = f(x 2 ) for all x G ffi + . In 
particular, /(l) = 1. Setting y/w, y/x, y/y, y/z in the equation yields 


f(w) + f(x) 
f(y)+f(z) 


w+x 

. whenever wx = yz- 

y+z 


Choosing z= 1, we get w = y/x and f{y/x ) +f(x) = +x) • | 1 . Now if we 
place y = x 2 , we get f(x) = x ■ ' , which is equivalent to ( f(x) — x)(/(x) — 

j) = 0. Assume that there are t,w£ R+ \ {1} such that f(x) = x and f(w) = — . 
Choosing y = z= y/wx and placing in the equation implies ^ + x = (w+x)- 
^^p.If f(y/wx) = y/wx then we have w = 1. Otherwise, if f(y/wx) = 1 /y/wx, 
we get x = 1, contrary to our assumption. Therefore we either have f(x) = x for 
all x G R+ or /( x) = j for all x G K+. It is easy to verify that both functions 
satisfy the original equation. 

2. (a) Substituting a = //j, b = c = jzj, the inequality becomes equivalent 

to a 2 + b 2 + c 2 > 1 , while the constraint becomes a + b + c = cib + be + 
ca+1. The last equation is equivalent to 2 (a+b + c) = (a + b+c) 2 — (a 2 + 
b 2 + c 2 ) + 2= (a + b+c) 2 + 1 — [(a 2 +b 2 + c 2 ) — 1], or [{a + b + c) — l] 2 = 
(a 2 + b 2 + c 2 ) — 1 , which immediately implies that a 2 + b 2 + c 2 > 1 . 

(b) Equality holds if and only \fa + b+c= \ and ab + be + ca = 0. Expressing 
c = 1 — a — b yields — ab + a + b — a 2 — b 2 = 0. It suffices to prove that there 
are infinitely many rational numbers a for which the quadratic equation 
b 2 + {a — 1 )b + a(a — 1) = 0 has a rational solution b. This equation has 
a rational solution if and only if its discriminant (a — l) 2 — 4a (a — 1) = 
( 1 — a) ( 1 + 3d) is the square of a rational number. We want to find infinitely 
many rational numbers | such that ^1 — is the square of a 

rational number, which is equivalent to (q — p)(q + 3p) being the square 
of an integer. However, for each m,n G N the system q — p = (2m + l) 2 
and q + 3p= (2 n + l) 2 has a solution p = n 2 +n — m 2 — m, q = n 2 + « # 
3w 2 + 3m + 1. Keeping m fixed and increasing n would guarantee that we 
are getting infinitely many different fractions a = 

3. (a) Assume that ( f,g ) is a Spanish couple on N. If g(a) > g(b), then a> b 

(a <b would yield g(a) <g(b)). Let us introduce the notation 

g k (x)=g(gt_g(x) ■■■)). 
k 


If we assume that g(x) < x for some x G N we get g(g(x)) < g(x) < x, and 
by induction (g k (a))^° = | is an infinite decreasing sequence from N which 
is impossible. Hence g(x) > x for all x G N. The same holds for /. If 
for some x G N we had f(x) < g(x), then g(f(x)) < g(g(x)) < f(g(g(x)). 
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which contradicts (ii). Therefore fix) > g(x) for all x G N. From g(f(x)) > 
f{g 2 ( x )) > g(g 2 ( x )) we conclude that fix) > g 2 (x), and now easy induc- 
tion implies f(x) > g n (x) for all b£N. This is impossible if (g”(r))“ =1 is 
an infinite increasing sequence. Hence g(x) = x for all x. This can’t be true 
either, because of (ii). This proves that there is no Spanish couple on N. 

(b) The functions f (a — j) = 3a— \ and g(a,b) = a — ^ form a Spanish 
couple on the given set S. 

4. Using the given properties we get /( 2) = /( 2° + 0) = /( 2° — 3) — /( 0) = — 1, 
/( 3) = /( 2+1) = f{2 — 2) — /(l) = 2, /( 4) = -2. For every i e {1,2,3} we 
have f(2 n - i) = /(2" _1 + 2 n ~ l - i ) = /( 2"” 1 - 1(2"“ 1 - £)) - /( 2”' 1 - *)• If 

2 | n then 2" _1 — i = 2 — i = — (i + 1) (mod 3), and if 2 { n then 2" _1 — i = 

-(i - 1) (mod 3). Set a[ = f(2 lk - i) and b\ = /( 2 2k+l - i). From the previous 
calculation we get a‘ k = b‘if_\ — b\_ l and b\ = af 1 — a). This further implies 
that a\ = 2 a[_ 1 — a' k \ — a\ t\. By induction we now obtain a\ = 2 • 3 i_1 , = 

a\ = —3 k ~ l . This further gives b\= a\ — a\ = —3 k , b\ = 3 k , b\ = 0. Moreover, 
for each n e N and each i e {1,2,3}: /( 2" — i) > 0 if and only if 3 | 2" — i. If 

3 | 2" — i, then /( 2 n - i ) > 3 n / 2 . In addition, \f(2 n -i)\ <2- 3 

Assume that p > 1 is an integer. Let a\,. . . ,(y.[ be positive integers such that 
3p = 2 ttl H h 2“'. In order to prove f(3p) > 0 let us start with 


f(3p) = f (2 ai - 1 (2“ 2 + • • • + 2«0) - /(2“ 2 - f (2“ 3 + • • • + 2“')) 
+ /(2«3+...+2“'). 

Since x +y = x — t (y) (mod 3) the first term on the right-hand side is > 3“' / 2 , 
while /( 2“2 - f (2“3 + ■ • • + 2“')) < 0. It suffices to establish /( 2“3 + • • ■ + 2 a ‘ ) < 
3 ai / 2 . Let us prove the following: | f(m) \ < 3"/ 2 for all m, n with m < 2". 

The last statement is true for n = 1,2. Assume that the statement holds for some 
n and assume that m < 2 n+1 . If m < 2" we are done. Otherwise, let m = 2” + j, for 
some 0 < ; < 2". Then \f(m)\ = \f(2 n - t{j)) -/(;')! < 1/(2” - t{j) \ + |/(y)|. 
Since |/(2” - t(j))\ < 2 ■ 3^ n ~ 2 ^ 2 and |/(j)| < 3"/ 2 we get \f(m)\ < 3( n+1 )/ 2 . 

5. Consider the quantity 


, ^ b c d 
S=3[r + ~c + d + ~ 


Using the inequality between the arithmetic and geometric means, we get 


S — I 2-r 4 F - ] + ^2- + - + - 

n? 


2 d + a + b 


dad 
2 - + b + ~c 


d 5 


> 4 \j — + 4 \j — + 4 \j + — =4(a + b + c + d) 


cda 


1 dab 


abc 


>3 l b + c + d + ~l +{a + b + C + d) - 


The required inequality now follows immediately. 
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6. Assume the contrary, that / is onto. There exists a sequence of numbers a n such 
that/(o„) = n. 

If f{u) = f(v) then f(u + 1 /n) = f(a n + 1 //(«)) = f(a n + 1 //(v) ) = /(v + 1 /«) 
for all h£N, and by induction f(u + m/n) = f(v + m/n) for all m.neN. 
Applying this to u = a\, v = a|<§» l//(ai — 1), and n = f(a\ — 1), we get 1 = 
f(a i) = f(a\ + 1 /n) = f(a\ +2/n) = ■■■ = f(a\ + 1). This further implies that 
f{a\ + q + 1) = f(a\ + q ) for all rational numbers q. 

For fixed y we have 





= N. 


Particularly, r(ai) = N, so we could assume that 02,03,... are chosen from 
r (01). Hence for each n > 2 there exists k n G N such that a n = ct\ + 1 /k n . Now 
we have f{a x + 1 /n) = /(01 + l//(a„)) = f(a n + 1) = f{a x + i- + 1) = /( fll + 
l/k„)=f(a„)=n. 

Since r(ai + j) = N, there exists d such that f{a\ + 5 + 3) = 1- Assume that 
j + ^ = g for relatively prime numbers p and q. Since | ^ ^ 1, we have 

q > 1. Let k be an integer such that kp = 1 (mod q). Then 1 = f{a\ +p/q) = 
/(01 + kp/q) = f{a\ + 1 j q) = q which is a contradiction. 

7. The left-hand side can be rewritten as 


Mi (M l 

a+b+c b+c+d 


+(a-c)(b — d)- 


2 d + b 


( b + c + d)(d + a + b ) 


2c + a 


(a + b + c)(c + d+a) 


In order to prove that L > 0, it suffices to establish the following inequality: 


(o 


c)(b — d) 


2 d + b 


2 c + a 


( b + c+d)(d + a + b ) ( a + b + c)(c + d+a ) 


~ 2 l( fl ~ c)(b — d)\ 
y/a^fW+c- y/b + c + d 


If a = c or b = d, the inequality is obvious. Assume that a> c and b> d. Our 
goal is to prove that 

| 2 d + b 2 c + a | ^ 2 

| (b + c + d)(d + a + b) ( a + b + c)(c + d + a ) | “ V« + 6 + c- y/b + c + d' 


Both fractions on the left-hand side are positive hence it is enough to prove 
that each of them is smaller than the right-hand side. These two inequalities 
are analogous, so let us prove the first one. After squaring both sides, cross- 
multiplying, and subtracting, we get 
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-{2d + b) 2 {a + b + c) + 4{d+a + b) 2 {b + c + d) 

= ~{2d + b) 2 {a + b + c) + [{2d+b) + (2 a + b)] 2 (b + c + d) 
= -{2d + b) 2 -a+{2d+b) 2 -d+{2a + b) 2 {b + c + d) 

+ 2-{2d + b){2a + b)(b + c + d ) 

> - {2d + b) 2 ■ a + {2d + b) (2 a + b) {2b + 2c + 2d) 

> - (2 d + b) 2 -a+ {2d + bf{2a + b) > 0. 


B 5 


fi 3 


Ba 


b 2 


Equality holds if and only if a = c and b = d. 

The largest such n is equal to 6. Six 
boxes can be placed in a plane as 
shown in the picture. 

Let us now prove that n < 6. Denote by 
X, and Yi the projections of the box B, 
to the lines Ox and Oy respectively. If 
i ^ j± 1 (mod n) then X, DXj ^ 0 and 
Yi fl Yj ^ 0. If i = j± 1 (mod n), then 
X t C\Xj = <d or YiTYj = 0. 

We will now prove that there are at most 3 values for i such that Xi nX i+ i = 0. 
Assume that X] = [a\,b\], . . . , X„ = [a n .b„\. Without loss of generality we may 
assume that a\ = max{«| . 02 - • • •,««}• If bi < a\ for some i G {2,3, . . . ,n}, then 
X,- nXj = 0, hence i G {2,n}. Therefore ai € X 3 fiX 4 f| • • ■ flX n _i and X 2 nX 3 , 
X„ nx n _i, X[ nx 2 , and Xi fl X n are the only possible intersections that could 
be empty. We will prove that not all of these sets can be empty. Assume the 
contrary. Then fl 3 G (& 2 i«i), b n G (a 3 ,«i), and a n _i G {b n ,a\). This implies that 
a n -\ > b 2 and X„_i flX 2 = 0, a contradiction. 

In a similar way we prove that at most three of the intersections Fi fl I 2 , . . . , Y n ft 
Y\ are empty. However, there are n empty sets among the intersections Xi flX 2 , 
X 2 nx 3 , . . . , X„ n Xi , Fl n F 2( F 2 n F 3 , . . . , F n n Fl , yielding n< 3 + 3 = 6. 


9. Let us call a permutation nice if it satisfies the stated property. We want to cal- 
culate the number x„ of nice permutations. For n = 1,2,3 every permutation is 
nice hence x n =n\ for n< 3. 

Assume now that n > 4. From {n — 1) | 2(ai H f a n - 1 ) = 2[(1 -| \- n) — 

a n \ = n{n + 1) — 2a„ = {n + 2){n — 1) — 2(a n — 1) we conclude that {n — 1) | 
2{a n — 1). If n is even we immediately conclude that a n = n or a n 1. 

Let us prove that a n G { 1 ,n} for odd n. Assume the contrary. Then n — l m 

2{a n — 1), i.e., a n = ^-I. Then n — 2 \ 2{a\ H b a n - 2 ) = n ( n + 1) — 2xx n — 

2a n -\ = n{n +1) — (n + 1) — 2a n _i = (n — 2)(n + 2) + 3 — 2a n -\ which gives 
n — 2 | 2a„_i — 3. Since 2a ”I 2 ~ 3 < = 1 + ^ < 2 we get n — 2 = 2a„_i — 3. 

This implies that a n - \ = ^ = a n , which is a contradiction. 

Therefore, for n > 4 we must have a„ G { 1 ,«}. There are x n -\ nice permuta- 
tions for a n = n, and for a„= 1, the problem reduces to counting the nice per- 
mutations of the set {2,3, ... ,n} satisfying the given property. However, since 
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2(aH hat) = 2& + 2((ai - 1) H (at — 1)), we get & | 2(aH ha*) if 

and only if k \ 2[(ai — 1) H 1- (at — 1)]. This provides a bijection between the 

nice permutations of {2,3, . . . ,n} and the nice permutations of {1,2, ... ,n — 1}. 
Thus we have x n = 2x n -i for n > 4, which implies x„ = 2" -3 -xj = 6 • 2" -3 for 
n > 4. 

10. Since the area of a triangle ABC is equal to j \AB x AC\, we have that (0, 0) and 
(i a,b ) are /c-friends if and only if there exists a point (x,y) such that ay— bx = 
±2 k. According to Euclidian algorithm such integers x and y will exist if and 
only if gcd ( a,b ) | 2k. Similarly, (a. b) and (c,d) are /c-friends if and only if 
gcd ( c — a,d — b ) | 2k. 

Assume that there exists a ^-clique S of size n 2 + 1 for some n > 1 . Then there 
are two elements ( a,b ), (c.d) e S such that a = c (mod n) and b = d (mod n). 
This implies n | gcd ( a — c,b — d ) 2k, or equivalently, n \ 2k. 

Therefore, for a /c-clique of size 200 to exist, we must have n \ 2k for all n G 
{1, 2,..., 14}. Therefore /(> 4-9 -5-7 - 11-13= 180180. 

It is easy to see that all lattice points from the square [0, 14] 2 are 180180-friends. 

11. The number of sequences in which the lamp i is switched (on or off) exactly a, 

times (f = 1,2,..., 2 n) is equal to f • Therefore 

M = j — t :ai+-- + a„ = fe,2{a 1 ,...,2{a„|. (1) 

L ^1 ■ * * * • J 

Similarly, we get 

w = . V i 

^ ai! ■ ■ ■ a„l ■ fill ■ ■ ■ finl’ 

where the summation is over all possible ai , . . . , a„, j3i , . . . , j3„ that satisfy cq + 

h On + )3i H b/3„ = k, 2\ oq, . . . , 2 { a n , 2 \ j3i, . . . , 2 | /3„. We see that the 

sum in (1) is equal to the coefficient of X k in the expansion 

/ v3 x 5 \ n 
f(X)=(x+ — + — + ■■■) =sinh”(X), 

while the sum in (2) is equal to the coefficient of X k in the expansion 


( X 3 

x 5 \ 

” / X 2 

X 4 

x + ^- + — + ■■■ 

■ 1 + — + — + ■■■ 

V 3! 

5! J 

V 2! 

4! J 


= sinh”(X) • cosh" (A) = — sinh"(2X). 

Assume that sinh"(A) = '^ =0 ajX t for some real numbers a\, a2, Then we 

have sinh" (2X) = YJLq a i( 2X)' — a r 2} -X 1 . Therefore 

N_ = k\ ■ ak = r _ k 
M ^ • k\ ■ a k ■ 2 k 
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12. Let m be the average of all elements from S, i.e. m = ^{xi +X 2 H 1 -*£+/). 

Define r(A) = \YxeAX. Clearly, set A is nice if and only if |F(A) — m\ < 

For each permutation tc = (n i , . . . , Kk+i) of S consider the sets Af, Af, ..., Ajf +l 
defined as Af = {ni,n i+ \,. . . , Jti+k- 1 } (indices are modulo k + /). We will prove 
that at least two of the sets Af are nice. Let us paint the sets Af red and green in 
the following way: Af is green if and only if F(Af) > m. Notice that F(Af) — 
r(Af +{ ) = i(7t ,■ — n i+k ) is of absolute value < |. Therefore T(Af) — m| < ^ 
or |r(Af +| ) — m\ < Hence whenever two consecutive sets in the sequence 
Af , . . . ,Af +/ are of different colors, one of them must be nice. If there are > 2 
sets of each of the colors, it is obvious that at least two of the sets will be nice. 
Assume that there is only one red set and that it is the only nice set. Without 

loss of generality assume that Af is red. Then m(k + l) = r (Af) + T (Af) y b 

r (Af , ; ) > (m — jk) + m+jk~\ + 0 m ’ which is a contradiction. 

Now we can prove the required statement. To each of the {k + 1 ) ! permutations 
of S we assign at least two nice sets. Each set is counted (k + l) ■ k\- 1\ times, so 
there are at least ' WTi n ' ce sets - 

13. We will prove a stronger result, that for each k we have 

I (|5,|-(n+l))<(2n+l)-2"- 1 . (1) 

HI 

The desired statement follows from (1) because if |5,-| > 2« + 2 for each i, then 
(2 n + 1) • 2" -1 > 2" • (n + 1) which is impossible. 

We will use induction on n to prove (1). First, for n = 1 and any subsets 

Si, $ 2 )- • • ,Sk of (1,2, 3,4} we want to prove |Si| H b |S*| < 2° -3 + ^(1 + 1) = 

3 + 2k. It suffices to verify this only when |S,-| > 3 for each i. If there is one set 
with four elements, then k = 1 and the inequality is satisfied. If all sets have 
cardinality 3, then k < 3 ({1,3,4} and {2,3,4} can’t both be among the chosen 
sets), hence 3k < 6 + 2k. 

Assume now that the statement is true for n — 1. Let us divide the subsets 
S\,. . . ,Sk of {1 ,2, . . . ,2" +1 } into two families: si = {Ai, . . . ,A/}, those with all 
elements greater than 2", and SB = {B\ ,... , the remaining subsets. Using 
the induction hypothesis we obtain Xi=i(|Ai| — (n+ 1)) < (2 n— 1) -2 n ~ 2 — l. Let 
us denote by a, the smallest element of B t n {2 n + 1, . . . ,2" +1 } if it exists. Let 
Hi = Bi n { 1 , . . . , 2"} and G,- = B t n {2 n + 1 , . . . , 2 n+1 } \ {a,}. If i < j we claim 
that G{ H Gj =0. If not, considering z e G,- fl Gj and taking y = a- t , x 6 Hj, we 
get a contradiction since x<y<z and x,z& Bj, y,z G Bi. 

Sets Gf are all disjoint, and the induction hypothesis holds for sets H t . Hence 
I - (« + !)) = XfcfG^I ~n) + \Gi\ < (2 n - 1)2"- 2 + 2”. Thus 

k 

£(]Sj| -(« + !}} < (2n — 1) •2" -2 -2 — i + 2" < (2n+ 1)2" _1 . 

i=i 

14. Let A', B 1 , C' be the midpoints of BC, CA, AB, respectively, and let A", B" , C" 
be the midpoints of HA, HB, HC respectively. Let O be the circumcenter of 
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AABC and R its circumradius. The Pythagorean theorem implies OA 2 = OA' 2 + 
A’ A 2 = OA' 2 + A' H 2 . Since HA' OA" is a parallelogram we have that OA' 2 + 
A'H 2 = \(OH 2 +A'A" 2 ). However, since A"A’OA is a parallelogram, we have 
that A' A" = OA=R. Thus OA 2 = j(R 2 + OH 2 ). Si mi lar relations for OA 2 , OB t , 
OB 2 , OC \ , OC 2 imply that the points A t , A 2 , B\, Ih, C\ , C 2 lie on a circle with 
center O. 

15. Assume that the distribution of the points is such that ABEF is a convex quadri- 
lateral and C belongs to the segment BE (other cases are analogous). 

Let JF = p, FI = q, IK = r. Then 
KE =q + r. Let us further define DI =» 
s, IC = t,JA= x, AB = y. Since ABEF 
is cyclic, we have JA - JB = JF ■ JE, 
i.e., x(x + y) = p(p + 2q + 2r). From 
CD\\JB we have J == ^ and = 
p+ 2 q+ 2r - The last three equalities im- 
ply that st = q(q + 2r). The quadrilat- 
eral ABKI is cyclic if and only if x(x + 
y) = (P + q)(P + q + r). And JCKD is 
cyclic if and only if (p + q)r = st. We want to prove that 

x(x+y) = {p + q)(p + q+r) & (p + q)r = st. 

Using the equalities we already have, we can eliminate x, x + y, s, and t from the 
previous equivalence. Hence it suffices to prove that 

r p{p + 2q + 2r) (p + q)r i 

kp + q)(P + q + r) q(q + 2r) \ 

^\p{p + 2q + 2r) = (p + q)(p + q + r) ^ {p + q)r = q(q + 2r)]. 

The last equivalence becomes obvious once we multiply out all the terms. 

16. Let us first consider the case EQ ^ EP. Assume that EQ < EP and denote by A' 
and D' the intersections of EA and ED with the circumcircle of APQD. Then 
ZPAA' = /.PAD' + ZD'AA' = /PAL? + /L?DA', while /QDD' = /QDA' + 
/A'DD' hence /QDA' = /PAD' . This means that A'Q = PD' and A'D'\\QP. 
Therefore /DEQ = /DL? A' = /DA A'; hence QE is a tangent to the circumcir- 
cle of A DAE. Let M be the intersection of AD and PQ . Then ME 2 = MD ■ MA. 
Since APQD is cyclic we have that MD ■ MA = MQ ■ MP; hence ME 2 = MQ ■ MP. 
Assume that BC intersects PQ at a point N. Then NE 2 = NQ ■ NP, and since there 
is a unique point X on the line PQ for which XE 2 =XQ- XP, we conclude that 
M = N. Now from MD ■ MA = ME 2 = MC ■ MB we get that ABCD is cyclic. 

If EQ = EP then it is easy to prove that the perpendicular bisectors of AD, BC, 
PQ coincide hence ABCD is an isosceles trapezoid, hence it is cyclic. 

17. Let M be the intersection point of QF and PE. We need to prove that /QMP = 
/BAC. Since /MQP = /QAB ( QB is a tangent to the circle around A QFA), 
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it is enough to prove that ZQAB + ZBAC = ZQMP + ZMQP, or equivalently, 
ZQAE = ZEPC. Therefore we need to prove that AQPE is a cyclic quadrilateral. 
From BQ 2 = BF BA = BP 2 we get BP = BQ. Adding BF BA = BP 2 to AF ■ 
AB = AE ■ AC (which holds since BCEF is cyclic) we get AB 2 = AE ■ AC + BP 2 . 
From the Pythagorean theorem we have AB 2 = AE 2 + BE 2 = AE 2 + BC 2 - CE 2 , 
from which we get BC 2 -CE 2 =AE ■ EC + BP 2 . This implies that BC 2 - BP 2 = 
CE 2 +AE ■ EC, or equivalently 

CE ■ (CE +AE) = (BC + BP) (BC - BP) = CQ ■ CP. 

Thus CE -CA = CP- CQ and QPEA is cyclic. 

18. We will use induction on k. The statement is valid for k = 0, since there is at 

least one point P for which (OP) doesn’t intersect any of the lines from L. 
Assume that the statement holds for k — 1 . Consider the point O and the line (or 
one of the lines if there are more) whose distance from O is the smallest. Denote 
this line by l. This line contains n— 1 points from I. We will first prove that there 
are at least k + 1 red points on l . We start by noticing that there exists a point P £ 
l D/ such that (OP) doesn’t intersect any of the lines from L. Point P divides the 
line l in two rays; assume that one of them contains the points / J i , / J 2 ..... £ /, 

while the other ray contains the points Q i , . . . , Qn- 2 -u € /. Assume that Pi’s are 
sorted according to their distance from P, and the same holds for Qi’s. Consider 
the open segments (OPj) and (OP l+ \ ). Each line not containing any of Pi and P; + i 
must intersect either both or none of these segments. The line passing through 
Pi (other than l) could intersect (OP,- + i ), and a similar fact holds for the line 
passing through P l+ \ . Flence the numbers of intersections of (OP{) and (<3/) + i ) 
with lines from L differ by at most 1. Therefore P\ , P 2 , . . . , P mm {k,u} are all red. 
A similar result holds for Q;’s hence there are at least k+ 1 red points on l. 

If we remove l together with n— 1 points on it, the remaining configuration al- 
lows us to apply the induction hypothesis. There are at least jk ■ (k+ 1 ) points G 
from/\ {/} for which (OG) intersects at most A:— 1 lines fromL\ {/}. Therefore 
there are at least jk-(k+l) + k+l= ^(k+l)(k + 2) red points. 

1 9 . Assume first that there exists a point P inside ABCD with the described property. 

Let K, L, M, N be the feet of perpendiculars from P to AB, BC, CD, and DA 
respectively. We have ZKNM = ZKNP+ZPNM = ZKAP+ZPDM = 90° and 
similarly ZNKL = ZKLM = ZLMN = 90°; hence KLMN is a rectangle. Denote 
by W, X, Y, Z the feet of perpendiculars from P to KL, EM, MN, and NK. 
From A PLX ~ A PCM we get that CM = g • PM = PM ■ . Similarly DM = 

PM • , CL = PL- BL = PL - Notice that 

PW-PY 

CM:DM= — =CL-.BL-, 
hence BD\\ML. Similarly AC\\LK; hence AC A BD. 

Conversely, assume that ABCD is a convex quadrilateral for which AC A BD. Let 
P' be any point in the plane and consider a triangle M'P'L' for which M'L'\\BD, 


4.49 Shortlisted Problems 2008 773 


P'M' _L CD, and P'L! _L CB. Let K' be the point for which P’K' _L AB and 
K'l!\\AC. Let N' be the point such that K'L'M'N' is a rectangle. Consider the four 
lines a k , a h a m , a„ through K',L',M', N' perpendicular to P'K', P'L', P'M' , and 
P'N' respectively. Let A' = a k C\a n , B' = a k C\a,i,C' = a m , and D' = a m C\a n . 
Using the previously established result we have A'C'\\K'L! and B'D'\\M'L' . We 
also have C'D'\\CD, B'C'\\BC, A'B'\\AB hence A DCB ~ A D'C'B' and A ABC ~ 
A A'B'C' . Thus there exists a homothety that takes A' B'C'D' to ABCD, and this 
homothethy will map P' into the point P with the required properties. 

20. Let M, N, P, Q be the points of tan- 
gency of © with AB, BC, CD, and 
DA, respectively. We have that AB + 

AD = AB + AQ — QD = AB + AM — 

DP = BM- CP + CD = BN- CN + 

CD = BC + CD. Denote by X and Y 
the points of tangency of ©i and ©2 
with AC. Then we have AB = AX + 

BC - CX and AD = AY + CD- CY. 

Together with AB +AD = BC+ CD, this yields AX-CX = CY-AY. Since AX + 
CX = CY + AY, we conclude that AX' = CY ; hence Y is the point of tangency of 
AC and the excircle (Ob of AABC that corresponds to B. Similarly, the excircle 
a>D corresponding to D of AADC passes through X . 

Consider the homothety that maps (Ob to co. Denote by Z the image of Y under 
this homothety. Then Z belongs to the tangent of © that is parallel to AC. There- 
fore Z is the image of X under the homothety with center D that maps (Od to co. 
Denote by X' and Y' the intersections of DX and BY with ©2 and ©1 respect- 
ively. Circles ©1 and (Ob are homothetic with center B; hence Y' the image of Y 
under this homothety. Moreover, Y' belongs to the tangent of ©1 that is parallel 
to AC. This implies that XY' is a diameter of © 1 . Similarly, X'Y is a diameter 
of © 2 . This implies that X'Y\\XY' , which means that A ZX'Y ~ A ZXY' and Z is 
the center of the homothety that maps ©2 to © 1 . This finishes the proof of the 
required statement. 

21. Assume the contrary. If two of the numbers are the same, then so are all three of 
them. Let us therefore assume that all of a, b, c are different. The given condi- 
tions imply that 

a n -b n b n -c n c"-a n _ 3 

a— b b—c c—a ^ ’ 

which immediately implies that some of the numbers a, b, c have to be negative. 
Moreover, n can’t be odd since otherwise each of the fractions would be posi- 
tive. Assume first that p is odd. Since 2 \ a ”~^” = a n ~ l +a n ~ 2 b - 1 1 -b n ~ x , the 

numbers a and b have to be of different parity. Similarly, 2 \ b — c and 2 \c — a 
which is not possible. 

We are left with the case p = 2. Writing n = 2m, we derive (a m +b m ) ■ (b m + 
c m ) ■ (c m + a m ) • = —8. This means that a m + b m = ±2, 

u m _ b m = ± (a — b), and analogous equalities hold for the pairs (b. c) and ( c,a ). 
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If m is even, then \a\ = \b\ = |c| = 1 , which means that at least two of a, b, c have 
to be the same. 

If m is odd, then ±2 = a m +b m is divisible by a + b. Since a m +b m = a+b (mod 
2), we conclude that a + b = ±2. Similarly b + c= ±2 and c + a = ±2. At least 
two of a, b, c have to be the same, which is a contradiction. 

Remark. The statement of the problem remains valid if we replace the assump- 
tion that p is prime with the assumption 2 { p or p = 2. 

22. Assume the contrary. Without loss of generality we may assume that these num- 
bers are relatively prime (otherwise we could divide them by their common divi- 
sor). We may also assume that a\ < aj < ■ ■ ■ < a„. For each i € {1,2, . . . , n — 1} 
there exists j G {1,2, ...,« — 1} such that a n + a, | 3a j. This together with 
a n + ai > aj implies that a n + a, is divisible by 3 for all i. 

There exists k G {1,2} such that a„ = k (mod 3) and a,- = 3 — k (mod 3) for all 
i 7^ n. For each i £ {1,2, ... ,n — 2} there exists j such that a n -i+ai \ 3a j. Since 
a n -i+ai is not divisible by 3, we must have a„_i + a; | af, hence j = n, and we 
conclude that a„_i+a; | a n for all i G {1,2,. . . ,n — 2}. Let / G {1,2, ...,«} be 
such an integer for which a n + a n - 1 1 3a;. Adding the inequalities a n + a n - i < 3«; 
and a„_i + a; < a n gives that a„_i < af, thus either l = noxl = n— 1. 

In the first case, a(a„_i + a n ) = 3 a n for some u G N. We immediately see that 
u < 3 and u > 1. Hence u = 2 and 2a„_i = a n . However, this is impossible, since 
for each iG {1 ,2, ... ,n — 2} the number a„_i +a,- divides a n = 2a n -\. 

On the other hand, if a n - 1 + a n \ 3a„_ i then there exists v G N for which v (a„_ i + 
a„) = 3a„_ |. If v > 2, then 2a„_i +2a„ < 3a„_i, which is impossible. Hence 
v = 1, and we get a„ = 2a„_ i . In the same way as in the previous case we get a 
contradiction. 

23. We will use induction on n. Observe that a„ > (a n+ i,a„) > a„_i. Obviously, ao> 
1, and ai > ao + 1 > 2. From a^ + i — a^ > {a.f, + \ ,a^) > a^_i + 1 we get a2 > 4 
and a-$ > 7. It is impossible to have aj = 7, since (33, ai) > ai = 2 would imply 
a 2 = l = a-},. Hence we have that the statement is satisfied for n G {0, 1,2,3}. 
Assume that n > 2 and a, > 2 ! for all i G {0,1,... ,n}. We need to prove that 
a n+ \ > 2" +1 . Let us define d„ = (a„ + i ,a„). We have d n > a n -\. Let a n + 1 = kd n 
and a„ = ld n . If k > 4 we are done, because a„ + i > 4d n > 4a„_i > 4 ■ 2 n_1 = 
2 n+l . If l > 3, then a n+ \ > a n implies k> 4. If l = 1, then n„ + i > 2 a„ > 2" +1 . 
Hence the only remaining case to consider is a„ = 3 d„, a„_ 1 = 2 d n . Obviously, 
d n ~ 1 = (2d n ,a n -i) > a„_2. If a„_ 1 = d n - 1, then from a„_i < d n and a„_i | 2 d n 
we get ^ > 3 and d n > |a„_ 1 > \ ■ 2 n ~ 1 . Now a n+l = 3d n >9- 2 n ~ 2 > 2 n+l . 
If a„_ 1 > 3d n - 1 then d„ > a„_ 1 > 3d n 1 . Since = (2d n ,a n -i), there exists 
jGN such that 2d„ = sd n -\. This implies that d n > 3 ■ ^, which means that 
s > 6, or s > 7. Therefore 2d„ > ld n -\ > 1 ■ 2" -2 and a n+ i = 3 d n > 2 n+1 . 

It remains to consider the case a„_i = 2d n -\. From (2d n ,2d n -\) = d n - 1 we 
conclude that d n = for some odd integer w > 3. From a„_i < d n we get 
2d n -\ < d„\ hence w > 5. If w > 7, then u n+ i > 3 • 7 • > 21 • 2 n ~ 3 > 2 n+1 ; 

hence it remains to consider the case w = 5. We now have 2” -3 < u„_ 3 < 
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d n - 2 = (2 d n -i,a n - 2 )- If an - 2 > M„_ 2 , then 2t/„_i > 3 d n - 2 > 3 • 2 n “ 3 . There- 
fore a n+ i = 3 • > 45 ■ 2" -4 > 2 n+1 . If a n -2 = d n - 2 , then from a n - 2 < 4-i 

we get again 2d n -i > 3d n ~ 2 and a n+ \ > 2" +1 . 

24. First we prove that the numbers ( 2 k ') are all odd. Let M be the largest integer 
for which 2 M divides (2" — 1) !. Then M = £"=/ (2 n ~ i - l). 

The largest number A for which 2^ divides fc! • (2" — I k) \ satisfies 


*=X 



Each summand on the right-hand side is equal to 2" 1 — 1 (write k = qr 2‘ + r,-, 
for 0 <tt< 2‘). Hence M = N and ( 2 "^*) is odd. 

Let us prove that the numbers ( 2 " J ^ 1 ) give different remainders modulo 2". This 
is valid for n = 1. Assume that this holds for some n > 1. We claim that the 
sets Ai — | ( 2 " + 2 'r ' ) j ( 2 2 h-T ' ) } and B i = { fr 1 ) > 2” +1 — (^r 1 ) | are the same 
modulo 2" +1 for each i = 0,1,.. . ,2" _1 — 1. We also claim that that all numbers 
from |J 2 =o ' Bi are different modulo 2” +1 . These two claims will imply the 
desired result. Let us show that ( 2 " + 2i _1 ) = — ( 2 2 I+T ' ) ( m °d 2 n+1 ) and that one 
of these two numbers is congruent to ( 2 T 1 ) . The first congruence follows from 



2 «+ 

2i+l 

2«+l 

2i+l 


2 ni 1 - 1 
2i+ 1 
2” +1 - 1 
2 i 

2 n+1 - 1 \ 

2i+ 1 ) 


2 n+1 - 1 
2i+ 1 


I (mod 2 n+1 


while the second is true because 


'2" +1 - 1\ _ 2 n+1 - (2k + 1) A 2 n+1 - 2k 

. 2 ,- ) “li 2 att 

^2' I+1 -(2A:+1) ' 2" -it 

to 2 *+! M k 

M-fy-f: 1 ) (mod 2 n+1 ). 


It remains to show that (J 2 =o * I* ave all elements different modulo 2” +1 . The 
induction hypothesis implies that ( 2 T 1 ) has a different remainder from ( 2 7 1 ) 
for i ^ j. The same holds for 2 n+1 — ( 2 " ! ~ 1 ) and 2 n+1 — ( 2 "j l ) ■ From ( 2 " 2 ^ ') + 
( 2 ";|) = 2 n we have that ( 2 "r') = 2 n+l - ( 2 "“ 1 ) = 0 (mod 2” +1 ) if and only if 
there exists k such that {i-j} = {2k,2k + 1 } for some k. However, in that case 




. 2 n a n -\\ 
' 2&+1 l 2 k ) 


£ 0 (mod 2 n+1 ). 
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25. If p is a prime number, then d(f(p j) has p divisors, and must be a power of a 

prime. Hence f(p) = q p ~ l for some prime number q. Let us show that q = p. 
Consider first the case p > 2. From f(2p) | (2 — 1) • p 2p ~ 1 • /( 2) and /(2p) \ 
(p - 1) • 2 2 p- ] ■ f{p ) = (p-1)- 2 2p ~ l ■ qP~ l we conclude that f(2p) \ (p 2 P~ l ■ 
/( 2), (p - 1) • 2 2 p ~ 1 • = {f (2), (p - 1) • 2 2 f -1 • qP~ l ). Since /(2p) has 2 p 

divisors and /( 2) is prime, this is a contradiction. We also have /( 2) = 2. Indeed, 
this follows from /( 6) | 3 6 ” 1 • /( 2), /(6) | 2 • 2 6 ” 1 • 3 3 ” 1 , and d(f( 6)) = 6. 
Assume now that x = p" 1 • . . p“" is a prime factorization of x with p\ < ■ ■ ■ < 
p n . Let f{x) =q b l 1 - qt 1 - From d{f(x)) = p" 1 • • • ph l = (hi + 1) • • • (b m + 1) we 
conclude that h,- >pi — 1 for all i. The relation /(x) | (pi — 1)- (p“ 1_1 • • • p“" ) x ~ 1 • 
/(pi) yields q \... . , q m G {pi, ■ ■ ■ ,Pn}- Hence for each prime p and each a G N 
there is b G N such that f{p a ) = p b . From p a = b+ 1 we get f(p a ) = p p “ 1 . 
Now assume that x G N. There are integers a\ , ,a n .b\ .... ,b n such that x = 
Pj 1 • • • p"" and/(x) =pj‘ • • • p*" . For each i G {1,. . . ,n} we have /(x) | (pf — 1)< 

( x/p^'Y _1 • pf ' 1 ; hence p*‘ | pf' \ which implies h, + 1 < p°'. Multiplying 

this for i = 1 , . . . , n we get d(f(x)) = {b\ + 1) • • • {b n + 1) < p" 1 • • • p“ n = x. Since 

d(f(x)) = x, we must have b t = p c \' — 1 for all i and /(x) = p l \' 1 • • • p p n " 1 . 

It is easy to verify that the function / defined by the previous relation satisfies 
the required conditions. 

26. If p is any prime number of the form p = 1 (mod 4); we know that = 1, 
and there are exactly two numbers n.m G {0, 1 , 2, .... p — 1} whose square is 
congruent to — 1 modulo p. Since the sum of these two numbers is equal to p, 
one of them is smaller than p/2. Assuming that n < p/2; let us set k = p — 2 n. 
It suffices to prove that there exist infinitely many prime numbers p for which 
k > v / 2 n. From p | n 2 + 1 = P 2 ~ 2 P k+ ^ + 1 we conclude that p \ k 2 + 4. This 
implies that k 2 >p — 4. It suffices to prove that p — 4 > 2n, i.e., 4 < p — 2n = k for 
infinitely many values of p. However, this will be satisfied, since k > y/p — 4 > 4 
for p > 20, and there are infinitely many prime numbers greater than 20 that are 
congruent to 1 modulo 4. 
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4.50 Solutions to the Shortlisted Problems of IMO 2009 

1. Notice that & 2009 , '' 2009 , and W 2009 always form a triangle. In order to prove this 
fact it suffices to show that the largest of these three numbers (say W 2009 ) is less 
than the sum of the other two. Since there are bi and rj such that W 2009 , bi, and 
rj form a triangle, we get W 2009 < bi + rj < £>2009 + r 2009 • This proves that k > 1. 
We will now provide an example in which only one triple (Z>j,r,-,w,) forms a 
triangle. Let us set w,- = 2 i, r,- = i, for i = 1,2, . . . ,2009; and let us define b-, = i 
for i G {1,2, . . . ,2008}, and bj = 2 i for i = 2009. We will now form triangles 
7j, . . . , 72009 such that each has one blue, one red, and one white side. For j = 
1,2,..., 2008 we can define the triangle 7) to be the one with sides wj, rj + \, and 
bj because 2 j < j + j+ 1. The sides of 72009 can be W 2009 = 4018, r\ = 1, and 
(>2009 = 4018. The conditions of the problem are clearly satisfied. 

2. The given conditions on a, b, and c imply that abc{a + b + c ) = ab + be + ca. 
Applying the inequality (X + Y + Z) 2 > 3 (AT + YZ + ZX) to X = ab, Y = be, 
Z = ca gives us (ab + bc + ca) 2 > 3 abc(a + b + c ) = 3 (ab + be + ca), which 
means that ab + be + ca > 3 . 

From 2 a + b + c> 2^/(a + b)(a + c) and two analogous inequalities we deduce 

1 I J , 1 < 2 (a + b + c) 

(2 a + b + c) 2 (2 b + c + a) 2 (2 c + a + b) 2 ~ 4 (a + b)(b + c)(c + a) 

< 9 (a + b + c) 

_ 16 (ab + bc + ca)(a + b + c)' 

The last inequality follows from 9 (a + b)(b+ c) (c + a) = 9 (a 2 b + ab 2 + b 2 c + 
be 2 + c 2 a + ca 2 ) + 1 Sabc = 8 (ab + be + ca) (a + b + c) + (a 2 b +ab 2 +b 2 c+bc 2 + 
c 2 a + ca 2 — babe) > 8 (ab + be + ca) (a + b + c). 

The required inequality now follows from ab + bc + ca > 3. Equality holds if 
and only if a = b = c = 1. 

3. Assume that / satisfies the given requirements. Let us prove that /(l) = 1. As- 
sume that K = f( 1) — 1 > 0. Let m be the minium of /, and b any number 
for which f(b) = m. Since 1 ,m = f(b), and f(b + f( 1) - 1 )=f(b + K) form 
a triangle we must have f(b + K) < 1 +f(b). The minimality of m implies 
f(b + K) = m, and by induction f(b + nK) = m for all n G N. There exists a 
triangle with sides b + nK, f( 1), and f(m)\ hence b + nK < /( 1) +f(m) for 
each n. This contradiction implies /(l) = 1. 

The numbers a, 1 = /( 1), and f(f(a)) form a triangle for every a. Therefore 
a — 1 < f(f(a)) < a + 1 ; hence f(f(a)) = a, and / is a bijection. We now have 
that f(a), f(b), and f(b + a — 1) determine a triangle for all a, b G N. 

Let z = f( 2). Clearly, z > L Since f(z), f(z), and f(2z - 1) form a triangle, 
we get f(2z - 1) < f(z) + f(z) = 2/(/(2)) = 4. This implies that f(2 z - 1) G 
{1,2,3}. Since / is a bijection and/(l) = 1 , f(z) =2, we must have f(2z— 1) = 
3 . Let us prove that f(k) = (k — 1 )z — k + 2 for all k G N. 

The statement is true for 1 and 2. Assume that it holds for all of 1, 2, ... , k. Since 
f((k — 1 )z — k + 2) , f(z) , and f(kz — k+ 1 ) form a triangle, we have f(kz — k + 
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1 ) < &+ 1 . The function /is injective; hence f(kz—k+l) ^ i unless kz — k+ 1 = 
(i— l)z — i + 2, i.e., & + 1 = i. Therefore f(kz — k+ 1) = k + 1, or f(k+ 1) = 
kz — k+l, and the induction is complete. Furthermore, / is increasing. 

If z > 2 then 2 = /(z) > /( 2) = z, a contradiction. Thus z = 2 and /(&) = 2(k — 
1) — k + 2 = k. It is easy to verify that f(k ) = k satisfies the given condition. 

4. We first prove that for a, b > 0 the following inequality holds: 


a 2 + b 2 


+ Vab <a + b. 


( 1 ) 


After dividing both sides by Vab and substituting V~y, = x it becomes 


V2 


x 2 + ^. + l< 



Taking squares transforms this inequality into (x + \ — 2) 2 > 0, which obviously 
holds. Equality occurs if and only if x = 1, or a = b. 

Rewriting (1) in the form + V^-yJ ^ < V^-Va + b and summing it with 

the two analogous inequahties for the pairs (b. c ) and (c,a), we obtain 



b 2 +c 2 
b + c + 


'- + V2 





< 




It suffices to prove 
equality Mi >M_ 2 


11131 V + V w~c + > 72 ' Applying the mean in- 

to the sequence J S ives us 




= 3- 


3 abc 


2(ab + bc + ca) y/2 


This completes the proof of the required inequality. Equality holds if and only if 
a = b = c. 

5. Assume the contrary, that f(x — f(y )) < yf(x) +x for all x.y G M. Setting y = 0, 
x = z+f( 0) gives f(z) <z+/(0). Forx = /(y) we get /(0) <y/(/(y))+/(y) < 
yf(f(y )) +y+/(0); hence we can conclude thaty(/(/(y)) + 1) > 0. This means 
that if y > 0, then /(/(y)) > — 1, and if y < 0, then /(/(y)) < — 1 . 

If f(x) > 0 for some x, then each y < x — /( 0) must satisfy /(y) — /( 0) < y < 
x — /( 0), therefore /(y) < x. From this we conclude that — 1 
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f(x — f(y)) + /( 0) < yf(x) +x + /( 0) and y > 1 ■ We have concluded 

that each y < x — f( 0) must be greater than or equal to 1 , which is 

impossible. Therefore fix) < 0 for all x. In particular, for all real x we have 
f(x) <x+/(0) < x. For any z > Owe now have /(—l) = /[(/(z) — 1 )—f(z)} < 
zf(f(z) ~ 1) + /(z) - 1 < z(/(z) - 1) +f(z) - 1 = (z + l)(/(z) - 1) < -z- 1. 
Thus each z > 0 satisfies z < — /(— 1) — 1, which is a contradiction. 

6. Assume that s Sn =an + b and s,„ + i =cn+d for some a. b. c.d G Z. If m > n > 0 

are two integers, then s m — s n = (i n +t — x n ) + (s n +2 — s n +i ) H h {s m — s m - \ ) > 

m—n because the sequence s„ is increasing. Hence s n+ ] — s n < i , s „ +1 — s Sn = a. 
Denote by m and M the minimal and maximal values of s n + ] — s„ for n G N. 
Our goal is to prove that M = m. Assume the contrary, m < M. If ^> + i —Sk = m 
for some k G N, we get a = s^ +1 - s Sk = (i^+i - s Sk ) + (s Sk+2 - ^+i) + • • • + 
(s Sjfc+ i — i iyl+1 _i) < m ■ M. Similarly, if .t ; + 1 —S[=M for some l £ N, we get that 
a = —Ssi >m -M. In particular, these two inequalities imply that 

M ■ m = a, 

— s Sk = M, whenever = m, and 

s Sl +i — s Sl = m, whenver 5; + i —S[=M. 

Take any k G N such that —sj c = m. Then M = .s^+i — s Sk = ck + d— ( ak + 
b) = (c — a)k+d — b. Furthermore, we have m = .^+1 —Ss Sk = {c—a)Sk+d—b. 
Repeating the same argument yields M = (c — a)s Sk +d — b. Consequently the 
equation (c — a)x +d — b = M has two solutions, x = k and x = s Sk , which yields 

Sk = k. Since = vi + (s 2 — ^'i ) H h — Sk- 1 ) > k, we conclude that Si = i 

for i = 1,2 ,k. Thus M = s^+i — s Sk = — Sk = m, a contradiction. 

7. Substituting x = 0 in the given relation gives /( 0) = f(yf( 0)) for all y. Therefore 
/( 0) = 0, because otherwise for each zGlwe could take y = z//( 0) to get 
f(z) = /( 0), meaning that / is constant (which is obviously impossible). We 
now have /(*/(*)) =f(xf{x+0)) =/(0/(x))+x 2 =v 2 andO =f(xf(x-x)) = 
f(—xf(x)) +X 2 , implying f(—xf(x)) = —x 2 . Hence / is onto. 

If f{z) = 0 for some z^Owe would have 0 = /(z/(z)) = z 2 , a contradiction. 
Assume that f{x) = f(y) for some x,y G M. Then x 2 = f(xf(x)) = f(xf(y)) = 
fiXy-x)f(x)) +X 2 , giving that f((y-x)f(x)) = 0; hence f(x) = 0 orx-y = 0. 
Both cases now yield x = y\ therefore / is one-to-one. 

Now we will prove that /(— x) = —f(x) for all x G R. Assume that x ^ 0 (the 
other case is trivial). If fix) > 0, there exists z such that f(x) = z 2 . Since / 
is injective and /(z/(z)) = z 2 , we conclude that x = zf{z)\ hence /(— x) = 
/(— z/(z)) = — z 2 = — fix). The case f(x) < 0 is similar. 

On the other hand, we have 

fiyfix)) = -x 2 + /(x/(x + y)) = — x 2 + (x+y) 2 — [(x + y) 2 + /(-x/(x + y))] 
= y 2 + 2xy-f((x+ y)f(y)) = 2 xy+ [(-y) 2 + /((x + y)f(-y))] 

= 2xy+f(—yf(x)), 
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which implies that f(xf(y)) = xy. Analogously, f(yf(x)) = xy; hence xf(y) = 
yf(x ) . Hence f(x) = cx for some cgt. The equation f(xf(x)) = xr implies that 
c e {— 1, 1}. Clearly, both f(x) = x and fix) = —x satisfy the given conditions. 

8. (a) If we denote gold cards by 1, and black by 0, the entire sequence of cards 

corresponds to a number in binary representation. After each of the moves, 
the number decreases; hence the game has to end. 

(b) We will show that the second player wins game no matter how the players 
play. Consider the cards whose position (counted from the right) is divisible 
by 50. There is a total of 40 such cards, and in each move exactly one of 
these cards is turned over. In the beginning, all 40 of these cards are 1, and 
in the end all 40 are 0; hence the second player must win. 

9. Assume that (ai,^o c (')£i satisfy the conditions of the problem. Then 


and similarly the two analogous inequalities hold for the sequences (&,-) and (c,). 
Hence 3 N(N - l)/2 < (a l +b l + a) = nN, which implies that N < [§*] + 1 . 

To prove that there are sequences of length [^] + 1 with the given properties, 
let us consider the following cases: 

1° n = 3k for some k £ N. We can take ( a.j,bi,Ci ) = (i— l,k+i—l,2k—2i+2) 
for i= 1,2,...,*+ 1, and (a;,Z>;,c,) = (3*-i + 2,2*-i+l,2(i~*)-3) 
for i = k + 2, . . . ,2k+ 1 . 

2° n = 3k+ 1 for some * £ N. Take (cii,bj,Ci) = ( i — 1 ,k+i— 1,2 k— 2i + 3) 
for i = 1,2, ...,* + 1, and (, ai,bi,Ci ) = (3k—i + 2,2k—i+l,2(i — k) — 2) 
for i = k + 2 , . . . , 2k + 1 . 

3° « = 3*— 1 for some k £ N. Define ( ai,bi,Ci ) = (i— l,k+i— 1,2* — 2i+ 1) 
for i = 1,2 and (a,-, b u c,) = (. 3k-i+\,2k-i,2i-2k-2 ) for i = 
k+l,...,2k. 

10. For a binary sequence (£) n -i = ( £ ;);= /> l et us define f(u,v, (e) n - \ ) = c„ where 
the sequence (c;)" = , is defined as: cq = u, c\ = v, and 



The given sequences ( a n ) and (b n ) can be now rewritten as a n = /(1,7, (£) n _i), 
b n = /(1 , 7, (£)„_i) where (£)"=i is defined as £, = Using induction on 
n we will prove that /(1,7, (£) n -i) = /( 1 ■ 7, (£)«-] ). This is straightforward 
to verify for n = 2 and n = 3, so assume that n > 3 and that the statement is 
true for all binary sequences (e) k of length smaller than n. Notice that f(au\ + 
/3m2,o:vi + j3v2, (£)m) = «/(wi , vi , (e) m ) + j3/(« 2 + 2 , (z)m) (this easily follows 
by induction on m). Assuming that e n = 0, we obtain 
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/(l, ?,(£)„) = 2/(l I 7,(e) n _ 2 ) + 3/(1, 7, (£)„_!) 

= 2/(1, 7, (e) n _ 2 ) + 3/(1, 7, (£)„_!) 

= 2/(1, 7, (e) n - 2 ) + 3/(7,/(l,7, (e„_i)i), (e)„_ 2 ) 

= /(23,14 + 3/(l, 7, (£„_!)!), (e)„_ 2 ). 

Using 14 + 3/(1, 7, (e„-i)i) = /(1,7, (0,e„_i) 2 ) and 23 = /(1,7, (0)i), we get 
/(23, 14 + 3/(l, 7, te-OO, (iQ 


= / (/ (1,7, (0) l ) , /( 1 , 7 , (0,e„_i) 2 ), (e)„_ 2 ) 
= /( 1,7, (i)J. 


To finish the proof, it remains to see that for £„ = 1 we have 


/( 1,7, (£)„) = 3/(1, 7, (e)„_ 2 ) + /(1,7, (e) n _i) 


= / (/ (1,7, (l)i),/(l,7, (l,e„_i) 2 ), (e) n - 2 ) 


11. Denote by (i,j) the cells of the table, and assume that the diagonal cells (i,i) 
form separate rectangles. We will prove by induction that it is possible to have 
a perimeter of p m = (m+ l)2 m+2 . The case m = 0 is obvious, and assume that 
the statement holds for some m> 0. Divide the 2 m+l x 2 m+1 board into four 
equal boards. Each of the two off-diagonal squares has perimeter 4 • 2 m , while 
the other two can be partitioned into rectangles of total perimeter p m each. The 
total perimeter is therefore equal to 2 • 4 • 2 m + 2 p m = (m + 2)2 m+3 . 

Let us now prove the other direction, that the total perimeter P satisfies P > {m + 
1 )2 m+2 . Assume that the table is partitioned into n rectangles in the described 
way. Denote by 7?, the set of those rectangles that contain at least one square 
from the z'th row. Similarly, let Q be the set of rectangles that contain the squares 
from the ith column. Clearly the intersection Q fl Rj contains only the diagonal 
square (z, i). We certainly have 



Let & be the collection of all subsets of rectangles in the partition. Since there 
are n rectangles, we have \,^\ = 2". Let denote the collection of those subsets 
S that satisfy (7?,- \ (z',z)) C S and Q C\S C {(z',z)}. Since J^i, J^, . . . , ,^ 2 m are 
disjoint sets and | J^,j = 2 n ~^~^ +2 , using Jensen’s inequality applied to f{x) = 
2~ x , we obtain 

2” > 2 n+2 y + 2 n+2 • 2 m • 2 _ ^ r ^(l C ‘l + l s, 'l) = 2"+ m + 2- w ' j 

i=t 

This yields ^ > (m + 1) • 2 m+1 , which is the relation we wanted to prove. 
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12. We will show that Cinderella can always make sure that after each of her moves: 

(i) The total amount of water in all buckets is less than 3/2; and 

(ii) The amount of water in each pair of nonadjacent buckets is smaller than 1 . 
The condition (ii) ensures that the stepmother won’t be able to make a bucket 
overflow. Both (i) and (ii) hold in the beginning of the game. Assume that 
they are satisfied after the kth round, and let us prove that in round fc + 1 , Cin- 
derella can make them both hold again. Denote the buckets by 1, . . . , 5 (counter- 
clockwise), and let x, be the amount of water in bucket i. After the (k + 1 ) st 

move of the stepmother we have x\ -\ F*5 < § and Xj + Xi +2 < 2 for each i 

(summation of indices is modulo 5). It is impossible that x, +x; + 2 > 1 for each 
i; hence we may assume that X 2 +X 5 < 1. If x\ +X 2 +X5 < |, it would be safe 
for Cinderella to empty buckets 3 and 4. Assume therefore that x\ +X 2 +X 5 > |. 
Hence x\ > j. If both X 2 +X 4 > 1 and X3 + X 5 > 1, hold then we must have 
x\ < 5, a contradiction. Assume therefore that X 2 +X 4 < 1. If X 2 +X 3 +X 4 < | 
she could empty 1 and 5, so assume that X 2 + X3 +X 4 > |. This gives xj > 

X2 + § > {x\ +X2+X5) + (X2 + X3 +X4) > 6 , which yields X2>\ - Therefore at 
least one of x\ +X 4 < 1 and X 3 + X5 < 1 holds, say the first one. Thus, if Cin- 
derella empties buckets 2 and 3, condition (ii) will be satisfied. Condition (i) will 
hold as well because X 2 +X 3 > \ + \ > 1. 

13. Let k> 3. We will prove that the longest cyclic route in a (4k— 1) x (4k— 1) 
board has length 4 • [(2k — l) 2 — 1] . Let us label the cells 1, 2, 3, 4 using the 
pattern from Figure 1, so that the top-left comer is labeled 1 . 




Figure 2 


Any four consecutive moves land on squares with different labels. Therefore, 
each cyclic path has equal numbers of squares of each label. The label 4 appears 
exactly (2k— l) 2 times, but we will prove now that the limp rook can’t visit all 
of them. Assume the contrary, that it is possible for a cyclic route to pass through 
all the squares labeled 4. Let us paint all squares labeled 4 alternately black and 
white so that the top left square is black. We see that the number of black squares 
is bigger by 1 than the number of white ones. Therefore, a cyclic route has two 
consecutive black squares. Assume that these squares are those denoted by •. 
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Without loss of generality we may assume that the part of route is as shown in 
Figure 1 . Since the route always visits 4, 3 , 1 , 2 in that order, immediately before 
visiting *, the rook has to land on the cell labeled 2 that is exactly below *. The 
rook has to leave * by visiting 3 exactly to the right of it. Each point of the two- 
dimensional plane must be all the time either to the left or to the right of the rook 
when it is passing next to it. However, this is not the case with the point marked 
by o. A contradiction. Therefore the rook can visit at most 4 • ((2k — l) 2 — 1) 
squares in a cyclic route. Figure 2 shows how it is possible to recursively make a 
route that omits only the central square and visits all the other squares labeled 4. 

14. We will prove the statement by induction. The case n = 1 is trivial, so let us 
assume that n > 1 and that the statement holds for 1, 2, .... n — 1. Assume that 
a\ <■■■ <a n . Let m £ M be the smallest element. Consider the following cases: 

1° m < a n : If a n £ M, then if the grasshopper makes the first jump of size 
a„ the problem gets reduced to the sequence a\, a n - 1 and the set M\ 

{m}, which immediately follows by induction. Let us assume that a n £ M. 
Consider the following n— 1 pairs: (a\,a\ +a n ), ..., (a n -i,a n -i +a n ). All 
numbers from these pairs belong to the (n — 2)-element set M\ {a n }; hence 
one of these pairs, say + ««), has both of its members outside of M. 
If the first two jumps of the grasshopper are a &, and a*. + a n , it has jumped 
over at least two members of M: m and a n . There are at most n — 3 more 
elements of M to jump over, and n — 2 more jumps, so the claim follows by 
induction. 

2° m > a n : By the induction hypothesis the grasshopper can start from the 

point s = a\-\ b a„, make n — 1 jumps of sizes a i, . . . , a n -\ to the left, 

and avoid all the points of M\ {m}. If it misses the point m as well, then 
we are done (first make a jump of size a n and reverse the previously made 
jumps). Suppose that after making the jump a * the grasshopper landed at 
site m. If it changes the jump to the jump a n , it will miss the site m and 
all subsequent jumps will lend outside of M because m is the leftmost point. 

15. For each ; = 0, 1 ..... 9 denote by Ni the set of all finite strings whose terms are 
from {i, i+ 1 , . . . , 9} (the empty string <p belongs to each of TV,). Define functions 
mi : Ni — > N recursively : For each x G Ag we set mg (x) = 1 + the number of digits 
of x (set mg(<\>) = 1). Once mg, nii - 1 are defined we construct m, as follows: 
Write each x £ Ni in the form x = xoixi i. . .x t -\ ix, where xo, ■ • . ,x t £ Ni + \ . We 
can now choose 

m i (x) = '£ j 4 m ‘'+iW. 

i=0 

Let us prove that m = ihq satisfies m(h(n)) < m(n) whenever n / (j>. If the last 
digit of n is 0, then n = loOli . . . 0/ r 0 for some Iq, . . . ,l t £N\ and m(n) — m(h(n )) = 
4"»i (0) > o. Assume that n = Ler(d + l)for9>d>e>0 andr £ Nj+i. IfLe Ni 
for some i < e then L = l^il \i . . . il, with £Ni + \. Set n' = l t er(d+ 1). 

Then h(n') = herdrd and m ; (n) - mi(h(n)) = 4 m ‘'+i( n ') - 4 m -'+i (%')). To prove 
that m(n) > m(h(n)) it suffices to prove that m i+ \ (n r ) > m l+ \ (h(n')). Repeating 


784 


4 Solutions 


this argument, we reduce our problem to the case i = e. There are Iq, ..., l t , 
r £ N d+ 1 such that n = l$e... el t er(d +1). For e = d we need to prove that 0 < 
m d (n) — m d (h(n)) = 4 m d+i( r ( d + 1 )) — 2 ■ 4 md + l ^ r \ This inequality suffices even in 
the case e < d because r e N d+ 1 implies 

A m d {r{d+l)) 4 m d (7dfS) 

m e+ i(r(d+ 1)) = 4' , and m e+ i(rdrd) = 4' ; 

where 4 appears d — e — 1 times in the exponents. If d + 1 = 9, then m d (n) — 
md(h(n)) = 4 k+1 — 2 ■ 4 k > 0, where k is the number of digits of r. If d < 8, 
then we can write r = ro(d + 1 ) ■ ■ • (d+ 1 ) r s for some ro,...,r s G N d+ 2 - We get 

m d+l ( r ) = 4 m d+2{r 0 ) + . . . + 4 m d+ 2 (r s ) and Wrf+1 ( r (^ + i)) - OTrf+1 ( r ) . 44^+2^ _ 

Hence m d {n) - m d {h(n)) = 4 md +^ r \4‘ rd+2W -2) > 0. 

Therefore the function m is positive and decreasing on the sequence n, h{n), 
h(h(n)), forcing this sequence to eventually become equal to (j). The only 
way this can occur is if the last terms of the sequence are 1, 00, 0, <j). 

Remark. The number of operations required can be huge. For example, n = 5 
will reduce to 1 after approximately 0.828753 • 2 2 iterations. 

16. Denote by I and L the incenters of AABC and A BDA. From ZALI = Z.LBA + 
/TA B = 45° we see that AL\\EK. Let L! be the intersection of DK and Bl. From 
ZDL'I = Z BID - /TDK = ZA/4 = Z LAI we conclude that A, L, D, and l! 
belong to a circle. Hence /TA l! = 180° — ZLDL' = 90°. Now consider A AKL'. 
The segment KE is the altitude from K and ZKAE = ZKL'E. We will now prove 
that this is equivalent to E being the orthocenter or AAKL' being isosceles (with 
KA = KL'). Denote by P and Q the intersections of L'E and AE with AK and KL! 
respectively. If KA = KL', then the statement is obvious. If this is not the case, 
then PQ intersects AL' at some point M. Then KE is the polar line of the point M 
with respect to the circumcircle k of PQL'A, and since MA A KE, we conclude 
that MA contains the center of k. Then we must have ZAPLl = ZAQLl = 90°. 

If E is the orthocenter of A KT! A then from AABP we conclude that 3ZA/4 + 
45° — ZA/4 = 90° which yields ZA = 90°. If KA = KL', this together with 
KA = AL = AL' implies that A AKL! is equilateral and ZA/4 = ZKL'E = 
60° — ZLL'A =15°. This means that ZA = 60°. 

It is easy to verify that ZA e {60°, 90°} implies ZBEK = 45°. 

17. From MK\\AB and ML\\AC we get ZKML = ZBAC. Also, ZAQP = ZKMQ = 
ZMLK, because of the assumption that PQ is a tangent to F. Therefore A AQP ~ 
A MLK\ hence 

AQ ML _ PC 
AP~MK~QB ’ 

and AQ ■ QB = AP ■ PC. The quantity on the left-hand side of the last equality 
represents the power of the point Q with respect to the circumcircle of AABC and 
it is equal to OA 2 — OQ 2 . Similarly, AP ■ PC = OA 2 — OP 2 . Thus 04 2 — OP 2 = 
OA 2 - OQ 2 , implying OP = OQ. 
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18. Consider the excircle k a corresponding to the vertex A. Let X be the point of 
tangency of the incircle k and BC, and X a the point of tangency of k a and BC. 
Similarly, let us denote by Z a and Y a the points of tangency of k a with AB and AC. 
Then we have ZZ a = ZB + BZ a =BX + BX a = BX + CX = BC = ZS. We used 
the fact that BX a = CX. On the other hand, CY a = CX a = BX =BZ = CS. Denote 
by 5 the degenerate circle with center S and radius 0. Points Z and C belong to 
the radical axis of the circles s and k a . Similarly, we prove that B and Y belong 
to the radical axis of the circles k a and r, where r is the circle with center R and 
radius 0. Thus G is the radical center of r, s, and k a ; hence GS = GR. 

19. Denote by M and N respectively the points symmetric to E with respect to G 

and H. Notice that ZFAM = ZFAC+ ZBEC = ZEBC+ZCEB = ZFCE. From 
A FDC ~ A FBA we have and from AAEB ~ A DEC we have = 

j§. Therefore 

FA _ BE _ AM 

~FC~CE~~CE ’ 

hence A FAM ~ A FCE and ZAFM = ZEFC. Similarly we prove that A FDN ~ 
A FBE and ZAFN = ZEFC. This implies that F, N, and M are collinear. Since 
H and G are the midpoints of EN and EM, it suffices to show that FE is 
the tangent to the circumcircle of A NEM. From A FDN ~ A FBE we have 
= yf , while the similarity A FAM ~ A FCE implies that = |j§. Using 
A FDC ~ A FBA again, we finally obtain ff = Thus — jj? and FE is 
tangent to the circumcircle of AMEN. 

20. Let A and B be two vertices of the poly- 
gon P for which S/\aob is maximal. V' 

Let C and D be the points symmet- 
ric to A and B with respect to O. Let 
WXYZ be the parallelogram such that 
A, B, C, and D are the midpoints of 
XY, YZ, ZW, and WX, and WX\\OA, 

XY\\OB. The polygon P is contained 
inside WXYZ. Let U, V, M, and N be 
the intersections of P with XZ and WY such that the order of points on lines is 
W — M — N—Y and X — U — V — Z. There are two parallel lines u and v through 
U and V such that P is within the strip between u and v; similarly, there are two 
parallel lines n3 N and m 3 M such that P is within the strip between these two 
lines. The lines u, v, n, and m determine another parallelogram EFGH. We will 
prove that S E fgh < V2S P or S W xyz < V2S P . 

By performing affine transformations to the plane, the ratios of the areas of the 
figures don’t change, and we can choose the transformations in such a way that 
WXYZ maps to a square. Then EFGH maps to a rectangle, and P maps to an- 
other convex polygon. We may thus assume that WXYZ was a square to start 
with, and EFGH was a rectangle. Let V' be the projection of V to WZ, and let 
N' be the projection of N to YX. Set a = OA, x = ZV' , and y = YN' . Then S P > 
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Sanbvcmdu = ^Sacov + 45a oan = 2 a(a — x) + 2 a(a — y) = 2a{2a — (x + y)). 
We also have S WX yz = 4a 2 and S E fgh = 4 OV ■ ON = 8 (a — x)(a—y). If we 
assume that Swxyz > V2Sp and Sefgh > V2Sp, multiplying these two inequal- 
ities gives us 32 a 2 (a—x)(a — y) > 8a 2 (2a — (x+y)) 2 , which after simplification 
becomes 4 xy > {x+y) 2 , or equivalently (x — y) 2 < 0, a contradiction. 

21. Assume that the perpendicular from E\ to CD and the perpendicular from £3 to 
AB intersect H\H 2 at .S’ i and S 2 respectively. We will prove that H\S\ : H\H 2 = 
H\S 2 : H\ H 2 , which will imply Si = S 2 . Let M\ = S\E\ C\PH\ and M 2 = S 2 E 2 fl 
PH 2 . It suffices to establish the relation H\M\ \H\P = PM 2 : H 2 P. 

Let us denote by N\ and N 2 the mid- 
points of PH i and PH 2 . Without loss of 
generality, assume that M\ is between 
P and N\, and consequently N 2 is be- 
tween P and M 2 . Our goal is to prove 
that or after subtracting 1 

from both sides: 

M\N\ _ M 2 N 2 

H\N\ ~ PN 2 ' ’ 

From E\M\ \\PH 2 and E 2 M 2 \\PH\ we 
conclude that ZN 2 M 2 E 2 = 180° — 

/-E\MiN\. Observe that E\N\ \\PO\ 
hence Z.M\E\N\ = ZO\PH 2 = ZDPH 2 — ZAPO\. From A DCP we obtain the 
equality ZDPH 2 = 90° — ZCDP and from AABP we have ZAPO\ = 90° — 
ZABP. Therefore ZM\ E\N\ = ZABP — ZCDP. In a similar way we prove that 
ZM 2 E 2 N 2 = Z0 2 PH\ = ZABP - ZCDP which gives us ZM\E\N\ = ZM 2 E 2 N 2 . 
Applying the law of sines to AE 2 N 2 M 2 and AE\N\M\ we get 
Hence in order to prove (1) we need to verify that = 0 r equiva- 
lently, From PH\ = 20\X, where X is the midpoint of AB, we 

see that ^ = 2co J AO|y = 2 ^^ - Analogously we prove that 

Thi = ”> cos zcpd ar| 4 this completes the proof of the required statement. 

22. Let us denote by a, J3 , and y the angles of AABC. Then we calculate ZBIX = 
ZXIC = \ZBIC = 45° + f, and two similar formulas hold for ZZIX and ZZIY . 
If we denote by P and Q the feet of perpendiculars from I to CX and CY ; then 
IP = IQ. Since ZPIX = ZPIC - ZXIC = (90° - ZXCI) - 45° - f = 45° - f - 
| = §, and similarly ZQIY = j, we deduce that IX /cos f = IY /cos j. If we 
denote the previous quantity by p, we get IX = p cos f, IY = p cos j, and anal- 
ogously, IZ = p cos |. Applying the law of cosines to A ZIX gives us that ZX 2 — 
ZI 2 = IX 2 - 2 IX ZI- cos (90° + 2+7) = p 2 (cos 2 f + 2 cos f cos f sin . Us- 
ing the analogous relation for ZY 2 — ZI 2 and the assumption ZX = ZY, we get 
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„ 2 a 2 P „ a . a iY „ j8 . j8 ,y 

0 = cos cos — p 2 cos — sin — cos 2 cos — sin — cos - 

4 4 444 444 

„ 2 a . y y „ 2 P . y y 

+ 2 cos —sin -cos- — 2 cos — sin -cos - 
4 4 4 4 4 4 




.=2 7 


cos - ( sin sin — 


We now use the formulas cos 2 X — cos 2 Y = | (cos(2X) — cos(2F)) = — sin(X + 
y)sin(X — y), and sinX — sin Y = 2 sin ^-^cos^y^ to obtain 


0 = sin 


4 



a + p 
4 



(1) 


Let E be the expression from the last parenthesis. Since = 45° — |, then 

VIE , (, +co»f) (»Z + -.Z) - (.-**) 

y Y Y Y Y Y Y Y Y 

= 2 sin - + cos - cos sin - sin - + cos - sin - + sin - cos - . 

4 24 24 24 24 

Hence \/2E = 2 sin | + cos ^ + sin ^ = 2 sin | + \fl sin ^45° + . Clearly, the 

last quantity is positive, since the sine is a positive function on (0, 180°). Thus 
from (1) we get a = j3 . Similarly, we prove that j3 = y and AABC is equilateral. 

23. Denote by k\, k 2, and kj the incircles 
of A ABM, AMNC, and A ADN, re- 
spectively. Let R, S, T be the points 
of tangency of k\ with AB, BM, and 
MA\ U, V, W the tangency points 
of £3 with ND, DA, and AN; and 
P and Q the points of tangency of 
tangents from C to kj, and k\ dif- 
ferent from CD and CB, respectively. 

Assume that the configuration of the 
points is as in the picture. From 
CD + AB = CB + DA we get CU + U D+AR + RB = DV + VA + BS + SC, which 
together with DU = DV, AR = AW + WT =AV + WT, and BR = BS implies that 
CU + WT =CS= CQ. On the other hand, CU + WT = CP+WT >CP + PQ 
because PQ <WT, and equality holds if and only if PQ is a common tangent of 
the circles k\ and £3. We conclude that CQ > CP + PQ. The triangle inequality 
yields CQ = CP+ PQ hence C, P, and Q are collinear. 

We now have that /-hCI\ = \ Z.DCB = 90° — ZI 2 CM = Zl^IjM; hence C belongs 
to the circle circumscribed about A/1/2/3. The Simson’s line corresponding to 
C bisects the segment CH, where H is the orthocenter of A/1/2/3. It remains to 
notice that the line g is the image of the Simson’s line under the homothety with 
center C and coefficient 2. Indeed, the reflections of C with respect to hh and 
I 2 I 3 belong to g because !\U and hh are the bisectors of Z.CMN and ZCNM. 
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24. Assume the contrary, that a ( a , + 1 = a,- (mod »), for i = 1,2, . . . ,k (summation 
of indices is modulo k). The case k = 2 is trivial, since we have a\ci 2 = a\ and 
a\U 2 = ci 2 , which yields the immediate contradiction a\ = « 2 - Here and in the 
sequel, all of the congruences are modulo n. Assume that 1 < i < k. Multiplying 
the congruence a,a, + i = a; by a\ • • • a;_ i we get a\ • • • a (+ i = ai • • • a,-. By induc- 
tion we get that <+ • • -a^ = ai. Since everything is cyclic, in an analogous way 
we obtain ai • • • a* = aj, which yields a\ = ci 2 , and this is a contradiction. 

25. (a) To each nsNwe can associate a sequence (v ] . . . . ,£ 50 ) of numbers from 

{ 0 , 1 } such that 

{ 0 , if n + i is balanced, 

1 , if n + i is not balanced. 

Since there are at most 2 50 such sequences corresponding to natural num- 
bers, we see that there are a, b G N that correspond to the same sequence. 
For such a choice of a and b the number P(i) is balanced for each i 6 
{1,2, . . . ,50}. 

(b) Assume that a <b and that P(n) = ( n + a)(n + b ) is balanced for each 
n £ N. For each k > a, consider the number x = k{b — a) — a. Then 
P{x) = ( b-a) 2 k(k+\ ) is balanced, which means that k and k + 1 are 
equibalanced (if one is balanced then so is the other) whenever k > a. 
Then all numbers greater than a are equibalanced, which can’t be true, 
since squares are balanced but primes are not. 

26. Assume the contrary: There are finitely many prime numbers pi, P 2 , ■■■, Pm 
such that no other prime can be a divisor of f(n) for n G N. Assume that ai, 
. . . , a m are nonnegative integers for which /( 1 ) = /?“* • • • . For any sequence 

j3 = (J3i , . . . , p m ) satisfying /3i > oq , . . . , J3 m > a m , consider the number ap = 

Pi 1 ■■■ Pm' ■ Assume that f(ap + 1) = pf • • • Pm , for some 71 , . . . , y m € No- Since 
up | f(ap + 1 ) — /(l), we can conclude that 7 = 0 !| , . . . , y m = a m ; hence f(ap + 
1) = /( 1). If n is a positive integer for which f(n ) / /( 1), then ap + 1 — n \ 
f(ap + 1) — f{n) = /( 1) — f(n). This relation has to hold for every sequence /3 
satisfying Pi > oq, . . . , j3„ > a\, which is impossible. 

27. We will prove that n< 4 by showing that there is no sequence of length 5, and 
that there is a sequence of length 4, satisfying the conditions. 

Assume that a \ , . . . , 05 is a sequence of length 5. If 2\a^ for some k < 3, from 
cq +l + 1 = (aj. + 1 ) (a &+2 + 1 ) we see that 2{a^ + i as well. Notice that a\ and U 2 
are even. Indeed, if 2 { for k G {1,2}, then 2\a^ + \ and 2\ a^ + 2 - We then have 
a\ +l + 1 = 2 (mod 4), while 4 | (a^ + 1) (a * + 2 + 1), which is a contradiction. 
Since a 1 and ci 2 are even, we get from aj + 1 = (a 1 + 1 ) (c /3 + 1 ) that 03 is even as 
well. We now have 03 + 1 \a\+\ and <22 + 1 | 03 + 1 . Let us prove that there are 
no two positive even integers x and y satisfying x+l \ y 2 + 1 and y + 1 \ x 2 + \. 
Assume the contrary, that (x.y) is one such pair for which x + y is minimal and 
x>y. Let d = gcd (*+ l,y + 1). From d \ x+ 1 one gets d \ x 2 — 1. Since d \ 
y + 1 1 x?+ 1, we derive that d \ (x 2 + 1) — (x 2 — 1) =2. Since x + 1 is odd, we see 
that <7=1. Therefore x + 1 y 2 + 1 + x 2 - I = x 2 + y 2 and y + 1 | x 2 +y 2 imply 
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(x + l)(y + 1) | x 2 +y 2 . There exists m G N such that m(x + 1 )(y + 1) = x 2 + 
y 2 . Consider the quadratic polynomial P(X) = X 2 — m(y + 1 )X — m(y + 1 ) +y 2 . 
Since P(x) = 0, there exists a positive integer x! such that P(X) = ( X —x)(X —x'). 
From x+x 7 = m(y+ 1 ) andxx 7 =y 2 — m(y+ 1) we get thatx 7 is even and y 2 + 1 = 
(x + 1 ) (x 7 + 1 ) . We now must have x 7 < y < x; hence (x 7 , y ) is another pair of even 
natural numbers such that x 7 + 1 | y 2 + 1 and y + 1 | x 72 + 1, a contradiction. 

One sequence of length 4 is a\ = 4, a 2 = 33, a 2 = 217, <24 = 1384. 

28. Assume that there exist T : Z — *• Z and a polynomial P with integer coefficients 
such that T n {x) = x has exactly P(n) solutions for each n G N. For leN denote 
by B(k) the set of those x such that T k (x) = x but T l (x) ^ x for all 0 < / < k. Take 
any x G A(n) fl B(k), and assume that n = ak + b, for a G No and Q <b <k- I . 
Then x = T n (x) = T h (T ak {x)) = T b {x). We conclude that b = 0 and k n. Hence 
A(n) = \J k i n B(k) and moreover, 

|A(»)|=X|B(k)|. 

k\n 

Assume now thatx G B(n), and consider the sequence {T'(x)}"“ 0 1 . Each T‘(x) 
belongs to A(n), since T l {x) = T\T n {x)) = T n (T l (x)). If T l {x) = 7’ ,+J (x) for 
0 < i < n- 1 and 0 < j < n- 1, thenx = T n (x) = T n -'(T'(x)) = T n -‘(T ,+ i(x)) = 
T n+ J (x) = T J (T n (x)) = T j (x) ; which means that j = 0. Therefore, T ,] (x) 7^ 
T l 2 (x) whenever i\ ^ h and t'i, 6 {0, 1, • • • ,n — 1}. In addition, each of T‘{x) 
belongs to B(n). This means that B(n) partitions into sequences of n elements in 
each, and thus n \ B(n). 

Let p be a prime number. We have P{p) = \A(p)\ = B(1 ) + \B{p)\. If q is 
also prime, then P(pq) = |fi(l)| + |fi(p)| + \B{q) \ + \B(pq)\ hence P(pq) = 
|fi(l)| + \B(q)\ (mod p). However, from P(pq) = P( 0) (mod p) we get that 
F(0) — |B(1)| — \B(q)\ is divisible by p. If we fix q, this continues to hold for 
each prime p. Therefore P(Q) = 71(1) + \B(q)\ = P(q). However, this is now 
true for every prime q, and hence P must be constant, contrary to our assump- 
tions. 

29. For each k G N there exist ^gZ and a polynomial 7\(x) of degree k— 1 with 

integer coefficients such that x/\ (x) = x* + /\(x — 1 ) + q^. Indeed, the coefficients 
of P k {x) = Cfc-iX* -1 + • • • + Co form a system of linear equations which we can 
explicitly solve (we can see that q _ 1 = 1 ). The sequence b n = a n — P^ (n) satisfies 
the recurrence relation b„ = Inductively we prove that b n = ^ ’ 

XfJo i!, hence a n — Pk(n) = ^ ^ — Pk( n ) are integers, 

and|a„ — Pk{n)\ < ^ + \qk \ • X/lo ^ > 0. Hence we conclude that 

ao = Pk{ 0) and q k = 0. 

We will finish the proof by showing that q k is even only when k = 2 (mod 3). 
We start with the equality I&(x) = xP k (x) — x* — I%(x — 1) — q k = 0 and use the 
fact thatx(x+ 1 )IX(x) — r k+ \ (x) — r k + 2 (x) = 0. After simplifying this becomes 
equivalent to xT k (x) = T k (x- 1) + 2 xP k {x - 1) + 2 xq k - (q k + q k + 1 + q k + 2). for 
T k {x) =x(x+ 1 )Pk{x)-P k+l (x)-P k+ 2(x)-q k x. Therefore xT k (x) - T k (x- 1) = 
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q k + q k +\ + qk +2 (mod 2). For each polynomial / one of the following two iden- 
tities hold: either f(x) = x (mod 2) for all x e Z, or f(x) = 0 (mod 2) for all 
x € Z. Since xT k {x) — T k (x — 1) is a constant polynomial modulo 2, it must be 0, 
and q k + q k +\ + qk +2 = 0. We can easily calculate q i = — 1 and q 2 = 0, and now 
by induction it is straightforward to establish q k = 0 (mod 2) if and only if k = 2 
(mod 3). 

30. We will prove a stronger statement by assuming that a and b are perfect squares. 
Assume that each of p„ = \/(a n - 1 )(£>"- 1) is an integer. Consider the Taylor 
representation of f(x) = ( 1 — x ) 1 ( 2 = X*lo for x e (— 1 , 1 ) (the sequence a k 
is fixed here). There exist real numbers (cu)k,i>o such that 

g(x,y) = (l-x) 2 (l -y) 2 = X c k ^y\ for allx,y £ (- 1 , 1 )- ( 1 ) 

k,l> 0 


Therefore p„ = X/y>o c k,i {^/ab/ (a k b l )^j . Take ko JqGN for which a*° > -s/aft 
and 7> /(l > \fab. Consider the polynomial P(x) = n*l 0 11/1 o ( ak b l x — \fab) . There 
are do, . . . , dk 0 i 0 G Z such that P(x) = X*1 q For each n > 0 define 


Mo 

i 


" (Vab\ 

VI j 

(Vab\ 

On = X d;p„ + , = 

i=0 

k,l> 0 

y a k y J 


= X VkA 

k>ko or l>l 0 

y a k b l J 


where = c^P 


. The series for <y n is absolutely convergent be- 


cause it is a finite linear combination of absolutely convergent series in p n+! . 
Since Vab/(a k b l ) < maxjl /a, 1 jb} < 1/2 then o n < ~a n _i. This means that 
o n = 0, and since all of o n are integers there exists N such that o n = 0 
for n>N. For n > N we have xf=o ^iPn+i = 0. 

Assume first that a k 7 ^ b l for each pair (k. 1) of positive integers. Solving the 
system of recurrence equations for ( p n )n>N we obtain constants e k j for 0 < k < 

ko, 0 < l < Iq such that p„ = X^Iq S/1q e k,i (\fab / {a k b 1 )^ . This together with 


(1) implies that if (x,y) = ( \/a n ,\/b n ) for some n>N, then Xl=o X/lo c k,lX k y l = 
X^lo X|l 0 e k.i x>c y l ■ These two are Taylor series for g(x,y) and have to be the 
same. Hence c k j = e+i if k < ko or / < Iq. If either k > ko or l > Iq, then c+j = 
0. We conclude that g(x,y) has a finite Taylor expansion around 0, which is 
impossible. 

If there were k and l such that a k = b l , there would exist an integer p such 
that a = p l , and b = p k . In a similar way we get a contradiction by proving the 
finiteness of the Taylor expansion of (1 — x / ) 1 / 2 (l —x k )^ 2 . 
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Notation and Abbreviations 


A.l Notation 

We assume familiarity with standard elementary notation of set theory, algebra, logic, 
geometry (including vectors), analysis, number theory (including divisibility and 
congruences), and combinatorics. We use this notation liberally. 

We assume familiarity with the basic elements of the game of chess (the movement 
of pieces and the coloring of the board). 

The following is notation that deserves additional clarification. 

o 3§{A,B,C), A — B — C: indicates the relation of betweenness, i.e., that B is be- 
tween A and C (this automatically means that A,B,C are different collinear 
points). 

o A = l\C\l 2 '- indicates that A is the intersection point of the lines l\ and h- 

o AB: line through A and B, segment AB, length of segment AB (depending on 
context). 

o [AB: ray starting in A and containing B. 

o {AB: ray starting in A and containing B, but without the point A. 

o { AB ) : open interval AB, set of points between A and B. 

o [AB] : closed interval AB, segment AB, {AB) U {A , B} . 

o {AB] : semiopen interval AB, closed at B and open at A, {AB) U {B} . 

The same bracket notation is applied to real numbers, e.g., [a,b) = {x \ a < x < 
b}. 

o ABC: plane determined by points A,B,C, triangle ABC {A ABC) (depending on 
context). 

o [AB,C: half-plane consisting of line AB and all points in the plane on the same 
side of AB as C. 

o {AB, C: [AB, C without the line AB. 
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A Notation and Abbreviations 


o (~a, b),~a ■ b : scalar product of ~a and b . 

o a,b,c,a,P,y: the respective sides and angles of triangle ABC (unless otherwise 
indicated). 

o k(0, r): circle k with center O and radius r. 

o d(A,p ): distance from point A to line p. 

° £aiA 2 ...a„> [A] An . . .A„]: area of n- gon A 1 A 2 . . .A„ (special case for n = 3, Sabc'- 
area of AABC). 

o N, Z, Q, R, C: the sets of natural, integer, rational, real, complex numbers (re- 
spectively). 

o Z„: the ring of residues modulo n, n £ N. 

o Z p \ the field of residues modulo p, p being prime. 

o Z[x], R[x]: the rings of polynomials in x with integer and real coefficients re- 
spectively. 

o R* : the set of nonzero elements of a ring R. 

o 7?[a], R(a), where a is a root of a quadratic polynomial in R [x]: {a + ba \ a,b £ 
R}. 

o Xq: X U {0} for X such that 0 ^ X . 

o X+,X~,aX + b,aX + bY : {x \ x G X,x > 0}, {x \ x €X,x < 0}, {ax+b \ x e X}, 
{ax+by | x€X,y e F} (respectively) for X,Y C R, a,b e R. 

0 M > L X J : the greatest integer smaller than or equal to x. 

o \x\ : the smallest integer greater than or equal to x. 

The following is notation simultaneously used in different concepts (depending on 
context). 

o \AB\, |x|, |S|: the distance between two points AB, the absolute value of the num- 
ber x, the number of elements of the set S (respectively). 

o (x,y), ( m,n ), (a.b): (ordered) pair x andy, the greatest common divisor of inte- 
gers m and n, the open interval between real numbers a and b (respectively). 


A.2 Abbreviations 

We tried to avoid using nonstandard notation and abbreviations as much as possible. 
However, one nonstandard abbreviation stood out as particularly convenient: 

o w.l.o.g.: without loss of generality. 

Other abbreviations include: 

o RHS: right-hand side (of a given equation). 
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o LHS: left-hand side (of a given equation). 

o QM, AM, GM, HM: the quadratic mean, the arithmetic mean, the geometric 
mean, the harmonic mean (respectively). 

o gcd, 1cm: greatest common divisor, least common multiple (respectively), 
o i.e.: in other words, 
o e.g.: for example. 
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ARG 

Argentina 

HRV 

Croatia 

POL 

Poland 

ARM 

Armenia 

HUN 

Hungary 

POR 

Portugal 

AUS 

Australia 

IDN 

Indonesia 

PRI 

Puerto Rico 

AUT 

Austria 

IND 

India 

PRK 

Korea, North 

BEL 

Belgium 

IRL 

Ireland 

ROU 

Romania 

BGR 

Bulgaria 

IRN 

Iran 

RUS 

Russia 

BLR 

Belarus 

ISL 

Iceland 

SAF 

South Africa 

BRA 

Brazil 

ISR 

Israel 

SCG 

Serbia and 

CAN 

Canada 

ITA 

Italy 


Montenegro 

CHN 

China 

JPN 

Japan 

SGP 

Singapore 

COL 

Colombia 

KAZ 

Kazakhstan 

SRB 

Serbia 

CUB 

Cuba 

KOR 

Korea, South 

SVK 

Slovakia 

CYP 

Cyprus 

KWT 

Kuwait 

SVN 

Slovenia 

CZE 

Czech Repubbc 

LTU 

Lithuania 

SWE 

Sweden 

CZS 

Czechoslovakia 

LUX 

Luxembourg 

THA 

Thailand 

ESP 

Spain 

LVA 

Latvia 

TUN 

Tunisia 

EST 

Estonia 

MAR 

Morocco 

TUR 

Turkey 

FIN 

Finland 

MEX 

Mexico 

TWN 

Taiwan 

FRA 

France 

MKD 

Macedonia 

UKR 

Ukraine 

FRG 

Germany, FR 

MNG 

Mongolia 

UNK 

United Kingdom 

GDR 

Germany, DR 

NLD 

Netherlands 

USA 

United States 

GEO 

Georgia 

NOR 

Norway 

USS 

Soviet Union 

GER 

Germany 

NZL 

New Zealand 

UZB 

Uzbekistan 

HEL 

Greece 

PER 

Peru 

VNM 

Vietnam 

HKG 

Hong Kong 

PHI 

Philippines 

YUG 

Yugoslavia 
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2007-17 Farzin Barekat, CAN 
2007-18 Vyacheslav Yasinskiy, UKR 
2007-19 Charles Leytem, LUX - IM02 
2007-20 Christopher Bradley, UNK 
2007-21 Z. Feng, O. Golberg, USA 
2007-22 Davoud Vakili, IRN 
2007-23 Waldemar Pompe, POL 
2007-24 Stephan Wagner, AUT 
2007-25 Dan Brown, CAN 
2007-26 Gerhard Woeginger, NLD 
2007-27 Jerzy Browkin, POL 
2007-28 M. Jamali, 

N. Ahmadi Pour Anari, IRN 
2007-29 K. Buzzard, 

E. Crane, UNK -IM05 

2007- 30 N.V. Tejaswi, IND 

2008- 01 Hojoo Lee, KOR - IM04 

2008-02 Walther Janous, AUT - IM02 

2008-05 Pavel Novotny, SVK 

2008-06 Zymantas Darbenas, LTU 

2008-09 Vidan Govedarica, SRB 

2008-10 Jorge Tipe, PER 

2008-11 B.LeFloch, 

I. Smilga, FRA - IM05 

2008-14 A. Gavrilyuk, RUS - IMOl 

2008-15 Charles Leytem, LUX 

2008-16 John Cuya, PER 

2008-19 Dusan Dukic, SRB 

2008-20 V. Shmarov, RUS - IM06 

2008-21 Angelo Di Pasquale, AUS 

2008-24 Dusan Dukic, SRB 

2008- 26 K. Cesnavicius, LTU - IM03 

2009- 01 Michal Rolinek, CZE 

2009-03 Bruno Le Floch, FRA - IM05 
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2009-06 Gabriel Carroll, USA - IM03 
2009-07 Japanese PSC, JPN 
2009-08 Michael Albert, NZL 
2009-14 D. Khramtsov, RUS - IM06 
2009-15 Gerhard Woeginger, AUT 
2009- 16 H. Lee, 

P. Vandendriessche, 

J. Vonk, BEL - IMQ4 


2009-17 Sergei Berlov, RUS - IM02 
2009-19 David Monk, UNK 
2009-21 Eugene Bilopitov, UKR 
2009-24 Ross Atkins, AUS - IMOl 
2009-25 Jorge Tipe, PER 
2009-28 Jozsef Pelikan, HUN 
2009-29 Okan Tekman, TUR 
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